DYNAMICAL RANDOM WALK ON THE INTEGERS WITH A
DRIFT

DMITRY DOLGOPYAT AND DAVIT KARAGULYAN

ABSTRACT. In this note we study dynamical random walks (DRW) with internal
states. We consider a particle which performs a dynamical random walk on Z and
whose local dynamics is given by expanding maps. We provide sufficient conditions
for the position of the particle z, to satisfy the Central Limit Theorem.
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1. INTRODUCTION

1.1. Motivation. Understanding transport in an inhomogeneous media is one of the
classical problems in mathematical physics. The motion in homogeneous media is
well understood and is described by the heat equation whose fundamental solution
is given by the transition density of the Brownian Motion. The situation in the
inhomogenuous case is more complicated.

One of the simplest models of inhomogenuous transport is given by random walks
in random environment. In this model the particle moves on the lattice Z¢ so that if
the particle is in position z it moves to z + v for v in a finite set A with probability
p(z,v) where the vectors {p(z,-)},cza are iid. This model is completely understood
in dimension 1 while in higher dimensions only partial results are available. In the
one dimensional setting the recurrent motion leads to Sinai behavior [39], where
the particle at time t is typically at the distance O (1n2 t) from the origin. In the
transient case a wide range of behaviors is possible [25]. In particular the transient
walk can have either positive or zero speed ([40]). In the case of positive speed the
fluctuations around the linear motion could be either Gaussian or described by stable
laws of index 1 < s < 2. In the case of zero speed the limit distributions are Mittag—
Leffler (the results of [25] 139, 40] pertain to the nearest neighbor walks, we refer the
readers to [7, [8, (15], 16, 21] for the extensions to the walks with bounded jumps). In
contrast if the dimension is greater than 1, then the walk is expected to satisfy the
Central Limit Theorem (at least, if the dimension is high enough). However, so far
it has been proven only for systems satisfying some additional assumptions such as
reversibility ([38,5]), a sufficiently strong drift (see [43] 44, 4] and references wherein)
or a perturbative regime ([45]).

The progress in understanding of random walks in random environment naturally
leads to a question about extending the results proven for that model to a more real-
istic systems. One particularly interesting question is to understand a deterministic
motion in random environment. In particular, a number of papers concern Lorentz
gas in random environment—a system, where a particle moves freely on a plane col-
liding elastically with a random array of convex scatterers (|1, 13}, 14} [33]). While the
works above establish recurrence and the Law of Large Numbers for different models
of random Lorentz gas, the limit theorems are currently unknown. In order to obtain
a more tractable model of deterministic motion in random environment, in [I] the
authors proposed a model of Deterministic Walks in Random Environment (DWRE).
By this one means a map F defined on M x Z? where M is the internal state of the
walker. Namely, suppose that for each n € Z? we have a map T, : M — M and a

partition M = U Wy (gate partition) where v € {0, £ey,--- £ eq}. Let

(1.1) F(z,n) = <Tn$,n+21wmv>.

Thus if the particle is at site n then its internal state changes according to 7T;,, while
the change of the location is prescribed by the gates.

One is then interested in statistical properties of z,(z) = mz4¢(F"(x,0)). The ran-
domness in the system comes from the random choice of the initial internal state
xo € M.
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In [I] the authors provide conditions under which z, satisfies the law of large
numbers. They show that their conditions are satisfied for a dynamical random walk
whose local dynamics is given by a sufficiently expanding interval map, such as (8
transformations with large .

[1] show that the random Lorenz gas fits into the framework of DWRE. Moroeover
the class of DWRE contains several classical examples of random motion. As an
example, consider the following system: let d = 1, M = T', T,,(z) = 2z (mod 1)
and W, = [0,1), W,; = [3,1) for all n € Z. One can see that if we choose the
initial internal state uniformly on T then the DWRE defined this way is equivalent
to the simple symmetric random walk on Z. More generally it shown in [I] that
DWRE with linear expanding local dynamics and Markov gates can model random
walks in random environment (RWRE). In particular, all types of behavior observed
in RWRE, appear also in DWRE, so the particle can be transient with zero speed
([40]) or it can exhibit Sinai behavior ([39]) where after n steps the particle is located
at the distance of order In? n from the origin. However, Markov condition on the gates
is pretty restrictive and so it is of interest to develop tools to handle non Markovian
dynamics.

The goal of the present article is to develop a robust method for proving CLT
for one dimensional systems with strong drift (note that some assumptions on the
system are necessary to get the CLT due to the non-Gaussian examples of [I]). Our
approach has two types of ingredients: probabilistic and dynamical. The dynamical
ingredient is the CLT theory for the composition of ladder maps G,,. G, describes
the internal state of the particle starting at the level n when it arrives at level n + 1
for the first time. This part relies on the theory of sequential dynamical systems. The
probabilistic ingredients consist of renewal theory which allows to pass from the CLT
for hitting times to the CLT for the particle position and on the CLT for the quenched
drift, which uses the central limit theory for weakly dependent random variables.

In order to describe the main ideas of our approach in the simplest possible settings
we present two models. Model A is strongly ballistic. Namely among any three steps,
at least two are to the right. In this case the dynamical part uses the CLT for bounded
observables of sequential expanding maps available in the literature ([9]). Model B
is more realistic, since the particle could move arbitrary far to the left, albeit with
a small probability. In this case the dynamical part needs to be extended as well
leading to more complicated arguments.

In a future work we plan to apply our method to Lorentz gas in the presence
of random field. In this case the local dynamics and, hence, the ladder maps G,
are hyperbolic rather than expanding which requires a significant improvement of the
existing dynamical results. Therefore this model will be a subject of a separate paper.

We note that our work is the first example, where the CLT is proven for an open
class of deterministic systems in random environment as time tends to infinity (the
results of [I] could be used to obtain examples of DRWE satisfying the CLT, however,
the parameters need to be tuned very carefully to obtain the equivalence with RWRE).
Before describing precisely our models (which will be done in §1.2) we mention the
previous work where the CLT is obtained for the deterministic motion in random
environment. We note that in the models described below the environment depends
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on an additional parameter ¢ and the time scales as some power of 1/¢, while in our
work the environment is fixed and time tends to infinity.

The first model deals with a particle moving in a dilute random media (so called
Boltzmann-Grad regime) where the time tends to zero and the sizes of the scatters go
to zero at the same time. A selection of papers on this subject includes [6} 411, 42} [35].
While this topic is of great physical relevance, it is beyond the scope of the present
work. We just mention that since the interactions happen rarely, it is easier to make
use of the mixing properties of the environment.

Another problem dealing with deterministic motion in the random media is equa-
tions with rapidly oscillating coefficients. The study of the equation & = v(x,&;/.),
where &; is a rapidly mixing random process and £ > 0 is a small parameter, goes
back to the work of Khasminskii ([28, 29]). Note that this system is non autonomous
but it can be converted to an autonomous form by rewriting it as

T =v(x, &), s5=1

Khasminskii shows that the solutions of this equations are close to the solutions of
the averaged equation z = v(z) where 9(Z) = E(v(z,£)) and obtains the CLT for
the fluctuations. More generally, the results similar to [28, 29] can be obtained for
the systems in the form @ = v(z/e) where v : R? — R? is a rapidly mixing process
and vg > ¢ for some 0 > 0. (In this case x4 plays the role of time), see [26]. Similar
results are also available for the the second order equations with rapidly oscillating
coefficients, see [27, 31, [32) 17] and references wherein.

A third subject is the billiard models where the reflections from the boundary are
random to model microscopic roughness of the walls (see [10, [11], 12} [19]). While limit
theorems are available for the random model, the derivation of the same laws from
the underlying microscopic dynamics remains a challenging open problem.

1.2. Results. We consider a model of DRW defined by (1.1)) where d =1, M =T
and T,, : T — T are smooth uniformly expanding maps. We will also assume that
the particle’s coordinate changes every time, thus T = W,, _; UW,, ;. We consider the
following models.

Model A. Let T be an expanding map so that there are constants 3 < v < K and
K7 > 0, such that for all n and all z € T we have

(1.2) v <|Th(@)| < K, sup|T,(z)] < Ki.
zeT

Let W C T be a segment such that
(1.3) T"WNW =0forp=1,2.

We also suppose that for a sufficiently small d, we have that for all n |7, =T || c2(ry < do
and the Hausdorff distance between W,, _; and W is smaller than 6.

Note that the condition T"W NW = () for p = 1, 2, is a ballisticity condition ensur-
ing that among every three moves of the particle at least two are to the right. Thus
the particle moves to the right ballistically. Namely z, > n/3 and z, > z, — 1 for
n > m.

Model B. Let a be a large integer. Let T(x) = ax (mod 1) and W_; C T be

a segment with |[W_;| < % We suppose that for a sufficiently small d; and for all
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neZ, |T,-T |c2(my < 0 and the Hausdorff distance between W,, _; and W is smaller
than 50.

Thus in this model the local dynamics enjoys a strong expansion, which makes this
model similar to the one considered in [I]. (Note that in Model B the local dynamics
is smooth while [I] consider 3 transformations which have discontinuity on the cir-
cle. We believe that the method of our paper can be extended to maps with a finite
number of discontinuities provided that slope is sufficiently large (depending on the
number of discontinuity points) but to keep the presentation simple we restrict our
attention to smooth maps.)

Our first result is the CLT for the hitting time. Namely let 7,,(x, k) be the smallest
time ¢ such that F'(z,k) € T x {n}. Define the maps G,, : T — T by

(1.4) Gn(x) = 70 F™ (2, n) where r,(z) = Tpi1 (2, n)

and 7 denotes the projection on the first coordinate. Thus G, (z) describes the
internal state of the walker, which starts at site n with internal state z, at the first
time when the walker reacher site n + 1. We shall also write 7, (z) := 7,,(x,0). Note
that

n—1
(1.5) Ta() =Y 1i(Groy 0+ 0 Goz).

k=

We say that the DRW satisfies the CLT for hitting times if

o

Tn — E(70)

(1.6) Var(r,)

= N(0,1) as n — o0

where N (a,0?) denotes the normal distribution with mean a and standard deviation
0. Here and elsewhere in this article we assume (unless it is explicitly stated otherwise)
that x is uniformly distributed on T.

