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The Shapiro—Rudin polynomials are well traveled, and their relation to Golay
complementary pairs is well known. Because of the importance of Golay pairs
in recent applications, we spell out, in some detail, properties of Shapiro—Rudin
polynomials and Golay complementary pairs. However, the theme of this paper
is an apparently new elementary geometric observation concerning cusp-like be-
havior of certain Shapiro—Rudin polynomials.

1. Introduction

We begin by defining Shapiro—Rudin polynomials [Shapiro 1951; Rudin 1959]
(see also [Tseng and Liu 1972]). N, Z, R, and C are the sets of natural numbers,
integers, real numbers, and complex numbers, respectively.

Definition 1.1. The Shapiro—Rudin polynomials, P,, Q,,n =0,1,2, ..., are de-
fined recursively as follows. For r € R/Z, we set Py(t) = Qo(t) =1 and

Pup1 (1) = Pu() + ¥ 27 0,(1),  Qui1(t) = Pu(t) — ¥ 0,(1).  (1-1)

The number of terms in the n-th polynomial, P, or Q,, is 2". Thus, the sequence
of coefficients of each polynomial, P, or Q,, is a sequence of length 2" consisting
of £1s.

Definition 1.2. For any sequence z = {zk}z;(l) CCandforanyme{0,1,...,n—1},
the m-th aperiodic autocorrelation coefficient, A,(m), is defined as
n—1—m
Am)= D ziZmis. (1-2)
j=0

We now define a Golay complementary pair of sequences. The concept was
introduced by Golay [1951; 1961; 1962], but a significant precursor is found in
[Golay 1949].
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Definition 1.3. Two sequences, p = {pk}z;(l) CCandg= {qk}z;(l) CC, are a Golay
complementary pair if A,(0)+ A,(0) # 0 and

Ap(m)+Ay(m)=0 forallm=1,2,... .n—1. (1-3)

It is well known that the Shapiro—Rudin coefficients are Golay pairs; see Propo-
sition 2.1. Further, Welti codes [1960] are intimately related to Golay pairs and
Shapiro—Rudin polynomials. In Section 3, we begin with a useful formula for
the Shapiro—Rudin polynomials, then record MATLAB code for their evaluation.
Page 457 is devoted to graphs of Shapiro—Rudin polynomials; these graphs served
as the basis for our geometrical observations about cusps, quantified in Section 4.
In fact, in Theorem 4.8, we shall prove that the graph or trajectory of P, in C, as a
function of ¢ € R, has a quadratic cusp at t =2z j, j € Z. Clearly, P,, is 1-periodic
and infinitely differentiable as a function of ¢ € R.

Remark 1.4. (a) Shapiro—Rudin polynomials have the Pythagorean and quadrature
mirror filter (QMF or CMF) property:

1P, ()12 +0n(t)> =2"" foralln>0andr eR

(see [Vaidyanathan 1993; Daubechies 1992; Mallat 1998]), as well as the sup-norm
bound or “flatness” property,

1P llcwszy <272 and || Qnllcwzy <20TV/2, (1-4)

where || f|lc@®/z) = sup,er | f ()1, for continuous and 1-periodic functions f: R —
C. Note that the L?(R/Z) norms of the Shapiro—Rudin polynomials are

1 172
1Pz = ([ 1PaOPar) " =27 and 1 Qulpagyz =2
0

The sup-norm estimates have deep analytic implications in bounding the pseu-
domeasure norms of important measures arising in the study of restriction algebras
of the Fourier algebra of absolutely convergent Fourier series (see, for example,
[Kahane 1970]). Benke’s analysis and generalization of Shapiro—Rudin polyno-
mials [Benke 1994] provide an understanding of the importance of unitarity in
obtaining the low sup-norm bound in (1-4) vis a vis the exponential growth, 2", of
P, and Q,,. This issue is central in the Littlewood flatness problem and associated
applications dealing with crest factors, || fllcw/z) /|| fll2w/z) (see, for example,
[Benedetto 1997, page 238]).

(b) In classical Fourier series, Shapiro—Rudin polynomials can be used to construct
continuous and 1-periodic functions f : R — C which are of Lipschitz order 1/2,
but which do not have an absolutely convergent Fourier series [Katznelson 1976,
pages 33-34].
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(c) There is a large literature, several research areas, and a plethora of fiendish unre-
solved problems associated with Shapiro—Rudin polynomials, Golay complemen-
tary pairs, and Welti codes. For a sampling of the literature, besides [Benke 1994],
we mention [Brillhart and Carlitz 1970; Brillhart 1973; Saffari 1986; 1987; Eliahou
et al. 1990; 1991; Brillhart and Morton 1996; Saffari 2001; Jedwab 2005; Jedwab
and Yoshida 2006]. This is truly the tip of the iceberg, even for the one-dimensional
case, and the references in these articles give a hint of the breadth of the area.

