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Abstract

We prove the CLT for a random walk in a dynamical environment where the states of the environ-
ment at different sites are independent Markov chains.

1 Introduction

The study of random walk in random evolving environment has attracted much attention lately.
The basic idea is that, due to the time mixing properties of the environment, the CLT should hold
in any dimension. Many results have been obtained in the case of transition probabilities close to
constant ([5}3}/4,/14,/11, 2}|7] etc) but there are still two open problems. On one hand one would
like to consider environments with weaker mixing properties (some results in this direction have
been obtained in [6, 7, 8]). On the other hand one would like to understand the case in which
the dependence on the environment is not small. The present paper addresses the second issue
presenting a new, non-perturbative, approach to random walks in evolving environment.

To make the presentation as transparent as possible we consider a very simple environment: at
each site of Z? we have a finite state Markov chain and the chains at different sites are indepen-
dent. However, the present argument applies to the situation where the evolution of each site is
described by a Gibbs measure. In fact our approach relies on the fact that the environment seen

ITHE FIRST PART OF THIS WORK WAS WRITTEN IN TONGARIRO NATIONAL PARK. D.D. THANKS T. CHESNOKOVA
AND D. KVASOV FOR INVITING HIM THERE. WE ALSO ACKNOWLEDGE THE SUPPORT OF THE ERWIN SCHRODINGER
INSTITUTE WHERE THIS WORK WAS COMPLETED (DURING THE PROGRAM HYPERBOLIC DYNAMICAL SYSTEMS). WE
THANK IAN MELBOURNE FOR SUGGESTING REFERENCE [9]. WE ALSO THANK LISE PONCELET, JEAN BRICMONT AND THE
ANONYMOUS REFEREES FOR SEVERAL HELPFUL REMARKS ON THE FIRST VERSION OF THIS PAPER. DD WAS PARTIALLY
SUPPORTED BY IPST.

245



246

Electronic Communications in Probability

from the particle is Gibbsian. We hope that this fact can be established for a wide class of mixing
environments and so it will be useful for the first problem as well.

More precisely, at each site u € Z? consider a Markov chain {x]}nen with finite state space .«/ and
transition matrix p,, > 0 for any a and b. The chains at different sites are independent. Let p; (k)
denote the k step transition probability and 7, denote the stationary distribution corresponding
to p,p. Let A be a finite subset of Z¢. For each a € ./ let ., be a probability distribution on
A. Consider a random walk S, such that S, = 0 and S,,; = S, + v, with probability Qxz v,

. - d
Let P denote the measure of the resulting Markog{process on O := ()N x (zH)N when the
environment is started with the stationary measure? and the walk starts from zero. We use E to
denote the associated expectation.

Theorem 1. For each d € N and random walk P as above,

(@) thereexistsve RY anda d x d symmetric matrix % > 0 such that

1
lim —E(S,) =v

n—oo n

1
WG [S, —nv] = A(0,%) under P.

That is, S, satisfies an averaged (annealed) Central Limit Theorem.

(b) = > 0 unless there exists a proper affine subspace I1 € R? such that for all a € ./ we have
Gq, =0 forz 11

(c) If ¥ > 0 then S, satisfies the quenched Central Limit Theorem, that is for almost every realization

of {x;} the distribution of S"}:v conditioned on {x} converges to 4 (0, X).

Remark 1.1. Note that the conditions p,; > 0 and the independence of the Markov chains at each
site can be easily weakened. In fact, one can consider an irreducible Markov chain for which such a
condition is verified only for time n transition matrix p,,(n) and/or a situation in which the chains
are independent only if at a distance L. Then essentially the same proof goes through. To consider
more general environments, more work is needed.

2 Gibbs measures.

Here we collect the information about one dimensional Gibbs measures used in our proof. The
reader is referred to [13] for more information and physics background. Let 9 be a finite alpha-
bet and B be a Card(498) x Card(%) matrix (usually called adjacency matrix) whose entries are
zeroes and ones. Let QT C 8" be the space of forward infinite sequences w = {w 1352, such that
Bow,, =1 for all j (the sequences satisfying the last condition are called admissible). Likewise we
let Q@ and 7 be the spaces of biinfinite and backward infinite admissible sequences respectively
(in Q~ the indices run from —oo to 0).

Given 0 € (0, 1) we can define distances dy on ©,Q" and Q™ by

dg(’, ") = 6% where k = max{j : ] = ! for |i| < j}.

2In fact our main result holds if the environment is started from any initial measure and the proof requires very little
change. We assume that the initial measure is stationary since this allows us to simplify the notation a little.

3In the following just look at the system only at times multiple of n and keep track of all the sites that are at a distance
less then L from the sites that the walk can visit in such a time.



