LIVSIC THEORY FOR COMPACT GROUP
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Dedicated to Yu. S. Ilyashenko on the occasion of his 60th birthday.

ABSTRACT. We prove Livsi¢ type results for rapidly mixing com-
pact group extensions of Anosov diffeomorphisms.

1. INTRODUCTION.

Recently several new phenomena in dynamics were discovered by
looking at small perturbations of compact group extensions of hyper-
bolic systems [8, 14]. In view of this it is desirable to develop a general
theory of perturbations of such systems. The first step towards this
goal is to understand infinitesimal perturbations that is to study ho-
mological equations over such systems. In this note we study regularity
of solutions to cocycle equations. Regularity theory plays an important
role in rigidity theory. Two of the most studied cases are translations
of T? and Anosov diffeomorphisms (see [7, 11, 15] for the analysis of
some other systems). The systems considered in our paper exhibit a
mixture of hyperbolic and elliptic behaviors.

Let M be a compact C'"*° Riemannian manifold and f : M — M be
an Anosov diffeomorphism. Let G be a compact connected Lie group,
H a Lie subgroup of G, Y = G/H and 7 € C*°(M,G). Let N = M xY.
Define F': N — N by F(z,y) = (fx,7(x)y). We say that a function A
on N is a coboundary if

(1) A=B-BoF

If B is bounded, Hoélder, smooth etc. we say that A is a bounded,
Hoélder, smooth etc. coboundary. Let ¢ € C%(M), u, be the Gibbs
state with potential ¢ and dvy = duedy.

In this note we prove the following. Fix z5 € N.

Theorem 1. Let F' be rapidly mizing. Let A € C*°(N) be a coboundary
in L*(vy) for some Holderfunction ¢. Then A is C*° coboundary. In
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particular, if A is a bounded coboundary then it is a C° coboundary.
Moreover there exists ko such that if A belongs to C*(N) then B belongs
to C*™(N). If B satisfies a normalization condition

B(Z(]) =0
then
(2) || B|k-k, < Const||A][.

We refer the reader to the next section for the definition of rapid
mixing. Recall ([4]) that it holds for generic extension.

Observe that Theorem 1 implies in particular that the set of cobound-
aries is closed in C* for k > k.

We also present versions of this theorem for extensions of subshifts
of finite type.

Our results are also true for relative coboundaries. Let Ag(z) =
[ A(z,y)dy. We say that A is a relative coboundary if

(3) A=Ay+B—-BoF.

Theorem 2. The results of Theorem 1 are valid also for relative cobound-
aries.

2. PRELIMINARIES.

2.1. Subshifts of finite type. Here we present some results about
subshifts of finite type and their compact extensions. The proofs can
be found in [13], Chapters 3 and 8. For a geometric interpretation of
the results about the extensions see e.g. [4], Section 2. Let a be a finite
alphabet, A be Card(a) x Card(a)-matrix whose entries are zeroes and
ones. Let ¥ = ¥ be associated (two-sided) subshift of finite type,
that is ¥ = {{w;};° such that w; € a and A, ,,,, = 1}. Let o be a
shift o(w); = wiy1. Given € < 1 we consider the metric dy on ¥ given
by dp(w',w") = 67 where j = max(k : w, = w! for |i| < k). Let Cp(X)
denote the set of dp-Lipschitz functions. Given ¢ € Cyp(X) we denote
by 14 the Gibbs measure with potential ¢, that is

Py + Hg(d) = Sup (hu + 1(9))

where the supremum is taken over all ¢ invariant probability measures.
We will use the fact that homologous functions have the same Gibbs
measures. Let G be a compact connected Lie group and 7 € Cyp(X, G).
Let N =X xY. Define F : N — N by F(w,y) = (0w, 7(z)y). Consider
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a measure v, given by dvg = dpugdg. Let Cro(N) = Cy(2, C*(G)). We
say that [ is rapidly mixing if V¢ VN 3k such that VA, B € Cj g

vo(A(w, y) B(E"(w,y))) = vs(A)ve(B)| < Const||Allsl| Bllron ™"

It is shown in ([4], Theorem 4.3) that rapid mixing is generic among
compact group extensions of subshifts of finite type.