(d) Besides applications to coding theory and to antenna theory, reflected by the
analysis of crest factors mentioned above, Golay complementary pairs are now
being used in radar waveform design [Levanon and Mozeson 2004; Howard et al.
2006; Searle and Howard 2007; Pezeshki et al. 2008], perhaps inspired by [Liike
1985; Budisin 1990], and certainly going back to [Welti 1960].

2. Shapiro-Rudin polynomials and Golay complementary pairs

Let P,, = {P (k)}2 ~! denote the sequence of 1 coefficients of P,, and let Qn =
{Qn (k)},% ~! denote the sequence of 1 coefficients of Q,. Note that k = 0 corre-
sponds to the first coefficient, k = 1 to the second, and so on.

As a result of the recursive construction of the Shapiro—Rudin polynomials, the
coefficients of the (n+1)-st polynomials can be given in terms of the coefficients
of the n-th polynomials:

(B (O = [P 10, (01!
10un1 (0" = (1B 0¥, {Qn(k)}i s

For example, we have

{P1()Yzo = {{Po}, {Q0}} = {1, 1}
{010Y_o = {{Po}), —100}} = {1, -1},

(B} _g = {{P1(OY_o, {01 (O}_o} = {1, 1,1, —1},

{020} _o = {{P1(K)}i—g. —{O1 (Ol ) = {1, 1, =1, 1},

(P3()H_o = {{P2()}i_. {020} = {1, 1, 1, =1, 1, 1, —1, 1},
{030} = {{P2()}}_g, —{Q2(R)}}_p} = {1, 1,1, =1, =1, =1, 1, —1}.

This recursive method of constructing sequences is the append rule [Benke 1994].
The following result is well known.

2-1)

Proposntlon 2.1. For each n € N, the sequences Pn = {P (k)}2 1 and Qn =
{On (k)} k:O are a Golay complementary pair, i.e., Ap 0)+ Ap, (0) =2"*t! and

Aﬁn(m)+AQ"(m):0 forallm=1,2,---,2"—1. (2-2)
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Proof. Since {ﬁ,, (k)}i:ol, {Qn (k)}i:ol C R, complex conjugation is ignored in the
summands A s (m) and A O, (m).
Let n e N. If m =0, then

211 2"—1
Ap ) +Ap 0)=D" Pa(NBa()+ D 0u(i)0ui)
j=0 Jj=0
21 2"—1

=D (B’ + 0u(j)?) = D 2=2"1"
j=0 j=0

For m # 0, we shall use induction. Two separate cases arise when proving the
inductive step. In the first case, we consider m such that 1 <m < 2" — 1, and, in
the second case, we consider m such that 2" < m < 2"t! — 1. In both cases, we
shall use the fact that, for any n € N, ﬁn(j) = Qn(j) for j =0,1,...,2" 1 -1
and P,(j) = —0,(j) for j=2""1, ... 2" —1.

For n = 1, the only nonzero value m takes is m = 1. Consequently,

0 0
Ap (D44, (1) =D PIOP(1)+ D 01(0)01(1) =1+ (=1) =0.

j=0 Jj=0

We now assume that (2-2) is true for some n € N and for each m such that
1 <m <2" —1, and we consider the n + 1 case.
Casel. If 1 <m <2"—1, then

20 —1—m

Ap (m)+A,  (m)= _zo (Pus1 () Pas1 (m+ ) + Qg1 () Q1 (m+)
=

2"—1-m n ~ A
= Zo (Pn+1(j)Pn+1(m+j)+Qn+1(j)Qn+1(m+j))
J:
P B . . R
+ ; (Pn+1(j)Pn+1(m+j) + Qn+1(j)Qn+1(m+j))
J=2"—m
2l —m . A ~
4 22 (Pn+1(j)Pn+1(m+j) + Qn+1(j)Qn+1(m+j))
j: n

2"—1-m . R R
= ZO (P () Pu(mtj) + Py (j) Pa(m+))
J:

L T R . R
+ 22, (Qn-H () Poy1(m+j) + Qny (j)(—Pn+1(m+j)))
J=2"—m

2 —1—m

+ 22 (ﬁn+1(j)ﬁn+1(m+j)+(_ﬁn-i-l(j))(_ﬁn-i-l(m"i_j)))
j=on
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2"—1—m 2"—1—m

= > 2(B()Bum+))+0+ Y 2(0n(j)0ulm+)))

j=0 j=0
2"—1-m n ~ ~
=2 3 (P() Pl ))+ 0u(j) Qu(m+)))
=

= 2(A13n (m) + AQn (m)) .
Since 2(A », (m)+ Ap, (m)) =0 for all m such that 1 <m <2" —1 by the inductive

hypothesis, we have that Aﬁm (m) + AQn+1 (m) = 0 for all m such that 1 <m <
2" —1.