Theorem 1.1. (a) Given T there exist & such that if 5 < &y then the DRW from
model A satisfies the CLT for hitting times.

(b) Assume that in model B, |W_1| < 3. Then there exists ap € N so that for all
a € N, with a > ay, there exists §(a) so that if 6 < §(a) then the maps {Gp}nez are
well defined and the DRW satisfies the CLT for hitting times.

Remark 1.2. We can assume that |[W_;| < % without loss of generality. Otherwise,
we will switch W_; with Wj.

In order to obtain some information about the position of the particle z, we need
to choose the maps and the gates in an iid way.

Let &€ = {(T1,W1),...,(Tm, Wy)} be a collection of maps and gates, so that any
sequence (T, Wy, _1)nez, with (T,,, W,,) € &, ¥n € Z, satisfies the conditions of The-
orem (that is either for all n the assumptions of model A are satisfied, or for all
n the assumptions of model B are satisfied).

Theorem 1.3. Take § so small that every realization {(T,,, W,,) }nez from the collec-
tion & satisfies the conditions of Theorem [1.1]
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(a) (QUENCHED CLT) There are constants a,o > 0 such that for almost all iid
realizations of the pairs (T,,,W,,) there are constants b, = by(w) such that if x is
uniformly distributed on T then

Zn — b
_—— 0,1 :
(1/a )a'\/ﬁ:}/\“ ;1) asn — oo
(b) (ANNEALED CLT)There are constants v,o such that if x and {(T,,W,)} are
independent, x is uniformly distributed on T and (T,,,W,,) are chosen from £ in an

1d fashion, then
Zp — VN
Wi/\/(&l) as n — oQ.

Remark 1.4. The ballisticity condition ensures that the time needed to move to
the right for Model A isin BV as a function of the initial condition x. This allows us to
apply existing results about the central limit theorem for non-autonomous dynamical
systems, such as [2, O, 18, 22, B7]. In case the return time is unbounded, as is the
case for Model B, one needs to extend the existing result allowing much less regular
functions. This extension is formulated in Theorem and is proven in the appendix.
This result is of independent interest.

We also hope that our approach will be useful for other models of motions in
random media, and this will be a subject of a future work.

2. NOTATIONS AND DEFINITIONS

For the sequence of maps {G,, },ez and k < m we define maps Gy, as follows
Gim(x) = G0+ 0 Gi(x).
If above we have only one map, i.e. G,, = G, for all m € Z, then Gy, = G+
. DY = {(t1,to, - )+ tx € {=1,1},1 < k < n}.
Definition 2.1. Forn > 1,t € D,‘f), let
sty =t1 4+ +tx, 1<k<n, and sy(t)=0.
We will also be interested in the following subset of D

Definition 2.2. Let RY c D), be the set of all t = (t,,...,t,), for which
sp(t) <0, 1<k<n—1, and s,(t)=1

Remark 2.3. For even n we have R'? = 0.

Definition 2.4. Let A C T be a set suchithat there is a collection of closed and
disjoint intervals {I}}", so that U I, C A and |A\ U}_,I;| = 0. Denote

IZ(A) ={6L,...,I,}.
Note that if Z(A) exists, then it is unique.

We now recall some definitions and facts from [9]. Denote by BV the space of all
functions with bounded variation and by V(f) the variation of the function f € BV.
The space BV is equipped with the norm

|flav ==V (f) +IIfll,
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where || f||1 is relative to the Lebesgue measure. For f € BV, we have: ||f||« < |f|Bv.
Define also BV, = {f € BV : [, fdx = 0}.

We will be interested in maps satisfying

Hypothesis 2.5. G : T — T is such that there exists a finite or countable partition
(1;) of [0,1] or T such that the restriction of the map to each interval I; is strictly
monotone and G|, € C*(1;). We also assume that

(G(x))"

7= inf if |G'(@)] > 2, and - supsup | ZESn

J z€l; j xel;

Given a map G as above define

K :=supsup |G'(x)| and K; := supsup |G"(z)].

Jj z€l; J z€l;
Note that we can have K, K; = oo

Definition 2.6. We say that a collection of intervals {I;}}7*,, with U Iy, =Tisa

k=1
Markov partition for a map G satisfying Hypothesis [2.5] if

GIly) =T, 1<k<m,
and G is injective and continuous on each Ij.

The transfer operator of a map satisfying Hypothesis is given by
2.1 P —— 1z
( ) Gf Zf 0] |G, Um)‘ G(I])< )7
where o, is the inverse function of the restriction of G on I;. It is well known that

/(PGf gdx—/f g(Gz)dz, Vf € L' ge L™,

Note also the following form of the transfer operator

f(y)
Pa(f)(z) = vl
y:%z |G (y)]

Lemma 2.7. Let f € L*(T). Then

|Ps], < vIPTC I£1

Proof. By Holder’s inequality

) \? )
(> @o) (X @ X |G'1<y>|>'

y:G(y)=z y:G(y)=x y:G(y)=x

Integrating this inequality we obtain

/T(Pffdx < /TPf2dx|P1|oo = |P1|00/Tf2dx.

Taking square root on both sides we get the required estimate. 0
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Let P be a set of contractions on L' (a set of linear operators satisfying || Pf]|; <
Il f|l1, for every P € P). Following [9] the p distance between two transfer operators
R, R' will be defined as follows

(2.2) d, (R, R') = sup IRf =R,
{feBV:|f|lpv<1}

When p = 1, we will drop the index and denote it by d. For P € P, we denote its
neighborhood by B(P,0) :={R € P :d(R,P) < d}.

We say that the collection P satisfies the Lasota-Yorke property (LY), if there
exists p € (0,1) and C' > 0, so that for any P € P we have

(LY) vfe BV, V(Pf)<pV(f)+Clfl

We say the subset Py C P satisfies the exponential decay of correlations property
(Dec) in BV} if there exist # < 1 and K > 0 such that, for all integers [ > 1, all
[-tuples of operators P, ..., P, in Py we have

(Dec) Vf € BV, |P---Piflpy < KO'|f|sv.

It follows from (LY]) (see [0, Lemma 2.4]) that there exists M > 0, so that for any
P,,...,P,cPand fc BV

(2.3) |Py - Piflgy < M|f|py, foralln>1.

We say that the sequence of operators {P,},>1 satisfies the condition (Min), if
there exists o > 0 such that

(Min) P,P,y...P1l(zx) >0, VzeT,VnelN

We say that the collection P satisfies conditions (Min)) if any sequence in P satisfies
the property (Min|) with the same constant o. In the sequel we will use the notation

Pnlzpnpn,1P11
We recall a criterion for verifying the condition (Dec)):

Proposition 2.8. ([9, Proposition 2.10]) Let P be a collection of contractions satis-
fying (LY|) and P € P that satisfies (Dec]), i.e.

(2.4) [P" fley < CY"|flv, Vf € BV

Then there exists 09 > 0, such that the set Py = B (P, 6y) NP satisfies (Dec|) in BV}

The relevance of the properties introduced above comes from the following result.

Theorem 2.9. [9, Theorem 5.1] Let (f,,) be a sequence of observables, so thatsup | fu|py <

n>1
oo. Assume that for the sequence of transformations {T,},>1 the corresponding set

of transfer operators { Pr, }n>1 satisfy (Min)) and (Dec|). Let
n—1
5,(0) = 3 fulTun(e)) = [ FuTinla))da
k=0 T

where Ty, = Ty, 0 --- o Ty. If the norms ||S,||2 are unbounded as n — oo then
Sn
1Snll2

= N(0,1).
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Theorem 2.9 is sufficient to handle Model A. For Model B we need an extension
of this result, namely, Theorem formulated in and proven in Appendix [A]
Theorem allows to handle unbounded observable and is of independent interest.

Definition 2.10. We say that the observable ¢ is cohomologous to zero for the map
T if there exist an observable H € L? and ¢ € R such that

p+c=H-HoT.

3. SOME AUXILIARY RESULTS

3.1. An extension of a result of Conze-Raugi. In Appendix [A] we prove the
following extension of Theorem [2.9) Observe that the functions {f,} below can also
be unbounded

Theorem 3.1. Assume the operators { P, },>o fulfill the conditions (Dec|) and (Min))
on BV and let { f,}n>1 be a sequence of observables, such that there exists D > 0, so

that

(3.1) sup |Po(fr19)|8v < D and sup \Po(fr_19)|Bv < D,
{9€BV:|g|py <1} {9eBV:|g|v <1}

for all n > 1. Consider the sum

n—1
Su(x) = fr, where fi = fi(Gra(e /fk (Gri(z
pard

If the sequence of variances o, = ||Sy||2 is unbounded and for every e > 0 we have

) S S @0 (i) d .

n—00 0'721

then Sn = N(0,1) as n — oo.
O-TL

Remark 3.2. Let T,, = T x {n}. Note that in several results in Sections [2] and
including Theorems and we consider maps G, with domain T; and range
Ty 1. In particular f; are defined on Ty, ;. This is done to have the same notation as
in [9]. However, in applications we will deal with maps Gg 1 with domain Ty and
range Tj. This is done since it is natural to consider the walk started at the origin
rather than site 1.

3.2. Lasota-Yorke inequality. We need the following standard fact whose proofs
could be found in [9], page 105.

Lemma 3.3. (a) Let [u,v] C [c,d] C [0,1], and f be of bounded variation. Then
(3:3) [f ()] + ()] < Viea (f t)|dt.

