LIMIT THEOREMS FOR LOCALLY PERTURBED PLANAR
LORENTZ PROCESSES
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ABSTRACT. Modify the scatterer configuration of a planar, finite-
horizon Lorentz process in a bounded domain. Sinai asked in
1981 whether for the diffusively scaled variant of the modified
process convergence to Brownian motion still holds. The main re-
sult of the work answers Sinai’s question in the affirmative. Other
types of local perturbations are also investigated: finite horizon
periodic Lorentz process in the half-strip or in the half-plane (in
these models the local perturbation is the boundary condition)
and finally finite horizon, periodic Lorentz process with a small,
compactly supported external field in the strip. The correspond-
ing limiting processes are Brownian motions with suitable bound-
ary conditions and finally the skew Brownian motion on the line.
The proofs combine Stroock-Varadhan’s martingale method ([SV 71])
with those of our recent work ([DSzV 07]).
Subject classification: 37D50 billiards, 60F05 weak theorems

1. INTRODUCTION.

In this paper we consider systems which look like the periodic
Lorentz process on a large part of the plane. Recall that the planar,
periodic Lorentz process is the dynamics of a point particle moving
in the plane with periodically situated, disjoint, convex scatterers re-
moved. The motion of the particle is uniform with specular (i. e. op-
tical) collisions at the scatterers. Throughout the paper we assume
that the horizon is finite that is any ray intersects at least one scat-
terer (and then, in fact, infinitely many of them). We shall use the
abbreviation FHLP for the finite horizon Lorentz process. The sta-
tistical properties of the periodic FHLP are well understood since it
is nothing else than a Z2-extension of a finite horizon Sinai billiard
given on the two-torus. Therefore the study of statistical properties
of the FHLP is intertwined with those of Sinai billiards. Ergodicity
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of Sinai billiards was established in [S 70], the Central Limit The-
orem and stretched exponential decay of correlations are proven in
[BS 81, BChS 91]. Exponential mixing was proven in [Y 98]. Other re-
sults include the local limit Theorem ([SzV 04]) and the almost sure
invariance principle ((MN 07]). Finally, the fine recurrence proper-
ties of the FHLP studied in a companion paper [DSzV 07] also play
an important role in our analysis.

Of course, an infinite periodic configuration is an idealization and
it is interesting to understand how the theory of periodic FHLP can
be used to study systems which look like a periodic Lorentz process
apart from a compact part of the configuration space. The first re-
sult in this direction was obtained in [L 06] where the recurrence is
proven for finite modifications of FHLP. In this paper we study limit
theorems for local modifications of the FHLP.

Let us formulate our results.

For definiteness, denote by a) Q = U?®, O; the configuration space
of the Lorentz process, where the closed sets O; are pairwise disjoint,
strictly convex with C3—smooth boundaries; b) by Q = Q x S its
phase space (where S is the hemisphere of outgoing unit velocities);
c)by T : O — () its discrete time mapping (the Poincaré section
map) and finally d) by y the f-invariant (infinite) Liouville-measure
on Q. If the scatterer configuration {O;}; is Z%-periodic, then the
corresponding dynamical system will be denoted by (Qper = Qper X

S+, Tper, thper) and it makes sense to factorize it by 7% to obtain a Sinai
billiard (9 = Qo x S+, To, po). The natural projection QO — Q (and
analogously for ()., and for ()) will be denoted by 7.

In our first theorem Q = Qe outside a bounded domain. Select
an initial point xg = (qo, vg) € () according to a compactly supported
probability measure y ), absolutely continuous with respect to the
Liouville measure p. Then {T"xg = (qu,vs)|n € Z} is the Lorentz
trajectory and the resulting configuration process {g,|n > 0} will be
called a finite modification of the FHLP. (For simplicity we can assume
that the unit is chosen so that j/(g) is supported inside the unit torus
and, moreover, Q = Qy,r outside the unit torus.)

Definition 1. Assume {q, € R%n > 0} is a random trajectory. Then its
diffusively scaled variant € C[0,1] (or € CI[0, o0]) is defined as follows:

for N € Z, denote Wn(4;) = j_jﬁ 0<j<Nor jeZ
and define otherwise Wy (t)(t € [0,1] or Ry) as its piecewise linear,
continuous extension.
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FIGURE 1. A 305 collisions trajectory segment in the
tinite modification of the FHLP (it is easily seen that,
outside a bounded domain, the dark scatterers form a
periodic configuration of scatterers)

By general theory, having shown the validity of our results in C[0, 1]
(always weak convergence!) their truth in C|0, 00| is straightforward.

Theorem 1. For finite modifications of the FHLP, as N — oo, W (t) =
Wy2 (t) (weak convergence in C[0, o0]), where Wy (t) is the Brownian Mo-
tion with the non-degenerate covariance matrix 2. The limiting covari-
ance matrix coincides with that for the unmodified periodic Lorentz process.

The result of the previous theorem was conjectured by Sinai in
1981 (oral communication). (It had been tested for random walks
with local impurities in [SzT 81].) There exist, however, other com-
pelling mechanisms for local perturbations of periodic FHLP’s and
the aim of our forthcoming theorems is to treat some of them. Of
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course it is impossible to describe the most general perturbation.
Our goal is to illustrate various difficulties appearing in treating var-
ious local perturbations and to introduce techniques to overcome
these difficulties. Other applications of the techniques developed
here can be found in [ChD 08]. For didactic reasons we formulate
theorems in order of increasing difficulty of the proof. In particular
in the proofs of Theorems 1 and 2 we use some estimates which are
non-optimal and which are improved in the latter sections. However
we do it in order to, first, make the proofs of Theorems 1 and 2 more
accessible and, second, show what kind of estimates suffice for the
proof of each result.

For the next two results we consider a FHLP in a horizontal strip
R x [0,1] (or in the half-strip R x [0,1]). That is we study a peri-
odic configuration of the disjoint convex scatteres in the strip such
that any billiard trajectory intersects one of the obstacles. The nota-
tions we have introduced above have their natural analogues so for
simplicity we do not repeat them here. By introducing coordinates
(z1,2z2) in the strip where z; € Rand z; € [0,1], g1 = (215, 22,) Will
be the position of the particle after n reflections.

In the next theorem we consider the half-strip Ry x [0,1]. The
specular reflection at the vertical boundary piece z; = 0 will play
the role of the local perturbation (the result is valid independently of
whether we permit some scatterers to intersect this piece or not only
if we exclude the tangency of boundary pieces; in any case, apart
from the O-th cell the scatterer configuraqtion is periodic).

Theorem 2. Consider a FHLP {z1 ,,},>0 in a halfstrip and let Wy (t) €
R+ be its diffusively scaled variant. Then, as N — oo, Wy (t) converges
weakly to a non-degenerate Brownian motion reflected at 0.

Next we consider a particle in a whole strip in the presence of a
compactly supported thermostatted field. Namely we assume that
between the collisions the motion of the particle is given by

1) v=E(q) - ——————v0.

Theorem 3. Consider a FHLP {z1 ,, }n>0 in the strip in the presence of a
small and compactly supported external field E and let Wy (t) € R be its
diffusively scaled variant. Then, as N — oo, Wy (t) converges weakly to a
skew Brownian motion.
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FIGURE 2. A 94 collisions trajectory segment of a
FHLP in the presence of a compactly supported exter-
nal field (whose strength is the function illustrated on
top of the figure; observe that, outside a bounded in-
terval, the orbits are linear)

Recall that the skew Brownian Motion is a process ¢(t) such that
|¢(t)] has the same distribution as the absolute value of usual Brow-
nian Motion and its excursions are positive with probability p inde-
pendently of each other. Thus for p = 1 (p = 0) we get reflected
Brownian motion of R, (respectively R_) and for p = 1/2 we have
the standard Brownian Motion. The formal definition of the skew
Brownian Motion is given in subsection 2.5 and its properties are
described in [HSh 81].