Case 2. 12" <m <2"t! — 1, then

AﬁnJrl (m) + AQnJrl (m)

2n+1717m

= ZO (ﬁn-‘rl(j)ﬁn-‘rl(m‘f’j)‘f‘Qn+](j)Qn+](m-|—j))
j=
2+ 1om

= ;) (Pt () Pt (m47) + (Pt () (= Bas1 (m+j))) = 0.
p=

This gives Aﬁn+1 (m)+ AQm (m) =0 for all m such that 2" <m <2"*! —1, which

completes the inductive step, as well as the proof of the proposition. |
Remark 2.2. This proof remains valid if we begin with any complementary pair
of sequences, {ap( j)}];;(l) and {bo( j)}’;;(l), of length k, and we use the append
rule to construct a family, %, of pairs of sequences of length k2", viz., & =
({an(j)}]jfzzno_1 , {by, (j)}];ino_l> for each n € N. By changing 2" to k2" and 2+ o
k2" in the proof of Proposition 2.1 we find that each equilength pair of sequences
in ¥ is a Golay complementary pair. Thus, to show the existence of a Golay pair
of sequences each of length & is to show the existence of Golay pairs of sequences
of length k2" for each n € N.

We have proved that the coefficients of Shapiro—Rudin polynomials form Golay
complementary pairs. There are many examples of pairs of sequences that are
Golay complementary pairs and are not necessarily the coefficients of Shapiro—
Rudin polynomials.

Example 2.3. Let p = {2, 3} and ¢ = {1, —6}. Then
Ap(0)+ A, (0) =27 +32+ 17+ (—6)* =50 #0

and A,(1) + A,;(1) =2-3+1-(~6) = 0. Therefore, p and g form a Golay
complementary pair, but the corresponding polynomials P and Q are not Shapiro—
Rudin polynomials.
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Example 2.4. Let a, b, ¢, d € R, and let at least one of a, b, ¢, d be nonzero. Let
ab+cd =0, and let p ={a, b, c,d} and g = {a, b, —c, —d}. Then

Ap,(0)+A,(0) = 2> +b*+c2+d*) #0 since one of a, b, ¢, d is nonzero,
A,(1)+A,(1) = (ab+bc+cd) + (ab — bc + cd) =2(ab+cd) =0,
Ap(2)+A,(2) = (ac+bd) + (—ac—bd) =0,

A,(3)+A,(3) = (ad + (—ad)) =0.

Thus, p and ¢ form a Golay complementary pair. By lettinga =b =c =1 and
d = —1, we obtain the special case where p = {132} and g = {QZ}. Letting a be
any nonzero real number and b = ¢ = —d = a, we can generate Golay pairs that
are not the coefficients of P> or Q5.

Example 2.5. Using the append rule (2-1) and Remark 2.2, we can readily con-
struct a nonbinary Golay complementary pair of sequences of length 2" for any
n € N. Starting with p = {2,3} and ¢ = {1, —6} from Example 2.3, we obtain
p=1{2,3,1,—6} and g = {2, 3, —1, 6} after one application of the append rule.
By Example 2.4, p and g are a Golay complementary pair. After two applications
of the append rule, we obtain

5={2a3: 1,_6523 37_1a6} and ét:{z: 3,1a _65 _25 _3: 1,_6}

By Remark 2.2, 5 and c? are a Golay complementary pair. Repeated application of
the append rule will continue to produce nonbinary Golay complementary pairs of
length 2" for any n € N.

Example 2.6. It is known that binary Golay complementary pairs of sequences
of length 2910°26¢ exist for any nonnegative integers a, b, and ¢ [Turyn 1974].
Earlier, Golay gave examples of Golay complementary sequences of length 10 and
26 [Golay 1961; 1962]. The operation used when calculating the aperiodic auto-
correlation coefficients is parity of elements of the sequences (41 if two elements
match, and —1 if they do not). Golay’s examples are p=1{1,0,0,1,0, 1,0, 0,0, 1},
q=1{1,0,0,0,0,0,0, 1, 1, 0} for length 10 sequences, and

p = {]‘9 1’ 1509 07 15 17 1709 1’07 070, 07 09 1,07 ]" 1’07 09 1’05 09O’ 0}7
¢=1{0,0,0,1,1,0,0,0,1,0,1,1,0,1,0,1,0,1,1,0,0, 1,0,0,0, 0}
for length 26 sequences. Using the parity operation on these sequences, as Golay
did, is equivalent to replacing the zeros in each sequence with (—1)s and using

multiplication in the definition of the aperiodic autocorrelation coefficients, as in
Definition 1.2.
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3. A formula for Shapiro-Rudin coefficients,
and some useful MATLAB code

Coefficient formula. Given an n € N and k such that 0 < k < 2" — 1, the k-th
coefficient of P, is given in [Brillhart and Carlitz 1970] and [Benke 1994] by
the formula P, (k) = (=1)B®®) where w is the j x 1 column vector containing
coefficients of the binary expansion of k, and B is the j x j shift operator matrix
given by By, , = Om n+1. The expression (Bw, o) is interpreted as the number of
occurrences of two consecutive 1s in @w. Note that k = 0 corresponds to the first
coefficient, k = 1 corresponds to the second coefficient, and so on.