(b) In particular

[F )]+ 1 (0)] € Vi) (f) +

)|dt.
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Lemma 3.4. Let G satisfy Hypothesis[2.5 and suppose that there is an interval W C
T such that T is smooth everywhere except, possibly, at the endpoints of W. Assume

also there is K > 0 such that sup |G'(z)] < K Then there is C = C(vy, K, K;) >0
z€T\OW
such that

(3.4) V(Paf) < ;V(f) + Clfls-

w

Proof. Recall that
Pof(x Zf ;) G (o )‘1 (Ij)<x>7

where o; is the inverse function of G on its intervals of monotonicity (1;). We can
assume that |[W| < % Otherwise, instead of W we can consider W¢. Since G has only
two discontinuity points, the partition (I;) can be chosen in such a way that there

will be at most one interval I € (I;), with || < m Indeed, we can define the
partition (I;) on W€ so that |I;| = [‘1?]/_;‘17 j=1,...,[K]+1. Since ([K]+1 <|L| < %
then G|;, will be one-to-one on each one of these intervals. If now [W| < ﬁ

then we will take W to be one of the partition intervals, otherwise we divide W into
intervals of size and a reminder interval I;, so that |I;| <
Note that

__1 L
2([K]+1) QK]+

1
V) < 3V 020 it ton) <

5 (v [(2)o] 4

j
where G(I;) = [oy, 5;]. By an inequality in [9], page 106, we have

o [(£)e] - (5)] 422 o

Summing over j we get

+ % (ajﬁj)D — T4

oja;)

. I< 2 = )
(3.6) < S +7 1f1l1

Next for all monotonicity intervals with |1;| > @[K—l]ﬂ) we use Lemma (b) obtaining

&l +] L) < 2 1100 + 11003
V) 2 [ V) ALY
7)o [l s 2 SRR [ @l

It remains to handle the shortest interval I;. Let I, be a partition element adjacent
to I; and set [ = I; U ;. Then |I| > and by (3.3), applied to I; C I = [¢,d],

we have
()

[K]+1

+‘ (é) (0:3)
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33) (1) + Ifl(r5) < [

Summing the above estimates we obtain

V(Paf) < %wf) + Ol

where the factor % is the sum of three terms of size %y coming from (3.6)), (3.7, and
(3.8) respecively. This completes the proof. O

3.3. Positivity of density. We say that the sequence of expanding maps {G,, },>1
satisfies property (C) if for every e > 0, there exists s > 1 and M > 0 such that for
every z € T, n € N and any interval I C T, with |I| > ¢, there exists y = y(n, I, z) € I
so that

Gn,nJrS(y) =2z, |DyGn,n+S| < M.
Lemma 3.5. Assume there exists K > 0, such that for every n > 1,

sup sup |G, (7) < K.

J (n)
:EEI].

If {G,} satisfy the classical covering property namely for every interval I there exist
a number s € N, such that for everyn > 1, Gy nis(L) =T then property (C) holds.

Proof. Take a partition of T into intervals {J} of lengths in [, 5]. For each .J; we
can find its own covering number s;. Note that any number s larger than s; is again a
covering number for J. Let s be the largest number in the set {s;}. Now observe that
any interval J of length larger than € contains an interval from {J;} in its interior.

Hence we will have G, ,+s(I) = T. It remains to notice that |D,Gy, 1] < K*. O

We say the map G satisfies property (C) if the sequence G, G,... satisfies this
property.

The following proposition extends several classical results for a single expanding
map (see [34]) to a sequence of expanding maps satisfying property (C).

Proposition 3.6. Let G = {G,, },>1, be a sequence of expanding maps so that for each
n > 1 there is an interval J, C T such that G,(J,) = T and sup sup |G (z)] < Ko,

n>1 xeJ,
for some finite Ky. Assume also the set of associated transfer operators {P,}n>1

satisfies property (LY|). Then
(a) If G satisfies property (C) then there exists o > 0 so that for any n > 1 and
xeT

PnPn_l"'Pll(x)ZO'.

(b) Let G € G be an expanding map which satisfies property (C). Then P also
satisfies property (Dec]).

Proof. (a) We follow the proof of [2, Proposition 2]. For a > 0, let

5a={f€BV:fZO,V(f)§a/f}.
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By Lemma 3.2 in [34], for any f € &, there exist an interval I, with |I| = 5-, so that
f(xz) >3 [ f for all z € I. Note that by the Lasota-Yorke inequality (LY]) we have

V(P Puf) < V() + Gl < (a” + C) / ;.

Hence, for a > %= we have (P,...P,)(E,) C &, for any choice of Py,...,P.. In

1_p7‘7

order also to have 1 € &,, we will actually choose a = max {1, 1?; - } By Property
(C), for e = 1/2a we can find s > 1, M < oo so that for any z € T and any n € Z
one can find ¢ € I, with G, ,45(¢) = = and | DG, | < M.

Let m > 0. We have P ,,4+s1 = PoiimesPiml. Write m = p,,r + ¢, with

0 < ¢, < r. Note that for k£ < g,, we have
P il(z) > Ky,

since all the maps G, have intervals J,, so that G, (J,,) = T and |G/, (z)| < K, for all
x € J,. As a consequence, we have Py 451 > Ky Py i1 mtsGm, With g, = Py 11.m1.
Since P, 41,1 is a concatenation of p,, blocks of r operators applied to a function in
E,, we obtain that g, belongs to &,. Then, there exists an interval I, with |I| = %,
on which g, > % This implies

Pl,m+s]-(x) > K(;qmpm+l,m+31[(x>

- 1;(y) Ky
— K qm Z
0 Z |(Dme+1,m+5)’ M

Gmt1,m+s(y)=2

completing the proof.

(b) By part (a) for a proper choice of the parameter a we have that P" (&,) C &,.
Given this inclusion the proof of can be made the same way as in [34], Section
3] or 6, §3.2] so we omit it. O

Lemma 3.7. Let {G}n>1 be a sequence of maps and intervals {W,},>1 such that
for each n > 1 G,, is continuous everywhere on T, except possibly at the endpoints
of W,. Assume also we have |G, (z)'| < K at all points x away from discontinuity
points. Then there exists o > 0 such that

(P,---Pl)(x) >0, VreTn>1,
where P, is the transfer operator for G,.

Proof. We verify the conditions of Proposition [3.6(a). First note that since v > 3
then one can find an interval J, C W, or J, C W¢ so that G,,(J,) = T and we
obviously have |D,G,| < K < co. Property follows from Lemma . To verify
property (C), in view of Lemma[3.5] it is sufficient to show that {G,},>1 satisfies the
covering property: for each I C T, there exists N = N(|I|) so that Gy n(I) = T.

If Wiy NI # (0, then the intersection with 9W; divide I into at most three com-
ponents. Let [; be the largest component. Then |I;] > |I]/3. Consider the image
G1(Iy). Then |G1(I1)| > 7|l1|, since Gy is continuous both inside and outside of
Wi. Next, we choose the largest interval I C G;([;), so that either I C Wy or
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Iy "N Wy = (). Hence, |I] > |G1(11)|/3 > Z|Ii|. Repeating this argument, we will
obtain a sequence of intervals (1,,),>1, so that

'y n
Lol > (3) 18l

Since 3 > 1, the image of I} covers the circle in time O (ln (ﬁ)) O

4. THE GROWTH OF VARIANCE.

In this section we study the behavior of the variance of 7,

- (Z [ (Grita)) = [ 71 (Gastw) dyD .

i=1
The next proposition shows that the linear growth of variance is stable under small

perturbations. Note that the observables r,, and » may be unbounded.
Recall Equation ([2.2)).

Proposition 4.1. Let G be a collection of maps satisfying Hypothesis such that
its associated set of transfer operators satisfies . Assume G € G, r € L3(T) are
such that the acim h of G is bounded away from zero and r is not cohomologous to
a constant for G. Let P be the transfer operator of G. Then for each L > 0 there
exists 0g > 0 such that the following holds. Let {G,}n,>1 C G and r, € L*(T) be such
that denoting by P, the transfer operators of G,, we have that for allmn > 1

(4.1) |Po(rn1f)lav < LIflav, |P(7f)lsv < Liflsy, [f€BV.

and
dy(P,, P) < 6o, dao(Py(rn_1-),P(r)) <do, ||r—rnll2 < do.
Then
o2 = Var(r,) > Cn,
where C' = C(dy, 7, G, L) > 0.

Proof. Define
fk =T — /Tk(G17k(l'))dl'
T

By assumption 7 is not cohomologous to zero and h(z) > ¢ > 0 for almost all z € T
and some ¢ > 0. Then by Proposition proven in the appendix there exists C' > 0
so that

(4.2) G2 > Chn,

where
G2 =n Phdr +2Y (n—k) [ 7(2)F(G*(x))dx
X fraeeaynn |

is the variance of the unperturbed system.
Similarly for the general case

(4.3) o2 :Z /T P (Gri(z)de +2 ) /T 7i(Gi(2)7 (G () da.

1<i<j<n
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We now show that for each € > 0, §p can be taken so small that for all large n > 1
|62 — 02| < en.

To this end we note that
’ \/73 (Gl,z(x)) ’l:j (Gl,j(z)) dflﬁ" = \/flpz s Pj+1 (7:]7)]1) dﬂﬁ' S
T T

< K¢ |p } 41 rﬂ? )| 17l < D61,
where in the last line we used (| and the estimate

/Tj(Gl,j)dl’
T

< LIP 1|y + 7|1 1P 1o P71 gy < LM + LM?,
which relies on the fact that || Pj41(r;)|l1 = ||rj]l1 < L. Therefore

(4.4) | Py (7P71)| gy < |Pjpa(r;P71) gy + [P gy

Z /7’z (G1,2)7(Gy ) da:) < n—i)D/Qi <D Z nd" < D'n

1,j<n;|i—j|>N N<z<n N<i<n

1—-6

In a similar way for 7, we will have

2Zn—/ (G () h(x)

Next, we take N so large that

N
< D’ng—.