The object of our last result is a FHLP in the half-plane {z; > 0}
with specular reflections at the vertical line z; = 0. In this case we
delete all scatterers intersecting the vertical axis z; = 0, so for the
resulting configuration space actually there are rays that do not in-
tersect any scatterer (they are situated close to the vertical axis). Nev-
ertheless, their existence — at least in the horizontal direction — only
means a local perturbation and, as we will show, the limit is again a
(reflected) Brownian motion.

Theorem 4. Consider the diffusively scaled variant Wy (t) € Ry x Rofa
FHLP {qy }n>0 in a halfplane zy > 0. Then, as N — oo, Wy (t) converges
weakly to a non-degenerate Brownian motion reflected at the zp-axis.

Theorem 5. Theorems 1—4 remain valid for continuous time.

2. PRELIMINARIES

In this section notions and theorems are collected, which later will
be used or referred to. We also note that we will throughout use
notions and results from our companion paper [DSzV 07]. For the
correspondance of the notations of that work and of the present one,



6 DMITRY DOLGOPYAT, DOMOKOS SZASZ, TAMAS VARJU

let us define the free flight vector x : QO — R? as follows: for x € Q
let x(x) = 74T (x)) — 714(x). Then for x € () we define

n—1
) Su(x) = Y x(T"(x)).
k=0

There is also a natural projection T (Qper, Tpers tper) — (Qo, To, po)-
Consequently for x € )y we can also denote x(x) = K(naier (x)) and

n—1

(3) Su(x) = Y k(T§(x)).
k=0

For later reference we denote

4) Ky = max |x(x)].
xeQ)

2.1. Hyperbolicity of the billiard map. For definiteness, let Qpy =
UleOi where the closed sets O; are pairwise disjoint, strictly con-

vex with C3—smooth boundaries. In Q) it is convenient to use the
product coordinates. Recall that

Qo = {x = (9,9)|q € Qo, (v,n) > 0}

where (-, -) denotes scalar product, and 7 is the outer normal in the
collision point. Traditionally for g4 one uses the arclength parame-
ter and for the velocity the angle ¢ = arccos (v,n) € [—m/2,7/2].
In these coordinates the invariant measure is given by the density
% cos ¢ dq d¢, where [ is the overall perimeter of the scatterers. From
our assumptions it follows that 0 < min |x| < max |k| < co.

For our billiards there is a natural DTyp-invariant field C¥ of un-
stable cones (and dually also a field C; of stable ones) of the form
c1 < Z—‘S <cp(or —cp < Z—({’; < —cj respectively) where 0 < ¢; < ¢ are
suitable constants.

A connected smooth curve ¢ C Q) is called an unstable curve (or a
stable curve) if at every point x € -y the tangent space 7,7 belongs to
the unstable cone CY (or the stable cone C; respectively).

For an unstable curve 7 (or a stable one) and for any x € y denote
by 7, Ty (x) = ||DxTy (dx)||/||dx||, dx € Ty the Jacobian of the map
fo at the point x. Then the hyperbolicity of the dynamics means that
there are constants A > 1 and C > 0 depending on the dynamics,
only, such that for any unstable (or stable) curve 7y and every x €
and every n > 1 one has J,T}(x) > CA" (or J,T,"(x) > CA”"
respectively).
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2.2. Standard pairs. Let us start with a heuristic introduction. Sinai’s
classical billiard philosophy ([S 70] reacts to the fact that dispersing
billiards are hyperbolic (a nice property) but at the same time they
are singular dynamical systems (an unpleasant property). Neverthe-
less smooth pieces of unstable (and of stable) invariant manifolds do
exist for expansion prevails partitioning.

Though dispersing billiards are manifestly hyperbolic, they are
not only singular but, added to that, close to the singularities the
derivative of the map also explodes. This circumstance is the most
unpleasant when one aims at proving the distortion estimates, basic
for the techniques. To cope with this difficulty [BChS 91] introduced
the idea of surrounding the singularities with a countable number
of extremely narrow, so-called homogeneity strips, roughly parallel to
the singularities. In these strips the derivative of the map can be
large, but oscillates very little; this fact makes it possible to never-
theless establish the necessary distortion estimates. The boundaries
of these homogeneity strips provide further singularities (causing
further partitioning), the so-called secondary ones in contrast to the
primary singularities (in our case only tangencies). The definition of
homogeneity strips depends on a parameter denoted usually ky. The
larger ko is, the smaller the neighborhood of (primary) singularities
is where one introduces the homogeneity strips. In certain bounds
(e. g. in the growth lemmas) ko should be selected sufficiently large.

Let us now give precise definitions. For k > kg let

H, = {(r,¢) : g—k* << g ~(k+1)72,

H = {(r,¢): g—k*Z < $< g ~(k+1)72,

Ho={(r¢): ~(5 ~k?) <9 <5 k)

Take Lj, L, > 1 and 6 < 1 sufficiently close to 1.

An unstable curve is weakly homogeneous if it does not intersect any
singularity (i. e. neither primary nor secondary one).

A weakly homogeneous unstable curve vy is homogeneous if it sat-
isfies the distortion bound

log ], To(x) <1 d(x,y)

X,y €
log J, To(y) — 11ength2/3(’y) yET
and the curvature bound
. . d(x,
Z(y(x),7(y)) <L (x,y) X,y €y

! lengthz/ ()
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We observe that if the C2 norm of v is bounded and 7 is long in
the sense that either length(y) > Jp for some fixed constant Jy or 7y
crosses a whole homogeneity strip, then -y satisfies both the distor-
tion and the curvature bounds.

Let s (x,y) be the first time Tj(x) and T;(y) are separated by a
singularity.

A probability density p on a homogeneous unstable curve 7 is
called a homogeneous density if it satisfies the density bound

| log p(x) ~ log p(y)| < Loo™ **.

We will call the connected homogeneous components of an un-
stable (stable) curve the H-components of the curve. Given 7y we let
n(x) be the largest subcurve of T}« containing T)'x and such that
T, "vn(x) does not contain singularities of Tj.

A standard pair is a pair ¢ = (-y, p) where 7 is a homogeneous curve
and p is a homogeneous density on 1.

Given a standard pair and a measurable A : (9 — R we write

E/(A) :/yA(x)dx

and length(¢) = length(~).

In this work the precise definition of the standard pairs is not im-
portant but we shall take advantage of their invariance and equidis-
tribution properties listed below and in subsection 2.3.

The fundamental tool used in our work is the so-called growth
lemma. While hyperbolicity of Sinai billiards means that infinitesimal
trajectories diverge exponentially fast, the growth lemma says that
the exponential divergence also holds for most trajectories which are
sufficiently close to each other.

We give two formulations of the growth lemma. The first and
more classical one (statements (a) and (b) below) deals with curves
while the second formulation (statements (c) and (d) below) deals
with standard pairs. Let () denote the phase space of one of the sys-
tems appearing in Theorems 1-4.

Let v be a homogeneous curve and for n > 1 and x € 7 let r,,(x)
denote the distance of the point T}'(x) from the nearest boundary
point of the H-component ,,(x) containing Ty (x).