MATLAB codes for Shapiro—Rudin coefficients. The following programs were
coded using MATLAB v.7.0. The first program, shapcoef .m, is a function used
in the second program, shapvector.m.

shapcoef.m

function matches=shapcoef (n);
binary=dec2bin(n) ;
binaryShifted=binary;
binaryShifted(1)=’0";
for c=2:length(binary);

binaryShifted(c)=binary(c-1);
end;
binary;
binaryShifted;
matches=0;
for c=1:length(binary);
if binary(c)==binaryShifted(c) && binary(c)==’1";
matches=matches+1;
end;
end;

shapvector.m

function shapvector(a,b);
for t=a:b;

coeff (t+1)=(-1) “shapcoef (t);
end;
B = nonzeros(coeff);
transpose(B)

One should use the program shapvector by choosing two integers a and b such
that 0 < a < b, and typing shapvector(a,b) into the MATLAB editor window.
The program will return the a-th through b-th coefficients of P, for sufficiently
large values of n.
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Example 3.1. To compute the coefficients of some P,, one should use the input
shapvector (0, (27n)-1). For example, the output for n = 3 is

1 1 1 -1 1 1 -1 1

Example 3.2. Suppose we want the coefficients of Q3. By the append rule (2-1),
they coincide with coefficients 8 through 15 of P4, so we type shapvector (8,15).
The output is

1 1 1 -1 -1 -1 1 -1

Example 3.3. To find the hundredth coefficient of P,, where 2" > 100, we type
shapvector (100,100). The output is —1.

The program above can be used to construct symbolic Shapiro—Rudin polyno-
mials in MATLAB. One would simply use a for-loop with k =0,1,2,...,2"—1
to construct a symbolic vector V whose k-th entry is e2"¥’, then use the program
to compute the vectors Cp of coefficients of P,, and Cy of coefficients of Q. The
dot products (Cp, V) and (Cgp, V) are P, and Q,, respectively.

Parametric images. The parametric image of both P; and Q; is a circle of unit
radius centered at (1, 0). For the next three values of n, we illustrate on the next
page the parametric images of P, and Q,, with the usual convention: a complex
number z is represented by (Rez, Imz). Note the complexity of some of these
graphs.

4. Geometric descriptions of the curves (Re P,, Im P,) and (Re @,,,Im Q)

In Theorem 4.8, we shall show that, for any n € N, P,, givesriseto acusp att =0
while Py, 41 and Q, do not give rise to cusps at t = 0. In fact, we shall prove that
the cusp of P, : R/Z — C occurs at the point (2", 0) € C, and that it is a so-called
quadratic cusp.

We begin by reinforcing our intuitive notion of a cusp with the following defi-
nition [Rutter 2000].

Definition 4.1. A parametrized curve y : R — R?, defined by y (¢) = (u(z), v (1)),
has a nonregular point at t = t¢ if

du
dt

_dv

= — =0.
=ty dt

1=ty

Otherwise, fy is a regular point. A nonregular point #y gives rise to a quadratic
cusp for y if
d*v

(dzu
l=lo, dtz

dr?

t:m) £(0,0).
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Parametrization of (ReP,, ImP,) for t[J [0,1]

15

-2

Parametrization of (ReQ,, ImQ,) for t 0 [0,1]

457

Parametrization of (ReP3, ImP3) fortO [0,1]

-2,

L L L L L T L
25 ) 15 EY 05 o 05 1 15

Parametrization of (ReQa, ImQ3) fortO [0,1]

2
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A nonregular point #y gives rise to an ordinary cusp if it gives rise to a quadratic
(dzu d*v d*v

cusp, and
) (5 )
dt? li=ry" dt? l1=1 dt3 li=ry" dt3 l1=1

are linearly independent points of the real vector space R?, that is, they are not
parallel vectors in R

Example 4.2. Let P(z) = z> — 2z on C. Then, P’ has a zero of multiplicity 1
at zo = 1. In the notation of Definition 4.1, we consider y : R — R2, where
y(t) = P(*""),t € R, and so

u(t) =cos(dnt) —2cos(2zrt) and o(t) =sin(dnt) —2sin(2xt).