(4.5) —

6" < ng
1—60 — 4’
where C'is from (4.2). We now consider the terms with |i — j| < N and show that
for arbitrary € > 0, dp can be taken so small that the following bound holds

(4.7) ‘ /T 7P P (7P da — /T 7(z) P=I1(7h)dz| < Cye,

for some Cy > 0. For this it is enough to show that for arbitrary € > 0, J; can be
taken so small that if 6 < dy then

(4.6) D'n

(4.8) |7 — 7ll2 <&,

and

(4.9) | Pi -+ Pya (75P71) — PPINFER) ||, < e
By Lemma 2.13 of [9], for any p < n we have that

(4.10) |P"1 — P"1||, < C' (pdy + (1 —6)"" ¢7).

Taking p = [ =] + 1, we see that for small

(4.11) |P"1 — P1]|, < C'\/do.

Since, P"1 —1 h, as n — oo, then for n sufficiently large ||P"1 — h||, < 2C"\/.
Thus

1
IP"1 = hll, < \/2M ||P"1 = A, < Cré
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Next, observe that
(4.12) ‘ / (re(Gip) —T(Gk))dx’ - ‘ / (P*1ry — Pklr)dx‘
T T
< ‘ /P”l('r’k —7r)+ (P"1 - P"l)rdx‘
T
< Mlfr = 7y + [P"1 = P 1farl|2 < My + [[r[lL26;
It then follows that for all n > 1 and 9, € small we will have

1 1
(4.13) 17— Folla < Mo + ||7]|2L26¢ + ||r — rlla < (M + 1) + ||F|l2L2 68,

since by assumption ||r — r,||2 < dp. Thus we obtain (4.8]).
To show(4.9)), observe that by the triangle inequality

Hpu_j+1| (fh) P Py (7P71) H Hp|i—j| (P(fh)) — P31 (P (77P71)) H

2
(14)  +||PE (P PI) = P BB (5P| =T+ I

By Lemma 2.4 of [9] we have that

do(Py ... Py P") <Y dy(Py, P).

k=1
Hence, by assumptions of the Proposition and in view of ({4.4])
li—jl
I <dy (P Py, PP [P (5P71)| < (LM + LM?) ) dy (Pr, P) < NCséo.
k=1

For II we have by Lemma and the assumptions of our proposition that

I< HP‘Z'—J'—“ (13j+1(fj79j1) - (P(fh)) ’2.

< ||PL||i7 12| Py (FPI1) — P(7h) H < Mg,

Taking dg small enough we arrive at (| . Combining (4.8)) and ( we get .
Summing (4.7)) for all |i — j| < N we get

N
Z /TzGlz 7i(Grj(x Z n—k /f )‘
w<n li—j|<N k=1
(4.15) < C'Nne + C"Ne.

Thus by (4.15)), (4.5) and (4.6) we can write
2C
o2 — 52| < n—-+ C'Nne + C"Ne.
Therefore
2 C ! " C !/ 1
0% > Cn =270 — C'Nne — C"Ne > <5—CNa>n—C Ne > Cin

if € is small enough. This finishes the proof. O
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Lemma 4.2. Let G be an expanding map satisfying Hypothesis so that for some
xg € T we have é($0) = 29 and G is continuous at a neighborhood of xy. Assume
for ¥ € L? we have ¥ = C in an open neighborhood of xo and C # fT rhdx. Assume
further that P¥ € BV. Then 7 is not cohomologous to a constant under G.

Proof. Assume 7 is a coboundary for G. Since P¥ € BV, then by Proposition
there exists g € BV, such that the equality

() - / Fa)h(z)de = g(z) — g(G(x))

holds almost surely. Let A" C T be the set of all x € A’ for which the equation above
holds for all the forward and backward images of x under G. Clearly |A'| = 1.
By assumption G(z¢) = x¢. Take 2 € A’. Then

(G (2)) — n/l‘r(iv)h(fﬂ)dw = g(x) — g(G"(x)).

NE

k=0

Observe that 7(x) = 7(x) for = sufficiently close to xy. Hence

(416)  |ni(z) — n/F(x)h(x)dx| —nlC - /f(x)h(x)dx| < 2lg]|w.

T T
By assumption C' — [[.7(z)h(z)dx # 0 Hence, for large n, ({.16)) can not take place.
This finishes the proof. 0

5. PROOF OF THE MAIN RESULTS FOR MODEL A.
5.1. Proof of Theorem [1.1(a). By assumption
T"WNW =0 forp=1,2.

Recall that T}, = T + h,,, where h,, € C?(T), ||ha|lc2 < do and |[WAW,| < &. By
(1.3)), for g sufficiently small we will have

Tn(Wn) N Wn—l = wa Tn—l(Tn(Wn)) N Wn = @
This implies that
T,.(T, (T, if
T, (x) if zeT\W,.
Hence the hitting times are

3 if xeW,,
5.2 (z) =
(5:2) a(®) {1 if foraxeT\W,.

Let 7 and G respectively be

3 if zeW, _ T(T(T(z)) if ze€W,
W [3 = [TaT@) )

1 if zeT\W,; T(x) it x¢T\W.
We denote by P, and P the transfer operators of G,, and G respectively.

To prove Theorem [1.1j(a) we will verify that the collection {P,} satisfies the con-
ditions of Theorem 2.9l
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Next, we show that the sequence { P, } satisfies it dy is sufficiently small. Note
that for the unperturbed map P follows from Proposition [3.6(b). Applying
Proposition to P, we can find a neighborhood of P, where (Dec) property is
preserved. Hence, to establish for the collection { P, },>1 for dy small, it suffices
to show that the norms d;(F,, P) are small when ¢y is small. Thus is a
consequence of the following result whose proof will be given in §5.2]

Lemma 5.1. For 0y sufficiently small there exists L > 0 such that
|Pof — Pflli < Lol f|pv, Vf € BV.

The (Minl) condition for P"1 follows from Lemma Thus, we have established
(Dec)) and (Min)) for the sequence {P,}.

Note that for Model A, 1 < fT rhdr < 3. Hence by Lemma , 7 is not coho-
mologous to a constant for G. Thus, Proposition gives the linear growth of the
variance for the sequence

-1

To(z) = Zm(Gk_l o---0Gyr)

3

k=0
if 8y sufficiently small. Now Theorem [1.1f(a) follows from Theorem [2.9] U
5.2. Proof of Lemma We recall the following fact from [9]. Let

1

5.3 a(ft) = [ s |f) - f@)ld

0 ly—z|<t
Then
(5:4) w(f,t) <2V (f).

As earlier, we need to estimate the norms
RS = PAli= [ 1P.f = Pilds
T

For z € W,, N W we have that
G(2) = To(Ty1(Tn(2))) = T(T(T(x)))) + gn(2),

where ||g,||critiow, )y < Cdo. Hence, away from a set A C T of measure O(dp)
we have ||G — G| cr+uwmay < Ldo, ¥Yn € Z. As both G and G, are continuous
everywhere away from the endpoints of the intervals W and W,,, then there is a set
B of measure O(dy) such that for each x outside of B for every preimage y;, with
G~1(z) = y1, there is a preimage yo, G, () = y close to y;. Since |G)| < K3, then

for each z there are at most [K3] + 1 many inverse branches of G,,. One can also see
that |y; — ya| < Ldg/y. We now write

fy1) f(y2)
Pg, f(z) — Paf(z) = Eo(x) + = _ :
’ ‘ y1:0;y1)::c G (91) yzé(%):x Gn(y2)

B f(y1) f(y2) f(y2) f(y2)
= Fy(z) + Z {é'wl) B é’@ﬁ] " Z {G%yl) B G;<y2>]
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Koy 6
<t ).
v g

where Ej is supported on B. In particular ||Ep||; < Cdy. Next,

(5.5) ‘ IR K (y1 — y2) 1
G () Guye) | TG WG () | G (ye) Gy
Note that we have K; < oco. By the triangle inequality

f) — fy2) / f) — fy2) / fly2) — fly2)
— — dr < — — = dr + - — dx.
/T\B G'(y1)  Gh(y2) T\B G'(y1)  G'(n) T\B G'(y1)  Gh(y2)
For the first term on the right, we have by
f(y1) f(y2) 1/
= — = dr < — ) — f(y2)|d
/]I‘\B G'(y1)  G'(y1) Y ’E\Bl (51) (52)
2 2L,
< - Sup ly1 — 2| Ve(f) < 720V1r(f)-
By
fly2) — fye) (Kl 1 )
= — dr < oL | —+—= .
fo 2t~ Gt o < 1ot (554 5
Since the measure of B is of order O(dy), we also have
[ BT = Plds < Ll el B < Lado|
B
Recall that || f|lcc < [f[s- Summarizing the estimates above, we finally obtain
|1Pof = Pfllv < L'do| flo- O

5.3. Quenched drift and variance. For k£ < m, let
e = [ [l G 040 G ()]
T

For k =m —1 we set ay, = [ 7 (G1m—12)da.
The properties of a,, are summarized below.

Lemma 5.2. There are constants C7,Cy,C3 > 0 0 < 01,605,035 < 1 such that
(a) For each k the sequence m — . is stationary and |ap, x — am| < C165.
(b) There exists the limit a = lim E(a,,) and moreover |E(a,,) —a| < Cy05".

m—r0o0
(c) Cov(an,,an,) < Csbl> ™1
(d) There exists D* > 0 such that = N(0, D?) as m — oo.

(e) For each € > 0 there exists C'(w) such that for each nyi,ny < 10N such that
Ing — ny| < N3* we have

‘/dea:—/mlda:—a(ng—nl)
T T

Remark 5.3. Note that we do not claim that D in part (d) is not equal to zero.

[ [1 Tm(2z)dz] — ma

< C(W)N3/8+E.

Proof. (a) Note that for m > k

) Afm(Gml 00 Gm_pr)dr — /Tfm(Gml o 0Gz)dw
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< /fmypm o Pyl = Ppygor ... P)|dx < C10",
T

where the last estimate is due to the exponential mixing condition (Dec)).