Proposition 1. (Growth lemma). If kg is sufficiently large, then

(a) there are constants B1 € (0,1) and By > 0 such that for any e > 0
and any n > 1

mes;(x : ry(x) <€) < (B1A)"mes(x: rg < e/A") + Bae
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(b) there are constants B3, Bs > 0, such that if n > B3| loglength(y)],
then for any e > 0 and any n > 1 one has
mesy(x : r,(x) <€) < Pae
(c) If ¢ = (v, p) is a standard pair, then

E/(AoTY) ZcmlEgm

where coy > 0, Y Can = Land Ly = (Yan, Pan) are standard pairs
where yun = Yn(xa) for some x, € 7y and pyy is the pushforward
of p up to a multiplicative factor.

(d) Ifn > B3| loglength(?)|, then

Z Can < 548-

length (€, ) <e
(e) For any B3z|log(length(¢)| < ny < ny we have

IP;( max rj(x) < &) < Constpz> "
]6[”1,1’12]

for some B5 € (0,1).

Parts (a), (b). The restatement in terms of the standard pairs is
taken from [ChD 07]. For part (e) see (e.g [ChD 07], Lemma 3.10).

In order to apply standard pairs to the problem at hand, observe
that the Liouville measure can be decomposed as follows

©) no(4) = [ B, (A)do(a)
where ¢ is a factor measure such that
(6) o(length(¢,) < €) < Conste.

We shall call measures satisfying (5) and (6) admissible measueres.

2.3. Properties of standard pairs. In the sequel we are still consid-
ering billiards (Qy, To, ) and functions A : Oy — R9, most fre-
quently with d = 2. Let us introduce the space of functions (over
(Qo, To, po)) we are to consider. Take 6 < 1 close to 1. Let s(x,y)
be the smallest n such that either T)x and T)'y or T, "x and T, "y
are separated by a singularity. Define the dynamical Holder space of
functions A : Q) — R

= {A:|A(x) — A(y)| < Constg**¥)},
Let An(x) = L1 1A(Tf ).
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Proposition 2. Let ¢ be a standard pair, A € 'H and, for statements (a),
(b) and (d), take n such that | loglength(¢)| < n/2=°. Then the following
statements hold true:

(a) There is a constant such that

]Eg(A o T{)Z) — / Ad‘uo
(b) Let A, B € H have zero mean. Then
E¢(AuBy) = noap + O(] log” length(¢))

< Constf"| log length(¢)|

where

oan= Y, [ AGBTd0),

==

(c) Let x be distributed according to £ and wy,(t) be defined by

()5

with linear interpolation in between. (S; is the notation for partial sums of
the mean free path from the Introduction). Then, as n — oo, w, converges
weakly (in C([0,1] — IR?) to the 2 dimensional Brownian Motion with
zero mean and covariance matrix D? given by

D* = po(o @ x0) +2 Y po(Ko @ ).
j=1
(d) There exists positive constants c1, ca such that for every n and R satis-
fying 1 < R < n'/6= we have

Py(|A, — n/Adyo| > Ry/n) < cre” 2R,

(e) There exists positive constants ¢1,Cp such that for every n and R satis-
fying 1 < R < n'/6= we have

]Pg(r?<anx |A] —]/Ad“l/lo| > R\/E) < Ele_C_ZRZ.

Parts (a) and (c) are proven in [Ch 99]. For part (b) see Lemma 5.12
of [ChD 07]. (The error estimate of part (b) is not stated explicitly in
[ChD 07] but it can be easily deduced from the proof of Lemma 5.12.)
Part (d) is proven in [ChD 07], Section A.4 for a particular A but the
proof in the general case is exactly the same. Part (e) is proven in
Appendix A of this paper.
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2.4. Tail of return times. The study of the return time to a given
scatterer for FHLP plays an important role in our analysis. In this
subsection we present the estimates needed in our arguments. The
proofs which are slight extensions of the results of [DSzV 07] are
given in the Appendix B. Introduce the following notation: for a
standard pair £ = (7, p) let [¢] denote an index m € Z such that Y
intersects the m-th cell of the configuration space. (If this definition
is not unique, then choose any index with this property.) Fix a small
oo > 0.

Lemma 3. (a) Consider planar FHLP. Fix a scatterer S and let I" be a finite
set of scatterers. Then there exist constants C = C(Card(I')) > 0,ky =
ko(Card(I')), ¢ such that for any standard pair £ such that t;y NS # @,
length(¢) > 6o we have

P, (qj ¢ (SUF)forj:ko...n> > og 1

(b) For a FHLP in a strip or halfcylinder the following is true: for any
standard pair ¢ such that length(¢) > 6o we have

P, (Card(j < n:q; € S) < ko and q; does not visit the vertical boundary) >

(c) For a FHLP in a strip or halfcylinder the following is true: for any
standard pair ¢ such that length(¢) > 6o we have

(7) ]Pg(CaI'd(j <n: q; € S) < ko, maxj§n|q]'| > K\/ﬁ

C
and q; does not visit the vertical boundary) < K0
2.5. Martingale problems. All limiting processes considered in this
paper behave like the Brownian Motion with a specified boundary
condition. Therefore these limiting processes are characterized by
the fact that

t
®) SVW) —5 [ L cuDud(W(s)ds

0 ab=1.2
is a martingale for a set of the functions dense in the domain of the
generator of the corresponding process. Therefore, for showing the
convergence of a sequence of stochastic processes to such a Brow-
nian Motion, by general theory (cf. [SV 71], [SV 06]) it suffices to
show that the limiting process W(t) of any convergent subsequence
of the processes in question (8) is a martingale for the suitable class
of functions. In fact, these classes of functions are the following:

20
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e BM in IR? : C? functions of compact support (Theorem 1);
e BM in a halfline: C? functions of compact support satisfying

%(0) = 0 (Theorem 2);
e skew BM: continuous functions of compact support which

admit C? extensions to (—oo,0] and [0, c0) such that

¢ (0) = ag’ (0)
where a is the skewness parameter (Theorem 3). The mean-
ing of the constant a is the following: if we start the skew
Brownian Motion from 0 then P(W(t) > 0) = a—}rl ;
o reflected BM in a halfplane x; > 0 : C? functions of compact
T _
support satisfying 52-(0, x2) = 0 (Theorem 4).

3. PROOF OF THEOREM 1. TIGHTNESS.

Since any probability measure, absolutely continuous with respect
to the Liouville measure is admissible in the sense of equations (5)
and (6), it suffices to prove Theorem 1 in case the initial conditions
are distributed according to some IP.

We begin the proof with the following result.

Lemma 4. Let ¢ be a standard pair, and the initial point be distributed
according to ¢. Then Wi (t) is tight in C[0, 1].

Proof. It is sufficient to show that for any standard pair ¢, for suitable
constants Cq, C; and for N > Nj sufficiently large, for any n > 1 one
has

)
m m—+1 1

0>m>2n—1 n

Indeed, for any given e, 17 > 0, by selecting 1 to satisfy ) >, 27/4 <
egand ) >, C1 exp(—C22"/*) < 5 one can easily bound the modu-
lus of continuity wy,(d) for suitable § < 237, 27" by using the
convergence — uniform in N > Ny — of the series

m m+1 1
—) - >
e (e, o (51) - (P5) | 2 30
(cf. [B 68], Theorem 8.2). Further, the event in (9) can be rewritten as

(10) |Gy — Gy | > VAL
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N
where m; = 28, m, = (m’;,,) , M= my —my = &, L = 2"/4

(Important note: in the whole paper we pretend as if variables like
my, my, M, etc. were integers, though typically they are not; it is easy
to see that the deviations are negligible whereas keeping track of the
precise error terms would hinder perspicuity of ideas.)

