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1. INTRODUCTION.

1.1. Goals of the lectures. The purpose of these lectures is to illus-
trate some ideas and techniques of smooth ergodic theory in the setting
of simple mechanical systems.

Namely we consider either one or several particles moving on a line
either freely or in a field of a force and interacting with each other and
with the walls according to the law of elastic collisions.

The main questions we are going to address are the following.

(1) Acceleration. Is it possible to accelerate the particle so that its
velocity becomes arbitrary large? If the answer is YES we would like to
know how large is the set of such orbits. We would also like to know
how quickly a particle can gain energy both in the best (or worst) case
scenario and for typical initial conditions. We are also interested to
see if the particle will accelerate indefinitely so that its energy tend to
infinity or if its energy will drop to its initial value from time to time.

(2) Transitivity. Does the system posses a dense orbit? That is,
does there exist an initial condition (Qy, V) such that for any ¢ and
any @,V there exists ¢ such that

Q) —Ql<e, [V(t)-V|<e.

A transient system has no open invariant sets. A stronger notion is
ergodicity which says that any measurable invariant set either has mea-
sure 0 or its complement has measure 0. If the system preserves a finite
measure 1 and the system is ergodic with respect to this measure then
by pointwise ergodic theorem for p-almost all initial conditions we have

Zmes(t € [0, 7]+ (Q(1), V(1)) € A) = pu(A) as T = oo,

If the measure of the whole system is infinite then we can not make
such a simple statement but we have the Ratio Ergodic Theorem which
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says that for any sets A, B and for almost all initial conditions

mes(t € [0,T]: (Q(t),V(t)) € A) . w(A)

mes(t € [0,T7]: (Q(¢),V(t)) € B) ~ u(B)
The purpose of the introductory lectures is to introduce several exam-
ples which will be used later to illustrate various techniques. Most of
the material of the early lectures can be found in several textbooks on
dynamical systems but it is worth repeating here since it will help us
to familiarize ourselves with the main examples. The material of the
second part will be less standard and it will be of interest to a wider
audience.

as T — oo.

1.2. Main examples. Here we describe several simple looking systems
which exhibit complicated behavior. At the end of the lectures we will
gain some knowledge about the properties of these systems but there
are still many open questions which will be mentioned in due course.

(I) Colliding particles. The simplest model of the type mentioned
above is the following. Consider two particles on the segment [0, 1]
colliding elastically with each other and the walls. Let m; and ms
denote the masses of the particles. Recall that a collision is elastic if
both energy and momentum are preserved. That is, both

2 2
P = myv; + move and 2K = myvy + mav;

are conserved. In particular if P = 0 then 2K = mgv3 ™2™ and so in

this case (vy)? = (vy )?. Similarly, (v])? = (v )?, that is, the particles
simply change the signs of their velocities. In the general case we can
pass to the frame moving with the center of mass. The center of mass’

velocity is u = % so in the new frame we have

61:U1_u:m2(U1_U2) and@:vl—u:ml(vz_m),

my + Mo my + mao
In our original frame of reference we have
+ - my —my _ 2m2

v =u—0; = vy + (2
mq + Mo my + Mo

and similarly
N mo — MMy _ 2m1

V2 = Uz_m1+m2 2 m1+mgvl'

The collisions with the walls are described by the same formulas but we
consider the walls to be infinitely heavy. Thus if the particle collides
with the wall its velocity becomes v = 2v,,,; —v ™. In particular, in the
present setting the wall is fixed so the particle’s velocity just changes

the sign.
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Returning to our system introduce
(1.1) q; = ymjzx;. Thus u; = ¢; = \/m;v;.

q2

q1

VALt
FiGUurE 1. Configuration space for two points on the segment

The configuration space of the system becomes

q1 q2
@1 =0, ¢ < mo, <

Vi

This is a right triangle with hypotenuse lying on the line

qiy/ M2 — g2/ = 0.

The law of elastic collisions preserves
2K = u% + u% and P = /miu; + v/maous.

In other words if we consider (q;(t), g2(t)) as a trajectory of the parti-
cle in our configuration spaces then as the particle reaches hypotenuse
its speed is preserved and the angle which its velocity makes with
(y/m1,/mz) remains the same. Since (\/m1,/mz) iscolinear to the
boundary this see that the tangential component of the particle veloc-
ity is preserved. Since the length of the velocity vector is also conserved
we see that the normal componet of the velocity is reversed. Therefore
the change of velocity satisfies the law of the elastic reflection. Simi-
larly if the particle hits ¢; = 0 then uy remains the same and u; changes
to the opposite which is again in accordance with the elastic collision
law. Hence our system is isomorphic to a billiard in a right triangle.
A similar analysis can be performed for three particles on the circle
R/Z. In this case there are no walls so the velocity of the mass center
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is preserved. It is therefore convenient to pass to a frame of reference
where this center is fixed at the origin. So we have

mix, + maxo + maxs = 0 and myvy + movy + msvs = 0.

e

FiGure 2. Configuration space of three points on the
circle using the distance from the first point as coordi-
nates

In coordinates from (1.1) the above relation reads

Vmiqr + /mogs + /mzqs = 0 and \/miu; + /mous + /msus = 0.

Thus points are confined to a plane II and the particle velocity lies in

. . . . . L _ q 5 _
this plane. The collisions of the particles have equations T \/%j =1

These lines divide II into triangles. We claim that dynamics restricted
to each triangle is a billiard. Consider, for example, the collision of the
first two particles. Since (y/mi,/ma,/m3) is collinear to the plane
Pl, = {\/‘%1 — \/‘%2 = [} it follows that P, is orthogonal to II. Next,
Vmiuy + /mausy is preserved Note that niy is also colllinear to the
plane P},. Denoting by 7}, the orthogonal projection of ;5 to IT we
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FIGURE 3. Impact oscillator (left) and Ulam pingpong
(right) are two systems fitting into our setting

see that
(Mg, W) = (ii]y, 1)

where @ = (u1, ug,u3). In other words, the tangential componet of the
velocity is preserved and since the lenth of the velocity vector is also
preserved we have an elastic collision.

We can also consider more particles on a line or a circle and show
that that system is isomorphic to a polyhedral billiard.

(IT) Particle in a potential. Our second example is a particle
moving on the line under the force created by the potential U(z) = ga®
and colliding elastically with an infinitely heavy plate. We assume that
a > 0 since otherwise the particle can go to infinity after finitely many
bounces. Let f(t) denote the height of the plane at time ¢. We assume
that f(t) > 0 for all ¢ so that U(x) is defined for all x > f(¢) and that
f(t) is periodic. In fact, the case of f(t) = B + Asint (where A < B)
is already quite interesting. Two cases attracted a particular attention
in the past.

(a) Gravity (« = 1). In this setting the acceleration question can be
posed as follows: how much can one accelerate a tennis ball by periodic
motion of a tennis rocket (of course one needs to be in a good fitness
condition for the infinitely heavy wall approximation to be reasonable).

(b) Impact oscillator (o = 2). In this case one has a particle attached
to a string and colliding with the wall. Apart from an easy mechanical
implementation this system is also related to an interesting geometric
object-outer billiard.

Outer billiards are defined in an exterior of a closed convex curve I
on the plane. Given a point Ay € R? — IntI", there are two support
lines from Ay to I'. Choose the one for which if one walks from Ag
to the point of contact then I' is to the right of the line. Then we
reflect Ag about the point of contact to get its image A;. Applying this
procedure repeatedly we obtain the orbit of Ag under the outer billiard
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map. Outer billiards were popularized by Moser as they provide simple
illustration to KAM theory.

Ao

B,

FIGURE 4. Outer billiard

We now describe a construction of Boyland [3] which associates to
each outer billiard an impact oscillator. To this end we consider a third
system (see figure 5). Its phase space consists of a pair (I'g, Ag) where
'y is a closed and convex curve and Ay is the point in R? — IntI'y such
that the supporting line from Ag to I'y is vertical. To describe one
iteration of our system one first reflects Ay about the point of contact
to get the pair (I'g, A1) and then rotates the picture counterclockwise
until the second support line becomes vertical. If (T',, A,,) is the n-th
iteration of our system then clearly there exists a rotation R, such
that Iy = R,I[',. Then R,A, = ff Ay where fr, denotes the outer
billiard map about I'y. On the other hand between the reflections the
point evolves according to the ODE & = v, © = —x while during
the reflection x is unchanged and v* + v~ = 2wy, where vy, denotes
the velocity of the rightmost point of I'(¢). One can check that the
motion of the tip is given by & + = = r(x(t)) where r(z) is the radius
of curvature of point x. Thus given a curve I' one can associate to it
an impact oscillator with the wall motion given by f + f = r(f(¢)).
Note that in that construct the frequencies of the wall and the spring
are the same. Conversely, given an impact oscillator one can consider
a curve whose radius of curvature is r(f(t)) = f + f but the resulting
curve need not be either close or convex. Thus the class of impact
oscillators is much larger than the class of outer billiards but the later
is an important subclass supplying clear geometric intuition.

While o = 1 and o = 2 are the two most studied cases we will see
that the dynamics for o # 1,2 is quite different. As it was mentioned
above one of the main question is large velocity behavior of the model.
Note that different collisions occur at different heights. However if the
particle’s velocity is high it takes a very short time to pass between
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FIGURE 5. Outer billiards and Impact Oscillators

max f(¢) and min f(¢). Since the explicit computations of the height of
the next collision is usually impossible one often considers a simplified
model which is called static wall approzimation (SWA). In this model
one fixes a height h and assumes that the next collision occurs at the
time t,,1 = t, + T'(v,) where T'(v,) is the time it takes the particle
to return to the height h. However velocity is still updated as v, =
2 f (tni1) — 20, where 0, is velocity of the particle when it returns to h.
By energy conservation v,, = —v,, so SWA takes form

tor1 =ty + T(Vn), Vpe1 =v,+ 2f(tn+1).

While SWA provides a good approximation for the actual system in
high velocity regime for one or a few collisions, in general, it is not easy
to transfer the results between the original model and SWA. However
the SWA is an interesting system in its own right. In addition, the
SWA and the original system often have similar geometric features and
since formulas are often simpler for the SWA we will often present the
arguments for the SWA. For example, for a = 1 the SWA takes from

Un, :
(12) tn+1 = tn + 2?, Un+1 = Un + 2f(tn+1)

This system is the celebrated standard map. Phase portraits of the
map (1.2) for several values of parameters can be found in Section 2.4
of [14]. (1.2) is defined on R x T but it is a lift of T? diffeomorphism
since the change of v by % commutes with the dynamics.

(IIT) Fermi-Ulam pingpong. In model (II) the particle has infin-
itely many collisions with a moving wall because the force make it to
fall down. Another way to enforce infinitely many bounces is to put
the second stationary wall with which the particle collides elastically.
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This model can be thought as a special case of the previous model
where

0, ifz<h
1.3 U = ’ -
(1.3) (z) {oo ifx>h

where h is the height of the stationary wall. Pingpong model was intro-
duced by Ulam to study Fermi acceleration. To explain the presence
of highly energetic particles in cosmic rays Fermi considered particles
passing through several galaxies. If the particle moves towards a galaxy
it accelerates while if it goes in the same direction it decelerates. Fermi
argued that head-on collisions are more frequent than the overtaking
collisions (for the same reason that a driver on a highway sees more cars
coming towards her than going in the same direction even though the
effect becomes less pronounced if the car’s speed is 3000 m/h) leading
to overall acceleration. Pingpong was a simple model designed to test
this mechanism. This model was one of the first systems studied by a
computer (first experiments were performed by Ulam and Wells around
1960). Since the computers were very slow at that time they chose wall
motions which made computations simpler, namely, either wall velocity
or interwall distance was piecewise linear. It was quickly realized that
the acceleration was impossible for smooth wall motions. The motions
studied by Ulam and Wells turned out to be more complicated and
there are still many open questions.

All of the above systems can be considered Hamiltonian with poten-
tial containing hard core part (1.3). Accordingly these systems preserve
measures with smooth densities. Consider for example models (II)
and (III). It is convenient to study the Poincare map corresponding to
collision of the particle with the moving wall. One can approximate
the hard core systems by a Hamiltonian system with the Hamilton-
ian H, = % + U(x) + Wo(x — f(t)) where W(d) is zero for d < ¢ and
W (—¢) = 1. One can consider the collision map as the limit of Poincare
map corresponding to the cross section z — f(t) = €. The map preserve
the form w = dH Adt —dv Adz. On our cross section we have dz = fdt
so the invariant form becomes

(1.4) w= (v— f)dv A dt.

One can also directly show that the form (1.4) is invariant without
using approximation argument. Consider for example the pingpong
system

tn-‘,—l = tn + T(tn> 'Un)a Un+1 = Un + 2f(tn+1)
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This map is a composition of two maps
tnir = tn +T(tn, V), Uny1 = Uy
and
lnt1 = En—i-la Upt1 = Upp1 + Qf(fn-‘rl)'
Accordingly the Jacobian of this map equals to agTL:l. We have (see
figure 6)

ohy,

tn t, + 0t,

FIGURE 6. Derivative of pingpong map.

Ohn = (Vy — fn)0tn,
5hn - Up — fn

Up + fn+1 Up+1 — fn+1

Ohy,.

Thus the Jacobian equals to % proving the invariance of w.
n+1—Jn+

A similar calculation can be done for the model (II) using the fact
that autonomous Hamiltonian systems preserve the form dv A dz.

2. NORMAL FORMS.

2.1. Smooth maps close to identity. Here we discuss the behaviour
of highly energetic particles using the methods of averaging theory. The
following lemma will be useful.

Lemma 2.1. Consider an area preserving map of the cylinder R x T
of the form

B(R,,0,)

Ru,i1 =R, + A(R,,0,), Oni1=0,+ 7
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Assume that the functions A and B admit the following asymptotic
expansion for large R

- a;(0) —(k+1) :
(21) A=) == +O(REY), B=}

where
bo(0) > 0 (twist condition).

Then for each k there exists coordinates I® ¢*) such that
formly bounded from above and below and our map takes for

k
Li = O (I; ") G0 =0, + L (Z 40 (1,;<k+1>)> .

L\Z=T

I . .
R 5 unt-
m

Remark 2.2. 19 is called adiabatic invariant of the system. I*®) for
k > 0 are called improved adiabatic invariants.

Proof. We proceed by induction. First, let I = RI'(6), ¢ = ®(6) then

bo(0) ) .

I — I, = R,T(6,) 7

+ ao(6,)'(6,) + O (

&)=

So if we let %’ = —Z—O that is
0

P(60) = exp [ /09 ‘ZS((;) ds}

then I,,,1 — I, = O(R;').
Next

bO (en)
R,

¢n+1 - ¢n = (I),(en)
We let

@’(H)ZWCF@sothat@(@):c/:ﬁandc: (/Olﬁ)_l.

Note that I'(1) = I'(0) so that I' is actually a function on the circle.
Indeed if I'(1) < I'(0) then there would exist a constant e such that
after one rotation around the cylinder R decreases at least by the factor
(1 —¢). So after many windings the orbit would come closer and closer
to the origin contradicting the area preservation. If I'(1) > I'(0) we
would get a similar contradiction moving backward in time.