(b) By part (a)
(5.6) E(an) = E(am.) + O(01) = E(aro) + O(6}).
Hence, |E(a,) — E(a,,)| < €0}, for n > m > k, which shows that the sequence
{E(a,)},>1 is a Cauchy sequence. Thus, we have the limit a = lim E(a,,). Next,

= m—0o0

by letting m — oo in (5.6) we get (b).

(c) Assume n; > ny. By (b) we can write |a,, — G, 0, —ny| < C10M27™11. Hence

E[(anl - E[anl])(anQ - E[am])] = E[<an1,n1—n2 - E[am])(am - E[anz])] + Clglm—nz\

_ Cle\nlfnﬂ

where the last equality is due to that fact that a,, ,,—n, and a,, are independent
random variables and E[(a,, — E[a,,])] = 0.

(d) follows from (c), see [24, Chapter XVIII].

(e) also follows from (c) as is shown in [20]. O

We also need the following result

Var(7,
Lemma 5.4 ([30]). There is a constant o such that lim ar(7)
n—00 n
bility 1.

5.4. Proof of Theorem for Model A. Define S(n) = E(7,). This function is

monotone so we consider an inverse function

(5.7) Z(s)=max(z: S(n)<s).

Denote
0, = £/ Var(rzm)), 2, = Jnax z, b, = Z(n)

Lemma 5.5. S(n), b,, and o2 have linear growth. That is there is a constant C such
that

= o2 with proba-

1 S(n) 1 b, 182
— <2 o <o — <0
C~ n =G C'_n_C7 C_n_C

Proof. Since n < 7,, < 3n we have n < S§(n) < 3n. Therefore n/3 < b, < n.
The lower bound on 62 follows from Proposition see the proof of Theorem [L.1]
The upper bound on 62 follows from since

62 = Z Cov(rp,, Ty) < Z C0m2—ml < Cyn. O

ni,n2<n ni,n2<n

Let a be as in Lemma [5.2] and consider

(s =) =z )

By definition of 2z for every ¢ € R we have

P(zy >1t) = P(1 < n).
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Hence

uén] — E ué —E uc
P (st > by 4+ ut) = Plraouny < m) = P [ Thutoss [T[bn+ ol o 7= Bl o]
Var(7p,, +us,)] Var(7p, +us,)]

where
u=t/a.
We claim that
(5.8) lim "t
n=00 \/Var(Tp, 1 us,)]
Indeed using Lemma [5.2(e) and the linear growth on b,, (Lemma we obtain

B[ 4us)] = 7+ [au6y] + O(n") = n + [t6,] + O(n"?).

=1.

Hence the numerator of (5.8)) is asymptotic to ta,.
To analyze the denominator denote 7, , = Z r, for m < n. Then
k=m,n—1

Var(7,) = Var(7.,) + Var(timn) + Cov(Tim, Tmn) = Var(rm,) + Var(r,.,) + O(1).

By the linear growth of variance we obtain Var(r,) = Var(7,,) +O(|n—m|). It follows
that the denominator of (5.8) is /62 + O(6,,) = 7, + O(1)
Combining the estimates for the numerator and denominator we obtain (5.8)).

Combining (5.8) and Theorem [L.1] we arrive at

(5.9) nh_glo P((l/a)an > t / \/_ e~ du.

From the definition (5.7) it follows that E(7z¢,)/n — 1, as n — co. Then consider

E<m> £n), By Lemma/5.2|for almost all environments lim E T2 ) a. Hence
for almost all environments we also have
i 20 (i 20 (g, ZE0)N L
n—oo M n—o00 T(Z(n)) n—00 n a
Thus ) )
5 V n V ) Z
i 00 i YtTz@] _ Varlrzw] Z(n) o
n—oco N n—00 n n—o00 Z(’I’L) n a

Therefore (5.9)) can be rewritten as

Z* — b t 1 2
it P( n ) / P,
nsoo (1/a%/2)o\/n o \/27r€ !

Splitting

and using that
(5.10) 1<z, <z

we obtain part (a).
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(b) We write

w—na 7, —Elr,] E[r]—-na
Vi Ve ym
By part (a), the first term is asymptotically normal. By Lemma the second term
is also asymptotically normal. Moreover, those terms are asymptotically independent
since the second term depends only on the environment, while the distribution of the

first term is asymptotically independent of the environment due to part (a). Since the
: . , Tn —na
sum of two independent normal random variables is normal,

NG

is asymptotically
normal with zero mean and variance
o =o%+ D?

where o is from Theorem [1.3|(a) and D is from Lemma [5.2{(d).
Let v = 1/a. Then for z(n,t) := [nv + v*/?0+/nt| we have

zE—nv Tomp) — (N, t) /v n—x(n,t)/v
5.11 Pl —5—F—<t)=P > :
(5:11) (U?’/QU\/E ) ( o/ z(n,t) ov/z(n,t)
It follows from the above definition of x(n,t) that
lim z(n,t)1/v _

n=oo gy /x(n,t)

Hence the CLT for z;; in the annealed case follows from the discussion above. Using
(5.10) we obtain the annealed CLT for z,. 0

6. AUXILIARY RESULTS FOR MODEL B

We now turn to the proof of Theorem (b). Due to the complexity of the
dynamics the maps G, will be more complicated. In particular, the walker can make
arbitrary large number of backward steps before moving from site n to site n 4 1.
Thus for Model B the maps G,, have infinitely many branches and the first hitting
times maps 7,, are unbounded. So we can no longer apply Theorem [2.9] In the rest
of the paper we establish properties which help us to verify that the transformations
{G,} and the maps {7,},>1 satisfy the conditions of Theorem which extends
Theorem to the case of unbounded observables.

6.1. Long itineraries. For each n > 1 and t € D%Q) we consider the set of all z € T
for which the walker, starting its journey from (z,m), subsequently visits the sites
m+ s1(t),m+ sa(t),...,m+ s,(t), i.e. for all 0 < k < n we have
k
mz(F¥(m,z)) =m+ > s(t),
=0
where FY(m,x) = (m,z). We denote the set of all such x by Ay, ,,,. Observe that, for
large values of a this set is not empty for arbitrary m,t. Indeed, for large values of
a any point (z,x) will have a preimage inside any of the four intervals (z — 1, W,_4),
(z =1,W¢ ), (#+ 1,W.41) and (2 + 1,WS,). This means that at each step, by
choosing the backward image in an appropriate way, we can make the walker travel
in an arbitrary prescribed way. This proves that any trajectory is possible in Model B.
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Note that A, can be written in the following way. For n =1 A, ., = Wi,
and for n > 1

S WSo(t)+m,t1?

(6.1) Tso(t)er(x) € WS1(t)+m7t2>

Ts, st)+m © Ls, st)+m © - 0 Tn(z) € W 1 (t)tmtn-
If G,, in (1.4) is well defined for almost all x € T, then one can see that

Gm(x) = Z Z Tsn—l(t)er Odg, 1(t)+m © " © TSo(t)er(x)]lAt,nm (I)

n=1,cp®

Note that in the maps Ty, ;) and the gates Wi, (1.4,
map T and the gates W, (depending on the sign of t;,1), so due to the general nature
of our argument, we will assume that the walker starts at 0, that is m = 0, and replace
the maps T, () and the gates Wy, ()4,,, With maps Ti(z) = (ax + hi(z)) (mod 1)
and gates Wy, . respectively. Thus the index £ in Wy, . no longer represents the
position of the walker, but rather is a numbering parameter. However, we leave the
sequence {t;}7_, the same. Hence, for all n > 1 and ¢ € D? we can write

are perturbations of the

n—1

(6.2) At = ()T~ Wep),

/=0

where T?(z) = .

Since the sets (T1,0) " (Wyy,,,) consist of finitely many disjoint intervals, one can
check that the set A, satisfies the conditions of Definition . Thus the collection
Z(A;,) is well defined.

Lemma 6.1. Let {1 < {5 and let Py, and Py, be Markov partitions of 11 ¢, and T 4,
respectively (see Definition @) Then any interval from Py, can intersect at most
two intervals from Py, .

Proof. Let Py, and P,, be Markov partitions of 1} ,, and T} 4, respectively. We need
to show that any p € Py, can intersect at most two intervals from Py, . If some p € Py,
intersects more than two elements from P, there should exist an element p’ € Py, so
that p’ C p. Note that, by definition T} 4, (p) = T. However

(6.3 Tioa(p) £ T.
But since p’ C p and ¢; < o, then clearly T = T34, (p') C T14,—1(p) contradicting
(6.3)- O

The next propositions helps us to understand the long trajectories. Although it
may not be visible at first glance, the argument is close to and was inspired by the
classical growth lemma that is fundamental in the study of billiard maps.

Proposition 6.2. Let t € D and ¢ > 0 be the number of —1s in t. Then, for all
a € N sufficiently large, there ezists k = k(a) € N and 6(a) > 0 so that if 6 < 0(a)
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then there is a Markov partition Ppi1 of Th 41 so that the number of Markov partition
elements required to cover the set A, can be estimated as follows

(6.4) {PEPui1:ipNA, #0} < (k+ 1) (a—k+4)" "

Furthermore, each partition element contains at most one interval from Ay, i.e. for
any p € P,

(6.5) #{IeI(Ay): INp#0} <1,

and the following two bounds take place

(6.6) alW_y| <k <a|W_,| +2,

and

6.7) A, < (k + 1)22@_—51;1—1— 4)n=t

Proof. The Markov partition of T} (see (2.6))) will be denoted by
(6.8) P, ={F}, (>1.

To make it unique we assume that for all ¢ > 1, 0 < i < a—1 we have T,(0Pf) = {0, 1}.
The Markov partition of T will be denoted by {P;}¢,.