Let X7 be associated one-sided subshift which is defined similarly to
¥ but omega is now an one-sided sequence w = {w; }3°,. Cy(XT), Gibbs
states, rapid mixing etc. are defined for one-sided shifts similarly to
two-sided shifts. Let F : N — N be a skew extension defined by
T € Cy(X,G), ¢ € Cy(X) be a potential and A € Cy ¢ be an observable.
Then there are 7° € C 4(X,G), M € C 4(X,G), ¢* € Cy(X) ¢ €
Cp(X), A € C, 5(E7), K € C 5() such that

™=(Moo)TM™, ¢*=¢+¢—(Yoo), A*=A+K—-KoF.
Moreover ¢* can be chosen so that
(4) Yw Z e =1

Then skew products defined by 7 and 7* are conjugated, ¢ and ¢*
have the same Gibbs measure and A is a coboundary iff A* is a cobound-
ary. )

Let Nt = T x Y and F be a skew extension defined by some
7 € Cy(X1,G). Let A be a G-invariant Laplacian on G and let

Hy={p: Ap = Ap}.
We endow H), with L*-norm. Denote Cyo(X1) = Cp(XT, H)). Let ¢

be any Holderfunction on X% such that

(5) Vw Z e?™@ =1

OTWw=w

and let p4 be the Gibbs measure for ¢. Consider the transfer operator

(6) (L) (w.9)= Y e h(w, 7} (w)g).

OTWw=w

Then L preserves C)o(X7). Let £, denote the restriction of £ to
Cho(X7).

Proposition 1. ([4], Proposition 4.4) If F' is rapidly mizing then 3C, s
such that

1 n
n < S _ .
) g < o (1- o )
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2.2. Anosov diffeomorphisms. Recall that a diffeomorphism F' :
M — M is called Anosov if there is an f—invariant splitting
TM =FE*& E"
and constants C, p < 1 such that
Vo e B [|df*o]] < Cp®[lvfl, Vv e E* [ldf 0] < Cp"|lv]].

The distributions £ and E* are uniquely integrable, they are tangent
to foliation W* and W* respectively. Since W* and W*" are transverse,
if z,y € M are close to each other the intersection W}, (z) (W .(v)
consists of one point which we denote by [z,y]. A set II is called par-
allelogram if for all z,y € II one has [z,y] € II. A partition IT =
{I1;, Iy, .. .11, } is called Markov if for all = € Int(II;)

fWi(z) € Wi(fe), f~'Wii(z) € Wii(f'2)

where WY (z) = Wi.(2) 11, if z € II;. Given a Markov partition II
one can consider a subshift of finite type ¥ with a = {1,2...n} and
A;; =1iff f(IntP)(P; = 0. The map ¢ : ¥ — M given by

C(w> = ﬂ f_ijj

defines a semicongugacy between o and f. If 7 is a function from M to
G let 7 = 7(. Then ( x id is a semicongugacy between

F(az,y) = (fr,7(x)y) and F(w,y) = (ow,T(w)y).

We shall use the fact that the skew extension F' is partially hyperbolic.
That is, there is an F' invariant splitting

TN =E,®E, ®ER
and constants C, p < 1 such that
Vo e Ep |[dF™|| < Cp®||v]l, Vv e Ep [[dF"]] < Cp"[|]]

and EY is the tangent space to the fibers. Gibbs states for f are defined
similarly it was done for 0. An important special case is so called SRB
measure which is the Gibbs measure with potential

¢srp = — Indet(df |E").

The importance of SRB measure comes from the fact that if & € C'(M)
then

n—1

1 )

g E (I)(f]l’) — ,LLSRB((I)), n — +00
=0

for Lebesgue almost all z.