This completes the base of induction. The inductive step is even

easier. Namely if [,,,; = I, + [}(’ﬁll) + ... then the changes of variables
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J=1+2L2 ) Jeads to

_ d(¢n) + V;L(QSH)CO
Jnr = Jn = Jk+1
so we can improve the order of conservation by letting ' = —%
Next, if ¢ni1 — b = £ Zf - ;j + bl(,?fl then letting ¢ = ¢ + q,(¢

obtain
k-1

b(ib,) + W'(o,,
Purr — o = — Zp b >;+1<¢ )co

[

allowing us to eliminate the next term if ¥/ = ’cc—o_b where ¢, = fol b(s)ds

O

2.2. Adiabatic invariants. It is instructive and useful to compute
the leading terms in several examples.
(I) Fermi-Ulam pingpong. We have

21(t,,)

U,
where [(t) is the distance between the walls at time ¢. We have | = h—f
so f = —[ and the above equation is the Euler scheme for the ODE

dv [
i _UZ' Thus Idv+vdl =0

so I = lv is an adiabatic invariant. In fact one can check by direct
computation that letting J,, = (v, + I(t,,))l(t,) one gets

1 20%(t,,) 1
i =0 () -t =T 0 ()

so J,, is the second order adiabatic invariant.

(IT) Outer billiard. If A is far from the origin then A; is close to
— Ay, however |AyAs| = 2|ByB;| there B; denotes the point of tangency
of A;A; .y with I' (see Figure 4) and so |ApAs| < 2diam(I"). It fact it
is not difficult to see that we get the following approximation when A
is far from the origin: AgA, ~ 27(#) where #() is the vector joining
two points on I'" whose tangent line have slope . Let By(0) and B (6)
denote the tangency points and let ) be the point such that B;@) has
slope 6 while ByQ is perpendicular to B;Q. Note that |ByQ| = w(f)-the
width of I' in the direction 6.

Fix a direction 6y and choose coordinates on the plane so that 6 is
equal to 0. Let B; = (z;,y;). Then for § near 0 we have

2;(0) = 2;(0) + 08 + ..., y;(0) = y;(0) 4 0%n; +

Up4+1 — Up ~ 2f<tn)7 tn—l—l - tn ~
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By Q
= ’
By

FIGURE 7. Derivative of the support function.

and so
(x1 — o, y1 — Yo)(sin b, cos0) = —|QB1]0 + . . ..

Therefore the equation of motion takes the following form in polar
coordinates (up to lower order terms).

S / -_’LU(H)
R=—u(). 6=—3.

Hence
dR w'(0)
do— Tw(o)
Accordingly I = Rw is the adiabatic invariant and
w@) w@)R 1
R  R* RY
In other words I = R26, that is the angular momentum is preserved
and so the point moves with constant sectoral velocity.
Consider, in particular, the case where I' is centrally symmetric.
Then w(f) = 2sup,cr(e(6), ) and since R = ﬁ level curves of the
limiting equation are rescalings of the right angle rotation of I'* where

1

SUp,er (€, )

or wdR+ Rdw = 0.

é:

I" = {D(e)e}cesr and D(e) =

Thus if I' = Int(T) then
T* = {eeR?:|(e,x)| < 1forall zel}

Thus for each = € I" and for all e € I we have |(x,¢)| < 1 and there is
unique e € I'* with (z,e) = 1. Therefore (I'")* = I' and so each smooth



14 LECTURES ON BOUNCING BALLS.

convex centrally symmetric curve appears as an invariant curve for
motion at infinity for some outer billiard.

2.3. Systems with singularities. Lemma 2.1 describes the normal
form for smooth maps, so it is not applicable to systems with discon-
tinuities such as Fermi-Ulam pingpongs where [ or [ has jumps or to
outer billiards about nonsmooth curves such as circular caps or lenses.
It is turns out that for such maps it is convenient to consider the first
return map to a neighbourhood of singularities. In this section we
present the normal form of such first return maps.

FIGURE 8. Large velocity phase portrait of piecewise
smooth pingpong looks similar for different values of time
so it makes sense to consider the first return map to a
neighbourhood of the singularity.

We assume that the cylinder is divided into a finite union of sectors S
so that our map is C* in Int(.S;), has C*° extension to a neighbourhood
of S;, and satisfies the asymptotics (2.1) in each sector. We suppose
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that the boundaries of S; are v; and ;41 where

01 O
7j2{9:9j0+%+ﬁ+...}.

By Lemma 2.1 we can introduce in each sector action-angle coordinates
(I, ¢) so that the boundaries of the sector become
(03] (6)
=0} and { = +—+——|—...}
fo=0rand {6 =ap+ 4+ 22

and the map takes form

1
[n—l—l:]n_'_(/)([y:k)v ¢n+1:¢n+[_

n

k
Cm —k
>z vo ()]

(we suppress the dependence of as and ¢s on j since we will work with
a fixed sector for a while).

Let II; be the fundamental domain bounded by «; and fv; and let
F}; be the Poincare map Fj : II; — II;4;.

It is convenient to introduce coordinates (I,)) in II; where

Co C1 C
6=(F+p+mm)?

so that 1 changes between 0 and 1+ O(1~**1). We first describe F} in

the action-angle variables of S; and then pass to the new action-angle
variables of S;;. We have

Con cin

¢n_¢027+7+---
The leading term here is the first one so that for the first n such that
¢n € Sj41 we have “* ~ o and hence 93 ~ 06100‘10. Therefore
. oo Gon  Ci1
Ony1 = 7 + i +—COI + ...
Now the condition
¢n—1 <Oé0—|——1 <¢n
reduces to
a; ¢ty Con a; g | Co
P L2042y
R i SRR e Ay s s

where a; = a3 — % For typical 1y this means that

I+a I+a I+ a
n:[@__ﬂ_¢4+1:%L_ﬂ_wﬁ4_{ﬂ;_ﬂ_¢*,
&1 &1 &1
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Then
Ita I+a
On = a0+ﬂ+00 (1 - {u - wo}) = Oé()‘l'ﬂ_‘_co {wo e T } .

1 Co I Co

Rescaling the angle variable so that it measures the distance from the
singularity ¢ = (wn g — % 4 ...) we get that F; has form

- - aol +
I=1+..., wz{%_JL_i}+
&1
To pass to action coordinate of S;;; we note that
19 =TW@R+ ..., TUHY =TUDR ¢

which implies that that the new adiabatic invariant satisfies
J=(1+Xp+...).

Thus in terms of the new action-angle coordinates F} takes the form

J=T4+Xp+..., V=4
(to justify the last equation we note that if we just use the Taylor

expansion we would get 2& = o9 and then we get ¢ = 1 from the
condition that Fj is one-to-one). In terms of the original values of
(Z,v) in II; we get

b= =B T-B7), T=1+29%.
Note that to find the leading term we used the first order Taylor expan-
sion, To compute %—term we need to use the second order expansion,

for I% we need the third order expansion and so on. hence we actually
have

Lemma 2.3. If the orbit does not pass in O(1/1%) neighbourhood of
the singularities then F; has the following form

i (- B9+ Y, 1 1
( ]j:-rl ) ( I; +0>\(] i1 ) - [IJ]R2+ [Q’PRNLW

where R; are piecewise continuous and on each continuity domain they
are polynomials in ({1;},v;) of degree j.

We shall say that a map F' is of class A if for each k

P()= () (1Y )+Z —Prt (L AT + O 0)

where L, is linear, A = dL, is constant and P; are piecewise polyno-
mials of degree j.
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Lemma 2.4. A composition of A maps is a A map.

Proof. We need to show that if

k
Fy(z) = Lis(2 +Zn}1 ) for s = 1,2

=2
where P; ; are polynomials of degree j then Fy o F} is also of the same
form. It is sufficient to consider the case where P;s have positive
coefficients since in the sign changing case there might be additional
cancellations. Observe that Fy(z) = Zf 1 njl ——=P; where P; are some
polynomials then the degree restriction amounts to saying that G,,(u) =
%Fs(un) is bounded for each u as n — oo. But if G,,; and G,, » satisfy

this condition then the same holds also for their composition. U

Corollary 2.5. The first return map F : II; — II; is an A map and
the same holds for any power F™.

Remark 2.6. Corollary 2.5 applies in particular in the case where the
original map is smooth. In that case the coefficients AU) vanish so the
linear part is the integrable twist map

(2.2) [=1 4=1—pl—p.

More generally, A depend only on the behaviour of the function T
near the singularities so the normal form (2.2) holds also in the case
where ay and by from Lemma 2.1 are continuous (even though the
higher order terms may be nontrivial in that case).

We say that the original map f is hyperbolic at infinity if the linear
part Ly of the normal form of the first return map F is hyperbolic
and say that f is elliptic at infinity if Ly is elliptic. Recall that the
ellipticity condition is |Tr(L)| < 2 and the hyperbolicity condition is
|Tr(Ly)| > 2.

One can work out several leading terms in our main examples. Namely
for outer billiard about the semicircle it is shown in [13] that L; = L?
where

2.3) L(L6) = (I = 5+ 5 {6 = Th {6 = 1)),

For Fermi-Ulam pingpongs where the wall velocity has one discontinu-
ity at 0 one has [10]

(2.4) Ll(l,w):(IjLA({w—[}—%),{w—l}) where

ds
1%(s)

A = 1(0)Al(0) /1
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FIGURE 9. Dynamics of the first return map. Top: hy-
perbolic case. Bottom: elliptic case.
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and [(s) is the distance between the walls at time s.

For example, for motions studied by Ulam and Wells one has [(s) =
b+a({s} —1/2)*. We can choose the units of length so that b = 1, then
I(s) > 0 for all s provided that @ > —4. Then A(a) = —2a(1+a/4)J(a)

where

1 2+4/lal

L ds 2 no
‘](a):/o (1+a( B o \Q

s—1/2)2)2  a+4 \/—arcta

ifa<0

if a > 0.

One can check that f is hyperbolic at infinity if a € (=4, a.) or a > 0
and f is elliptic at infinity for a € (a.,0) where a. ~ —2.77927 ...

F1GURE 10. A(a) for piecewise linear wall velocity

2.4. Accelerating orbits for piecewise smooth maps. Given an
A map f we say that p = (1,v) is an accelerating orbit if there exist
m, [ > 0 such that L"(p) = p+ ({,0).

Lemma 2.7. [13] Assume that f is elliptic at infinity and has an (m, 1)
accelerating orbit such that the spectrum of LT* does not contain k-th
roots of unity for k € {1,2,3}. Suppose also that F preserves a smooth
measure with density of the form p(I,v) = Ipo(¢)+ p1(¥)+o0(1). Then
f has positive (and hence infinite) measure of orbits such that I, — oc.

Proof. Consider a point {I, 1y} in a small neighborhood of {I+NI, ¢}
and study its dynamics. For n > N, we will denote {I,,,1,} the point
Fo=NU Ty, ¥n). Set U, = I,,— (I+nL) = 1), —1p. We can introduce
a suitable complex coordinate z, = U, + Z(aUn + bv,) such that DF!
becomes a rotation by angle 27s near the origin where s ¢ %Z for
k € {1,2,3}. In these coordinates F' takes the following form in a
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small neighborhood of (0, 0)

(2.5) Zut1 = €272, + Ag\zf") +O(N72)

where
A(2) = wy + wez + wsZ + wa2® + w2z + wez .

Lemma 2.8. (a) We have that Re(e™*™wy) = 0.
(b) There ezists € > 0 and a constant C' such that if |zy| < €, then

for every n € [N, N ++/N]
|zn| < |2n| + CN7L

Part (b) is the main result of the lemma. Part (a) is an auxiliary
statement needed in the proof of (b). Namely, part (a) says that a
certain resonant coefficient vanishes (this vanishing is due to the fact
that f preserves a measure with smooth density).

Before we prove this lemma, let us observe that it implies that for
sufficiently large N, all the points |zy| < €/2 are escaping orbits. In-
deed by [\/N | applications of lemma 2.8 there is a constant C' such
that

|Zl‘ < % +CN -3

for every I € [N,2N]. It now follows by induction on k that if | €
28N, 251 N] then
21| < ek

w2 ()

(N has to be chosen large so that ¢, < e for all k). This proves

where

l\DIm

€ =

lemma 2.7. U

Proof of lemma 2.8. Let i = n — N. For . < /N equation (2.5) gives
n—1

(26) 2, = ez27rnsz + = Z z27rmsA( i2m(A—m—1)s ZN+a— m) —|—O( )
m=0

In particular for these values of n we have

. 1
_ i2ws(n—N)
Zp = € i+ O — ).
N (\/N)

Substituting this into (2.6) gives

i 27T 1 — i2m(n—m—1)s 1
2, = ez27rnsZN + Nmz_ 27rmsA(el27T(n 1) ZN) +0 (N) .
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To compute the sum above expand A as a sum of monomials and
observe that

i 6i27rms (ei27r(ﬁ—m—l)sZN)a (6—i27r(ﬁ—m—1)52N)5

is bounded for o + 5 < 2 unless a = f+ 1 (that is « = 1, § = 0).
Therefore

(2.7) 2y = €2y <1 + w2N> +O (N

where Wy = €72 w,.

Consider now the disc Dy around 0 of radius N~%4. Let W (z) denote
the density of invariant measure in our complex coordinates. Then by
(2.7)

Area(F"Dy)
Area(Dy)
On the other hand there exists z € Dy such that denoting 2/ = F"z
we have
Area(F"Dy) 1+ W(2)/N
Area(Dy) 1+ W(z)/(n+ N)

since W (z) =W (2') = O (N~%1). Comparing those two expressions for
the ratio of areas we obtain that Re(wq) = 0.

This proves part (a) of Lemma 2.8. Part (b) now follows from (2.7).
U

=(1+ 2Re(w2)N) +0 (N9

+O(N2) =1+ 0 (N

Corollary 2.9. mes(E) = oo for the following systems:
(a) outer billiards about circular caps with angle close to ;
(b) Ulam pingpongs with A € (2,4).

Proof. For part (a) observe that map (2.3) has accelerating orbit (0, )

t (0
and for part (b) observe that map (2.4) has accelerating orbit (0, 3+x).
U

Problem 2.10. Does map (2.4) have stable accelerated orbits for all
A€ (0,4)7

2.5. Birkhoff normal form. Here we discuss the normal form of an
area preserving difffeomorphism near a periodic point.

Consider an area preserving map f of R? which has an elliptic fixed
point p such that in suitable complex coordinates z near p our map has
the following form

f(2) =¥z + O(22).
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Lemma 2.11. Suppose that e*™*~ £ 1 for k = 1,2,...2s. Then there
exists a local diffeomorphism h such that ho f o h™' has form

s—1
T'n+1 = Tn + O(Tis)a ¢n+l = ¢n +a+ Z erij + O(Tis)
j=1

Proof. If suffices to prove that one can reduce f to the following form

s—1 s—1
Tnil = Tn + Z dirZ T+ O, ¢ny1 = ¢ +a+ Z c;re + O(r2)
j=1 j=1

since than area preservation would imply that d; = 0 since otherwise
the orbits will go either further away from 0 or closer to 0 with each
iteration contradicting area preservation.