We compute that y has a nonregular point at #yp = 0, and, in fact, fo = 0 gives rise
to a quadratic cusp.

Further, if Q : C — C is any polynomial with complex coefficients, then ¢ = £,
gives rise to a quadratic cusp for y, where y (t) = Q(e**"), if and only if Q’
vanishes at 2"/ with odd multiplicity. The angle at the cusp point zg = "/
naturally depends on the order of the multiplicity. This assertion of odd order of
multiplicity to characterize a cusp is not restricted to polynomials, but is valid for
any complex valued analytic function.

Remark 4.3. To show that P, gives rise to a quadratic cusp at t = 0, we must
first show the existence of a nonregular point at = 0, and to show that P,, has a
nonregular point at t = 0, we must show

% Re Py, o % Im Py, o 0. 4-1)
To show that P»,4; and Q, have regular points at ¢t = 0, we shall verify that
4 Re Poss ‘ 20 o Limpoy, ) £0 (4-2)
dt =0 dt 1=0
and
iRe On #0 or iIm O, #0, (4-3)
dt =0 dt =0

respectively. Clearly, (4-1) is equivalent to showing (d P, /dt)|,—o =0, while (4-2)
is equivalent to showing (d Py,+1/dt)|;=0 # 0 and (4-3) is equivalent to showing
(dQ,/dt)|;=0 # 0. These calculations are contained in the proof of Theorem 4.8.

Example 4.4. We calculate the derivatives of P, and Q,,. By writing the coeffi-
cients of P, and Q,, as {P, (/’c)}i”:_o1 and {Q, (k)},%n:f)], we have

2"—1 2"—1

Pn(l) — z ﬁn(k)e27tikl‘ and Qn(t) — Z Qn(k)u?z”ikt.
k=0 k=0
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Consequently,
2"—1 2"—1
dP,(t d A . R .
;( ) — d_ z Pn(k)elmkt =2ri 2 kPn(k)EZMkt,
! ! k=0 k=0
2"—1 2"—1
dgo,(t d A . N .
ant( ) — E E Qn(k)e277.'lkt — 27[1 § an(k)e27[lkt.
k=0 k=0

The following well-known formulas for the sums of coefficients of Shapiro—
Rudin polynomials are used in the verification of Proposition 4.6.

Proposition 4.5. For eachn € N,

2"—1

A 204D/2 i s odd, =
> Ao=pn b
k=0

> 0u= {50 10 )
k=0

2n/2 if n is even; 2" if n is even.

Proof. From the append rule (2-1), we have

2mt—1 2"—1 211
> P =D Py + D 0ulh), (4-5)
k=0 k=0 k=0

PUSRE| . -1 -1

> 0wty =D Puk)— D" 0nlk). (4-6)
k=0 k=0 k=0

We complete the proof using induction. To verify the basic cases, we observe: for

n=1,3,_oPik)=1+1=2"and >,_,01(k)=1—1=0, and for n = 2,

S Pk =14141-1=206"D2and 32 _ 0s(k) =1+1—141=20-D72,

For the inductive step, suppose (4-4) holds for some n € N. Then, if n is even,
2V B (k) =272 and 32001 0, (k) =22, Hence,

2t 2"—1 2"—1
D P =D P+ D] Qulk) =22 4272 = 20D = ok DD/,
k=0 k=0 k=0
ol 2" —1 2"—1
D 0w =D Pk)— D Qulk) =2"7—2"?=0,
k=0 k=0 k=0

completing the induction step. The verification in the case of n odd is entirely
analogous. O

We define the finite sums

]
1 dP, A
SP(")-% ’r t=0_;kQ"(k)'

2"—1
. 1 do
=2 k), Son) =5 ——
h k=0

2mi dt
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Using this notation, relations (4-1)—(4-3) become, respectively,

Sp(2n) =0, (4-7)
Sp(2n+1) # 0, (4-8)
So(n) #0. (4-9)

The following result is used in the proof of Theorem 4.8.

Proposition 4.6. Foralln € N,

R SR A
i e R (4-10)
SQ(”+1) = ISP(n)+SQ(n) 3n/2 lfn l.s odd.
Sp(n) —(So(n)+2 "2 ifn is even.
Proof. Using (4-5), we have, for every n € N,
-1
Sp(n+1)=Sp(m) + (So) +2" Y 0,(k))
k=0
m_q 2n+171 2n+171
=D kP + D kP (k) = D kP (k)
k=0 k=2n k=0
om_1 2)1+1 1
- Z kPy(k) + D ((k=2")+2") Pria (k)
k= k=2"
on_ 2n+1_1 2n+1 1
= kP () + D k=2 Py (k) + D 2" Puyi (k)
k=0 k=2" k=2~
2 2] -1
= Z k)+Z an<k>+2”Z 0. (k)
k=0 =0
| Sp(n)+ So(n) if n is odd,
| Sp() + (So(n) +23/%) if n is even.