LIVSIC THEORY FOR COMPACT GROUP EXTENSIONS 5

Va30 such that if ¢ € C(M) then ¢ = ¢ o ( € Cp(X). Now py is a
Gibbs state for f ifft VQQ C X
() = 1a(C(2).
We say that F is rapidly mixing if V¢ VN 3k such that VA, B € C*(M)
|vo(A(z, y) B(F"(2,y))) — vo(A)vg(B)] < Const||A|[x]| Bl[xn~".

Then F is rapidly mixing iff F' is rapidly mixing.

3. SYMBOLIC SYSTEMS.

3.1. One-sided shifts. In this subsection let F : NT — N* be
a rapidly mixing extension of one sided subshift. Let C,o(X7) =
Cy(XT,C"(Y)). We prove the following result.

Lemma 1. Let A € Cyp(XT) be an L*(vy) coboundary for some
¢ € Cy(Xt), A = B— BoF, where B € L*(vy). Then B has a
version in Cuog(XT). Moreover 3ky such that if A € Cyo(XT), then
B e Ck_k0,9(2+) and

|| Blk—ko.0 < Const(k)|[Al[x.o-
Proof. By the discussion of subsection 2.1 we can assume that ¢ satisfies
(5). Let A = Ag+37, 0 Ax, where Ag(w) = [ A(w, g)dg, Ay € Hy. Let
B =", By. Since F' commutes with projections to Hj,
(8) Ay=DBy—ByoF.

In particular, Ay = By — By o o and, by [13], B € Cy(XT). Hence we
can assume without loss of generality that Ay = 0. Applying £, to (8)
we get

LyAy = (Ly—1)B,y.
Thus By = —(1 — L)' L\B,. Now there exists p = p(G) such that

Const

) 14l < s 14Tl
By Proposition 1 there exists s such that
(10) (1 — £3)7Y| < Const)®.
Hence

9% Const
(11) || Bal[x < ConstA™[|Ax][|x < @) 1Al 4.6
Now

_ . k—k
(12) | Ballk—ro0 < ConstAP™=|| By |».
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Let B =), By. Then
1Bllk=koo < D |Bsllk—ko0 < Const Y - APHPH2=ho/2) ) 4|,
A A

and this series converges if ko is large enough. This completes the
proof. O

3.2. Two-sided shifts. Let I': N — N be an extension of two sided
subshift of finite type.

Lemma 2. Let A= B —BoF. IfA€ Cuy(Y), then B € Cygi/s(X).
Moreover 3ko such that if A € Cyg(X), then B € Cy_y, g1/4(X) and

[1Bll—ro0r/4 < Const(k)[[Allk.p-

Proof. Let 7" = (M o o)TM~'. Then the change of variables y* = My
conjugates F and F*(w,y*) = (ow, 7*(w)y*). Thus A is F-coboundary
iff A*(w,y*) = A(w, M~'y*) is F*~coboundary. Write A* = A* + K* —
K* o F* where A € Cj gi/s(X%). Then A* is F*-coboundary iff A**
is. But by Lemma 1 A*™* = B** — B** o ' where B** € C_y, g1/4(X7).
Thus
A=(B+K)-(B+k)oF

where B(w,y) = B*(w,y), K(w,y) = K*(w, My). and the statement
follows. U

Corollary 1. If w is a periodic orbit of o, say c"w = w, then

n—1
> ANEF (W, )| < ON[|Ax] oo d(Ta(w)y, y).
=0

Proof.

n—1

D ANF (w,y)| < IBr(w, Ta(w)y) — Balw,y)| < V(7o (w)y, v)| | Byl|
=0

and the result follows by (11). O

4. ANOSOV DIFFEOMORPHISMS.

4.1. Holdercontinuity. Now we start a proof of Theorem 1. In this
subsection we show that B has a Holderversion. Let II be a Markov
partition of M and let ¥ be the associated subshift of a finite type. Let
¢ : X — M be the semiconjugacy

(oo=fol.