So we would like to conjugate f to

2s—1

g(z) = ™z + Z Gr(2) + O(2*)

k=2

by the map
25—1

h(z) =2+ Y Hy(2) + O(z*)

where G and Hj, are polynomials of degree k in z,z. Expanding the
equation h o f = g o h into Taylor series we get

Hi (™2, 7M7) + Ay, = ™ Hy (2, 2) + By + G(z, 2)

where A, and By denote the terms which are determined by the lower
order coeffcients of H and G respectively. If

11 =l I =l
Hy = E : h117l2zlzzv G = E gll,lzzlzz
li+lo=k l1+l2=k
when we get
2mia(l —1 2mic
hiygy [0 7R) — 27 = gy, + e,

where ¢, 1, are determined by Aj and By. Hence if [ — Il # 1 then we
can choose ¢g;, 1, = 0 and take

2mia(ly —1 2mia] 1
hll,lz = [6 (h=t2) e } Clylp-

On the other hand if {; — [ = 1 then we are forced to take g;, 4, =
—ay,1,- Hence f is conjugated to g(z) = e*™zy(r?) + O(r**). Writing
v(u) = a(u)e?™™ we obtain the result. O
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3. APPLICATIONS OF KAM THEORY.

3.1. Introduction. In this section we review some applications of
Kolmogorov-Arnold-Moser theory to bouncing balls. Our overview will
be brief since this material is pretty standard and can be found in sev-
eral textbooks. However I would like to emphasize that the brvity of
this section does not reflect the importance of this material. In fact,
KAM theory is the prime tool for showing lack of acceleration and/or
ergodicity. The rest of the course will be devoted to discussing a rele-
tively small class of systems where KAM is not applicable with the goal
of developing the tools to handle such systems.

A

F1GURE 11. The outer caustic has the property that any
tangent line to the table cuts off the segment which is
divided into two equal pieces by the tangentcy point.

For one and a half degrees of freedom systems invariant curves pro-
vide an easy obstruction to transitivity since the orbit can not pass
from one component of R* — « to another. One example where it is
easy to visualize the invariant curves is given by outer billialrds. In
this case the invariant curves are called outer caustics. A curve S is an
outer caustic for the outer billiard about a curve I' if for any tangent
line to I' the points of intersection of that line with S are equidistant
from the tangency point. Parametrize I' by the arclength s and let
A(s) denote the area cut from S by the tangent line emanating from
['(s). We claim that A(s) does not in fact depend on s. Indeed let
|AgAy| = s then up to higher order terms we have
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Ay

FIGURE 12. Area property of the outer caustics

|AgBo| = |AgBo| = |AoC| =~ |AyC| = |A1C| =~ |A,C]
and
LAC Ay m LA CA, = Kbs
there k denotes the curvature at the tangency point. Accordingly

% = |A()B()|2/€ - |AlBo|2I{, = 0.

0s
Therefore given a curve S we can easily given a curve S we can easily
construct a curve I' such that S is an outer caustic for I' by fixing a
paprameter a, considering all segments which cut area a from S and
taking the midpoints of those segments. It is more difficult to find outer
caustics for a given billiard table I'. For this we need a full strength of
the KAM theory. In particular we need to assume that I' is sufficiently
smooth. We saw in Section 2 that some smoothness is needed but the
exact trashhold is currently unknown.

Problem 3.1. Suppose that I' is piecewise smooth and the first k
derivatives at the break points coincede. For which k& must I' have
invariant curves near infinity?

3.2. Theory. Two classical results about invariant curves are Twist
Theorem and Small Twist Theorem of Moser.

Proposition 3.2 (Moser Small Twist Theorem). Let @ : Ry — R
be a C°-function. Then for any numbers a,b such that Q'(r) # 0 for
r € [a,b] for any K there is ey such that if F. are exact mappings of
the annulus Ry x S* of the form

F.(r,¢) = (r+c™P(r,¢), ¢+ a+eQ(r) + e’ R(r, ¢))
where
[ Pllesapxsty < K, |[R]|esapxsty < K
then for e < ey F. has (many) invariant curve(s) separating [a, b] x S
into two parts. In fact, the set of invariant curves has positive measure.
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Proposition 3.3 (Moser Invariant Curve Theorem). Let @ : Ry — R
be a C°-function. Then for any numbers a,b such that Q'(r) # 0 for
r € la,b] there is gy such that if F' is an exact mapping of the annulus
R, x S' of the form

F(r,¢) = (r+ P(r,¢), o+ Q(r) + R(r, ¢))
where
|| P]

then F' has (many) invariant curve(s) separating |a,b] x S' into two
parts. In fact, the set of invariant curves has positive measure.

C5(Jab]xs1) < €o, || R| C5([ab)xst) = €0

A classical application of KAM theory is stability of nonresonant
elliptic periodic points.

Lemma 3.4. Suppose that p is an elliptic periodic point of an area
preserving diffeomorphism f with multiplier 2™ such that e*™** #£ 1
for |k| <4 and such that the Birkhoff normal form is non-degenerate.
Then f has a positive measure set of invariant curves near p.

Proof. This follows from Lemma 2.11 and Proposition 3.3. U

3.3. Applications. Here we describe some applications of the KAM
theory to bouncing balls.
(I) Pingpongs.

Corollary 3.5. Consider Fermi-Ulam pingpong with wall motion of
class C®. Then there are KAM curves for arbitrary high velocities. Ac-
cordingly all orbits are bounded.

Proof. This follows from Proposition 3.2 and the normal form obtained
in Section 2. O

Corollary 3.6. Consider pingpongs where the wall motion has one
discontinuity and the system is elliptic at infinity. Then there is a con-
stant C' such that for all sufficiently large v there is a positive measure
set of orbits such that

<w(t) < Cwo.

Ql =

Proof. The map (2.4) has periodic orbit (3,0). The non-degeneracy of
the Birghoff normal form is checked in [10]. For the orbits constructed
with the help of Lemma 3.4 the adiabatic invariant [(¢)v(¢) will change
little so the oscilations of Inv(t) are of constant order. U

Problem 3.7. Is Corollary 3.6 valid for systems with several velocity
jumps?
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We shall see later that the result of Corollary 3.6 is false for pingpongs
which are hyperbolic at infinity. In that case the system may even be
ergodic so that almost every orbit is dense.

(IT) Balls in a potential. Consider a moving in a potential U(z) =
gz® and colliding elastically with infinitely heave wall. Suppose that f
is O° and periodic.

Corollary 3.8. If a > 1 and a # 2 then there are KAM curves for
arbitrary large velocities. In particular, all orbits are bounded.

Proof. To simplify the formulas we consider the SWA
the1 =ty + T(vn), Vpe1 =v, + 2f(tn+1).
An easy calculation using energy conservation shows that
Tw)~c’, T()~cov”t, T'v)~co(oc—1)v" 2

where 0 = % — 1.
Consider first the case a > 2. Take v > 1 and suppose that vy ~ .
Rescaling u,, = == we get

2f(tn)

(Y

~ 90,0 —
tht1 =ty +c07u,, Upyr — Uy =

Since o > 1 the change of u is much smaller than the change of ¢t and
so we can use Proposition 3.2.
Next, consider the case 1 < a < 2. Set z, = fo—2. The map takes
form
2f (tn-i-l)

tn+1—tn%060+KZn+..., Zn+1—Zn:T.

Therefore the statement follows from Proposition 3.3. U

One can ask what happens for other values of «. Surprisingly for
a = 1 one can have a positive measure set of escaping orbits. The
proof of that given by Pustylnikov uses KAM theory. It relies on the
following non stationary extension of stability of elliptic periodic orbits.

Theorem 3.9. Let f,(z) be a family of real analytic area preserving
maps defined near the origin and converging to a limiting value f so
that > || fn — fI] < oco. Suppose that 0 is an elliptic fived point for f
with multiplier ¥ satisfying e*™** £ 0 for k € {1,2,3,4}. and that
the corresponding Birkhoff normal form is nondegenerate. Consider a
recurrence z, = fnzn_1. Then there is a positive measure set of initial
conditions zy such that z, is bounded.
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The proof of Theorem 3.9 proceeds along the line of the proof of
Lemma 3.4. We refer the reader to [20] for details.

We now show how this theorem can be used to construct escaping
orbits. Consider a two parameter family of SWA

2v, .
tn+1 = tn + 7, Un+1 = Up + 2Af(tn+1)

Here Af(t) is the height of the ball at time ¢ and ¢ is the gravity
strengh.

Consider the orbits where the rocket always hit the ball at the same
height. Thus t,,1; =, mod 1, % = [. Next

10N [1 2
df:(QAf 1)(0 i)

so that Tr(df) = 2+ #5@). Projecting our orbit to the torus we obtain
a fixed point which is elliptic provided that

(3.1) -1< %(t) < 0.

The original orbit on the cylinder is accelerating if

(3.2) f(t)>0

Next, if we have an accelerating orbit for the SWA, Theorem 3.9 allows
to infer stability of the original system. Let us show that we can find the
periodic point in our two parameter family of the toral maps satisfying
(3.1) and (3.2). Indeed, the periodicity condition amounts to

3.3 ty) = —
(3.3 flt) = 2
If A,g > 1 then we can arrange t,, =~ t for any ¢ such that f(f) > 0.
Next, in view of (3.3) condition (3.1) amounts to —2 < 10~ .

, ‘ G
Take an interval (f;,%2) such that f(t;) = f(t2) = 0 and f(¢) > 0 for
t € (t1,tq). Since fttf f(t)dt = 0 the second derivative changes sign on

(t1,t2) and so we can find ¢ satisfying —1 < % < 0 as needed.

The case o = 2 was investigated by Ortega ([19]). He showed that
if the periods of the wall and the string are incommensurable then the
averaging prevails and there are KAM curves. In the commensuarable
case both KAM curves and positve measure of escaping sets are possi-
ble. For example, in the case of outer billiards all orbits are bounded.

Corollary 3.10. If ' is C® and strictly convex then all orbits are
bounded.
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Proof. The result follows from the normal form obtained in Section 2
and Proposition 3.2. O

Problem 3.11. Show that the result is not correct if I' has points with
zero curvature.

Finally in case a > 1 one can always construct a Cantor set of
escaping orbits. In fact, it is shown in [8] that HD(E)=2.

Conjecture 3.12. If a < 1 then mes(€) = 0.

We will see in Section 6 that this conjecture is true for very week
potentials, that is, for a < 1.

4. RECURRENCE.

4.1. Poincare Recurrence Theorem. In this section we describe
applications of ergodic theory to the dynamics of bouncing balls.

As it was mentioned before dynamical systems theory strives to de-
scribe a long time behavior of a given system. In particular, one can
ask if (q(t),z(t)) come close to its initial values for arbitrary large t.
A general result in this direction is the Poincare Recurrence Theorem
given below.

Theorem 4.1. Let T be a transformation of a space X preserving a
finite measure p. Then for each set A almost all points from A returns
to A in the future.

Proof. Let B ={x € A:Tra ¢ A VYn > 0}. Then T"BN B = ()
and so T*"BNTF"B = T*(B N T"B) = (). Thus for each N the sets
B,TB...TV"'B are disjoint and therefore

U=y B) = Nu(B) < u(X).
Since N is arbitrary we have u(B) = 0. O

Poincare Recurrence Theorem need not hold for infinite measure
preserving transformations such as m — m+1 on Z. One can however
show that the above map is an only obstacle to Poincare recurrence.
Namely, let T" be a transformation of a metric space X preserving an
infinite measure p such that measure of any ball is finite.

Theorem 4.2. X can be represented as a disjoint union X = C U D
where

(i) D = UpezT" B and B is wondering in the sense that T"BNB = ()
forn #0;

(11) C satisfies the Poincare Recurrence Theorem in the sense that
for any set A C C almost all points from A wvisit A.
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In abstract ergodic theory C is called conservative part of X and
D is called dissipative part of X. However in the setting of smooth
dynamical systems this terminology is misleading since D need not be
dissipative in the sense that Jac(f) < 1 as the above example of the
shift on R shows. Therefore we adopt the terminology of probability
theory. That is, we call C recurrent part of X and D transient part
of X. If C = X we say that the system is recurrent, if D = X we say
that the system is transient.

Introduce coordinates (b, m) on D where b € B, m € Z and the point
(b,m) corresponds to T™b. Then the map takes form

(by,m) = (b,m + 1),
that is the dynamics on D is isomorphic to the shift on the integers.
Proof. Pick a reference point a. Let
By ={z € B(a,1) : T"x & B(a, 1) for n > 0}.
For k > 1 let
By, =A{z € Bla,k) — (UiZ{ Uy__ T"B;) : T"x & B(a, k) for n > 0}.

m=—0oQ

Let B = U2, By. Note that the orbits of By, for different k are disjoint
by construction. Next we claim that T" B N By, = () for n # 0. Indeed
if € By and T"x € By then T"x € B(a, k) by the definition of Bj.
Thus n can not be positive by the definition of By. Also n can not be
negative since in that case T-"(T"z) = x € B(a, k) contradicting the
definition of Bj. Thus n = 0 as claimed.

Nextlet D= | | T"BandC=X-D.Let A CC.Then A = | ] A,
n=-—o0o k=1

where Ay = AN B(a, k). Note that by definition of By the first return

map Ry, is well defined on B(a, k) — By. Applying Poincare Recurrence

Theorem to Rj we see that almost all points from A, visit Ay, so A

satisfies Poincare Recurrence Theorem as claimed. O

In the setting of bouncing balls the system has nontrivial transient
component if the set

E ={(to,v0) : v, = 0}
has positive measure. More generally we have the following.

Lemma 4.3. Let T : X — X preserve an infinite measure p. Suppose
that there is a set A such that 1(A) < oo and an invariant set B such
that all points from B wvisit A. Then B C C. In particular if almost all
points from X wisit A then T is recurrent.
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Proof. Let S C B. For z € B let r(z) = min(k > 0 : T %z € A) so
that T"@z € A. Let Sk Uzes: r(x)<kT (@) Tt is sufficient to show that
almost all points from Sy, visit Sy mﬁmtely often since if 7"z € Sy then
T Iz € S for some j < k. Note that S, C ANB. By assumption almost
all points in T'(A N B) visit A and so the first return map R : Sk -~ S,
is well defined. Applying Poincare Recurrence Theorem to (Si, R) we
obtain our claim. O

Lemma 4.3 implies that £ is indeed the transient part of the phase
space since the compliment of £ is Uy Zy where

Zn =A{(to,vp) : liminf v, < N}

and all points from Zy visit {v < N + 1}.

While the proof of Lemma 4.3 is very easy there is no general recipe
for finding the set A and sometimes it can be tricky. In this section
though we present a few examples there the construction of A is rela-
tively simple.

Corollary 4.4. mes(£) = 0 for the following systems

(a) Fermi-Ulam pingpongs there | and | are continuous and | has
finitely many jumps;

(b) outer billiards around lenses.

Proof. In both cases the return map F : II; — II; has the following
form

(L) = (L {e — aol —ar}) + O(1/1)

(see remark 2.6). That is, after one rotation the adiabatic invariant
changes by O(1/I). Therefore each unbounded orbit visits the set

1
A:uk{|f—3k|<@}.

Since p(A) < oo the statement follows from Lemma 4.3. O

Problem 4.5. Do above systems have escaping orbits? In fact even
the existence of unbounded orbits is unknown.