We now take a so large and 6(a) so small that for any £ > 1, thereis 0 < i,j < a—1
such that

PfCIntWyy P ClIntW, i,

where Int stands for the interior of the set. Let C; and C_; be the minimal subsets
of indexes {0,...,a — 1} such that for all £,k >0

(69) Wk,l C Int ( U ]3f> W]%,l C Int ( U Pf)
ieCy i€eC_q
One can check that
(6.10) #{CinNnC_ 1} <4

Note that we have equality in (6.10]) iff W_, = <Ui€c_1 R-), where P; are from the
Markov partition of 7' defined in . Therefore, if

(6.11) k(a) =k =#C_
then
(6.12) #Cy <a—(k—4).

One can also check that
_ k - 2
(6.13) W < = < |[W4|+-.
a a

We now consider the set of all z € T for which

T € U ]ail’ Ti(z) € U pi2’.,, ST (z) =Ty 1 (T 1 (-+ - (Th(2)) € U pr

1€Ct 1€Ch, 1€C,,
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where t = (t1,...,1,). Set

n—1
B, = ﬂ Tl—kl U PikH :
k=0 i€Cyy
where T} o(z) = z. By we have that A;,, C B,. Observe that for 1 <k <n—1
the collections P = {Tl_,,i(PikH) :4=20,...,a — 1} (we have k preimages and each
preimage is counted separately) constitutes a Markov partition for 7} x41. Indeed, for
any p € Py
11 k1(p) = Tir 1 (Thk(p)) = Tk+1<P¢kH> =T.

By assumption for each 0 < k < n there exists PF, Pf so that P¥ C Wj, _; and also
Pf C Wy1. This means that for ¢t = £1, Tl_’kl(Wk’t) contains an element from P in
its interior, i.e. a Markov partition element from 77 y41. We now bound the number
of partition elements from P,,_; that cover the set B,,. For this observe that B,, is the
union of all partition elements p from P,,_; for which we have that for all k =0,...,n

(6.14) Ty x(p) C PFH for some i € C, .
Note that in term of the indexes 7, this is the set of elements such that
(i1, yin: iy €Cy,0<k<n—1}.
The cardinality of this set can be bounded from above as follows
(#C) H#HC)" < ka— (k—4))""
Next, by the mean value theorem if p = [a, b] then
1= Ty(a) = Tyn(b) = (Toa)(Q)(a — ).
Thus
1= [(T1,)"(O)llpl-

Hence
1 1 1

= TGy ©) = Ta s T @) @ T BN = a=o
This implies

(k+ 1) a —k+3)"
(@ —d)"
Next note that the condition follows from (6.13)).
We now show (6.5). For this we observe that each interval I € Z(A,,) contains
a Markov partition element from P,_; in its interior. Indeed, assume the opposite.
Then there exists two intervals Iy, I € Z(A, ), so that for some p € P,,_; we have

Ilﬂp#wandfgﬂp%@

Then there exists £ < n and two disjoint intervals Ji, Jo € Z((T1,0) "' (Weu,,,)), S0
that

|At,n| S

Il C J1 and [2 C JQ.

Then clearly dist(.J;,Js) < |p|, since one of their endpoints belongs to p. Next, by
construction there should be a Markov partition element p’ € P, such that p’ is
between J; and J,. This means that p’ C p. However this is not possible, since p will
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also intersect the partition elements that are neighboring with p’. But this means
that p intersect at least 3 partition element from P, which is not possible due to

Lemma [6.1] This proves (6.5)). O

Proposition 6.3. Assume |W_y| < 1/2. Then there exists p < 1 and C > 0 such
that for every t = (t1,...,t,) € Dg), with ty + -+ - +t, <1, we have

(6.15) A < CL-

Proof. Let [ be the number of times the walker goes left during his journey. By

(k+ 1) (a—k+4)"!
(a=2o)" '

|At,n| S

Next, due to [ > ”T_l we have that
w+1ﬂa—k+®W¢<0w+U%m—k+®%
(a—d)" - (a—o)"

where we have used that k < a — k + 4 for large a, which holds since |[W_;| < |W;].
Rewrite

o

k+1D2(a—k+4)2 4k +D)V%(a — k+4)Y2\"
(a—d)m B (a—9) '
Next
1/2(, _ 1/2
lim A4k+1)"%(a—k+4)
a—00,0—0 (a — 5)

— AW (1 — W) < 1

where the last inequality is due to [W_;| < 3.

4 DV2(q — 1)1/2
Thus (6.15) holds with p = (k+1) : (a 5)k +4)
a —

Lemma 6.4. If |W_1| < 1/2, then for a € N sufficiently large and 6 = &(a) small,
the maps {Gp}nez are defined almost everywhere.

O

Proof. We need to show that
mes (x : z,(x) <0,¥n > 0) = 0.
Since the number of all trajectories of length n is equal to 2", then in view of Propo-

sition we can write

(6.16) mes (z : z,(z) <0) < Z"S—n < p".

This completes the proof. 0

6.2. Short itineraries. For t € D? and gates {Wj4,,, }7_o- Recall (6.2)). Let

n—1

(617) Ht,n = ﬂ(Tk)_l(Wtk+1)a

k=0

where T' = az (mod 1).
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Proposition 6.5. For givenn > 1 andt € D,(f), we have that

(a) #I(As,) < 4a™ "

(b) For every ¢ > 0 there exists d(a) such that if § < 6 = 6(a) for every closed
interval I in the collection Z(Hy,,) there is a unique J € I(Az,), so that [IAJT] < e.

Moreover, § can be taken so small that if 6 < & then for every x € I N J we have

_ 1 1
(6.18) Tin(z) = T"(z)| <, - = <e,
(T (@) (T™(x))
and
’AthHtJA S E.
Proof. It follows from the definition that the boundary of A;,, consists of
n—1
0Ar C | J(Tr)  (OWiayy))-
k=0
In the same way
n—1
OH,, C | J(TH) " (0W,.,,).
k=0

Note that #9(T7) " (Why,,,) < 2a*. Hence

"o
HOAn <242+ -+ 24" = 2%

for a > 2. This proofs part (a).

Obviously, for arbitrary ¢ > 0 we can take § so small that |T},(z) — T"(x)| < €
for all x € T (the second statement in is also similar). Clearly the sets
O((T1 ) (Wity,,)) and O(T*)~1(W,,,,) will be close to each other under small per-
turbations and for given k. Hence, for each I € Z(H,,) its endpoints will change a
little under small perturbations of T. Thus we obtain that for some J € Z(A;,) we
have |[IAJ| < e. Observe, that Z(A;,) may contain other intervals too, that come
into existence under small perturbations of the maps T%. However these intervals
occupy a set of small measure. Note that for any k£ > 0

Atn Sy C (Ti) ™ W) AT T (We)-
Thus for ¢ sufficiently small |A,AA| < . O

Lemma 6.6. If a is sufficiently large and 6(a) is small enough then

(o) |-l

(Tyn(2))?
where D := supsup |hy(z)| < oo.
k>1 zeT

Proof. We have

<D

Y

(T1n(2))" = T (Tyn1(2)) Ty (Tim2(2)) - - - Ti().
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Hence
Tln ZT/ Tln 1 'Tlg<T1,k—1($))(Tl,k—l(f)/)2-
We rewrite this as follows
Ty ()
() = 32 Ty 1y
=1 k( 1,k71)
Thus
// |T1
Tln |<Z _5| D’le 1()‘
Hence
L@ 5~ D [Tl g~ D 5~ D D
(Tin(e) 7| = 22 (0 =) [Tin@)] ~ 2= (a— oy = 2a(a—om a+1-3
The last sum is smaller than D if § < 1. L]

7. PROPERTIES OF TRANSFER OPERATORS

Proposition 7.1. Let a be as in Lemmal6.4, Then there is (a), such that if § < &(a),
then the collection { P, },>1 satisfies property (LY|): there exists a constant C(a,d) > 0
such that for every n > 1

@ V(Puf) < SV() + CIF

Proof. Throughout the proof, instead of the notations G,, and P,, we will use the

generic notations G and P. As earlier, for A;,, let Z(A;,) be the set defined in [2.4]
As in the proof of Lemma [3.4], V(Pf) < I+ II where I and I are given by (3.5).
Similarly to the proof of

V(f) |G ()]
(7.2) I< a_S+L”fH1 where L_ileu?? IR
By Proposition L<D.
Note that for x € Atn We have (a — 0)" < |G'(z)| < (a+ ). For large values of n
we estimate [ using (3.8)) taking I = T. Then for each interval I; € Z(A;,) we have

(&) o +\ (£)em]= 2 5>nVT< g [

2
V) +1f1) =
Hence, by Proposition

S(a—é)
>3 > (&) e

n=N 1 p® I€T(Atn

(7.3) —=-|flsv.

(a— )

+ ‘ (é) (0if5i)
#L(Arn)

P )n+1|f|Bv < ZP |flBv

—~
=~
o

N—

AN

n=N (
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We now consider the terms n < N. First, for I € Z(A,,) with |I| > 7 5)n we repeat

the argument from the proof of Lemma and d1V1de I into mtervals {J} of length

W and an interval J' with W < |J’ | < w Then, we use the estimate

with 7 > (a — §)" to obtain

; V) | Aa—d)
Gl -+ |l < 2255+ S ol

Summing over all such intervals I € Z(A;,,), for all n < N and ¢t € R? we get

DD I S Llon) < 0+ onte il

+z
nENye P Ji > —sm

(0j0)

(0j0)

(a— 5)”

Now it remains to deal with intervals with lengths || <1 . To this end we again

use the bound (7.3)). Then, in view of Proposition [6.5a )

1 4qnt
Z V(f (o) mlG(m) < meHBV-

LIS —%5

)

@om
Summing over n < N

> 2 V(“"a‘ﬂ?)mlauj)>

n<N 1:]1)<

71_
=T(a=d)"

2N+3

4 nf @ \"1
(7.6) <o 2 2(055) Wher < oz lsv

n<N

if ¢ is small enough.

Now, taking N large in (7.4)), the slope a large in (7.6 and taking (7.5)), (7.2)) into
account we obtain ([7.1]). O

Recall the definition of r, in ((1.4). Observe now that for any t € RY? and k >0
we have
(7.7) rm(x) =2k + 1, for any x € A;opi1.m-

Below P and r will stand for a generic transfer operator P, and the first hitting times
map r,, for m € Z. As earlier we will drop the index m.