Random Walk in Markovian environment

247

We let 65(Q") (respectively 6, (), 6,(27)) denote the space of dy-Lipshitz functions Q* — RA
We say that a function is Holder if it belongs to 6, for some 6. Let 7 be the shift map (Tw); = w;41.
A T-invariant probability measure u* on Q7 is called Gibbs measure with Holder potential if

(&) =Inu"({wo =EpHwy =& ..., =&,...) 2.1

is Holder. That is the conditional probability to see a given symbol at the beginning of the sequence
depends weakly on the remote future. The function ¢ given by (2.1) is called the potential of u™.
In this paper we shall use the phrase ‘Gibbs measure’ to mean Gibbs measure with Holder potential.
The Gibbs measures for Q™ are defined similarly.

If u is a T-invariant measure on Q we let u* and u~ be its projections (marginals) to Q1 and
Q7 respectively. Observe that each element of this triple determines the other two uniquely. For
example given ut we can recover u using that, for each k,m € Z, k + m > 0,

plwe:w;=&,—m<i<kD=put{weQ:w;,=&,0<i<k+m}).
We will call u the natural extension of u™.
Proposition 2.1 (Variational Principle). ([10, Theorem 3.5]) The following are equivalent
(@) ut is a Gibbs measure
(b) u~ is a Gibbs measure
(c) There is a Holder function 1) : Q — R such that
p(y) +h(u) = sup (v(y) +h(v))
where h denotes the entropy and the supremum is taken over all T-invariant measures.

We will call the measures on £ satisfying the conditions of the above proposition Gibbs measures.
If ¢ € 6,(27) we consider the transfer operator on 6,(Q2~) given by

()= > e g(w). 2.2)

{oe T lo=0}
Proposition 2.2. ([10, Theorem 2.2]) Assume 6 € (0,1), ¢ € 6,(27) and
Z,(1)=1. (2.3)
Then,
(@ 124(8)loo < 18loo-
(b) (Ruelle-Perron-Frobenius Theorem)ﬁ There exist constants C > 0,y < 1 such that

“Note that 6, (Q") is a Banach space when equipped with the norm

1l =Vl + sup L TC

o w’ent d@(w/’ (4)//)

where |f|o = sup,yeq+ |f ()] The analogous fact holds for 6,(27) and % ().

SIn fact the Ruelle-Perron-Frobenius Theorem has a more general version where the condition (2.3) is not required.
However that formulation is more complicated and since we are going to apply this theorem in case ¢ is the log of the
conditional probability (see (2.1)) the version given by Proposition|2.2 is sufficient for our purposes.



248

Electronic Communications in Probability

where 2P =22 =0, ||2"||, < Cy" and 2 (g) = u~(g)1 where u~ is the Gibbs measure with
potential qbﬁ In particular, for each g € 6,(Q7),

1258 —u (&)1l < [1£58 — 1™ (g)1lle = CY"lIgllp-

The next result is a combination of [10, Theorem 4.13 and Proposition 4.12] and [9, section 4.2a]
(see also [1, section 3.6], [15]).

Proposition 2.3 (CLT in the sense of Renyi). Let u" be a Gibbs measure and v* be a probability
measure absolutely continuous with respect to u*. Let g be Holder and denote G, (w) = Z;:; g(tw)
where w is distributed according to v*.

(v G”L‘g(g) = A(0,0) where 0 = u*(g?) + 22;’11 ut(g-gotl).

(b) o =0iff |G, — nut(g)1| is uniformly bounded.

3 Local environment as seen from the particle

To prove Theorem 1/we consider the history w of the local environment as seen from the particleﬁ
More precisely w,, is a pair (x;‘n, v,). Let QF be the set of all possible histories. Thus Q% is a space
of forward infinite sequences. Let B = {(a,v) € .&/ X A : q,, > 0} be the alphabet for Q (in
our simple case the adjacency matrix is given by B, ) (o7, = 1, i.e. we have the full shift) and
consider the spaces Q and Q~ defined in Section|2. We shall use the notation Pt for the measure
induced by P on Q8

Let Z; denote the o-algebra generated by wy, ... wy.

Lemma 3.1. There exists a shift invariant measure u on Q and y € (0, 1) such that for any k € N
there is a constant C; such that for any n,m € N, and any &, measurable function f we have

[E(f 07" | Z) — w(F < Cilflooy™™.

In addition, u is a Gibbs measure.
Finally, Pt is absolutely continuous with respect to u*.

Proof of Lemma(3.1. Note that the case m > n + k is trivially true, we then restrict to m < n + k.
For £ € O, with &; = (z;,v;), and n € N let

2P — {pz,,zo(_l) "Azyv, if [=1(&)# —o0

7'520 ’ qZOVo if 1(5) = — ( )
3.1
e¢"(5) = pzl!zo(_l) : qzl)VO lf l = 1(5) 2 —n
Tz " Dzgvo if 1(&) <—n

where 1(£) is the last time before 0 such that S; := Z;ll v, = 0 We have
|¢n - ¢|oo = 0(An) (3.2)

6Given any linear operator A : 69(Q27) = 69(Q7) we define, as usual, ||Allg := SUP|f|lp=1 lAf Il

That is, we record only the environment at the visited sites, contrary to the usual strategy of considering all the
environment.