The expression for So(n 4 1) is proved analogously, starting from (4-6). U

Example 4.7. Define the finite sums

1 2P 2"—1
Spa(n) = “iil d : Z K> Py (k),
21
1 d Qn 2 A
Sp,2(n) = Tan2 a2 o= Z k=0, (k).
k=0
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In [Brillhart 1973], the following formulas relating to the second derivatives of
Shapiro—Rudin polynomials are proved. These formulas will be used in Theorem
4.8 to classify the cusps of P, and Q,,.

_on+l (211_1)(2271-‘1-2 —1)

Spo(2n) = , 4-11

p2(2n) 15 (4-11)
2n+2 22n -1 22n+2 -1

Sp,2(2n—i—1)= ( 9)( ), (4—12)
2n+1 22n —1(13- 22n—1_11

S0.2(2n) = ( ):5 ), (4-13)

_2n+3 22n -1 22n+2 —1

Sp2@2n+1)= ( 15)( ). (4-14)

We shall now prove that P,, gives rise to a quadratic cusp at t = 0. We shall also
prove that this cusp occurs at the point (2", 0). Lastly, we shall prove that Py,
and @, do not give rise to cusps at ¢ =0 as a result of the fact that r =0 is a regular
point of each of these curves.

Theorem 4.8. For each n € N, the parametrization (Re P,, Im P,,) gives rise to
a quadratic cusp at (2", 0), that is, when t = 0, and neither (Re Py,41, Im Py, 1)
nor (Re Q,,,Im Q,)) gives rise to a cusp whent = 0.

Proof. (i) We notice that Py, (0) = 325" Py, (k) = 221/2 = 2" by (4-4). This
implies that Re P,,,(0) = 2" and Im P, (0) = 0. Thus, at t =0, (Re Py, Im Py,) =
(2", 0). It is clear that none of (4-11), (4-12), (4-13), or (4-14) can ever equal zero,
and, hence, none of the second derivatives can equal zero. This proves that t =0
is at least a quadratic cusp of the parametrization (Re P,,,, Im P,,), provided t =0
is, in fact, a nonregular point of the curve.

To prove that + = 0 is a nonregular point of P,,, it suffices to prove (4-7). We
shall also prove (4-8) and (4-9), which will, in turn, prove that + = O is a regular
point of P54 and Q,,.

(i) Using induction, we shall prove (4-7), (4-8), and (4-9) by showing that, for
eachn e N,

0 if n is even,
Sp(n) = I%(zw_])/z ) s o (4-15)
and \
Sp(n) = {%(23"/2 —2n/2) if n is even, “-16)
—Sp(n) = —%(23(”*1)/2 —20=0/2y _20=D/2 if p is odd.

We start with n = 1, where Sp(1) =0+1=1=3(2—1)(2°)+2% and Sy (1) =
0—1=—1=-3(2°-1)(2°)—2° and with n =2, we have Sp(2) =0+1+2-3=0
and Sp(2) = 3 (2> — 1)(2%?) =2.
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To prove the inductive step, assume (4-15) and (4-16) hold for some n € N.
Assume first that the case where n is even, n is even, so n + 1 is odd. By (4-10)
we have

Sp(n+1) = Sp(n) + Sg(n) + 27" = 04 5(2*%) — 3(2"*) + 22

— %1(2371/2)_%(2;1/2) — %(23n/2)_%(2n/2)+2n/2 — 43_1(23n/2_2n/2)+2n/2’
So(n+1) = Sp(n) = So(n) =272 = =3 @™%) + 3 (2"/%) - 2772,

_ _%(23n/2) + 43_&(211/2) _on/2 _ _%(23;1/2 —n/2y _on/2,

completing the induction step in this case. The complementary case is proved
similarly. (]

Appendix

The cusps arising in P,, can be explicitly studied using only elementary calcu-
lations. Although such calculations are not very illuminating, they illustrate the
difficulty of discovering and verifying the assertion of Theorem 4.8 by a direct
approach, as opposed to the way we have proceeded. In this appendix we spell out
the details of the special case P,(¢).

We have

Py(t) = Py1(t) = Pi(t) + ¥ Q1 (t) = Poy1 + e Qo4
= Po(t) +e*™" Qo (t) + > (Po(t) — €™ Qo (1))
| 4Rt 4 2mik _ 2widt
Define
P.(t) =Re P,(t) =1 + cos(2xt) 4+ cos(2m 2t) — cos(2m 3t),
P;i(t) =Im P(t) = sin(2x t) 4 sin(2x 2t) — sin(27 3¢).
We know that P>(r) =Re P>(¢) +i Im P,(¢) for ¢t € [0, 1], and so P>(t) =24i0=

(2,0)eCatr=0.
Let a = 1/7°. We must show several facts:

(a) P;(t) >0fort e (0,al.