Proposition 7.2. There exists &y so that if § < &y then there exists D > 0 such that
\P(f)|lsv < D|flsv,

and
|P(rf)|lsv < D|flgv, |P(*f)lpv < D|flpv, Vfe€BV.

Proof. We follow the argument of Proposition [7.1] If in (7.4)) instead of f we consider
the function rf, then using an identity V;(af) = aV;(f), valid for « € R and an
interval I, and in view of ([7.7)) we obtain

(7.8) V(P(rf)) <) Cinp"|flpv-
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Thus
V(P(rf)) < Caolflpv.
Observe also that

P d P dr = d dx.
/T| (Tf)le/T (| ) /TTIfIxSIfIBv/TTx

Thus by (6.7]

/ Z 26 +1 ’At 25+1’ < Cl Z(Qﬁ + 1)pf < Q.

teR® =0

8

Combining the above estimates we get
|P(rf)|sv = V(P(rf)) +[[P(rf)lls < DIf|sv.
The estimates for |P(r?f)|py and |P(f)|py are similar. O

Let P,r and P,7 be the transfer operator and the first hitting times map of the
perturbed and unperturbed cases respectively.

Proposition 7.3. Given ¢ > 0, do(a) can be taken so small that if 6 < do(a), then
(7.9 IP(f) = PPk <elflsv. IIP(f) = Pl <elflsy feBV

and

(7.10)  [|[P(rf) = PEAI <elflsv. IP(f) = Pf)llz <elflsv  f€BV.

For § small, we will also have
(7.11) |r — 7|l < e.
Proof. Note that if we have the first statement in ((7.9)), then by Proposition

IP(Ff) = P(rf)l < \/Hp(ff) = Pr)llllP(rf) = P(rf)lh

< \/2D|f|Bv / |P(rf) — P(rf)ldx < v/2De| |y

Hence, the second statement in ((7.9) follows from the first. In a similar way we can
show that the second statement in ([7.10|) follows from the first.
7.10

We will show the first estimate in (7.10)), as the proof of ([7.9) is similar. We have
r(y)f(y)
P(rf)() = ) =5

o, 16" W)l
For given N € N we write
1P(rf) = PrA)lly < IPApw(r)f) = P (7))l
+ 1P w0 (M) I+ 1P w00 (F) )1
By Lemma [2.7]

1P vo0) (M) )t = [T voo) (1) flln < Ly 1 ix,00) (7)1
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For the last expression we have by (6.16))
vy (P) s < C D mp".

n>N
Hence
(7.12) 11 (N.00) (F)P(rf) = Lwoe) ()YP(FS) 1 < 2C ) np"| f v
n>N

Take N so large that 2C' Z np" < e. Then it remains to study the term
n>N

I1P(1n1(r) f) = P (7))l
Recall . Foreachn e Nand t € Rg) consider the sets A;,, and H,, defined in
(6.2) and (6.17). By Proposition we have that for any I € Z(H,,) there exists

J € I(A;,) such that for any € > 0, dp can be taken so small that if § < dy, then for
allz e INJ

|G(z) — G(z)] < e.
We now consider the restrictions of transfer operators P and P onto the set I N .J.

Analogous to the proof of Lemma we can consider a pairing of the preimages of
x. On the set A of x for which there is pairing, we can write

(7.13)  (Pf(z)— Pf(z))| = 3 rfy) T rf(y2)

' '
ved y1€INJ:G(y1)=x G (yl) y2€INJ:G(y2)=x G (yz)

We have that v = (a — &) < G'(z)|a,,,. Then by Proposition [6.6]
G"(2)] < DIG'(z)| < D(a+06)" = Ki(n)

Lo
Y

and noting that |y; — ya| < , we can repeat the same computations as in Lemma

6.1l and obtain
Tf(y2)  rf(y2) (
7.14 - — dx < nl| f|lsdoL + —
(7-14) /A G'(y1)  Gp)| — [#Mlecto oo

If there is no pairing between the preimages of x, then the preimage of x lies in the
set Ay, AHy .

By Proposition (b) we have that |4, ,AH | < e, for Kk < N, if § < §y. Hence,
the measure of the points in € T which have a preimage in A; ,AH;j, with k < N,
can be estimated as follows

|G(Aip \ Hip)| < [Tir(Aek \ Her)| < (a+00)F| Ak \ Hex| < ela+ )Y

and respectively

Ki(n) 1 )

‘G(Ht,k \ At,k)‘ < ak’Ht,k \ At,k| < eal.

Since for fixed k and ¢ every z can have at most a® many preimages under Tjy,
(k < a), then we can estimate the measure of the points x for which there is no
pairing between its preimages as follows

(7.15) 3 rf@| o Nlflle

< a (a + 50)N5a
el myRD
{z:3y, such that y€A; 1 \Hy x,G(y)=x} | (y)| 1 (a 0)
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in a similar way

(7.16) 3 r @ o NSl

— a a €
/ - _ n
{x:3y, such that yGthk\At,k,G(y):x} ’G <y)‘ 1 ((1, 50)

Summing the above for all K < N, t € R,g and considering (7.12)) and ( - we

arrive at the estimate B
|1P(rf) = P(rf)llh < Celflpv.
Since € was arbitrary, (7.10]) follows.

To see ([7.11)), note that for x € I N J we have that

7(z) = 7(x) = n.

Hence
17 = 7ll2 <[00 (T)ll2 + Hl Voo (T)ll2 + 11,3 (7) = L (7) [l2
<20 ZKQ,OZ—FZQnN\”AtnAHtJ
n=1
Taking N large and dgy sufﬁaently small, we get ((7.11] - ([l
Proposition 7.4. Let
n—1
Fr = 1(Grr-1(7)) — / k(G1p-1(7))d T
T k=1

Assume that ||S,||* = 0% > Dn, for alln > 1. Then for arbitrary € > 0

(7.17) tim k=1 O e o) (Ti@)) Ao,

n—o0 0'2

Proof. We have

sup/m(Gk_l o---0G(x))dr < sup <||P1,k—11Hoo / rk(x)dx) =R < 0.
T k>1 T

k>1
Note that
2 (z) < 2(ri(z) + R?).
2
Also, if 2R < ri(x) then 72(x) > (ri(z) — R)* > rkix) Since o,, tends to infinity as

n — oo, then

/T T(2) Leg 00) (Fi () )d < 2 /T (ri(x) + RQ>1[4m,m)(T§(I))dI
<2 ) ) (K4 R Al

k=[2veon] 1 p(?
For large k we can write k2 + R? < 2k%. Then

2 Y D (AR Aul<C ) KN

k=[2y/En] ;e g k=[v/2zon]
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Since 02 > Dn, the sum in the numerator of ((7.17) tends to 0 uniformly in % as
n — oo. This finishes the proof of proposition. 0

Lemma 7.5. (a) The maps {G,}nez for Model B satisfy property (C) from §5.5
(b) for each n € Z there is an interval J, C T such that G,(J,) = T and
sup sup |G, (z)| < Ky, for some finite K.

n>1 xeJ,
(¢) There exists o > 0 such that
(7.18) P,...P1(z) > o,

for any x € T, and all n > 1.

Proof. First note that by the choice of slope a > 1 for every n > 1 we have that the
the gate W, contains a Markov partition element of T),. Since Gy|w,, = Thlw, .,
we obtain part (b) choosing J,, = W, ;.

Since part (c) follows from parts (a) and (b) due to Proposition [3.6(a), it only
remains to prove property (C).

We first show that there is k = k(|/]), so that

(7.19) mr(F*(1,0)) = T.

The idea of the proof of this fact is analogous to Lemma [3.7] and is based on
complexity estimates. Without loss of generality we can assume that n = 1 and
that I € Wiy or I € W;_;. We now construct a sequence of intervals {I,},>1
and positions {z,}n>1, 2, € Z n > 1, such that [, ¢ W, ; or I, C W,, ;1 and
m2F (2n, In) = Zpy1. m0F (2, 1,) is divided by the singularity points OW., ., into
continuity components and [,y is chosen to be the largest component. Similar to

Lemma we have that
(a —d0)| 1|
—

Hence, if (a — dp) > 3 then the lengths of |I,,| will grow exponentially fast. Hence, for
some n, the interval w1 F(z,, I,,) will cover two singularity points at once, i.e. we will
have

(7.20) [ Tnsa] =

W,

Zn+41,

1 C mrF (2, I,) or W,

Znt1,—1 C WTF(Zn, ]n)

This means that 7 F(z,, I,) will contain a gate partition in its interior. Note also
that n < C'In(1/|I]). If now as I,,;1 we chose the corresponding gate interval and
take into account that each gate contains a Markov partition element of 7. in its
interior, it will follow that mrF(z,41, [+1) = T, implying .

Observe now that from this time onward, we can choose the interval I,,,; to be the
forward gate of 2,44, i.e. Iy = W, ,, . But then z, = 2,41 + k, for £ > 2 and
71 F (Znak, Insk) = T. Hence, there will be a time ¢ and a position m > 1 which will
be visited by the walker for the first time and to reach there the walker will have to

make no more then C’1In(1/|1|) steps. We will then have 7rF*(1,1) = T and
(7.21) Gim(I) =T.

This proves the claim. Clearly m < C'In(1/|I|). Observe that by taking m large we
can also make the time m in ([7.21]) uniform for all intervals I with the given length.
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It also follows from our discussion that for every x € T there exists y € I such that
G1m(y) = 2 and

G'(y)] < (a+06)°,
where s < C"In(1/]I]). This finishes the proof of property (C). O

Proposition 7.6. The transfer operator P of G satisfies property (Dec)).
Proof. This follows from Proposition (3.6])(b), Lemma and Proposition[7.]] O
Proposition 7.7. The variance of 1, grows linearly.