Since

‘sz - qml‘ < Kom,

(10) is only possible if
1

(11) m> EZ”/Q or in other words N > K£223”/2.
2

(Observe that, by the last inequality, for any given N the event in
(9) can only hold for a finite number of n’s, only.) Let T be the first
time my; < T < my such that

L
|qT| > Z\/%—f—l

(if there is no such time before my; we put T = my). Based upon
our previous argument the very last inequality can only hold if T >

4K2 —1-2"/2_ This inequality ensures that, however short the length of ¢

be, T is arbitrary large if ng is large. Consequently, Propositions 1(d)
and 2(d) will be applicable.
By the definition of T and by (10), the event in (9) implies that

(12) sup |qrik —qrl > \/7
0<k<m

Consider the Markov decomposition

E((AoT") ZC,XIEAX

Since T — my < m, Proposition 1(d) implies that for any ) slightly
larger than ¢

¢y < Const.im exp (—i'/270)

log |length(£y)|>ml/2-0

< Const.exp (—

Since (12) depends only on the unmodified part of the system, we
can apply Proposition 2(e) to each a with log [length(¢,)| < m!'/>~0
to obtain

L B n
Py < sup |grik —qc| > vm —m1> < Cyem @

0<k<m
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as claimed. Indeed, the condition of Proposition 2(e) is not directly
applicable to the value %. However, for bounding

L
— > /17
P <rkn<an_§lqr+k G| = 4vm)

it is sufficient to estimate a larger expression by also using (11) as
follows

1
Py (mag (Geik — Gl > 1m0y m)
k<m

exp <_m1/275) + exp <—c2 (%) %—z(s)] e (—sz%)

where C; > 0 is suitably small. The last inequality provides the
sufficient bound.

<G

O]

4. PROOF OF THEOREM 1. MARTINGALE PROBLEM.

Here we finish the proof of Theorem 1. Recall that we are assum-
ing that initial conditions are distributed according to some IP,.

Proof. Let ¢ be a smooth function of compact support. Denote n =
Nt and choose a small « > 0. Let L = N* Letm, = pL+z (p €
Z... )where z will be chosen later. Denote

Aj = qj1—4;.
mpa ) _ (qﬂ)
o) o (Ve
Mp+1 1 q; 1 Mp41 1 q;
- = \P —]),A->+— —<D2 (—])A',A'>+O LN—3/2).
j=n§’+1\/ﬁ< 4)(\/N ! 2].:%“N P\UN) N ( )
Next for m, <j < mp,q

Hence

(13) ¢ (qj%l) —¢ (3—"%) = j:mmpzz;% <D4’ (quﬁ) ’A7>

We have
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1 Mp+1 ) quil ‘ | < ) (%) >
2 2 e () o) 3 (e () e

+O(L*N—3/2),
We now consider the Markov decomposition

L1
N

E((AoT"™) =Y caBy (Ao T"-1""/2) = T + T4
14

where A = ¢ <%> —¢ <i’/"%> , T is the sum over a such that [g,,,_,| >
KL and 7; is the sum over a such that |g, p71‘ < KL. To estimate 77
split it 7 + 7" where 7 contains as with length(¢,) > N —100_ Since

in any case the LHS of (13) is O(L/+/N)
z]flll — O(L/N100.5)

by the Growth Lemma.
Decomposing 7 = 71, + 71, + O(L2N~3/2) according to the lines
in (13) we get

Lot
n-o(%)
L]mp71

Indeed, D¢( TN ) varies little on each ¢,. Namely it can be approx-

imated by a constant with error O("). Since Ay has zero mean (14)
follows by Proposition 2(a) (the factor of L comes since there are L
terms).

To estimate 77, we first observe that by the argument used to prove

(14) we can bound for the contribution of each k, j to 73, by O (Ll\;k) .

This shows that the total contribution of terms with k < m, is O(%)
To estimate the contribution of the remaining terms we can use Propo-
sition 2(b) to obtain

L Gm,_
Ty = ﬁZDsztﬁb < \/;;N1> Uszt-

st

Finally, since the summand in 7 is O(L/+/N), we have
ConstL
E 75 < E P < KL).
| > 2(P>| — \/N 0 €(|qmp71| — )

The last sum can be rewritten as follows

ConstL
N ;]Eg(Card(p Gm, 4 € S))




16 DMITRY DOLGOPYAT, DOMOKOS SZASZ, TAMAS VARJU

where the sum is taken over all scatterers within distance KL from
the origin. Now we choose z so that the last sum is not more than its
average over z, thus

;IE@(Card(p Gm, , € S))

< Z]Eg(Card(j 1q; €85)) < ConsthSax]Eg(Card(j 1q; €S5))

S

i

since there are O((KL)?) scatterers within distance O(L) from the
origin.

Lemma 5. There is a constant K such that for all S
E(Card(j <n:q;€S)) < Klog'"* N
where ¢ is the constant from Lemma 3.
Lemma 5 implies that
L’log'"*N
VN

Thus if W(t) is a limit point of Wy (), then taking the limit in (13) we
get

|Z]Eg(’fz(p))| < Const 0.
p

t
(15 E (qb(wu))—cp(wm))—% i );Dib¢<W<s>>aibds> =0.

A similar computation shows that if ¢; . .. 1, are smooth functions,
then for any s; < sy...s;,; < t; < t we have

y

proving Theorem 1. [

t
PV (D) = W) 5 [ ):Dﬁb¢<W<s>>a§bds] H¢j<W<sj>>> =0
]

1 ab

It remains to establish Lemma 5.

Proof of Lemma 5. Define two sequences m and n; as follows. Let
mp = 0 and let ny be the first time after m;_; such that r,, (x) > do.
Let my be the first time after n; when g, € S. Then by the Growth
Lemma we can find K so large that

1
(16) ]Pe(l;{r%al\)]((nk —mg_1) > Klog N) < N0
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Using Lemma 3(a) (with I' being the modified part) we get induc-
tively

b
C
— < < — .
(17) H’g(rl?galg((mk ng) < N) < (1 logCN>

Let T be the first time when m; — n > N. (not visit S for n stepsin a
raw). Then (17) implies that

E/(7) < Const log‘: N.
Since
Card(j < n: qj € S) < KtlogN + NﬂmanSN(nkfmkfl)zKlogN

the lemma follows from (16). O

5. PROOF OF THEOREM 2.

The proof of Theorem 2 is similar to the proof of Theorem 1 except
that now Lemma 3(b) has to be used instead of Lemma 3(a). Ac-
cordingly the claim of Lemma 3 the equation (5) has to be replaced

by
(18) E/(Card(j <n:q; €S)) < KVNlogN
which is much worse than (5). However now we want to establish

(15) not for all functions but only for the functions in the domain
of the reflected Brownian Motion, that is for functions satisfying

¢'(0) = 0. Accordingly |¢’ (%ﬂ < Const%. Important conven-
tion: for simplicity of notation in what follows g; as an argument of

the function ¢ will always denote the horizontal component of the
vector g;. Thus if [g,,, | < KL then

(9 L Gy [ Gmy L2
4’(m) = Const 775 and '4’<m) 4’<m)‘ch

Therefore we can estimate

L\
|2’]’2(p)| <O (ﬁ) min 2 E/(Card(p : gm, € 5)).
p S:|q|<KL

The last sum is less than its average over z, namely,

Ly Eycad(:gies) <

T O(L)O(VNlogN)
S:]q|<KL

==
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where the second factor is due to the fact that there are O(L) scatter-
ers satisfying |q| < KL. Thus

P -0 (21EY)

and the result follows.