(b) P;(t) <Ofort e [—a,0).

(¢) P.(t) >0forte[—a,a]\{0}.

(d) P,(z) is strictly increasing on (0, a].

(e) P(t) is strictly decreasing on [—a, 0).

(f) P;(¢) is strictly increasing on [—a, a]\{0}.

(g) lim;,o+ P/(t)/P/(t) and lim,_,o- P/(¢)/P/(t) both exist as finite real num-
bers.
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These seven facts imply that P, gives rise to a cusp at (2, 0) € C, as follows.
Conditions (a), (b), and (f) together show that P is traced out in the complex plane
from below the real axis to above it, crossing only when r = 0. Conditions (c), (d),
and (e) together show that P, crosses the real axis on the right side of the line
{24 xi : x € R}, only touching the line when ¢ = 0. Finally, (g) shows that the
curve is not smooth at (2, 0); in conjunction with (a)—(f), the limits would need to
be oo for no cusp to arise.

We shall use the following Taylor series estimates. For all x € R,

x3 3 X
x—afsinxfx—g—l—g (A.1)

and 2 R
I_ESCOSXSI_E—FE' (A.2)

Verification of (a), viz., P;(t) =sin(2zt)+sin(4zt)—sin(6xt) > 0 for all ¢t € (0, a].
Using (A.1), we make the estimates

27t)? 4rt)’ 1
Sin(rt)+sin(dr) > 21— 7;) it 7;) = 61— (Qr)’+(m0)Y),
6xt)} (671)]
sin(67rt)§67tt—( 7;) +( 7;) .

Hence, it suffices to show that for all ¢ € (0, a],

B (671) N (6mt)

1 3 3
6t 3 5 <67rt—§((2m) + (4x1)’),
that is,
(6z1)* 1 3.3 3 3_ 18, 33
5 < i(27r) (=" = Q1) + (31)°) = 5(27” r.
Since ¢ > 0, this simplifies to
2 _ 20 18
(2r)% 3%’
hich i < solved by 0 V53v2_ V10 1 VIO
which 1n turn 1s solve y <t<7m—m. 1ncea—;<m,we

have proved (a).

Verification of (b), viz., P;(t) = sin(2zt) + sin(4zt) — sin(6xt) < O for all ¢ €
[—a, 0). The proof of (b) relies on the fact that the sine function is odd. Lett = —s,
s € (0, a]. Then

sin(2zt) +sin(dnt) = —sin(2w s) — sin(4z s) = — (sin 2z s) + sin (47 s)) .
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We know from (a) that sin(2zs) + sin(4zxs) > sin(6xs) for s € (0, a]. Hence
—sin(6zr s) > — (sin 2z s) + sin (47 s)) for s € (0, o], and therefore, for t € [—a, 0),

sin(6xt) > sin (27 t) 4 sin (4xt) .

Hence, (b) is proved.

Verification of (¢), viz., P,(t) = 1 + cos(2xt) + cos(4xt) — cos(6zt) > 0 for all
t € [—a, a]\{0}. It suffices to verify the inequality for ¢ € (0, a] since the cosine
function is even.

Using (A.2), we make the estimates

6rt):  (6mt)*
| +cos(6nr) <2 — OFD” | ©71)

2! 4
2mt)? 4r1)?
cos(2mt)+cos(4nt) > 1 _( 7;) L1— ( 7;) '

Hence, to prove (c), it suffices to show that, for all € (0, o],
(671)? N (6m 1) <7 ((27r 1?*+ (47rt)2)'
2! 4! 2!

2,2
(6 Z't) —612t% + %”Tt which turns into

5474t < 127222,

2 —

Simplifying, we obtain

Since 7 > 0, we divide by 6z 2¢> to obtain the inequality 9t>z2 < 2, which in turn

issolved by 0 < ¢ < ﬁ/sn. Since o = 1/75 < «/5/37t, we have proved (c).