8Indeed, the map ¥ : @ — Q7 defined by W((x™, S,)nexn) = (xgn,S,H,l — S,)nen is measurable and onto. Thus P*(A) :=
P(¥~1(A)). With a slight abuse of notation we will use E also for the expectation with respect to P*.

°In other words we extend S,, to negative n using &; with negative indices and look at the last negative time when the
walk visits zero.
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where A is the second eigenvalue of p,;. In fact ¢ (&) = ¢,(&) unless 1(§) < —n in which case the
distribution of p, , (—1) is 6(A")-close to 7, .

Recall (2.2) and consider the following transfer operators . := Ly, Ly =%, - Note that £,1 =
%1 =1 and that implies that there exists C > 0 such that, for all continuous g : Q™ — R,

| L8 — £18loo < CA"gloo- (3.3)

Next, choose £* € Q™ and foreach b€ B, m e N, 0™ = (wq,...,w,) € B let £*w™b € Q™ be
the concatenation of £&*, w™ and b.19 Then

]P({wm+l = b}lgm)(wo’ freo a)m) = exp (¢m+l (g*wmb)) .

By hypotheses there exists f : 81 — R such that f(w) = f(wy,...,w;). Observe that if g :
Q" - Ris a &, measurable function, then

E(8|Zn) (@0, ., 0n) = Y P({y1 = b} F,)g(ep, ..., 0y, b). (3.4)
beR

Therefore for each [ € {0,...,n+ k — m} we have
E(f o T | Zn)(@™) = (Lg+ Lnsicfi)(EF ™), (3.5)
where, for £ € ", we define f;(§) = f(£_4,...,&,). Hence, by (3.3),
E(f ot | Fp)(@™) = Ly Lo L fic+ O f o) (3.6)

Next, the Ruelle-Perron-Frobenius Theorem (Proposition[2.2[b)) for £ and the fact that £1 =1
imply that there are a Gibbs measure u~ on Q~, and numbers 9,7 € (0,1), ¥ > 6, such that

E(f 01" | Fp) = Lns1 o Lo 1~ (F) + 0™+ 675D f .

2

Choosing [ = "= (which is smaller than n + k — m by hypotheses) and y? = max{A, 7} we obtain

E(f 07" | Z) = 1~ (fi) + O(Cer"™If lno-

Since u~ is Gibbs, Proposition|2.1 implies that u and u* are Gibbs.
To ?ve the absolute continuity note that equations (3.5), (3.3) imply for f > 0 and %, measur-
able!!

1% f(ED)

= i 7 =i k¢
B | F0)b) = Jnf - SJ(ED) = inf = B Mi(eb)
: k7 ‘u‘i(]l{w():b}gkfk) /7, +
SCEIEI}]f_f fi(Eb)=C o (lwo = BD) <C'u(f)-
Thus E(f) < C’ut(f), which implies the absolute continuity. O

0Essentially £* corresponds to the choice of a ‘standard past’ for any finite sequence.
N The first equality follows by the freedom in the choice of £*, the last is true because b can take only finitely many
values and so inf, u~ ({wy = b}) > 0.
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4 Proof of Theorem 1

Proof. Part (a) follows from Proposition[2.3(a) and Lemma [3.1.

Next we analyze the possibility that there exists a non-zero w € R? such that Zw = 0. In this
case Proposition [2.3(b) implies that (S, w) is uniformly bounded. Now, suppose there exist pairs
(a;,v;) and (a,, v,) such that Qa,v, > 0 and (v;,w) # (vo,w). Let ED) = {w?{}fzo, j =1,2 where

w{( = (a;,v;). Then (S,,w) cannot be bounded along both the orbits defined by the sequences & &Y

and £@. This proves (b).
The quenched CLT was derived from the annealed CLT in [7, sections 3.2 and 3.3] under the
assumption that q,, was weakly dependent on a. However this assumption was not used in this
part of [7]. Indeed what we need to prove in order to conclude the proof of the present theorem
is the equivalent of Theorem 1 in [7]. The proof of such a theorem relies only on the mixing of the
environment as seen from the particle (our Lemma and the estimate [7, (2.21)]. In turn [7,
(2.21)] follows from [7, Lemma 3.2] by a general argument that uses only the mixing property of
the process (in our case implied by Lemmal[3.1) and Assumption (A4) of [7] that, in our case, can
be replaced by the stronger property

Let S/ and S/ be two independent walkers moving in the same environment. Then conditioned on the
event

{dist (SI’V,SI’\;) > m}
m

Const

the increments of S; and S; are independent for k € (N ,N + ) . (This holds in our case since

the chains at different sites are independent.)

Finally, [7, Lemma 3.2] follows from [7, Lemma 3.3]. The only property used in such a derivation
is that for any m there exists N such that S’ and S” can get m units apart during the time N with
positive probability (in our case this follows under the hypothesis that ensure Theorem [1(b)).
Such a fact also suffices for the proof of the analogue of [7, Lemma 3.4] and for the derivation of
[7, Lemma 3.3] from [7, Lemma 3.4] in the present context.

In conclusion, the proof carries to the present setting without any substantial changes. O
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