6. FIRST RETURN MAPS. STATEMENTS

The difference between Theorems 1-2 and Theorems 3—4 is that for
the former ones the terms with |g,,;,,| < KL can be estimated by their
absolute values whereas for the later theorems this is not the case.
For example, in Theorem 3 the skewness parameter a should be cho-
sen carefully to make ), 75(p) — 0. Therefore the rough estimates
like (18) are not enough for Theorems 3—4. Below we introduce some
improvements based on a careful study of the first return maps. The
proofs are given in Appendices C and D.

In the theorems below (Q), f, u) will either be the Lorentz pro-
cess in the strip in the presence of an external field (Theorem 3) or
the Lorentz process in the halfcylinder obtained by factorizing the
Lorentz process in the half-plane over its group of (vertical) transla-
tional symmetries (Theorem 4).

For a fixed scatterer S = dO let T(s) : S x S4 — S x S be the first
return map to the scatterer S. A different notation: Tj; be the first
return map to M) := 7 QN {lx| <L}).

Let V(L) denote the number of visits of the Lorentz dynamics to
Mp up to time n.

Theorem 6. (a) T s) satisfies the assumptions of [Y 98]. In particular, T s
is exponentially mixing.
(b) There are constants C, & such that for any S and for any 6 > 0

E, (Card(j <n:q;€S,rix) <)) <C <ﬁ§1/3| log 5|* -i—loglength(f))

Theorem 7. (a) Tjy) has an SRB measure vir) (for the cylinder case vy} is
the Liouville measure but in the presence of the field the existence of the SRB
measure is a non-trivial statement). The mixing properties of (T}, V(1))
can be summarized as follows.

Let A be dynamical Holder function on My such that

/Adl/[u =0.
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Then there are constants C,c, p such that for any standard pair ¢ and for
any n > C|loglength(¢)| we have

E(aoTh)| < Cllaln (1- )"

(b) The family { ‘2”\(/%) } is uniformly integrable (both in n and L).
(c) For any A such that ||Al|e < 1, for any n > Const||A||y and for
any fixed 6 > 0 there exist positive constants C,c such that for abitrary

R < 1160 we have
P, (

Now we describe the modifications needed to prove Theorem 3.
In this case the domain of the generator consists of functions such
that that ¢ is continuous, the one sided derivatives ¢’ (0) exist and

#',(0) = ag’(0)
where a is the constant to be determined. Namely we want to choose
aso that ), 7o(p) — 0. Choose a large constant K; and denote K, =
K1K3. where K3 is defined by (4). Given j choose p so that m,, <j <

n

-1 ]
Z A(T[]L]x) — TZV[L} (A)
=0

J

7. PROOF OF THEOREM 3.

mp+1.
Let
~ gj+1 qdj )
A = ) - — .
j 4’(m) 4’<m
We need to bound

]Z ]Eé (]l‘%np(j) ‘<KLA]) :
We split this sum into two parts.

(D) ] —myy < 2K log N. There are two possibilities.

(@) |qm,| > 2K.logN. The contribution of these terms is small
which can be proved similarly to the treatment of 77 term in The-
orem 1.

(b) [gm,| < 2K, log N. The treatment of these terms can be done
similarly to the estimate of 75-terms in Theorem 2 yielding

O <logN X l(z/gNN X g)

where the first factor appears because there are O(log N) scatterers
in {|q] < 2K1Kylog N)} the second factor appears since A; = O(ﬁ)




20 DMITRY DOLGOPYAT, DOMOKOS SZASZ, TAMAS VARJU

and for every p there are log N terms. The third factor is an average
number of visits to each scatterer on the m, subsequence (here we
use Theorem 6 and choose z in the definition of p appropriately).

(Il) j —my > 2K log N.

Let jx = K;2*. Define the following events

Aj = {‘qj—KllogN| > K, logN}/
Aj = {lgj—j| > kKo but |q;j, .| < jrs1Ka},
Aj = {lgj-x,| < Ki}.

Note, that if K5 is chosen to be larger than the maximal free-flight this
is a complete system of events for 0 < k < log,log N. Observe that

since ¢ is not smooth at 0 we cannot use the Taylor decomposition if
|9l < L however we have

i = g o) S g (%) if ] < K.,

where

2

_Jag if 4>0
g(q,a)—{ g if g<0

Now we split

LBy, i<kiB)) DEf Wg,, , l<xila b))+
j
> Eq ]l\qm \<I<L11Ak i) Z]Ef 11Iq \<KL]1A;‘AJ')
jk
= 25]' + Zgjk + 25]-.
j jk j

On the event A; we surely avoid the perturbation for the whole
Kjlog N trajectory segment. Hence for the first term we can apply
the exponential mixing for Sinai billiards to get

Zg] — ZO(@Kl logN) — O(Nfloo)

provided that K; is large enough.
Next we estimate }; & for a given k. Consider a Markov decom-
position
E¢(Ao T/ k) anlEg“

Let .
]{k = Z C“IE‘E,X (lAjkAj)/
length(fa)>9fk
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" A
]k = 2 ‘ CIXIEE,X (lA]kA])/
length(¢y) <6’k

For terms in & ]{k we have
Ey, (Af) = O(6%)

SO

2 .| < Const {\/7 N] Z]Pe j—jesa| < Kajfiks1)

Now Theorem 6(b) tells us that the last sum is O(jxv/N). It follows
that by choosing K; large we can make } ; £ ]{k as small as we wish.

On the other hand

Const .
|2 ]ll/<| \/— 21P€ |q] ]k| < Kojk andr] ]k( x) < 0F).
ik

Therefore Theorem 6(b) implies that by choosing K; large we can
make } i € ]’I’{ as small as we wish. Thus the main contribution to

Y.p T2(p) comes from &;. In other words we proved that

o 5 (s(2)-0(2) - mE (%))

(P\/_ <ZI[A C(qj+1,a) — C(gj, a))) +0(1), N — 00,K; — o0.

To estimate the last sum we consider the first return map Tik,) to
lg] < K. After reindexing we get

1 V&)
N Z {(Tjy x,a)
where { = o TK1t1 _ 7o TKl. Observe that
AL
Ky & c(Trne
j=1
is uniformly bounded and it converges almost surely to [ édV[K*] (see

Theorem 7(c)).
Denote V) =

VK]
Vg (M

restriction of 7, to M[K] equals U for K > K). Since {V,,(K)/+v/NK}

(thls normalization is needed so that the
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is uniformly integrable it follows that for large N
1 VVZ K* .
= (L o)
. tmm» /AA (wmn)
<2 dvix 1E U 1B K.v Miq).
< /§ K] e( N ¢dvx By KIN k. (Mp))
Lemma 6. (a) There exists a limit

Moreover there is > 0 such that y(a) — [ é(~,a) Uik, = O(0%+).
(b) There is a constant C such that

ik, (Mp))

7(a) is an affine function of a because ( is an affine function of a.
Thus we can choose a so that y(a) = 0. Then (19) gives

e (+(25) -o(%) - HE# (35)2) - 3o

Hence any limit process will satisfy

E (oW (o) - p(w o) -3 [ oo s ) =0

and we are done as before. It remains to establish Lemma 6.