Verification of (d), viz., P/(t) = —2x sin(2nt) — 4x sin(4xt) + 67 sin(6zt) > 0

fort € (0, a]. We shall prove 3sin(6x¢t) > 2 sin(4xt)+sin(2x ¢t) for all ¢ € (0, a].
Using (A.1), we make the estimates

) (6r1)?
3s1n(67rt)23(6m— - )
5 sin(a o2y <4 (@rt)®  (4nr)’ 5 @zt Q@nt)
sin(4xt) +sin(2xt) < (m‘— 3l + 5 )—i— Tt — 30 + 5
27)3 27)°
=107t — %(ﬁ)(l +2H+ (SL')(IS)(l +29).
Hence, to prove (d), it suffices to show that, for all 7 € (0, a]
3 6 l3
IOm—( ) (t )(1+24)+( 7)’ (t5)(1+26)<3(6 p ¢ ’;) )
Rearranging the mequahty, we obtain
21)’ 6mt)> 27)3
10m+%(z5)(1+26)+( ”2) < 187rt+(3L')(t3)(1+24),
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that is,
Qn)* s @Qr) 4 2r)? 4
Tl3l +Tz7t <4I+Tl7t .
Since ¢ > 0, this simplifies to
2 )t 21)? 17
CLOMTY +(”)( —)z2<4.
4! 2! 3

Since we are attempting to prove that the inequality holds for r € (0, a] witha < 1,
we take advantage of the fact that t* < t> when 0 < ¢ < 1 to make the estimate

@) (2m)? 2r)*(13)  (2m)*(64) (2m)*(78)
LRART VS il (27—13—7)t2<t2( n4! + ﬂ3! )<t2(—n3! )

41 2!
=122r)*(13) < 2 2x)*2n)? = > (2x)S.

2 1
So we obtain the inequality 1?(27)® < 4, which is solved by 0 < ¢ < =—.
1 1 2r)  4n3
Since a« = — < —, we have proved (d).
> 4rn3

Verification of (e), viz., P/(t) = —2r sin(2zt) — 4x sin(4xt) 4 67 sin(6z 1) < 0
fort € [—a, 0). We prove that P, (t) is strictly decreasing on [—a, 0) using the fact
that the sine function is odd — the same method we used to prove (b).

We know from the calculations in the previous page that P/(t) = —2x sin(2zt)—
47 sin(4nt)+ 67 sin(6zt) > 0 when € (0, o]. Letting r = —s, s € (0, a], we have

=27 sin(2z s) —4x sin(4xs) + 67 sin(6zs) > 0, s € (0, a],
which leads to

—27x sin(Qrwt) — 4z sin(4xt) + 6z sin(6zt) <0, t € [—a, 0).
Thus, for t € [—a, 0), P/(t) <0, so P,(z) is strictly decreasing on [—a, 0).

Verification of (f), viz., P/(t) =2 cos(2xt)+4r cos(4rwt) — 67 cos(6zt) > O for
t € [—a, a]\{0}. It suffices to verify the inequality for ¢ € (0, ] since the cosine
function is even.

Using (A.2), we make the estimates

(2rt)? 2(4xt)? (2rt)? 5
cos(2mt) +2cos(dnt) > 1— o +2— o _3—( > + (4nt) ),
3(6mt)>  3(6mt)*

3cos(bmt) <3 — (;) + (;).

Hence, to prove (f), it suffices to show that for all 7 € (0, a],

36r1)> 3(6mt)*
0 T a4

3— <3-—

((27”)2 + @),
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2435744
that is, —547%t> + 53 < —1872¢2, which simplifies to
1627*t* < 36721
Since ¢ > 0, we divide by 672> to obtain the inequality
277%* <6,
1
V6 . Since oo = — \/_
T~27 7( V27
Verification of (g), viz., lim,_,o+ P/(t)/P/(t) and lim,_,o- P/(t)/P/(t) both exist as
finite real numbers. The limits need not be equal, so we evaluate them separately.
P!(1) i 27 (cos(rt) +2cos(drwt) — 3 cos(6xt))
im = lim )
=0t P/(t) -0+t =27 (sin(2zt)+ 2 sin(4nt) — 3 sin(6xt))

which in turn is solved by 0 < f <

, this proves (f).

which has the form 0/0 when plugging in t = 0. We use L'Hbpital’s rule to get
Py PO
im —— = lim —
t—0t+ P/ () -0t P/ ()
—(27)%(sin(2w 1) +4sin(4x1) —9sin(6z1)) 0
im =
= oo —(27)2(cos(2mt) + 4 cos(dmt) —cos(6mr))  4(2m)?
Thus, the limit exists as a finite real number.
Since lim,_,o- P/(t)/ P/(t) also has the form 0/0, and since

P/ (1) B —(27)*(sin(27t) + 4 sin(4xt) — 9 sin(67 1))
P'(t)  —Qn)2(cos(2mt) +4cos(dmt) — cos(67t))
is continuous at t = 0, we have
Pty . P@ . P P'@t) P'0)
im = lim = lim ——= =lim ! =
1—>0- P/(t) t—0+ P/(t) =0 P/(t) 10 P”(t) P/ (0)

as well. Hence, (g) is proved, which also shows that P,(#) admits a cusp when
t=0.
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