Proof. According to the discussion at the beginning of Lemma [7.5] there exists zo,
such that G(zo) = z¢ and 7(z9) = 1. Then [ 7hdx > [ hdx = 1 = 7(zy). By
Proposition P7 € BV. Thus, by Lemma 7 is not cohomologous to zero and
Proposition 4.1] gives the result. U

8. PROOF OF THE MAIN RESULTS FOR MODEL B.

8.1. Proof of Theorem [1.1|(b). We will check the conditions of Theorem for
the sequence {G,,}°° ;. Recall that
-1
To(x) = Zrk(Gk_l o---0Gyx).

k=0
By Proposition , both P and P,, n > 1 satisfy for all ¢ sufficiently small
and a large. By Proposition , P, and P are close in d; norm, when § is small.
By Proposition , P satisfies @. Hence, by Proposition , (Dec)) holds in
a d; neighborhood of P. Thus, we will have for the collection {P,},cz for
sufficiently small 4. for P"1 follows from Lemma Next, follows from
Proposition . By Proposition the variance of 7,, grows linearly. Finally, (3.2])
follows from Proposition [7.4 Now Theorem [L.1|(b) follows from Theorem [3.1] 0J

8.2. Backtracking.

3

Lemma 8.1. (a) Denote z;, = Jnax zj. Then for Model B we have lim n " n 0,

n—00 \/ﬁ

almost surely.
(b) There are constants C' > 0,60 < 1 such that

Pr(z.y visits n — k after reaching n) < CcoF
where Pr denotes the Lebesgue measure.

Proof. (a) Without the loss of generality we can assume z; = 0. By Borel-Cantelli
Lemma it suffices to show that for each £ > 0

gPr (x : Z"(x)*\/_ﬁzn(x) > t) < 0.

Let £,(x) = min{k : 0 < k < n, zx(x) = z*(2)}. One can see that if 2} — 2z, > t\/n
then ¢, (x) < n — ty/n. Hence

[n—ty/n]+1
(8.1)  Pr(zp— 2z >tv/n) <Pr(ly(x) <n—tyn+1)= > Pr(lu(z) =k).

k=1
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Next consider the sets
B = A{x : zp(x) < mlzg = m}.

This is the set of points, for which the walker starting its walk at zyp = m will be
located to the left of m after k steps. By (/6.16]) we have that for every m € Z,k > 1

|Bm,k| S Cpka
for some p < 1. Next, note that

Pr(la(o) = 1) < 3 [ o, 1(Gevo0 Gola)s

k
= Z / XByno(@)Ps1 ... Poyldz < Mksup |B; 1| < CMkp™*
s=1 T

s<k
where M is from ([2.3). Hence, by (8.1)) and due to k < n — ty/n + 1, we can write
Pr(z — 2, > ty/n) < nCMnp" 1,
To finish the proof of part (a) it is enough to notice that

ZPI (Z:L — Zp > t\/ﬁ) < ]\4C’anpt\/ﬁ_1 < 00.

n>1 n>1
Part (b) also follows from ([6.16)) and the fact that upon first time reaching level n
the internal state of the walker is distributed with the bounded density P"1. ([l

8.3. Proof of Theorem for Model B. Given the results of §§8.1H3.2) the proof
of Theorem for Model B is similar to the proof for Model A and requires only
minor modifications which we presently describe.

(1) (5.10) no longer holds, however Lemma [8.1|(a) is sufficient for replacing z; by
z, in our limit theorems.

(2) The proof of Lemma [5.2fc) needs to be modified since @, 5, —n, and a,, are no
longer independent. However, one can replace a,, ; by

i = [ 1n(Gny o0 G- ap ()
T

where @g are obtained by motion in the environment where W,,_;, = T. In other
words, upon reaching level m — k the particle makes the next step to the right with
probability 1. Then a,, ,,—n, and a,, are independent. On the other hand

A — am,k - [am - am,k/Q] + [am,k/Q - am,k]
The first term is exponentially small due to (Dec]), while the second term equals to

/T [P (G100 G2 () = P (Gn1 © -+ © G ja())]daz

and it is exponentially small since the integrand is non-zero only if the walker starting
from level m — k/2 backtracks to level m — k which happens with exponentially small
probability due to ((6.16]).
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(3) It is no longer true that 7,, < 3n so the proof of Lemmal5.5|needs to be modified.

As before the estimate for b,, follows from the estimate for S(n). The lower bound
on S(n) still holds because 7,, > n. The upper bound follows from the uniform
integrability of 7, which is ensured by (6.16]).

The lower bound on 62 follows from Proposition while the upper bound follows
from . Namely, while it is no longer true for Model B that r,, € BV the fact
that P,,r,, is uniformly bounded in BV suffices to get the exponentially decay of

Cov(rp,,Tn,). Indeed denoting 7y (x) = ri(x) — / k(G100 Goy)dy we get that
T
for ny > no

/ Tny (Gpy—1 0+ 0 Gox)Fpy (Gy1 0 -+ - 0 Gox)dx
T

_ /mem_l P, (FP™1) da
T

which is exponentially small since P,, (7,,,P"21) € BVj.
With the changes (1)—(3) discussed above the proof of Theorem for Model B
proceeds by the same arguments as for Model A.

APPENDIX A. SEQUENTIAL CLT FOR UNBOUNDED OBSERVABLES.
Proof of Theorem[3.1] Note that in general fu ¢ BV, but by and
| Pi( fr-1P* 1) gy < D|P* 1|y < MD.
Hence, by
|PuPor ... Pos ( fn,k,m"*kﬁ) v < KO MD.

Thus, we can consider the martingale co-boundary decomposition defined in [9]

(A.1)

H, — % [Pn ( fn,m”ﬂ) Y PP, ( fn,27>”*21> Yt PPy ... P ( f0p01)]
and set
(A2) Un = fo+Hy —Hyp1 0 G
Up = 0p(Gro...0Gy).
Clearly

H, |z < KMD ng

o -
J=1

where ¢ is from (Min). Since P"1 € BV, and by (Min) we also have =5 € BV,
then H,, € BV, for all n > 1. Moreover

sup |H,|py < 0.
n

Next note that
|Pn (¢n—lpn_11) |BV S |Pn (fnpn_ll) |BV+|Pn ((Hn - Hn+1 o Gn—i—l) 7Dn_ll)|BV < 00.
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It then follows that
(A.3) sgll) | P, (wn_lp”‘ll) |y < o0, Sli]f | P, (1#37173”_11) |y < oc.

It is shown in [9], that U, is a sequence of reversed martingale and one has

ST G = UG + HL ()

(;; / U,f(x)dx) ’

< IS, — ZUng < sup|Hn|Bv < 00.
k=0

We recall the following estimate from [9]

n—1
(A.4) [ISall = 1Y Uil
k=0

Thus, o, is unbounded if and only if Z / U?(x)dz is. The last expression is mono-

tone. Hence, if 0,, is unbounded, then 1t has to tend to infinity as n — oo.

We now deﬁne
n—1 n—1
Tn = Z/Ulgdﬂ% Vi = Z/ [Ug,flkﬂ] dx
k=0 k=0

Following [9], Theorem 5.1, we need to check the following two conditions of Theorem
5.8 of [9], which is an extension of a result of B.M. Brown [3]

n—1
(i) for every € > 0, nl_l)rfooa Z/ (U1 e0ny] = 0.
k=0

(ii) the sequence (,,*Vp),5 cor?verges to 1 in probability.

For (i) we have from [9], page 115 and the estimate ||P"1||,, < M, that for all
n>1

[ Ut = [ TG o (RG]
- / [0 (VR @)VP"1] < M [ [0 o 1 0)]

By (A.2), ) < 2(fE(x))? + 8sup |Hy |2 . Hence, if £5,, < ¢?(x), then for n large
E0,
3 = < (fi(x)).

Take n so large that 4 sup |Hy|%, < £ Then
k>1 8
M [ [0y (0] o < 201 [ [ (72G0) + 4500 (B e ()

<M [ [0 ey (0]
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Hence (i) follows from (3.2]).
As for (ii) we have by [9], page 115

/ [UI?|AI¢+1} = (M) o(Gpo--0Gks)

Ph+1]
By (Minl) and (A.3) we have that
(Pk+1 (¢§Pk1)>

sup
k

< OQ.
BV

Pk—i—ll

Given these estimates, the rest of the proof of (ii) is the same as in the proof of [0,
Theorem 5.1]. O

To verify the growth of the variance assumption in Theorem the following fact
will be helpful.

Proposition A.1. Let G be such that P satisfies (Dec)) and for its acim we almost
surely have that h(x) > ¢ > 0. Assume that PT € BV. Let

H= %ipn (h <r—/¢hd:c>) ,
Then H € BV. Moreover if
(A.5) P :—T—/Thd:L‘—i—H—HoG,
does not vanish almost surely then T
62 = Var [zn:TOGk] > Cn
k=1

for some C' > 0.

Proof. Consider the coboundary decomposition from the proof of Theorem We

take P, = P and f, = 7 for all n > 1. Then
Hp = 5 [P(FP70) 4 P2 (7P 20) 4 oo PP (7PL)]

and respectively
wn =T+ Hn,P - Hn,P oG.

We now show that

(AG) Hn,P — .2 H
as n — co. For this note that [.h (T -/ Thd:)s) dz = 0. Hence

= (h (T - /rhdx)) v < K0P (h (T - /Thd@“)) "

Thus the general term in (A.6]) decays exponentially fast. For small values of n the
convergence follows from the fact P*"1 —;2 h, as n — oo, and the continuity of P in
L? metric. We also have that zr —>z2 +. Thus, (A.5) follows.



38

DMITRY DOLGOPYAT AND DAVIT KARAGULYAN

Now assume that [[1)||2 > 0. Then by (A.4])

1
G — <n/w2hdx) ’ < [H|py < o
T

n—1 %
G — Z/TU,f(x)da: ‘:
k=0

completing the proof of the proposition. O
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