4.2. Background from ergodic theory. To proceed further we need
to recall some facts from ergodic theory. Let T : X — X be a map
preserving a measure p. A set A is called invariant if T-'A = A and it
is called essentially invariant if (T 'AAA) = 0. T is called ergodic
if for any 7" invariant set we have p(A) = 0 or p(A¢) = 0. Next suppose
that p is a probability measure.
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Lemma 4.6. The following are equivalent:

(a) T is ergodic;

(b) If B is an essentially invariant set then u(B) =0 or u(B¢) = 0;

(¢) If A is a set of positive measure then p(Use T A) = 1;

(d) If A and B are sets of positive measure then there exists n > 0
such that u(T"AU B) > 0,

(e) If  : X — R is a measurable function such that ¢(Tz) = ¢(x)
almost everywhere when there exists a constant ¢ such that ¢ = ¢ almost
everywhere.

Proof. (a) = (b). Let Cy = U2 yT~"B. Then since p(T-™ BAT " B)
it follows that u(Cy) = ,u(B) for all N. On the other hand Cy are
nested. Let C' = UX_oCx. Then u(C) = u(B). Since T7'Cx = Cnyy
we have T7'C' = C so u(C) = 0 or u(C) = 1 and hence u(B) = 0 or
w(B)=1.

(b) = (c). Let B = UT"A. Then T7'B D B, so by measure preser-

vation, B is essentially invariant and since p(B) > p(A) it follows that
n(B) = 1.
Exercise 4.7. Prove that (¢) = (d) and (d) = (a).

(b) = (e). Suppose that (b) holds and let ¢ be a T-invariant function.
Then for each ¢ we have p(x : ¢(x) >¢) =0 or 1. Let

c=sup(t:pu(x:o(x)>t)=0).
Then for each ¢
plrx:c—e<p(r)<c+e)=1

and so ¢(z) = ¢ almost everywhere.
(e) = (b). If B is an essentially invariant set let ¢ = 15. Then ¢ = ¢
almost everywhere. Clearly c is either 0 or 1. U

In this and the following sections we will use the following results.

Theorem 4.8. (ERGODIC THEOREM) (a) If ¢ € L'(u) then for almost
every x the following limits exist

65(x) = Jim 3y 3 o1
Moreover for almost every x, ¢+ (x) = ¢~ (x) := ¢(x) and

Josc- o

(b) If T is ergodic then ¢(x) = [ ¢(x ) almost everywhere.
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Theorem 4.9. (MAXIMAL ERGODIC THEOREM) Let

Then
ap(Ey) < |[|6]]1

Lemma 4.10. (ROKHLIN’S LEMMA) If T : X — X is an aperiodic
transformation then for eachn, e there is a set B such that B,TB,...,T"'B

n—1
are disjoint and p <X — U TjB> <e.

J=0

4.3. Ergodicity and recurrence. Next we consider skew product
maps Te : (X X R) = (X x R) given by To(z,y) = (Tx,y + ®(x))
preserving measure dv = dudx. Denote 7,,(z,y) = (z,y + m).

Lemma 4.11. (Atkinson, [1]) Suppose that T is ergodic. If ® € L' ()
then Ty is recurrent if p(®) = 0 and transient if u(P) # 0.

Proof. Suppose that p(®) # 0. If C was nontrivial there would exist R
such that v(Cg) > 0 where Cr = CN {|y| < R}. Then almost all points
from Cr would return to Cg infinitely often. However by Pointwise
Ergodic Theorem y,, — oo giving a contradiction.

Our next remark is that Ty commutes with translations. Hence if
(x,y) € C then for each § (z,9) = 75—y(x,y) € C. Therefore C and D
are of the form

C=CxRandD=D xR

where C' and D are T-invariant. Thus either C' or D~ has measure 0.

We now consider the case p(®) = 0. Assume that C' = () so that D =
X xR. We shall show that this assumption will lead to a contradiction.
We have that almost all (z,y) with |y| < 1 visit {|y| < 2} only finitely
many times. Indeed, the set

B = {(z0,v0) : |yn| < 2 infinitely often}

is Ty invariant and all points from B visit A = {|y| < 2|} soif u(B) > 0
Ty would have a nontrivial recurrent part by Lemma 4.3.

Hence for almost all x the set M, = {n : |®,| < 1} is finite where
®,(x) = Y17y ®(TVx). Let Ay = {x : Card(M,) < N}. Pick N such
that pu(Ay) > 1/2. Take n > N. Consider

Volz)={y:3j€[0,n—1]: Tz € Ay and Qi(z) =y}
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By ergodic theorem applied to the indicator of Ay for large n we have
Card(Yn(z)) > 5 and for each § € YV, (v) we have

1
Card{yeyn:|y—gj\ <§} <(N+1)

since otherwise taking a point from this set with minimal j will lead
to a contradiction with the definition of Ay. It follows that
n
max |®.(x)| > max b (z)] > —.
j<n [®5(=)] _jgn,zjeAN| i(@) 2 8(N +1)

On the other hand by ergodic theorem <1>jT@ — 0 as 7 — oo and hence
2=n DI 0 as n — oo contradictin e last displayed inequality.
maen 121 tradicting the last displayed lity
O

As an application of Lemma 4.11 consider SWA to an impact oscil-

lator with
: 1 if{p<i
t) = 2
1) {—1 if {t} > 1

Choose h = 0. Then f(v,t) = (f,v+ f()) where f =t + T and T is the
period of the spring. Therefore f is recurrent if 7' is irrational.

On the other hand if & # 0 then Lemma 4.11 is not directly applicable
since t = t+ £ + 2% + o(1/v) weakly depends on v. To include this case
we need another lemma. Let S(z,y) = (T (z,y), y+¢(z,y)) be the map
which is well approximated by a skew product at infinity. We assume
that S is defined on a subset Q C X x R given by y > h(x). We also
assume that there exist a map 7 : X — X and a function & : X - R
such that T" preserves measure 1 and that for each £ and each function
bounded measurable function h supported on X x [—M, M] we have

|ho Sk —hoTg||r1) — 0 asm — oo
where S,, = 17_,, 0507, and dv = dudz.

Lemma 4.12. Assume that

(i) T is ergodic;

(i) p(®) = 0;

(i1i) S preserves a measure U having bounded density with respect
to v;

(i) there exists a number K such that ¢||pe~() < K.

Then S is recurrent.

Proof. Let Y = X x [0, K] where K is the constant from condition
(iv). By Lemma 4.11 T is conservative and hence the first return map
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R:Y — Y is defined almost everywhere. By Rokhlin Lemma applied
to R there exists a set €. and a number L. such that v(€2.) < ¢ and

v({(z,y) €Y : Ti(x,y) € Qe for j=0,1... L. —1}) < e.
It follows that there exists m. > 1/e such that v(A.) < & where
Ac={(z,y) €Y : S (2,y) & 7. Qe for j =0,1... L. — 1}.
In addition we have 7(A.) < Ce and 0(7,,.Q2) < Ce. Let

A= U (Tml/n291/n2 U Al/n2> .

Then v(A) < oco. Note that every unbounded orbit crosses Tml/n2Q1 /n2

for a sufficiently large n and so it visits A. Therefore S is recurrent by
Lemma 4.3. U

Lemma 4.12 shows recurrence of impact oscillator SWA for all 71 It
also implies recurrence of Fermi-Ulam pingpongs in the case where [ has
one discontinuity and the corresponding map is hyperbolic at infinity.
This follows from the normal form at infinity derived in Section 2 and
the ergodicity of hyperbolic sawtooth map proved in Section 5.

4.4. Proof of the Maximal Ergodic Theorem. We need the fol-
lowing result called maximal inequality. Give a function v € L'(ju)
define
k
So=0, and for k > 0, S), = Z¢OT", Yk = max Sy, Py ={z:¢% >0}

0<k<N
n=1

Lemma 4.13. For all positve N
Y()dp(z) > 0.
Py

Proof. We have that

Yy(Tr) = max Z@D (T"x)

1<E<N+1

Thus

Yy (Tx) +9(x) = max Z¢ (T"z)

1<k<N+1

Since on Py ¢y = maxj<ix<n S, it follows that on Py

In(Tx) +(x) = Yy ().
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[ @ity > [ idednte) - [ i)

P In(@)dp(z) — | Py (z)du(z)

X

Thus

/ Ui (@)du(e / Ui (@)dp(z) = 0

where the second line follows since 93 = 0 on Py and the third line
follows since ¢} o 1" is non negative. U

Proof of Theorem 4.9. Let ¥ = ¢ — a.. Then

k
1
Py =A{z: max - 2:: ) > at.
Taking N — oo in Lemma 4.13 we obtain the statement required. [

4.5. Ergodic Theorems for L2-functions. Let
T ={¢ € L*(n): ¢(Tx) = ¢(x)}.

By coboundary we mean a function of the form ¢(z) — ¢(Tx) for an
L? function 9. Let B denote the closure of the space of coboundaries.

Lemma 4.14. B =
Proof. If ¢ € B then (¢(x), ¥ (x) — ¢(Tz)) = 0. Accordingly

(@) (Tw)du(@)| = |[¢llze = VYl el o T 2.

By Cauchy Schwartz inequality this is only possible if ¢(Tx) = cyp(z).
Since ||¢ o T'||z2 = ||¥||z2 ¢ = £1. Now it is evident that

(¥(x), ¥(2) = ¢(Tx)) =0
iff c=1, that isy € 7. 0

Proposition 4.15. If ¢ € L*(u) then

N-1

% Z ¢(T"x) = ¢ = mr¢ as N — £00
n=0

almost everywhere and in L?.
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Proof. The statement is obvious if ¢ € Z, so we amy assume that ¢ € B.

If ¢(z) = (z) —(Tx) then
Ly (@) = (")
N ; O(T"z) = N

Also by Chebyshev inequlity

—0in L2

p(p(T"z) > eN) <

SO W — 0 almost everywhere as well. For general ¢ € B, given

g, we can find gz~$, 1 such that

¢(z) = ¢(x) + ¢(x) — P(T"x)
and ||@||2 < e. Then

N—
! (T )| .
0

—_

= lim sup
N—+oco

- '
z) = lim su —
¥ () N—>:|:o<1>3 N

n=

1 N-1
w2 o)
n=0

Thus by Maximal Ergodic Theorem

p(e (@) > 0) < 12 < J0llee_ 2

Since ¢ is arbitrary gzgi =0 so
| V-1
~ > (T x) =0
n=0
almost everywhere. The argument for L?-convergences is similar. [

Exercise 4.16. Prove Theorem 4.8 for L' functions.

Hint. Take ¢ € L? such that |[¢" —¢[|;1 < 1 and show that (™)
form a Cauchy sequence. Thus there is a function ¢ such that ¢ — ¢
in L'. Show that

=2

Y 61m) - §(a)

n

Il
o

almost everywhere.

Remark 4.17. Ergodic Theorem for L? functions will be sufficient for
all applications given in these lectures.

Corollary 4.18. If ¢ is constant almost everywhere for a L*>-dense set
of functions then T is ergodic.
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rzo = ([ otalin(o) ) 1

for a dense set of functions then by continuity it holds for all functions.
Thus Z consists only of constants and hence 7' is ergodic. U

Proof. 1t

4.6. Ergodic decomposition. Let T be a map of a separable metric
space X preserving a measure u. Let Z be the algebra of T' invariant
sets. Define a family of measures p, by condition p,(¢) = E(¢|Z)(z).

Proposition 4.19.

@ [ m@nte) = [ ow)dntz).

(b) e is T-invariant for almost every x.
(¢c) py is ergodic for almost every x.

Proof. (a) follows from the Law of Total Expectation. (b) and (c)
follow from the formula 1, (¢) = [7z(¢)](z) and Proposition 4.15. [

4.7. Proof of Rokhlin Lemma.

Proof of Lemma 4.10. We first prove the result in case T is ergodic.
Choose a set A with p(A) < ¢/n. Let R(x) be the first return time to
A. Let

B = Ujea,j<r(@)mT"x.
Clearly B,TB...T" !B are disjoint. On the other hand denoting
A, ={r € A: R(x) =m} we get
X — U;‘;&TJB C U cupy_T™ A,

SO

p(X —USTB) <3N p(TmFAL) <Y npu(A,) < ne
m=1 k=1 m=1
completing the proof for ergodic transformations.
In the non-ergodic case the same argument works provided that we
can find A with

€ €
4.1 (:IA>—)<—.
(4.1) ple s pa(A) > o) < 5
2
Take A with u(A) < i— Then (4.1) follows from Proposition 4.19(a)
n

and Markov inequality. U
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5. STATISTICAL PROPERTIES OF HYPERBOLIC SAWTOOTH MAPS.

5.1. The statement. We saw in Section 4.3 that ergodicity of hyper-
bolic sawtooth maps implies the recurrence of a large class of Fermi-
Ulam pingpongs in case velocity has one discontinuity. The required
ergodicity is established in this section. In fact, following Chernov [6]
we consider a wider class of maps. Let T' be a piecewise linear auto-
morphism of T?. Let S, and S_ denote the discontinuity lines of 7" and
T~ respectively. Denote S, = T"'S,, S_, = T-™1DS_. We assume
that

(i) A =dT is constant hyperbolic S Ly (R)-matrix.

(ii) St are not parallel to eigendirections of A.

Theorem 5.1. [6] T is ergodic.

In fact, we derive stronger statistical properites of our map 7. These
results are not needed to establish the recurrence of pingpongs but the
techniques introduced here could be used to study several classes of
bouncing ball systems.

Recall that a map T preserving a probability measure p is called
mixing if for any L? functions ¢, ¢,

(5.1) Por.ga(n) — 0 as n — 0o

where
ponln) = [ ox@x(T"0)dn(z) ~ [ on@aute) [ Ga(w)du(o)

Exercise 5.2. (a) T"is mixing if (5.1) holds for a dense set of functions

¢la¢2-

(b) T is mixing if for each pair of measurable sets A;, Ay
(A NT ™" Ag) = p(Ar)p(Az).
(That is, it suffices to check (5.1) for ¢; = 14,.)

Thus mixing gives, in particular, that for any measurable set A we
have p(ANT"A) — p?(A). Thus if A is invariant then p(A) = p*(A)
and, hence, mixing implies ergodicity.

In case T is a (piecewise smooth map) of a manifold we say that T'

is exponentially mixing if for some a > 0 there are constants K > 0
and 6 < 1 such that

(5.2) |P1.6. ()] < KO ][] |2l| -

Exercise 5.3. Show that if for some r

e ()] < KO™[|61]|cr ||| cr



LECTURES ON BOUNCING BALLS. 39

then (5.2) holds. That is, if (5.2) holds for some « then it holds for all
a (with K and 6 depending on «).

Hint. Approximate C'“ functions by C" functions.

Exercise 5.4. Suppose that T is a smooth linear hyperbolic map of
T2 That, is Tz = Az mod 1 where A € SLy(R) and |Tr(4)| > 2.

(a) Show that T is exponentially mixing.