Proof. 1t suffices to show that

/ g(TKl X, a)dﬁ[K*] —

. 1
— / (,(TKH_lx, a)dV[K*+1] =0 (91(*) .
We split the LHS into two parts

I= / {(TXx, a)di,) — / g(TM oy, a)d ),

I= / Z(TM x, a)dog ; — / Z(TM x, a)dg, 1.

To estimate I we observe that since g ) is T[g,) invariant we have

I= / [C(TKl Tk, %, a) — {(TN a)] A0k,

IN

<
K.
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But the integrand is different from zero only for points where Tx ¢
Mk,)- Those points are near the boundary of Mk, ; and so by Propo-
sition 2(d).

vk, (Tx € Mg, but 3j < K +1 such that Tix or Tj(T[K*]x) visit the modified part)

< ConstGKZ

For the other orbits we can use the exponential mixing of Sinai bil-
liards to show that

/]lT[K*]x?éTX (TN T yx)dvik ) (x) < O (9K3> +0 <9K)

and
1
/HT[K*M#Tx ST ) dvy 4 (x) < O (6K> +0 (GK)
Therefore
Likewise
N 1
proving (a).

To prove (b) let my be the time of ko-th return to M[y; (under T )
where ky is the constant of Lemma 3. By parts (b) and (c) of Lemma
3 there are constants c and € such that

IP(my, > n) > £

\/ﬁ
forn < er. Hence
ko ko ko ¢
v M — = ) S S I
[K*]( [1}) ]E<mk0) anl ]P(mko > n) Zzlfl ]P(mko > n) K,

O]

8. PROOF OF THEOREM 4.

Here we explain the changes needed to prove Theorem 4. First, the
proof of the tightness given in Section 3 has to be changed because
here we modify the configuration along the line so the particle could
‘slide” along this line for a long time. Thus while the tightness of ZL\/NNt]

. . 22N
can be proven as before a different argument is needed for % We

divide the proof into two lemmas. (For simplicity, in this sequel,
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notations of type g; will denote the first component of the vector g;,
and notations of type A; will denote A; ;.)
Let

k-1
Zy = Z(:)AszIM[CKL](%L), Zy Z By, (qj-L),
j= j=0

Lemma 7. {Wy(t)} is tight.

Proof. Consider the following function on ()
A(x) = (91— 90)Lmg, (7-1)-

Taking the Markov decomposition

(20) E/(Ao f™) ZC,X]Eg (Ao fh)

applying Proposition 2(a) to the long components where A o fL # 0
and using Proposition 1(b) to estimate the measure of short compo-
nents we get

(21) E(Ao f") = O(6").

Now arguing as in the proof of Proposition 6.1 of [ChD 07] we obtain
the following bounds for n, —ny > N3/7.

IEK(an - an) = O(L)r

E((Zn, — Zn,)?) = O(In1 — ma]),

]Ef((zﬂl - Z”2>4> = O((n2 — n1>2>-
Indeed the proof of Proposition 6.1 in [ChD 07] relied only on the
equidistibition lemma (Corollary 3.4 of [ChD 07]) and (21) is the ana-
logue of such lemma in our situation. Now tightness can be derived

from the last three estimates the same way Proposition 6.2 is derived
from Proposition 6.1 in [ChD 07]. ]

Lemma 8. max l/ﬂ converges to 0 in probability.

Proof. Observe that



LIMIT THEOREMS FOR PERTURBED LORENTZ PROCESSES 25

Hence Theorem 7(c) implies
Zr = cL Vi (KL) + O]p(kal/4+S)

where
1

L = — Ay o TLd;l/t,
KL Mgy,

u is the Liouville measure and we write A = op(B) if for any ¢

P(|A[ > €[B])

tends to O faster than any power of N. Similarly to Lemma 6 we
obtain that there exists the limit

v = Llim ctKL and v — ¢, KL = O(8™").

Next

so using again Theorem 7(c) we get
Vi(KL) = KLVi(1) + op (LP Vi (1)Y/%79).

Therefore

max | 2 ,YVk(D

K IVN VN

so it remains to show that ¢ = 0. Let fx be the first time when V;(1) =
N. Then the foregoing computation shows that

E(Z1y) = N(y +0(1)).

0

Next we claim that
(22) Py(ty > N22) = O <N_100> .
Indeed let f; < f, < --- < fi be the consecutive visits to M;) such

that r;j(x) > 0p. Applying Lemma 12 proven in Appendix C we
prove by induction that

- k
(23) with k = N, n = N?* easily implies (22). Since Z;, is always
O(N) we get
E/(ZN1, <n22) = N(7 +0(1)).
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On the other hand using (20) and (21) we see that

NZOZ

E¢(Zpin(rn22) = Y O (eL YP(n—L<ty< n)> -0 (6LN202 n L) — O(L).
n=0

Combining this with (22) we get
]Eé(ZtNﬂtNgNZOZ) =0O(L)

and so
y = lim ]E(Zzlt’nﬂt]’n<m202) )
m—0o9 m
By the time reversal symmetry y = 0. O

The second change comes in the estimate for the expectation of

Indeed we have
Dz‘P(q]'/\/N) ~ chp(O,zzj/\/N)

butas zp;/ V/'N is not constant we can not factor it out like in the proof
of Theorem 1. However we can divide the interval [0, #] into inter-
vals of length N with small § and use the tightness proven above to
conclude that Da¢(q;/ V/N) changes little on each interval so it can be

factored out. The rest of the proof is similar to the proof of Theorem
3.

9. CONTINUOUS TIME.

Proof of Theorem 5. We shall show how to extend Theorem 1, other
results are extended in a similar way. Let ¢; be the time between j-th
and (j + 1)-st collisions and L = pg(t;) be the mean free path. Let
T, = 2;1;01 t be the time of the n-th collision. Arguing as in the proof
of Theorem 1 we show that the diffusively scaled version of T, — nL
converges to a Brownian Motion. In particular for any ¢ > 0 there
exists R > 0 such that

Py( max |Ty —kL| > Ry/n) <e.
0<k<n

Thus the continuous time process is obtained from the discrete time
process by the time change s = tL. The result follows. O
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APPENDIX A. MAXIMAL OSCILLATIONS.

Proof of Proposition 2(e). We apply the Reflection Principle (cf. the
Lemma to Theorem 10.1 of [B 68]) to our situation. If the event in
barckets hold, then let j be the first time j < n such that

‘A]-—j/Aduo > RV

Then Proposition 1 gives the decomposition

(Ao T an]Epa

where
Y ca < Consten.
length(4y)<e

Applying Proposition 2(d) to each a with |loglength({,)| < nl/2=0

we conclude that there are constants C1,Cy, C3 and § > 6 such that

P, (’An—n/Adyo (R — c3)f) >

> C1P, <m<ax —]/Adyo > Rf) ) exp(—n % 5>.
jsn
Therefore part (e) of Proposition 2 follows from part (d). 0

APPENDIX B. RETURN TIMES.