Let 7 and F' be as in subsection 2.2. Define A = Ao(. Let A = B—BoF,
B =3, By. Let By = Byo(™', B=>", B,. Since ("' is discontinuous
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we can not deduce immediately that By are Holder. Rather we obtain is
a consequence of periodic leaves estimates of Corollary 1. Let p = (z,y)
have a dense orbit. We have

By(F"p) ZAA (Fip)
Lemma 3. B)\|Orb(m,y) is uniformly Holdercontmuous with Holderconstant
Cll AN
Proof. Let m < n and
d(F"p, Fp) < ¢

Denote k = n —m, z = f™x, ¢ = F™p. By Anosov Closing Lemma
3% € M such that f*7 = 7 and

d(fz, fly) < Cd(f*z,2) gm0k
for some v > 0 and p < 1. Let u = (Z,y) then

k—1 k—1
> ANFg)| <D As(Fu)
j=0 j=0

Now by Corollary 1 the first part is
O (|lAxlIX**d*(p, F*p))

|Br(f*q) — BA(q)| = +

Z [AN(F7q) — A((FPu)] | .

and the second part is
O (I AAVAD (p, F'p))

since A, is Lipschitz with constant v/A||A,]]. O
Since Orb(p) is dense we can extend B, to Holderfunctions on N.

Lemma 4. Under the conditions of Theorem 1 the restriction of B to
each fiber is smooth. Moreover dky such that

HBHCQ'(M,C’“*’“O(G)) < Const (k)| Al ca(ar,cx@y)-

Proof. We first show that B has a Holderversion. By Lemma 3 each B)
has an extension from Orb(z, g) to N which is Holderwith Holdernorm
at most Const||A,||A\*. By continuity of A, this extension satisfies A, =
B A B 2O F. Now
Const
1431 < oo Al

Let B =), B, then

HBHC“(N) < Z ||BAHCa(N) < Const (Z >\p+s_k/2> ||AHCk(N)
A A
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and if k£ is large enough this series converges. In other words there
exists k; such that

BCa(N) S COHSt| |A| |Ck1N.
Applying this to A™A we get

||B||Ca(M7H2m(G)) S COHStHAmBHca(N) S CODStHAmAHCkl(N) S

Const|| A] |Ck1+2m(N)

and the result follows by Sobolev embedding theorem. U

4.2. Smoothness. We now establish the smoothness of B in the trans-
verse directions.

Lemma 5. Restrictions of B to the leaves of Wg, Wg are smooth.

Proof. 1t is enough to consider Wj. We have A(p) = B(p) — B(Fp).
Thus B(p) = A(p) + B(Fp). Hence if p € W*(py) then

B(p) — B(po) = Z [A(ij) - A(Fjpo)} .

J

Since F7 are contractions on W2 it is clear that this series can be
differentiated term by term as many times as we want (see [3] ). O
We now make use of the following fact ([10]).

Proposition 2 (Journe Lemma). Let Fy and F» be two continuous
transverse foliations with smooth leaves. Let B be a continuous function
whose restrictions on leaves of F1 and Fo are smooth. Then B is
smooth. Moreover there exists ko such that if restrictions of B to the
leaves are C* then B is CFFo.

This proposition implies in view of Lemmas 4 and 5 that B is smooth
on each leave of W* and since it is also smooth on each leave of W"
we conclude that B is smooth. This complete the proof of Theorem 1.

Remark. Weaker versions of Journe Lemma proven in [3, 9] would
also suffice for the proof.

4.3. Relative coboundaries. Proof of Theorem 2. Apply Theorem
1 to AA. O
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4.4. A counter-example. Let G = T?,
F(x,ti,t2) = (fo, t1 + arr(x), ta + aor(x)).

Suppose that oy /ay is irrational and that for all N there exist my n, mo y €
Z. such that
|a1m1,N + OégmgN‘ < minN

By reindexing we can assume that mgoy > N2. Let @y (z,t1,t) =
exp(2mi(my nty + ma nta2)). Then

O o F' = exp(2mi(my yay + mao nag)r(x)) Py

Let A=Y y((®x — ®o F)/N?). Then A € C*(N), A=B—BoF
where B = >\ &5 € C°(N) — C'(N). By considering suitable linear
combinations of @ it is easy to see that F'is not rapidly mixing. This
shows that arbitrary extensions need not satisfy Theorem 1.