(b) Show that given an arbitrary positive sequence ¢, — 0 where
exists a continuous (but not Holder continuous) function ¢ such that
|ps.0(n)| > G, for infinitely many n.

Hint. Consider the Fourier series of ¢.

Theorem 5.5. Under the assumptions (i) and (ii) above T is expo-
nentially mizing.

By the foregoing discussion exponential mixing implies mixing which,
in turn, implies ergodicity. Thus Theorem 5.1 follows from Theo-
rem 5.5. However our proof of Theorem 5.5 relies on Theorem 5.1
so we begin with the proof of Theorem 5.1.

5.2. The Hopf argument. The proof relies on the Hopf argument.
To explain this argument we consider first the case where T is smooth,
that is fo = Az mod 1 and A € SLy(Z). Denote

Wé(z) =4y : d(T"z, T"y) — 0 as n — +o0},

W(z) =Ay : d(T "z, T "y) — 0 as n — +oo}.

It is easy to see that W*(z) = {x + e, }¢cr where e, and e, are con-
tracting and expanding eigenvectors of A.

Let Ry be the set of regular points, that is, the points such that
for any continuous function ® we have ®*(x) = &~ (z). By Pointwise
Ergodic Theorem R has full measure in T?. For j > 1 we can define
inductively

R;={x € R;_1 :mes(y € W*(z):y & Rj_1) =0 and mes(y € W?*(z)

Then we can show by induction using Fubini Theorem that R; has full
measure in T2 for all j.

For # € Ry and ® € C(T?) let ®(z) denote the common value of
®*(z) and & (x). By Corollary 4.18 it suffices to show that ®(x) is
constant almost everywhere for every continuous function ®.

We say that x ~ y if for all continuous ® we have ®(x) = ®(y).
Note that if z,y € Ry and y € W*(x) then for all ® € C(T?) we have

1y € Rj) = 0}
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O (z) = & (y) and so x ~ y. Similarly if z,y € Ry and y € W*(x)
then x ~ y,. Given x € Ry and p € R, let

r,= U ww, I,= U 0w/ )R)
)

yeEWY (z yER1NWE ()

Then if p is large then I', = T* and by Fubini theorem mes(T,—T,) =0
so ®(z) = ®(x) for almost all z. Therefore ® is constant almost surely
and hence T is ergodic.

5.3. Long invariant manifolds and ergodicity. The Hopf argu-
ment has been expanded in several directions. Already Hopf realized
that the same argument works for nonlinear systems provided that the
stable and unstable foliations are C'. This condition however is too
restrictive. Versions of the Hopf argument under weaker conditions
have been presented by Anosov, Pesin, Pugh-Shub, Burns-Wilkinson.
We need a version of the Hopf argument for systems with singularities.
The approach to handle such systems is due to Sinai and it has been
extended by Chernov-Sinai and Liverani-Wojtkowski. The proof given
here follows the presentation of [7]. A slightly different argument can
be found in [17].

The difficulty in the nonsmooth case is that it is no longer true that
W*(z) coincides with W*(z) = {x + £e.}. Indeed if y € W*(z) and x
and y belong to the same continuity domain then d(Tx, Ty) = %d(x, Y)
where A is the expanding eigenvalue of A. However if Tz and Ty are
separated by a singularity then Tx and Ty can be far apart. In fact,
there might be points which come so close to the singularities that
W#(x) is empty. This is however, an exception rather than a rule. Let

ro(z) = max{d : W(z) c W¥(x)}, ry(x)=max{s: Ws(z) C W*(z)}.
Lemma 5.6.
mes{z € T? : r,(z) < e} < Ce, mes{z € T? : ry(x) < e} < Ce.

Proof. We prove the second statement, the first one is similar. Note
that {rs(z) <e} =, Sn(e) where
S, (e) = {:c L d(T"z, S_) < %} .
Since our system is measure preserving
mes(S,) = mes {x cd(x,S2) < %} < Cin. O

The proof of Theorem 5.1 relies on a local version of this result.
Namely, the following statement holds.
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Lemma 5.7. Pick y, 0 and k such that d(T?W*(y),S_) > € for j =
0...k. Then

mes{z € W(y) : r5(z) < e} < Che.
A similar statement holds with s and u interchanged.

We first show how Lemma 5.7 can be used to derive Theorem 5.1
and then present the proof of the lemma.
Pick k such that

(5.3) CH* < 0.001.

We first establish local ergodicity. Namely let M be a connected com-
ponent of continuity for 7% and T—*. We shall show that almost all
points in M belong to one equivalence class. This will imply that ev-
ery invariant function is constant on M, that is, any invariant set is
a unions of continuity domains. Then we conclude the global ergod-
icity by noticing that there are no nontrivial invariant sets which are
union of continuity components because the boundary would be a col-
lection of line segments and this boundary can not be invariant since
the segments in S,, have different slopes for different n.

Let us prove local ergodicity. To simplify the exposition we will refer
to W" leaves as horizontal lines and to W? leaves as vertical lines.
Take a rectangle U C Int(M). It is enough to show that all points are

equivalent. Given N consider all squares with sides + and centers in

; N
0.17
Ge) nT. o o

We say that a points z in a square S is typical if z € Ry and both
W"(z) and W*(z) cross S completely.

Note that all typical points in S are equivalent. Indeed denote

Z(z) = Uxewu(z)W“(:ﬂ).

Note that if 21,2 € S then by Lemma 5.7 and (5.3), X(z;) N S
has measure at least 0.999mes(S) and by the Hopf argument almost
all points in ¥(z;) are equivalent to z;. Also by Lemma 5.7 the set
of typical points in S has measure at least 0.998mes(.S). Since for two
neighbouring squares we have mes(S;NS2) = 0.9mes(5;) it follows that
all typical points in neighbouring squares are equivalent. Therefore all
typical points in all squares in Int(M) are equivalent. On the other
hand by Lemma 5.6 for almost all x € Ry we have r,(z) > 0 and
rs(x) > 0 so such z is typical for sufficiently large N. Local ergodicity
follows and Theorem 5.1 is proved.
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F1GURE 13. Each square intersect its neighbours by 0.9
of their area

A B C

—

FIGURE 14. A is typical in S, B is not typical in S but
it is typical in a nearby square, C' is not typical in any
square

F1GURE 15. Hopf brush (z)

5.4. Growth Lemma. It remains to prove Lemma 5.7. To this end
fix a curve v C W*%(x). Due to singularities 7"(z) consists of many
components. Let r,(x) be the distance from z to the boundary of the
component containing x. We claim that there are constants # < 1 and
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C > 0 such that

(5.4) P(r, <¢e) <2 Q% + C) £

(5.4) implies Lemma 5.7 since it implies that

on ~\ €
P(S,) <2 ——l—C) —.
(54) (w %

Summing this for n > k we obtain the statement of Lemma 5.7.

/

F1GURE 16. The complexity is determined by the largest
number of lines passing through one point since one can
always take 0 so small that any curve of length less than
0 can not come close to two intersection points

The proof of (5.4) relies on complexity bound. Let k,(J) be the
maximal number of continuity components of 7™ an unstable curve
of length less than § can be cut into. Set k, = lims_gr,(9). For
the case at hand there is a constant K such that k, < Kn since the
singularities of T™ are lines and there at most Kn possibilities for their
slopes. Accordingly there exist numbers ng,dy such that r,,(dy) <
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2A™. Replacing T' by T we can assume that this inequality holds for
ng = 1 (clearly it is sufficient to prove (5.4) for T = T™ in place of T).

Given a curve v we define 7,(z) as follows. T is cut into sev-
eral components. Some of them can be longer than §y. Cut each long
component into segments of length between &y/2 and dy. For each of
the resulting curves ; consider Ty; and repeat this procedure. Let
7n(x) be the distance to the boundary of the new components. Thus
To(z) < rp(x). In fact, 7, equals to 7, if each continuity component
has width less than dy so we can think of 7,, as the length of continuity
components then we partition T? into the strips of width d, and regard
the boundaries of the strips as "artificial singularities”.

FIGURE 17. Dynamics of components. The vertical seg-
ments are “artificial singularities”.

It suffices to prove (5.4) with r, replaced by 7,. To this end let

7. = sup mes(x € v : 7p(x) < 5).

e>0 £

Then Zy = % We claim that there are constants § < 1, C' > 0 such
that

1 <07, +C.

Indeed 7,41 (x) is less than € if either 7,,(x) < § or 7"z passes near
either genuine or artificial singularity. In 772 passes near a genuine
singularity then T"x is $ close to the preimage of singularity. Since
each curve is cut into at most x1(dg) components, we conclude that

each component of T contributes by less than

0
K1(do)mes (m crp(z) < ;) < /ﬁ()\ o)
On the other hand for long curves the relative measure of points with
small 7,11 is less than C'(dg)e so their contribution is less than C'(dg)e|y|.
The result follows.

L.
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5.5. Weak Mixing. In fact, the argument used to prove Theorem 5.1
can be used to obtain a stronger result.

Theorem 5.8. T' x T is ergodic.

Proof. The proof of Theorem 5.1 was based on the fact, that T is a
piecewise linear map satisfying the Growth Lemma and the transver-
sality of singularity set to the stable and unstable directions. The map
T x T has the same properties. Indeed let I'; x I'y be a product of un-
stable curves in T? x T?2. Defining as before 7, (z,y) the distance from
(T™x,T™) to the boundary of the component of T"I'; x T"T'y containing
that point we have r,(z,y) = min(r,(z),r,(y)) and so

1 1 A
P(r,(z,y) <e) <P(r,(z) < e)+P(r,(y) <e) < 20" (ﬁ + ﬁ + +2C’) 5
1 2
proving the Growth Lemma for 7" x T". Now the proof of ergodicity of
T x T proceeds along the same line as the proof of ergodicty of T. [

5.6. Mixing and equidistribution. Here we derive Theorem 5.5 from
the following statement. Fix a small constant 9.

Proposition 5.9. Let I' be a horizontal segment of length 6. Then for
any ¢ € C*(T?) we have

‘%/FQS(T”:C)d:L’ - /TZ ¢(z)dz

This proposition claims that images of horizontal curves of large size
become equidistributed. To obtain Theorem 5.5 we need to bootstrap
this result to small horizontal curves.

< CO"|ol|ce-

Proposition 5.10. There is a constant K > 0 such that if I" is an T’
be a horizontal segment of length less than ¢, then for any ¢ € C*(T?)
for any n > K|In|I'|| we have

S CQH_KHHIFHHQbHCa.

1
— T"x)dr — d
i oot [ o

Proof of Theorem 5.5. Let ¢1, ¢y € C*(T?). Partition T? into squares
of small size 8. Let ¢ be an approximation to ¢; which is constant on
the elements of our partition. Denote by 95]- the value of ¢ on the square
S;. Note that ||¢1 — ¢[|s < ||é1||cad®. Let T';(h) denote the horizontal
section of S; at height h. Then

N $1(2)2(T"2)dz = N 3(2)92(T"2)dz + O (5%|¢n[ e[ b2l lc-)
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-326 / 62(T"2)dz + O (37|61 | dallce)

5
= 7. Tn d dh O 50c N .
;%/0 ( Fj(h)¢2( ) :):) + O (5% ¢1| e || o] =)
— Z [%’52 /T2 ¢2(Z)dz} +0 (5%)|¢1 ]| oo || @2l ca ) +O (J|¢1]|co ||| cat™ I

¢1(z)dz/ $2(2)dz+0 (5%|p1]|cal| P2l ca ) +O (||d1]|cal| Pl cad™ K 0TY
T2
Choosing § so that |Ind| = 5% completes the proof of Theorem 5.5. [

5.7. Another growth lemma. To derive Proposition 5.10 from Propo-
sition 5.9 we need another Growth Lemma. Recall that the first Growth

Lemma (formula (5.4)) tells us that if we start from a horizontal seg-

ment of short length 0 then the probability that r,(x) is small becomes

small for n > K|Ind|). Thus on average most points belong to long

components most of the time. Here we discuss the exceptional points

which stay in short components for a long time. Let I' be a segment

of length 0. Fix n > K|Ind|. We define a piecewise constant function

n: 1" — N such that

n>n, T°T=|JT;and|I;| =34
J
n will be defined inductively. Namely, let {I'jo} be the components of
TT. Call T'jo long if its length is at least 2. Each long component
will be further decomposed as I'jo = L; Ul (U'x) U R; where |['x| =0
and L; and R; are neighbourhood of the left and right endpoints of I';,
with

DN | &

S |LJ| S 5> 9 = gl =

On Ujl'j, we let n = n. Let T be a component where i has not yet been
defined (thus T' = T'jo where |Tjo| < 26 or T' = L; or R; for some long
component I';o) consider TEMITID and trim their long components
as before. On the long components of the resulting set we set n =
ny + K|In|T'|| while points which stay in the short components on
both attempts will be iterated once more. This procedure is continued
inductively. The second growth Lemma says that for most ponts we
stop after a relatively short time.

Lemma 5.11. P(n > 71 + k) < OO,
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Before giving the proof of Lemma 5.11 we show how it helps to derive
Proposition 5.10.

Proof of Proposition 5.10. We apply Lemma 5.11 with n = K|In{].
Let {I';};es be all components where n < W. Let n; denote the

value of n on T7"T";. Then
\F | Kln 0] +n
H(T"x)dx = cb (1" y)dy |+O | |[9]|P (7 > ———
T / \Fl \F | Jr 2

-y / o2z 0 (||¢||9<"—K“nf‘>/2>] +0 (llofle (n > 2021

jed

¢(2)dzP (n < %M) +0 (||g||gn—KIMD/2) 1.0 (||¢||zp> (n > W))
']1*2

2
= [ o:1az0 (llog <m0y
T2

where the first equality is obtained by changing variables, the second
uses Proposition 5.9, the third follows from the definition of J and the
fourth follows from Lemma 5.11. U

5.8. Trying to succeed. We derive Lemma 5.11 from the following
more general result. Let J be a N valued random variable and T" =
Z;.Izl k; where k; are N valued random variables. Let F; be a filtration
such that ki, ...k; are F;-measurable and as well as sets {J = j}.

Lemma 5.12. Suppose that there are constats K > 0,p < 1,0 < 1
such that

(5.5) P(J =j+1F) = p,
(5.6) P(kj1 = k|F;) < K67
Then P(T =1) < K6
Proof. We use moment generating functions. Let
®;(2) =E (2MFM1,55).
We claim that there exist numbers » > 1, ( < 1 such that
(5.7) ®,(z) and Py(z)converge for 0 < z < r

(5.8) For j > 2, ®;(2) < (®;_o(z) for z <.
(5.8) implies that
Doy < C'01(2),  Poyga < (' Po(2)
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and so Y, ®;(z) converges for z < r. But then E(z7) < Y, ®,(2) is also
finite proving Lemma 5.12. It remains to establish (5.7) and (5.8).

The fact that ®;(z) is bounded for z < r < 6§~ follows from (5.6).
Next

Qi(z) =E (zk1+"'+kjfllj>j_1E (zkj |]:j_1)) )
We claim that given § we can take r so close to 1 that
(5.9) E (2%]F;_1) <1+6.
Hence
®j(2) < (1 +O)E (MF 11,0, ).
Next

E (Zk1+...+kjillj>j—l) —F (Zk1+~..+kj—2 1J2j—2E (ij—l 1J;£j—l|]:j—2)) .