Proof of Lemma 3. (a) Without loss of generality we can assume that
S is in the 0-th cell. Take a standard pair ¢ with length(¢) > Jy. It
suffices to show that if R is sufficiently large and d([¢], (SUT)) > R
then

(24) P, ( (ST forj=1.. ) Const

log"n’

We establish (24) in case Card(I') = 1, the general case is similar. For
fixing our ideas we also assume that d([¢],S) < d([¢],T), the other
cases are easier. Take a sufficiently small g > 0. Let 7; be the first
time T such that either |q¢| > R'*% or |g;| < R®. It is proven in
Sections 6 and 7 of [DSzV 07] that for any standard pair ¢ satisfying
length(¢) > 69 and [¢] = R we have

(25) Py (95| > R0 and rq () > R1™) > ¢
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where 1 — { < ¢gp, and thus { can be made as close to 1 as needed by
choosing ¢y small. Define 7 as a first time T after 7,1 when either

|qT| Z R(1+So)k or ‘qT‘ S R80(1+€0)k71.
Iterating (25) we get
(26) ]I)g <|qu| Z R(1+€O)k and er(x) Z R_100(1+£0)k71> 2 gk.

Let k be the largest number such that

RO+ _ 4T,0)
2
Applying (26) with k = k we see that the probability that the particle
moves (@)1/ (1+20) away from the origin without visiting S is at
least ¢/ log(d(T,0)).

For crossing the region where the particle can hit I' we need a more
delicate argument. To do so we define T; as a first time T after 7; such
that

“71“ > d1+eo (T, O)1+so or |%‘r| < dl/(1+50)3(rf0),

Then by the argument of Lemma 6.1(a) of Section 6 of [DSzV 07]
there exists a constant c; > 0 such that for any standard pair ¢ satis-

tying

27) an(

we have

]Pf (|‘7f1| Z d1+£0(r, O)/ r’L_’l (x) Z 50 and Tl - T]_( S d3(1+€0)(r/ 0)) Z C2.

d(r, 0) ) 1/(1+80)

5 and length(¢) > d~1%(T, 0)

On the other hand, by Theorem 4 of [DSzV 07], for any standard pair
satisfying (27)

P, (qj visits I' before time d3(1+80)(F,0)> — 0asey — 0,d(T,0) — oo.

Hence if ¢y is sufficiently small, then we can arrange that for a suit-
able cz > 0

P, (|qf1| > d'(T,0), rz(x) > 6 and q; does not visit I before T1> > c3
Next let T be the first time T after T;_; such that either

92| = d® (T, 0) or |g-| < d(T,0).
The argument used to prove (26) shows that for any ¢ such that

[1]| > d1+%)(T,0), length(¢) > &
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we have
Py(|gg| > ROT0)") > ¢k,

Taking k such that

40+ (T, 0) = n
we get part (a).

Part (b) is proven in [DSzV 07] in case [¢] € S. To get the result in
general, let 7% be the first time the particle visits S and observe that
by Theorem 11 of [DSzV 07] IPy(r+(x) > dp) is uniformly bounded
from below so we can apply the result for [¢] € S.

The proof of part (c) is similar to the Proof of Lemma 11.1(c) of
[DSzV 07]. O

APPENDIX C. FIRST RETURN TO ONE SCATTERER.

Here we prove Theorem 6.
Let Jp be sufficiently small . Let 7y < 70 < ... T, ... be consecutive
visits to S.

Lemma 9. There are positive constants cy,cp such that if £ is a standard
pair, length(¢) > &g then

Py(t1 < c2d?(¢,5),rj(x) > min(do,d'%(q;,S)) for j < 1) > c1.
Proof. This follows from the proof of Theorem 10 of [DSzV 07]. [

Lemma 10. There is a constant c3 such that if { is a standard pair such
that length(¢) > d=101(¢, S) then

ai,s)+1
Proof. This follows from the proof of Theorem 8 of [DSzV 07]. U

Py(ty > n) < c3

Lemma 11. There are constants cq,c5 > 0,01 < 1 such that for any
standard pair the following holds. Let 7i be the first positive time when
1, (x) > &g then

Py(71 — c4| log(length(£)| > n) < c567.
Proof. We begin with the case when length(¢) > §y, and assume Jy <

d=100(x, S). Let k; be the smallest among the following numbers

L4 Czdz(g, S)
o 7i(x)
e the first time k when r(x) < min(dp, d~'%(gy, S)).
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If k1 = T (x) we stop otherwise let m7 be the first number after k;
such that 7y, (x) > ép. Let ky be the smallest among the following
numbers

® 1M1+ Czb‘lz(xml, S)

e M1+ T (xml)

e the first time k after 71 when r(x) < min(&y, d~'%(gy, S)).
Continue this procedure until g, € S.

Observe that if Jp is small enough then our construction implies
that r¢, (x) > do. Also by Lemma 9

]Pp(p > Tl) < (1 — C1>n.
Next we claim that there are constants ¢ > 0,6, < 1 such that

(28) ng(Card(i : k] <i< mj,q; € S) >n ‘ p > ]) < C69§1
To derive (28) we distinguish two cases:
° 1 > exp(—e|qkj |) where ¢ is sufficiently small. Since the orbit

: : LI o
can not hit § during next - iterations if
Card(i : k]' <i<mjq;€ S)>n

|4 |
thenm; > n + KLZJ so the result follows from Proposition 1(e).

o i, < exp(—elay)).
-Ifn > C|log rk],(x) |, the result follows from Proposition

1(e).
— If the opposite inequality

9) n < Cllogry, (x)
holds, then for any § > 0 we have
Py(6 < 1y < 26,1, < exp(—elq]) [ p>]) <

1 .
< Pr(0 < 1y, <20, [qi,| < Z[logd] [ p > )

Let t be the first time after m; 1 when |g¢| < %\ log 4| (it
can be m;_1 itself). By the definition of k; on the event
{|qk].\ < %\ logé|} wehaver; > (%| log 5|) 1%, Now Lemma
10 implies that for any standard pair ¢ such that d(¢, S) <
%\ log é| and length(¢) > (%| log 5|) 1% we have

Py(ty >n) < Const‘ log J|

e\/n




LIMIT THEOREMS FOR PERTURBED LORENTZ PROCESSES 31
and so by Growth Lemma for any n

Py(minrj(x) <) < ConstM + nd.

j<n ev/n
Choosing n = (| log 6| /&6)?/® we obtain:
Pi(0 < i, < 26,1y, < exp(—elgi ) | p > ) = O(6 105 51

This can be summed over 6; = 1/2'. The desired bound
follows from the fact that the largest possible J satisfies
6 < T < exp(—n/C)

Next denote ¢;(z) = E,(z) where

N;=Card(i: 3/ <j, ks <i<m7andg; €S).

We claim that there is a constant ¢ such that for |z| < % [1 +0, 1} we
have

(30) [p1(2)| < T+c(lz[ 1)

uniformly in /. Indeed (28) shows that ¢ is analytic and uniformly
bounded in any disc of radius less than 6, ! In particular |¢'| < ¢

for |z| < % [1 + 92’1} . Combining this with the fact that |¢1(z)| < 1

if |z| < 1 we obtain the result. Now it is easy to show by induction
that

j
() < Y2 (1) (1+e(fz] - )"

Hence ¢(z) = lim;_ ¢;(z) converges in some neighbourhood of 1
proving Lemma 11 if length(¢) > ép. In general case we define kg = 0
and m to be the first time then r,,(x) > Jp and argue as before. [

Lemma 11 implies the exponential mixing via the coupling algo-
ritm of [Ch 06]. This proves Theorem 6(a).

Next we use this lemma to control the returns of short compo-
nents. We need a preliminary result.

Lemma 12. For any standard pair ¢ such that [¢] € S and length(¢) > Jy
we have
c7log" n

.