4.5. Obstructions. We now provide some criteria for function being
a coboundary. Most of these criteria come from other papers, however
their applicability is a consequence of the fact that different notions of
coboundaries coincide in our situation. Sometimes it is easier to verify
that A is a relative coboundary. It is also perfectly satisfactory since

it is well known when Ay is an f-coboundary.
(i) Define

Dy(A) = vg(A?) — v2(A +2Z[V¢ (Ao Fi)w2(A)] .

Proposition 3. ([6]) A is a cohomologous to a constant < 3¢ such
that Dy(A) = 0 & Vb Dy(A) = 0.

Proof. Without loss of generality we can assume that v4(A) = 0. Then

D4(A) =0« Ais L?*(vy)-coboundary (Spectral theorem)

< A is Holdercoboundary (Theorem 1)

= Vi A is L*(vy)-coboundary. O
(i) Let P = {po, p1 - - - pn} be a chain such that pgr1 € W*(pr) U W*(pr)-

We say that P is closed if py = p,. Define

= Z P(pkapk+l)
k

where

7Pk, Pet1) = Z] =0 [A(Fjpk‘H) A(Fjpk)] if pry1 € Wepg
ks Ph41 ]—:1_00 [A(Fipy) — A(Fipp)] i pert € Wepy,

The following statement is Corollary 3.1 from [11].
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Proposition 4. If ' has accessibility property then A is cohomologous
to a constant if and only if for any closed chain P, r(P) = 0.

(iii) The next result is clear from the proof of Theorem 1.

Proposition 5. A is a relative coboundary A < VN € N ANA is a
coboundary.

(iv) Let G = T. Let v be the SRB measure for F. Consider a one
parameter family

F.(z,2) = (fz,z + 7(z) + €Az, 2) + %a(e, 1, 2).

Let v. be any u-Gibbs measure for F., that is, the projection of v. to
M is psrp-

Proposition 6. A is a relative coboundary if and only if
Ae(v2) = 0(e?).
Proof. We use the following asymptotics ([5])
ve(H)=v(H)+ew(H) +o(e)

where
> dH
H) = Ao F7 71— ).
w(H) ;V( o dz)

We want to apply this to H. = In dd& We have

>

dF, dA do(0, z, 2)
€ :1 i 2 ) 2 )
P +€dz+€7dz + o(e?)
So
dF.  dA  ,|da(0,2,2) 1 (dA\® )
o =eg te lidz ‘5(%) T ole’)
Hence

In dFe) _
Ve dz |

(2 () 528

Now since dv = dusgrpdg it follows that

dA\  [(da(0,2,2)\
V<E)—I/<T)—O and

d2A dA dA
AN _ aA _;dA
V(AOf dz2) y((dz)oF dz)'
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Hence
dF. o |1 [ [dAV?) < dA\ . _;dA
ve(In e )~ —¢ [51/ ((5) ) — ;V <<E> oF %)
That is
dF. e*Dsrp(52)
13 (1 ~— B
(13) v(n %) .
Therefore

Ae(ve) = o(€?)
if and only if DSRB(%) = 0. By Proposition 3 % is a coboundary that
is A satisfies (3). O

APPENDIX A. NON-MIXING CASE.

Observe that Anosov times rotation could satisfy the conclusions of
Theorem 1 even though it is not mixing. In this appendix we give
an extension of Theorem 1 to a non-mixing case. In order to explain
our result let us recall some background. Given 7, let N = M x G
and consider the principal extension F' : N — N given by F(x,g) =
(f(x),7(x)g). Recall the definition of Brin groups [1, 2]. Given a par-
tially hyperbolic diffeomorphism we call a sequence P = {p1,ps...pn}
a e-chain (respectively t-chain) if p; 1 € W*(p;) U W?*(p;) (respectively
pi+1 € W*(p;) UW?(p;) JOrb(p,). Fix a reference point € M. Given
any chain P C M with x, = 21 = x and any ¢g; € G there is unique
chain P C N starting at (z, g1) and covering P. P is not closed, rather
gn = 9(P)g1. Let T'y(z) (T'e(z)) denote the set of all g(P) for all closed
t-chains (respectively e-chains) starting at x.