We claim that there is a constant ¢ < 1 such that if r is sufficiently
close to 1, then

(5.10) E (27 1zj-1|Fj-2) < C.
Taking & so small that ¢ := ((1 + &) < 1 we obtain (5.8). Also (5.9)
implies that ®o(z) < (14 6)P4(2) proving (5.7).

It remains to prove (5.9) and (5.10). Since the LHSs of (5.9) and

(5.10) are increasing in z it sffices to consider z = r. Then
(5.11)

E (r*|Fj_1) = 1+ %E (2%|F;_1) (z = Z)(r — 1) for some Z € [1,7].

By (5.6)
0 |
aE@W54ﬂ@§K%l¢

is bounded for z < r < 7. Therefore the second term in (5.11) can
be made as close to 1 as we wish by taking r close to 1. This proves
(5.9). The proof of (5.10) is similar except that we use that

E (ij*llj;«é(}—l‘]'—ja) <l-p
due to (5.5). O

5.9. Equidistribution and coupling. The main step in proving Propo-
sition 5.9 is the following.

Lemma 5.13. Let I'y and I'y be two segments of length § then
1 1
‘5 o(T"x)dx — 3 o(T"x)dx

Fl FZ

< C0"||o]|ce.
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Proof of Proposition 5.9. We claim that for any ¢ > 0 we can de-
compose T? = (U;S;) U Z where S; are rectangles of width § and
mes(Z) < ¢. Indeed let A be a vertical rectange of small length 1 and
let 7 be a first return time to A by the horizontal flow. Then 7 — oo
as 1 — 0. Cutting each piece of time 7 orbit into segments of length &
we obtain the required partition. Let H; be the height of S; and I';(h)
be the vertical segment in S; at height h. Then

[ 4= [ oyt =3 / ( H(T"2)d )dh+0<eu¢um>

2 / : ( / ¢(T”x)dx) dh+ 0 (6[|6]|cx) + O (c|8]|)

where the last step relies on Lemma 5.13. Since ¢ is arbitrary the result
follows. O

Note that the above proof shows in particular that for each € we can
find rectangles {5} so that the following decomposition holds

512) [ o) - Z/O : </F gb(:);)d:);) dh+ 0 (2|6lln)

This decomposition proves very convenient in the study of statistical
properties of T.

Next we describe the idea of the proof of Lemma 5.13 in the smooth
case. We have

1
(T"z) T2\ dy.
\r|/ i = T Jpugay, P

Note that T7/?T'; are segment of length A"/ 25. Since both of the seg-
ments are in T? the distance between their starting points in O(1).
Hence we can represent T"/?T'; = I'; + I'; where |T;| = O(1) and Ty
is a projection of I'y along e,. Denoting this projection by 7 we have
d(y,my) = O(1) and hence
d (T"/zy, T"/zﬂy) =0 ()\_"/2) .

Thus

ST Pya)dys — | ST Py)dyr = / [S(T"y1) — ¢(T"*myn)dys]

FQ 1—‘1

Iy

=0 (A 2[[¢llce) -
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On the other hand
O(T™y;)dy; = O(][6]o0)-

Lj
Dividing by dA"™2|T™/2T';| we obtain the required estimate.
In the nonsmooth case the structure of 77/ T, is more compicated
but we still can split 7"/ °T; into pieces which are close to each other.
This is content of the following result.

Lemma 5.14. (COUPLING LEMMA ) There exists a measure preserving
map m : I'1 — Ty (coupling map) and a function R : Iy — N
(coupling time) such that

(a) There is a constant n such T*®z and TR®) 1 (x) belong to the
same stable manifold of length less that n and so for n > R(x)

d(T"z, T"wz) < g™
(b) P(R > k) < Co*.

5.10. Coupling, separating, recovering. Here we describe an algo-
rithm for constructing the coupling map 7. This will be done recur-
sively. Namely, given I';,T'y as in the Coupling Lemma we define a
time of the first attempt k; : I'y UT'y — N. The coupling map will be
defined on a subset L; C I'y so that on L; we have R(x) = k;. We will
arrange that

(5.13) |Li| > p.
In addition if Ly = wL; then
so that |T';;] = § and
(5.14) Pr, (k= k) = Pr, (k1 = k) < CO~.
Then we will try recursively to couple flj to fgj and so on.
(5.13) shows that repeating the above procedure repeatedly we can
define 7 alomost everywhere. Also (5.13) and (5.14) allow to apply
Lemma 5.12 to get an exponential tail bound on the coupling time.

it remains to describe one step of our proceudre verifying (5.13) and
(5.14). The coupling algorithm relies on the following estimate.

Lemma 5.15. If 4, 1 are sufficiently small than there is a constant
N = N(J, 1) such that for each pair I'y, I's with |[I'y| = |I's| = § there are
segments L1 c Iy, L2 c Iy and N < N such that TNL are horizontal
segments of length §, TN L, is a vertical projection of TNL, and the
distance between TNﬁl and TNﬁg 15 less that 7).
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~ During one run of our algorithm 7 will be defined on a subset L; C
L,. But first we explain how to define ky on I'y — L;. We will use the
following fact.

Lemma 5.16. Let Gy, G5 be unions of horizontal segments of the same
total length such that

Pg,(r(x) <e) < Ze

where Pg, is the uniform distribution on G; and r(x) is the distance
from x to the boundary of the segment containing x. Then there is a
function k- G1 U G2 — N such that TkGZ = Uj Gij7 ‘GU| =9 and

Pg, (k(x) = k) = Pg, (k(z) = k) < Co* K2,

The proof of Lemma 5.16 is similar to the proof of Lemma 5.11 so it
is left to the reader. ) .

Next we consider L;. We want to set # = T~N7 where 7 : TV} —
TN L, is a vertical projection. However, y and 7y need not belong to
the same stable manifold. The obstacle is existence of a number n such
that T"y and T" 7y are separeted by a singularity. In that case

d(T"y, S) <AV, d(T"7y, 5) <A™

So at time n we remove the points falling into nA™" neighbourhood
of S as well as its vertical projection. On the removed set we define
separation time s(z) as follows. Consider a component of the set
removed at time n. If this component is longer than A=2" then we let
s(z) to be equal to n on that component. Otherwise an endpoint b of
this component has been removed at a erlier time and we let s = s(b)
on this component. Note that by construction and (5.4)we have

(5.15) P(s = k) < CO".

Also if 7 < & then (5.4) show sthat the set where 7 = T~V# (that is
the set of points which are not removed due to a close approach to the
singular set) has a relatively large measure in L; proving (5.13).

It remains to define k on L, — f)l. This will be done using Lemma
5.16 pairing the points having the same separation time. Note that by
our construction all componets where s = 5 have length at least A\=2%,
so letting p(x) = k(z) — s(x) be the recovery time we get

(5.16) P(p(x) > ks(z) +1) < CH.
(5.15) and (5.16) give (5.14) for the separated points since

P(k(z) > k) <P (8(:)3) > %) P (p(x) > Ks(@)+ g)
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and both terms have exponentially small probability. It remains to
prove Lemma 5.15.

Proof of Lemma 5.15. We begin with a simplifying remark. The state-
ment requires that N be uniform in I'1, 'y but we note that it suffices
to prove it for fixed I'y, 'y (but for all sufficiently small 5, 7). Indeed
take & > 0,7 < 7. Then if the statement holds for (I'y,T',0,7) then
it also holds for (I}, T}, 4, 7) provided that (I}, T) is sufficiently close
to (I'y,I'y). Since the set of pairs is compact we can choose a finite
subcover achived the required uniformity:.

Let
£ = U Wis®.
yel';
Note that ; has a positive measure in T?, hence X X 5 has a positive
measure in T? x T2. By ergodicity of 7' x T given a set ) € T? x T?
almost every point almost every point in >; x Y5 visits €2 with frequency
mes((2). Let

Qe = {(z1,29) : T*XT? : d(xy, 25) < g and T is continuous in B(x;,20)}.

Note that if 7,4 are small than mes(€;) > 7?/10. By the foregoing
discussion given ¢ there is N such that

mes ()
2

mes ((y1,y2) € X1 X X : Card(n < N : (T"y,, T"ya) € ) < N ) <e

Next by the growth lemma given € there eixsts § so small that
mess, xss, (Y1, Y2) © (1) < 0 0 7 (22) < 6) < Emes(E; x Xo)
where x; = 7y;. So if

Ay1, y2) = Card(n < N : 7, (21) > 0 and ry(22) > 0)
then E(n) > (1 —€)N. Since n < N

2 A~
) Ul 1002

P N(1--—+))<
<n< ( 100))_ Uk

which can be made as small as we wish by choosing é small. Note
that if d(T™y1, T"y2) < 7/3 then d(T"x1,T"xs) < 7. Therefore given
if N is sufficiently large and ¢, ¢ are sufficiently small then there exist
(z1,72) € X1 X ¥y and N < N such that

d(TNzy, Tzs) < 7, r5_p(z;) > 6 and T~" is continuous on B(z;, d)

for i € {1,2}. The continuity condition implies that
ry(z) > ry A >4
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if k is sufficiently large. Therefore I'; and I'y contain two segments such
that their 7V image has length at least 20 and the distance between
their centers is at most 7. If 77 < ¢ (which can be assumed without loss
of the generality) we can trim those segments so that one is a vertical
projection of the other proving the lemma. U

6. THE CENTRAL LIMIT THEOREM FOR DYNAMICAL SYSTEMS.

6.1. Estimating error in Ergodic Theorem. If 7" is an ergodic map
of a space M equipped with a probability measure u then the Ergodic
Theorem says that for ¢ € L'(u) we have

=

SJE\(]:E) — /Mgb(x)du(:v) where Sy (x) = o(T"x).

S
I
o

The next natural question is the rate of convergence.

To formulate the question more precisely we need to recall some
facts from probability theory. Let S be a Polish metric space, S,, be a
sequnce of S valued random variables and S be an S valued random
variable. We say that Sy converges to S in distribution (written as
Sy = 8) if for any bounded continuous function ® we have

E(®(Sn)) = E(2(5)).

In case S = RY the following statements are equivalent

° SN = S

e For each £ € RY E(e5V) — E(e9)

e Define Fg(s) = P(Suy < 51,502 < 82,...5@a) < sq) and and
let Fs, (s) be a similar expression for Sy then for all continuity
points of Fs we have limy_, Fis, (s) = Fs(s).

Given a number o > 0 let N'(6?) denote the normal random variable
with zero mean and standard deviation o. Thus

s 1 ‘
]P)(N S 3) = / me_uz/zozdu and E (ezﬁN) = 6_0252/2.

In case of independent random variables the fluctuations of ergodic
sums are of order /N and the limiting distribution is normal. One can
ask if the same is true in the dynamical systems setting. In many cases
where one has exponential divergence of nearby trajectories the answer
is YES. However one needs to impose some regularity requirement on
¢. Without smoothness assumptions, Exercise 5.4(b) shows that one a
function ¢ such that E(S%) > N.
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Theorem 6.1. Let T be as in Theorem 5.1 and ¢ € C*(T?) be a
function with zero mean. Suppose that x is uniformly distributed on
T2. Then

Sy

\/N:H\f( %)

where
(6.1) ;w o)

In other words,

P (— < s) / Qo) .
27r<7

The assumption that ¢ has zero mean does not cause any loss of
generality since we can always replace ¢ by ¢ = ¢ — fw o(2)dz

6.2. Bernstein method. By the foregoing discussion we need to show
that

(6.2) o )

Before proving (6.2) for toral maps let us recall how (6.2) is es-
tablished for independent random variables. Namely, suppose for a
moment that Sy = Zn 0 ' X,, where X,, are indendent identically dis-
tributed random variables with zero mean and standard deviation o.
We have

B (eigsN/\/N) _ [E (6igx/\/ﬁ)]N

Next

iEX/VNY _ X ex 1y _, & 1

E (e )_E<1+\/N ) ol ) =-S5 to ()
Raising this expression to the N-th power we obtain (6.2) in the case
of indendent identically distributed random variables.

In the dynamical system case this method can not be applied di-
rectly since ¢(1"x) are not independent for different n. However, mix-
ing shows that ¢(TVx) and ¢(T""z) are weakly dependent for large
j. One useful technique for handling weakly dependent random vari-
able is Bernstein big block small block method which we now describe.
Choose oy < ap < 1 and divide [0, N] into big blocks of size N*2 sep-
arated by small blocks of size N** starting from a small block. Thus




LECTURES ON BOUNCING BALLS. 55

we let
N Ne1LjN2(j-1) (N1 4+Ne2);
Si= > e S= 3 6T,
n=(N®14N%2)(j—1)+1 n=N*1j+N*2(j—1)+1

S=>"5, ;5*]-.

J

Thus § is the contribution of small blocks while S is the contribution
of big blocks. The idea is that the contribution of the small blocks is

negligible since the number of terms in S is O (N'~22%91) while the
contribution of different big blocks is almost independent since the
blocks are far apart. Let us give the detailed argument. First we

dispose of S. We have

( ) Z qu"l (T da:—Z/gb (T " x)dx

ni,n2 ni,ne
= i O (9‘n2—n1|) =0 (N1+a1—a2)
ni,n2

where > denotes the sum over the small blocks. Thus

(&) 0w

S
and so o~ = 0
Exercise 6.2. If Sy = S5, S}, = 0 then Sy + S = S.

Accordingly it is enough to prove the CLT for S. Due to the decom-
position (5.12) we may assume that x is chosen uniformly on a segment
[ of length 6. Let m; be the center of j small block. Let T'j; denote
the components of T™+1I";,. We have

¢ o Tm3+1 Z CkEI‘Jk

where ¢, = Pp(T™+'z € I'j;. Denote Q; = Z(]) O(T™z) where Z(j)
means the sum over the j-th big block. Condier the characterisitc
fuctions

v;(§) = Ep (exp ( %)) for 7 > 1 and vy(§) = 1.
=1
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We have

i (€ chﬂzp " <exp ([zi: : ] Zg\?% 1))

_ ;ckzapjk <exp ([Z Zg@l] 5\%“)) +0 (N71)

where Y, denotes the sum over the components with Tz > N
Choose zy € T-™+1T;, and let ¢, = > 7_, Qi(zy). Note that if 5 €
T—min Dy then d(T™+ xy, T+ %)) < 1 and so

1 < 1
— )\mJ+1 n — )\N&1/2'

—100

Since ¢ € C*(T?) we have
(6.3) Y Qi@ — Q)] = 0 (A7)

l

and so
/
fyj_l_l(g) chezﬁqk/\ﬁEF . ( iﬁQHl/\/N) +0 (N_mo) '
k

Now as in the independent case we can use a decomposition

6i£Qj+1/\/N: 1+ ZEQJH §Qg+1 L0 |Qj|3 .
VN 2N N3/2

Lemma 6.3. (a) Ep, (Q;+1) = O (N7').
(b) Er,, (QF11) = N*20® 4 o(1).