Py(tz > n) <
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Proof. We use an idea of [M 04]. By Lemma 11 we can choose a con-
stant C such that Py(77 > Clogn) < % Denote 19 = 0. We need to
show that

P max (T Tiy) > n < Constlog" n
¢ 1<j<Clogn / -1 = Clogn - \/ﬁ )

To this end we show that forany 1 <j < Clogn

Py (t—7 4> max (5 — 1) < "
C\J U= Clogn” 1<i5p T Y T Clogn

 Const log* ' n
B Vi

The Growth Lemma (Proposition 1) implies that

1 t
P, <max(Tl —T_1) < " _but min ri(x) < ) < Cons .

1<I<j Clogn 0<i<7; 3 1100 199

Hence if m;j is the first time m after Tj_1 such that r,,(x) > dp, then
there is a large constant cg such that

Const

P, (max_("q — Tl—l) W

n
< ——butm; —Ti_1 >cglogn | <
1<I<j Clogn U 8108 )_

(Here we were using that r, , (x) > ﬁ.) On the other hand

Const(log 1)3/2

Vn
by Lemma 10. The result follows. 4

P, (m]- —Tj_1 < cglogn but 7; —m; > %gn —Cglogn) <

Lemma 13.
(a) Pp(3i <7i:re(x) <3) < cod3|log s .
(b) E(Card(i <7 :re(x) < 8)) < c106/3|logd)*
where & = o + 1.
Proof. (a) Let B be a parameter to be chosen later. We have
Py(3i <7:rg(x) <8) <Po(ti >0 P)+Py(ta <5 PbutIm < 17 : ru(x) < 6)

< Const |6//2|log 6|* + 6'7F

where the first term is estimated by Lemma 12 and the second term
is estimated by the Growth Lemma. Choose 8 = 2/3. This prove (a).
Now observe that by Lemma 11 it follows that

E/(71ln) < Constg|logq|
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for any set () such that IP,(Q)) < 4. Hence (b) follows from (a). O

We now prove Theorem 6(b). By Lemma 11 we can assume that
[¢] € S and that length(¢) > . Let 0 = 71g, 711,72 ... i ... be conse-
qutive numbers such that r, (x) = do.

Using Lemma 3(b) it follows by induction that
Ty, <n) < (1- C11/\/ﬁ)k-

Py(max w7, —
é( ik i
Observe that if m(n) is the first number such that 1, — 1, , > 1
then V,, — V,fo <m
In particular there is a constant cj, such that

m—1

1
Py(Vy — V;Eo > cppV/n) < 5
On the other hand if X; = Card{7; 1 < i < 71}, r; < J}, then by
Lemma 13

cpvn )
]Eg Z X] < Clgx/ﬁ(51/3|10g(5|’x.
j=1

Next let
5) = E, (V).
¢n(0) s T3 s, (Vi)

Then the last two inequalities imply that

1
¢n(8) < c13v/ndY3|log 6| + Egzan((S).
The result follows. ]

APPENDIX D. SPECTRAL GAP FOR THE LARGE STRIP.

Proof of Theorem 7. Our proof is a generalization of the proof of the
exponential mixing for Sinai billiards presented in [ChM 06]. The
key technical tool is a so called coupling lemma. Let us present the
statement of that result.

Lemma 14. Given éy > 0 there exist C > 0,0 < 1,9 > 0Oand n > 1 such
that for any pair of standard pairs 1 = (y1,p1),¢2 = (72, p2) supported
on the same scatterer and such that length(¢;) > o, there exist probability
measures v1 and v, and a constant ¢ > g, and there exist families of stan-
dard pairs {£g;} g and of positive constants {cg;}g : j = 1,2, satisfying
(i)
]Egj(A Ofn) :CV]'(A>+ZC[3]']E£M(A) j=12
Bi
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withc > q;

(ii) Let A denote the Lebesgue measure on [0,1]. There exist a measure pre-
servingmap 71t : (7y1 % [0,1],v1 X A) — (72 x [0, 1], v2 x A) and constants
C > 0and 6 < 1 such that if t(xq,51) = (x2,52) then

(31) d(f”xl,f”xz) < co"

(i) For each {g; we can define functions ng; so that
]Egﬁj(A o fnﬁj) = ;CoéﬁjIE‘faﬁj(A)’
where length(£,5;) > 69 and for each m > 0

%Cﬁjﬂ)gﬁj(ﬂﬁj > m)) < Ccom j: 1,2.

In [DSzV 07] this lemma was formulated with (iii) replaced by

(i) Z cpj < Const(dp)p.
B:length({4;)<p

For the Poincare map (iii) follows from (ii7) and the Growth Lemma
(Proposition 1 (b)). In our case (iii) follows from (iii) by combining
Proposition 1 (b) and Lemma 11.

As in [ChM 06] we can deduce the exponential mixing by a re-
peated application of Lemma 14. More precisely we have the fol-
lowing statement.

Lemma 15. Suppose that there are constants 8, ny,cy such that for any
standard pairs {1 and {, with length(¢;) > 5o we have

AOfnL ZC”‘]E&X] +ZcﬁjIEE5j(A)
B

where Y, ¢y > cp and (Ly,, La2) satisfy the conditions of Lemma 14, then
forany A € 'H such that vir)(A) = 0, for any standard pair ¢ and for any
n > C|loglength(¢)| we have

Ei(AoT})| < C(A) {(1—CC—L)H+9"} .

Our goal is to verify the conditions of Lemma 15 with n;, = ¢; L1,
cp = c2L7P2 (we do not pursue the optimal values of p;s).

Let € be a small constant. We claim that the conditions of Lemma
15 are verified if 71, vz belong to {|g — L/2| < eL} with 7iy = Const(eL)?,
€1, = C (the tildes mean that this values are only valid not for all curve
but only for curves close to the middle of M|r)). Indeed in the case of
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the non-modified Lorentz process this is proven in [DSzV 07]. How-
ever if € is sufficiently small then we can make

Py, (gx visits the modified part before Const(eL)?)

as small as we wish due to Proposition 2(d). In particular we can
make this probability smaller than ¢/4 where ¢ is the correspond-
ing constant for the non-modified Lorentz process. This implies our
claim.

Next we prove that there are constants c3, c4 such that for any stan-
dard pairs ¢1, /> with length(¢;) > 6y we have

C
I[)gj(|qC3L2 - L/2| S €L,7’C3L2(X) 2 50) 2 f

This is achieved in three steps. Let T be the first time when

eL
lgz — L/2| < 3

then by Lemma 3(b) there exists c5 such that
ng].(f < ¢c3L? and qgx does not visit the modification fork =1...%) <c5/L.

Observe that 7 can be significantly less than c3L2 but by Proposition
2(c) there exists a constant ¢ such that

2eL
Py, (Iqc — L/2] < % fork =7...c3L%) > ce.
Finally we claim that there is a constant c7 such that
(32) Py (lgx —L/2| < eLfork=17... c3L? and resr2(x) > o)

> ]PE]'(mk - L/2| < % fork="7... C3L2>(1 - C750).
Indeed if [q,,;2 7 1ol < 2€¢L/3 then [q;2 — L/2| < €L so the re-
sult follows from the Growth Lemma (Proposition 1 (b)). Now part
(a) of Theorem 7 follows from Lemma 15.
Part (b) of Theorem 7 follows from Theorem 6(b) while part (c) can
be deduced from the exponential mixing by the method of [ChD 07],
Section A4. O
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