Proposition 7. (Brin) (|1, 2]) (a) I'.(x) are groups. T, of different
points are conjugated, I'y is a normal subgroup of T'., /Ty is cyclic.
In particular f‘e/f‘t 18 abelian.

(b) (F,vy) is ergodice T, acts transitively on Y.

(F,vg) is mizings Ty acts transitively on Y.

A quantitative version of this result was obtained in [4]. Call a set
S C G Diophantine on Y if there are constants K, o such that for any
function h on Y with Ah = Ah then there is s € S such that

K
1 = hos|| < Al

Let T'y(z,R) (I'e(x, R)) denote the set of g(P) for all chains P =
(x1,22...2,) With 1 = z, = 2, n < R, dw+(zj,zj41) < R (if
xj41 = f™x; we require that [m| < R).
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Proposition 8. ([4] (a) S is Diophantine on Y iff S is Diophantine
on Y/[G,G] and Y/Center(G).

(b) S is Diophantine on Y/Center(G) < there are no S-invariant
functions< S contains a finite Diophantine subset.

(¢) F is rapidly mizing < T'w(R) is Diophantine for large R.

It is proven in [1] that there is an open and dense subset of pairs
(f,7) such that I';,(R) = G for large R. The goal of this appendix is to
prove the following statement.

Theorem 3. Suppose that F is ergodic. If T'.(R) is Diophantine for
large R then any solution to (1) satisfies the tame estimates (2).

Remark. [ believe that the above condition is also necessary for (2)
but the approach of subsection 4.4 (cf. also [4], subsection 4.3) shows
only that if T.(R) is not Diophantine for large R and A= B — Bo F
then the norm of 0y B can not be bounded by norms of (95A. It does
not rule out the possibility that it can be bounded by norms of 85185214,
even though this seems unlikely.

Proof. Observe that the only place where we have used rapid mixing
(i.e. Diophantineness of I';(R)) was (10). Hence we need to show that
(10) holds under a weaker condition that I'.(R) is Diophantine. To this
end we estimate (1 — £,)~! using the series

B A L A R A D e
(1— L) _2<1 5 =521 .

=0

Thus instead of Proposition 1 we need to show that there exist C|s

such that

1L+ L\" 1A\"
14 <CON(1-—
w5 e (o)
The proof of (14) is similar to the proof of (7) which is Proposition
4.4 of [4]. Let us describe the modifications needed. Repeating the
arguments on page 184 of [4] we find that if (14) fails then for each
(4, By there exist A, H such that ||H||co < 1, L(H) < ConstA and
[(HE22)m N H|| > 1 — |A|7% where m()\) = C;In A and L(H) denotes
the Lipschitz norm H : X7 — L*(Y). As in [4] this implies that V@, ®

(173 (7 (@) H (@) = 7 (7n (@) H (@)]] < A7

where 5 — oo as 34 — oo. However in the present setting we also
have that for all w

(15) || (T(w))H (w) — H(ow)|| < A7
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Indeed the expression for [(X2£2)™ H](ow) contains among various terms
(1/2)"[H (ow) + ey (7(w)) H (w)].

These two vectors should be almost collinear in the sense of [4], page
185 proving (15).

(15) implies that in our setting Lemma 4.7 of [4] holds for e-chains
and not only for t-chains as in [4]. Continuing as in [4], page 186 we
show that if (14) fails then this contradicts to Diophantiness of I..
Thus (14) holds. Thus Theorem 1 holds under the assumption that
I'.(R) is Diophantine as claimed. O
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