Lemma 6.3 implies that
(6.4)

vy Nea—lg2g? 1 Q3
o1 o3 o ()

Next

Er,, (1Qj+1l°) < N“Er, (1Q;n1]*) = O (N**)

so the last term in (6.4) is O (N**%?) and so it is negligible. Using
again (5.4) and (6.3) we see that

> cpe VN = q(6) + O (N1
k
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so that

(6.5) Vi+1(§) = 7;(€) (1 - NQ%W) o (%) '

Iterating this relation W times we obtain

N an—1_2¢2\ N2
66)  E(SVY) ~ <1 _ %) o o2
as needed.

Exercise 6.4. Show that (6.5) implies (6.6).
6.3. Moment estimates.

Proof of Lemma 6.3.
bjt1

(@) Er, Q1) =Y Er,(60T") = O (||¢]lca N*26"")

aj+1

where [a;, b;] is the j-th big block.

bj+1

() Er, (Qi)= Y En,((90T™)(¢0T™)).

We begin with an a prior: bound
(6.7) Epjk((QS o T™)($poT")) = O (9\ng—n1|) ‘

To check (6.7) we assume without the loss of the generality that ny >
ny. Let ng = %2”2 We have

¢ o Tn?’ Z CSEF]kS

where I'j;s are the components of T"3ij. By the Growth Lemma we
have

Er, (9o T™)(¢oT™) =) ¢Er, (90T ") (@oT")+0( )

where p = 25 and Z; means the sum over components which are
longer than e™*". Choosing z, € T "I';;s we get that on I'jzs

(T 7P2)p(T7x) = [¢s + O (A\™7)] $(T7x)
where ¢s = ¢(T"x,). Thus

Er,, ((poT™)(poT™)) = Z CsPsBry,, (¢oT?)+0 (6_Ep)
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and if e K < 1 then Proposition 5.10 gives Ep, (¢ o T?) = O(6) com-
pliting the proof (6.7). Now to finish the proof of part (b) it remains
to show that for a fixed p

(6.8) Er, (¢oT")(¢oT™)) = [ ¢(2)¢(T72)dz

T2
as n — oo. Let ¢,(z) = ¢(x)¢(TPx). The LHS of (6.8) is Er,, (¢ o
T™). Thus if ¢, were Holder then the result would follow directly from
Proposition 5.10. However ¢, is not Holder since 7% is not smooth.
Fortunately, ¢, can be well approximated by Holder functions. Given

€ let .
¢p,€ = — ¢p(y)dy-

me? B(z,e)
Then ¢, is uniformly Lipshitz

C
[0p.e(2) = Gpe(a”)] < Zd(a’,2").
On the other hand if 7" is continuous on B(z,¢) then

(6.9) |Ppe(z) — B(x)| < Ke™
Thus

Efjk (ppoT") = Eij(Cbp,a oT") + Eij([Cbp — QpeloT") =1+ (II).

Hn
[ = /ﬂ; ¢p,€(2)d2 + O (6_2)

since ¢, is Lipshitz. Next, due to (6.9) we have
p—1
(6.10) (I1) <Y Pr, (e < &) + KPe® < Ope + K,2°.
k=0
Choose € so that §" = &3 then both error terms are small.
Combining (6.10) with decomposition (5.12) we see that

/ bpe(2)dz = | ¢p(2)dz+ O(pe + %)
T2 T2
so (6.8) follows. O

6.4. The case of zero variance. Theorem 6.1 is only intersting if the
variance given by formula (6.1) is non-zero. Indeed if 2 is zero then
the Theorem just says that \/n is a wrong scaling for ergodic sums.
Here we show that o2 = 0 only in exceptional cases. Namely we prove
the following result.

_ Let Py denote the partition into domains of continuity of T* and
Pk =P, VP
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Proposition 6.5. Suppose that for some k A is Lipshitz on each el-
ement of Pr and that 0> = 0. Then there exists ko and a function B
which is Lipshitz on each element of Py, such that

(6.11) ¢(x) = B(x) — B(Tx).

Corollary 6.6. If there is a periodic point p of period N such that
N-1
> o) #0
n=0

then o > 0.

Proof. 1f 0> = 0 then 3" " ¢(T"p) = B(p) — B(T"p) = 0. O

The proof of Proposition 6.5 consists of several steps.

Lemma 6.7. If 0 = 0 then (6.11) admits an L? solution.

Proof.
n—1 n—1
19ull3 = > w(d(TH2)A(T™2)) = o
k1,k2=0 k=0

where o, denotes the sum of the terms with the smallest index k.
Thus

n—1—k

our = Y. pe@)p(Tz)) =0+ 0 (") =0 (0"")

j=—(n—1-k)

since o2 = 0. Hence

n—1 n—1
15,02 =3 ok = 30 () = 0(1).
k=0 k=0

Therefore {S,} is weakly precompact. Let B = w—lim S, for some
subsequence n;. Then

B(z) = ¢(x) + w—nl_iinoo Sp; (Tw) —w—lim ¢(T™ ).

n;—r00
By mixing for each H € L? we have
Tim p(H(¢poT")) = p(H)pu(p) = 0.

That is w—lim,, o ¢(T"x) = 0 and so B(z) = ¢(z)+ B(T'z) as claimed.
U
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Lemma 6.8. (a) For almost all z1 € T?, for almost all x5 € W*(xy)
we have

o0

(6.12) B(wa) = B(m) = Y _[6(T"21) = ¢(T"w2)].
n=0
(b) For almost all z; € T?, for almost all zo € W"(z;) we have
(613)  Bl(w2) = Bm) = Y _[6(T"11) = ¢(T ")),
n=1
Proof. We prove (a). The proof of (b) is similar.
We have
N-1
B(xs) = B(z1) = ) _[6(T"21) — ¢(T"x2)] — B(TVwz) + B(T™xy).
n=0

Given m we can choose Bm,ém such that B = B,, + Em, B,, €
C(T?), ||Bmllzz < 27™. Next choose &, such that if d(yi,y2) < €m

then |B(y2) — B(y1)| < 27™. Now take N,, such that A= < ¢,.. Set
x9(t,x1) = x1 + tes. Then

< mes <(t,x1) | B (TN 1) — B (TN 2o (8, 21))| < (%)m)

1/2)m 50\
< 2y =2 (31)

Therefore for almost all x; € T? for almost all 5 € W*(z) there exists
m such that for m > m

Blas) - Boo) = 3 [6(as) - ()| < () < (3) -

n=0

Taking m — oo we obtain the claimed result. U
Let
D={zeT*: fora. e. z € W*) (6.12) holds and for a. e. € W"(z) (6.13) holds}.
D={zeD: forae 7€ W(z)UW"z) ze D}.

Choose kg so large that if T' is a horizontal curve of length ¢ with
d(I', 0Pk,) > 30 then

mes(x € I' : r4(z) > 35) > 0.999
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and if T is a vertical curve of length § with d(I", 9P,) > 38 then
mes(x € I': r,(z) > 35) > 0.996.

Let IT be a rectangle containing in one element of 75k0. Divide II into
squares of size 1/N. Let Dy be the set of points x in D N1 such that
both W*(x) and W*(z) fully cross the square containing x. Consider
two points x1, 1o € Dy. Assume for a moment that z, x5 belong to
the same row and that the 1/N < d(x1,x9) < 2/N. Let

In(z;) = U (Wsyn(y) N D),

yEW S (x;)ND:rt (z)>3/N

where W*(z;) is the part of W*(z;) containing inside our row. By our
choice of kg, I'y(z1) UT'n(22) has large measure. In particular, there
exist y; € W#(z;)ND such that y, € W*(yy), and (x;, y;) satisfy (6.12).
We claim that (y;,y9) satisfy (6.13). Indeed since y; € D there exists
ys such that (yi,ys) and (ys,y2) satisfy (6.13) but then (yi,y2) also
satisfy (6.13). Since

B(x2) = B(x1) = [B(x2) = B(y2)] + [B(y2) — B(y1)] + [B(y1) — B(21)]

we conclude from (6.12) and (6.13) that |B(zy)—B(z1)| < C/N. Taking
arbitrary x,,xs € Dy which are in the same row we can find x; =
20,21,%2 ... 2 = T, such that 1/N < |z; — z;_;| < 2/N and [ <
N|xy — x1| + 1. Accordingly

l
|B(72) — B(x1)| < Z |B(2;) — B(zj-1)| < ~ = Clzg — 21| + )

Hence if x1, 25 € D are in the same row and |xe — 21| > 1/N then
(614) |B(£L’2) — B(l’l)| S C|l’2 — ZL’1|.

A similar conclusion holds if z; and x5 at the same column. For general
x1, 9 we can find z such that x; and z are at the same row and x5 and
z are at the same column and write

B(x2) = B(x1) = [B(x2) — B(2)] + [B(2) — B(21)]

to conclude that (6.14) holds for arbitrary xy,xe € IIN D with |2y —
x1| > 1/N. Next if z1, 29 € D then for large N we will have xzj € Dy
and |zo — 21| > 1/N so (6.14) holds for all 1,2, € D NTI. In other
words B can be modified on the set of measure 0, so that it becomes
Lipshitz on II and (6.11) holds almost everywhere. Covering every
element of 75k0 by rectangles we see that there exists a version of B
which is Lipshitz on each element of Py, such that (6.11) holds almost
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everywhere. But then by continuity it should hold everywhere. The
proof of Proposition 6.5 is complete.

6.5. Convergence to Brownian Motion. Theorem 6.1 concerns the
distribution of S,, for fixed n. Sometimes we would like to know a
joint distribution of several S, at the same time, for example, we may
wish to compute P(max,<y S, < L). Such questions are addressed by
Functional Central Limit Theorem. Recall that a random process
B(t) is called a Brownian Motion with variance parameter o2 if B
has continuous paths, B(0) = 0 and given 0 =ty < t; < ty--- < ty,the
increments B(t;;+1) — B(t;) have normal distribution with zero mean
and varaince 0?(t;41 — t;) and are independent of each other.

In the setting of Theorem 6.1 let By(t) = % if Nt is integer with
linear interpolation in between.

Theorem 6.9. As N — oo, By (t) converges to the Brownian Motion
with variance parameter o2 given by (6.1).

According to [2] to show that By(t) = B(t) we need to check two
things.

First, we have to establish the convergence of finite dimensional dis-
tributions. That is, for each 0 =ty < t; <ty < ...t

(B(t1) — B(to), B(t2) — B(t1), ... B(ty) — B(tx—1)) = (N1, Na... Ny)
where N, N, ... N, are indepepndent normal random variables with
zero means and variances o2(t; — tg), 0%(ty — t1), ..., 02(tp — tp_1).

Second, we need to prove tightness, that is, to show that for each
e > 0 there exists a compact set IC. C C10, 1] such that P(By(t) €
K.) > 1 — ¢ for large N.

Let N; = Nt;. To check the convergence of finite dimensional distri-

butions we need to show that
(6.15)

E (exp [Z Em (S — SNM)D — exp [—(’; > (tm — tmo1)

But the proof of (6.15) is similar to (6.6) so it can be left to the reader.
To prove tightness we need an auxillary result.

Lemma 6.10.
E((Sn, = Swm)*) < L(ng —n).
Proof. We have

Na

(Swe = Sw)Y) = D d(TMa)(T™a)(T"2)$(Tx).

ni,n2,n3,ne=N1
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To estimate the expectation of the above expression we may assume
without the loss of the generality that n; < ny < ng < ng. We claim
that

(6.16) E(p(T™ ) (T x)p(T™ ) (T 1)) = O(6")

where p = max(ny — ng, ng — ny). Indeed if p = ng — ng then the proof
of (6.16) is similar to the proof of (6.7). If p = ny —n; then we use the
same argument for 7!, O

Define K, =

{weC[o,l]:w(()):()andforauzzL, k§21;‘¢<k+1)_¢(ﬁ

ol
Exercise 6.11. Show that Ky, is compact in C|0, 1].

Thus it reamins to show that if L is large than P(By € Kp) is close
to 1. Let ng (N) = ¥ Then

2l
“(

2l

4
E (»Snk+1,l(N) - S"k,l(N)} ) < CN2/221 _ o2,
N2 /U2 N2 /U2
Accordingly
1
P (% <9 |By <k‘; ) — By @)‘ > 2-”8) <2l
and

P(ﬂlzL,ak;gzl:

k+1 k —1/8 o —1/2
o (122) - (£) 22 <
proving tightness. This completes the proof of Theorem 6.9.

7. INVARIANT COMES AND HYPERBOLICITY.

7.1. Dimension 2. In Sections 5 and 6 we saw that in order to ensure
strong stochasticity we need to construct a cone family IC(z) such that
this family is invariant: df (C(x)) C K(x) and df expands the cones,
that is, there is a constant A > 1 such that for all v € K(x) we have
||df (v)|| > A||v]||- Here we shall show that in the area preserving case
the mere existence of invariant comes implies expansion. We begin
with the following elementary fact.

Lemma 7.1. If L € SLy(R) has positive elements then it is hyperbolic.

k+1 k
By ( i ) — By (?)‘ > 2_l/8) =P (‘Snkﬂ,l(N) - S”k,l(N)‘ 2 \/N2_l/8) <
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This result is quite intuitive. If L has positive elements then the angle

between Le; and Le, is less than Z and since due to area preservation
2

||Ley||||Lea|| sin Z(Ley, Les) = 1

there should be some expansion. The analytic prove is also easy. If
L= CCL Z then ad =1 +bc > 1 and so a + d > 2vad > 2.

The above proof does not show where the expanding direction is
located. There is another argument which is equally simple but has
an advantage that it works for products of different matrices. This
argument is based on the classical notion of Lyapunov function. Let
¢o be the angle which vector (zg,yo) makes with = axis and ¢; be
the angle which vector (z1,y1) = L(zo,yo) makes with x axis. Then
¢1 = g(¢o) for a continuous function g satisfying 0 < g(0) < g(3) < 3.
By the intermediate value theorem there exists ¢ such that g(¢) = ¢
and hence (z1,y1) = A(xg, yo). To estimate A let Q(z,y) = xy. Then

Q(x1,y1) = Naoyo = 2191 = acxy + bdys + (ad + be)xoyo

> (ad + be)xoyo = (1 + 2boco)xoYo-

It follows that A > /1 + 2bc > 1.

The previous argument shows that () increases after the applica-
tion of L. The same argument works for compositions. Namely, if
Ly, Ly ... L, are positive SLy(R) matrices and

Up = Ln . L2L1’U0

then

n

1ol > 2¢/Q(va) > 2Q(wo) [ [ A
j=1
Where A] = (]_ + 2b]CJ)

To get a coordinate free interpretation of this result suppose that
[+ M? — M? preserves a smooth measure given by u(A) = [[, w and
that there is a family of cones K(z) such that along an orbit x,, = f™z,
we have df (K(z,)) C K,41. Choose a basis in T, M so that

K(z) = {e =aie1 + ages : a3 > 0 and ay > 0}

and w(ey, ez) = 1. Then df can be represented by an SLs(R) matrix

and by the above inequality we have ||df™(vo)|| > 2/Q(vo) H;:OI A;
where A; =1+ 2bjc;.
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7.2. Higher dimensions. Here we present a multidimensional version
of this estimate which is due to Wojtkowski. Consider a symplectic
space (R?,w). Let V; and V3 be two transversal Lagrangian subspaces
(wly, = 0). Than each vector v € R* has a unique decomposition
v =v; + vy, v; € Vj. Let Q(v) = w(vy, v2). We can choose frames in V;
and V5 so that if u; = (§1,m), us = (&2, 1m2) where &; € V1, n; € V5 then
w(vn, v2) = (€1,) — (€2,7). Then Q((€,1m)) = (€, n). Define
K ={v: QW) > 0},

Let L be a symplectic matrix. We can write L in the block form

with respect to the decomposition R* =V, @V, as L = < é g ) .

The symplecticity condition amounts to the equations
A*D-C*"B=1, A'C=C*A, D*B=DB'D.

One important case is L = ( JID g ) . Then we have

P*=P, RRS=S'R and S—PR=1.

The last two equations give

R*S — R*PR=R" thatis (S*— R'P)R=R".
But S* — R*P = (S — PR)* = I. Therefore the symplecticity of L
amounts to
(7.1) R*=R, P*"=P, S—PR=1.
We say that L is monotone if LIC C IC and strictly monotone if LIC C
Int(KC) U {0}.

Lemma 7.2. If L is monotone then LV; is transversal to Vo and LV5
18 transversal to V).

Proof. Suppose to the contrary that there is 0 # vy such that Lv; € V5.
Take vy € V5 such that w(vy,ve) > 0. We have

w(v1,v9) = w(Lvy, Lvg) = w(Cvy, Buy).
Take v, — v1 + €vy. Then v, € K for € > 0. On the hand
Q(Lv.) = (eBvy, Cvy + eDVa) = —ew(v1, v3) + £2w(Bug, Duy)

is negative for small positive ¢ giving a contradiction. U

Lemma 7.2 implies that A is invertible, so we can consider L =

A 0 - .
( 0 (4")! ) . Note that L preserves () since

Q(Lv) = (A€, (A7) ') = Q(v).
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We shall use a decomposition L = LL where L = ( }]) A§D ) for

some matrices P and R.

Theorem 7.3. L is monotone iff Q(Lv) > Q(v) for all v € R,
L is strictly monotone iff Q(Lv) > Q(v) for all 0 # v € R??,

Proof. We prove the first statement, the second is similar.
Clearly, if L increases (Q and v € K then Q(Lv) > Q(v), so Lv € K.
Conversely, suppose K is monotone. Since L preserves (), we need
to show that Q(Lv) > Q(v). Due to (7.1) we have

L(&,m) = (€ + Ry, PE+n+ PRy)

SO

(7.2) Q(L(&,m) — Q(&,m) = (Rn,n) + (P¢, ()

where ¢ = £ + Rn. Since Q(L(,0)) = (P&, &) so P > 0. Our next goal
is to show that R > 0. To this end consider an eigenvector Rn = An.
Take & = an. Then (§,7n) € K if a > 0. On the other hand

QL(&,m)) = (a+ ) {n,m) + (a + N)*(Pn.7).

Therefore Q(L(£,n)) < 0 for a = —A —e. Hence —\ < 0, that is A > 0.

This proves that R > 0. Now (7.2) gives Q(L(£,n)) > Q((€,n)) as
claimed. O

This proves shows in particular that if L is monotone then it is
strictly monotone iff P > 0 and R > 0, that is, iff L(V;) C Int()U{0}.
Next let Ly, Ly...L, be a sequence of monotone maps. Pick ¢ so
that ||v|| > ey/Q(v). Let v, = Ly, ... LaLyvy. Then for vy € Int(K) we

have

=

[1oal] > ev/Q(va) > v/ Q(vo) 114

N~ <
= |
Ja

where A] = A(LJ) and A(L) == minvEInt(lC) \/%

To compute A(L) we shall use a decomposition

R7V2 0 I R RYVZ 0 (T T
0 RY? P I+ PR 0 R'Y ) \ K I+K

where K = RY?2PRY? = RY?2(PR)R~'/2. Note that PR = A*D — I =
C*B. Choose an orthogonal matrix I such that FF~'KF is diagonal.
Then

(7.3) (Fo_l Fo_l)(][( [fK)<€ }1):(5 IJ{T)
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where T = F7'KF is diagonal and Sp(T) =Sp(C*B). We can also
assume by choosing F' appropriately that the diagonal elements of T’
are increasing. Denoting by M the RHS of (7.3) we have A(M) = A(L).
On the other hand

Q(Mv) = (&m) + (n,m) + (T (€ +n), (£ +n))

d

=Y [46 + (L +2t)&m; + (1 +1))7]

Jj=1

> [(\/’Tj@' — VI Gn) (VITE+ \/5)253'%]

1; >0

+ 30 [(Vog+ VIFEm) (VITh - VE) 6n)

L) & =m(DQ)

where
=min(y/ T+t — /1) = (VI+h - vi)?

and t; <ty < --- <ty are the eigenvalues of T'. The equality is achieved
if §; = —Oforj>2and\/7§1 V31+tim.

Next suppose that f : M — M is a symplectic map and there is
a transverse family of Lagrangian subspaces Vi(x), V,(z) and an orbit

= f"x such that df (K(z,)) C K(zp41) where K(x) are the conses
associated with the pair (Vi(z), Va(x)). Let @ be the associated qua-
dratic form and take small ¢ so that ||v|| > ¢y/Q(v). Choose frames so
that

w((&1,m)(E2;m2)) = (€1, m2) — (§2,m1)-

Let df : T,M — Ty, M have block form df = < égg ggﬁ; ) . Let
(7.4) Az) = tesr&ggm(\/% +V1+1).
Then for z € K(z) we have
n—1
(7.5) ||df"™ (vo)l| = ¢ (H A(%)) Q(vo).
§=0
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7.3. Lyapunov exponents. Now we pass from the individual orbits
to typical ones. Recall that given a diffeomorphism f : M — M, a
point x and a vector v in T}, one can define the forward and backward
Lyapunov exponents

.1 n
Aulw0) = T = df" () o))
If f preserves a probability measure p then, by Multiplicative Ergodic
Theorem, for yp—almost all x A\, (z,v) exist for all v and they can take
at most dim(M) different values.

In fact, there exists a splitting T, M = @;_, F; and numbers A; >
A2 > A such that if v = v;, +v;, +...v;, where 7; <iy <--- <17 and
0 # v, € E; then A\ (z,v) = A, and A_(z,v) = \;,. If p is ergodic
then A; are constant almost surely.

In case p is a smooth measure and \; # 0 almost surely (in which
case we say that the system has non-zero Lyapunov exponents or that
it is (nonuniformly) hyperbolic) there are strong methods to control the
statistical properties of f. In particular Pesin theory guarantees the ex-
istence of stable and unstable manifolds tangent to £~ = &), <o F; and
E* = @),>0F; respectively. (Pesin theory was extended to systems
with singularities by Katok-Strelcyn [16]. The main idea is to show
that most orbits do not come to close to the singularities in the spirit
of Lemma 5.6 of Section 5.) Also taking 3(z) = Uyewu@)W?*(x) we
obtain a set of positive measure and if € Ry then almost all points
in () have the same averages for all continuous functions. There-
fore the systems with non-zero exponents has almost countable many
ergodic components, that is M is a disjoint union M = UB; where B}
are invariant and f restricted to B, is ergodic. In case they hyperbol-
icity comes from invariant cones as we describe below Chernov-Sinai-
Wojtkowski-Liverani theory provides sufficient conditions for ergodic-
ity. Namely one needs to ensure appropriate transversality conditions
between the singularity manifolds and stable/unstable manifolds of f.
Unfortunately those transversality conditions are not easy to verify in
practise so the ergodicity is not yet proved in all the examples where
we can ensure nonzero exponents.

Returning to the computations of the Lyapunov exponents let us
consider the setting of 2d dimensional symplectic manifold. In this
case one can show that (Ej)* = >_,,,  E; and so dim(E}) = dim E,_;.
Therefore in order to prove that the system has nonzero exponents it
suffices to check that

(7.6) dim(E*) > d.
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Suppose now that at each point there are transversal Lagrangian
subspaces Vi(x), Va(z) such that df is monotone with respect to the
cone Ky, 1,. Let A(x) be defined by (7.4). In order to establish (7.6)
we consider the smallest j such that dim(E}) > d where

Ej = E;®© Eju1 © E,.
Lemma 7.4. If p is ergodic then \; > [In A(z)du(x).
Proof. Let D = {(&,&)}¢ere where we use the coordinates of Theo-
rem 7.3. Then E; N D contains a nonzero vector v. For this vector

At(z,v) < Aj. On the other hand in view of (7.5) and the Pointwise
Ergodic Theorem we have

Ap(z,v) > lim = ZlnA ) /mA( )dpu(x).

n—oo N,

O

In general it is possible to have A(x) = 1 (consider for example the
map (1,6) — (1,6 +1)). Let
G ={z:A(z) > 1} = {x : df (x) is strictly monotone}.

Consider now the smooth invariant measure
M(A):/w/\~-~/\w.
A

Note that u need not be ergodic.

Corollary 7.5. If almost all points visit G then the system has nonzero
Lyapunov exponents.

Proof. We apply Lemma 7.4 to each ergodic component of G. The
assumption that v(G) > 0 for each ergodic component implies that
[ InA(z)dv > 0. O

7.4. Examples. Here we present several examples of systems possess-
ing invariant cones. We discuss two dimensional examples in more
detail since the computations are simpler in that case.

(I) Dispersing billiards. Consider a particle moving in a domain
with piecewise concave boundaries. Let s be the arclenth parameter
and ¢ be the angle with the tangent direction.

Lemma 7.6. df has the following form in (s, ®) variables
KoT + sin ¢g T

sin ¢, sin ¢y
Kok1T + K1sin @g + Kosin ¢ k1T + sin ¢y

sin ¢, sin ¢y
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FIGURE 18. Two tables with nonzero Lyapunov expo-
nents: dispersing billiard on the left and Bunimovich
stadium on the right

where kg (k1) is the curvature of the boundary at the initial (final) point
and T is the flight length.

Note that f preserves the form w = sin ¢ds A d¢. The above matrix
has all elements positive therefore df increases the quadratic form ) =
sin ¢pdsd¢. Moreover the product of the off diagonal terms with sin ¢,
is uniformly bounded from below so A(s, ¢) is uniformly bounded away
from 1.

Proof. We compute %, the other terms are similar. Consider figure
0

19. Let |AB| = dso. We have
|CB| ~ sin ¢ydsg, |DE|=|BC|, |EF|=~ 1sin/ZFBE,

DF
/BFE =~ Ho(SSo, ‘DG| ~ (581 ~ | | .
sin ¢

O

For dispersing billiards we have k9 > 0, k1 > 0. Another way to
make all elements of df positive is to have kg, k; negative but require
that

singy  sin ¢g
~ |kl Kol -

The billiards satisfying the above condition are called defocusing. Per-
haps the most famous example of the defocusing billiard is Bunimovich
stadium.

Ergodicity of dispersing billiards is shown in [24]. Ergodicity of Buni-
movich stadium is shown in [4]. Further properties of dispersing and
defocusing billiards are discussed in [7].

(IT) Dispersing pingpongs. Consider pingpong whose wall motion
satisfies f(t) < 0 at all points of continuity.
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A B

0
FiGure 19. Computing 7o
080

Lemma 7.7. In (t,v) variables the derivative takes form

Un — fn Ln
Un _‘_‘fn—i-l U?L<Un +._fn+1)
—————fa1 11— 2—+1
Up + fn+1 Un<vn + fn+1)

where L, 1s the distance traversed by the particle between n-th and
(n+ 1)-st collisions.

Note that the off diagonal entries of the above matrix are negative
so the form ) = —dtdv is increasing.
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Ovn+1

51— Referring to figure 6 we have

. oh,, . .
5hﬂ ::(Un _'fh)dtn> 5tn+1:: - 5fﬁ+& ::fh+l5tn+1-
Up + fn

This proves the formula for ag%:l. Together with (1.5) this completes

the estimate of ¢ derivatives. v derivatives are computed similarly. [J

Proof. Let us compute

(III) Balls in gravity field. Consider two balls on the line moving
in a gravity field and colliding elastically with each other and the fixed
floor. Let m; be the mass of the bottom ball and my be the mass of the
top ball. It is convenient to use h and z as variables where h = h; is the
energy of the bottom ball and z = vy — vy is the relative velocity of the
second ball. We consider the balls at the moments when the bottom
particle collides with the floor. During the collisions of the bottom ball
with the floor our variables change as follows (h, 2) = Fi(h, z) where

8
Fy(h,z) = (h,z 4+ c¢Vh) and ¢ = [/ —.
my
Next we consider the collision between the walls. Using the formulas
of Section 1 we find that the changes of energy and velocity are the
following
_ _ 2m2
Z=—z,U0=Uu+—"772
my + mao
where u is velocity of the first ball at the moment of collision. Accord-
ingly
- 2mymouz 2mym3z>

h=h+ )
mi + Mo (m1 + m2)2

To find u note that u = v; — 79 where 7 is the time between collisions
of the first ball with the floor and with the second ball. Next, 7= —%
where z is the height of the second ball when the first one hits the
floor. Therefore uz = vz + gx. The energy of the system is

2 E h h 2
E:h+w+mgg:ﬂ. Thus vlz+gx:——————z—.
2 mo mi mo 2
Accordingly h = b — h — az? where b = 1511152 and
myme 2mym3

Comy +my B (my 4+ mg)?
Therefore if the ball returns to the floor after the collision we have

(h,2) = Fy o Fy where Fy(h,z) = (b—h —a2? —2).
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We assume that m; > ms so that a > 0. Note that

1 0 -1 —2az 1 2az
dFlz( ! ) dFQ:( ):—[x( )
3k 1 0 -1 0 1

Both
1 0 1 2az
c 1) and 0 1
2vh

have positive elements so they are monotone with respect to () = dhdz
while —1 is Q-isometry. Also note that d(F, o F}) is strictly monotone
for each k and since starting from any initial condition we will eventu-
ally have a collision between the balls, Corollary 7.5 implies that this
system has nonzero Lyapunov exponents.

Ergodicity of two balls in gravity under the condition m; > my is
proved in [17].

On the other hand if m; = my then the particles just exchange their
energy during the collisions so the function I = min(hy, hs) is the first
integral of this system. One can also show [5] that for m; < my elliptic
islands are present so the system is not ergodic.

One can also construct multidimensional examples satisfying the
above criteria. In particular n particles of the line in gravity field
have nonzero exponents provided that m; > my > --- > m, when
the particles are numbered from the bottom up. The monotonicity of
this system was proved in [26] while [23] showed that the conditions of
Corollary 7.5 are satisfied for this system. One can also consider non-
linear potentials. [27] shows that the following conditions are sufficient
for nonzero Lyapunov exponents

(1) my > mgo > - >my; (ii) U'(q) > 0; (iil) U"(q) < 0.

FiGure 20. Wojtkowski wedge

Another example is the particle in gravity field moving in a two
dimensional domain whose boundary consists of two concave broken
lines meeting at a right angle. It is shown in [28] that this system has
nonzero Lyapunov exponents.

Problem 7.8. Show ergodicity of the last two examples.
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