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1. Introduction and Main Results
1.1. Introduction
The goal of this paper is to study the asymptotic behavior of the solution of the
following equation as € tends to zero:
1 1
Ea_latfg +v- mee + 627_(’E . vag = gQ(fg) in (0, OO) X Rd X Rd,
fo(-,-,0) = fi in R x R,

where E € [W1*°(R% x [0, oo))]d is a given acceleration field and @ is the linear

Boltzmann operator defined as

Q) i= [ o) ME)F W) = o M) () v (12

(1.1)
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Typically, f.(x,v,t) denotes the distribution function of some particles in a di-
lute gas, subject to an external acceleration field F(x,t). The small parameter €
can be interpreted as the Knudsen number, which measures the relative importance
of the scattering phenomenon (described here by the collision operator @) com-
pared to the transport of particles. It is often introduced in the literature as the
ratio of the mean free path of the particles over some typical macroscopic length,
such as the length of the device being studied. The coefficient « determines the
relative order of the various terms in (1.1) and it will be fixed by the properties of
the thermodynamical equilibrium M (v) appearing in the operator Q). One possible
definition for « is

o = sup {5§2; /Rd |v|? M (v) dv < oo}. (1.3)

However, we will make stronger assumptions on the behavior of M for large |v|
which will make the definition of a simpler. Concerning the particular choice of
scaling in (1.1), we note that the =1 in front of the time derivative corresponds to
a particular choice of a time scale at which we know that diffusion will be observed,
21,20 while the sz%a in front of the force term correspond to a strong field assumption
(we will always have o < 2 and so 62% > 1). Obviously other choices of scaling for
this force term are possible (see Remark 1.1), but this particular scaling is exactly
the one for which the diffusion process (due to the scattering phenomenon of Q)
and the advection process (due to the acceleration term E) are of the same order
in the limit (see equations (1.15) and (1.19)).

When M (v) is a Maxwellian distribution function, or more generally when M (v)
satisfies

/ lv|2M (v) dv < oo,
Rd

then (1.3) gives o = 2 and, we recognize in (1.1) the classical drift-diffusion scaling.
If we assume further that £ = 0, then such limits were first investigated in the
pioneering works Refs. 16, 5, 34, and 19. In all these papers, it is assumed that
M is a Maxwellian distribution function; In Ref. 12, the authors extended these
results to a more general distribution M, but always under the assumption of finite
second moment. The case E # 0 is addressed for example in Ref. 25 when M is a
Maxwellian. It is shown in particular that the addition of the force field E leads to
a drift term in the limiting equation for the density of particles.

The object of this paper is to investigate what happens when M (v) is a so-called
heavy tail distribution function with a < 2. To be more precise, we will assume that

g
M(U)NWas |v] = o0

for some a < 2. The « describing the large velocity behavior of M (v) is then the
same as the o appearing in (1.1) (this is consistent with (1.3)).
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Such heavy-tailed distribution functions arise in several contexts. For instance,
most astrophysical plasmas are observed to have velocity distribution functions ex-
hibiting power law tails rather than exponential decay (see Refs. 31 or 22). Also,
dissipative collision mechanisms in granular gases can produce power law tails (see
Ref. 15 for the so-called “inelastic Maxwell model” introduced in Ref. 7, and the
review paper Ref. 33). In Ref. 6, it has been shown that even elastic collision mech-
anisms can produce power law tail behaviors in the case of mixture of gases with
Maxwellian collision kernel. Finally, power law tails are common in economy where
they are referred to as Pareto distributions (see Refs. 23, 14 and 35).

When E = 0, the diffusive limit for (1.1) when M is a heavy tail distribution
function has been the object of several recent works (see for example Refs. 21, 20,
and 4), and it has been shown that the limiting behavior of f. is described by a
fractional diffusion equation.

The main contribution of the paper is thus to consider the case F # 0. In view
of the scaling in equation (1.1), we immediately note that the cases a € (1,2),
a=1and a € (0,1) are radically different. Indeed, when « € (1,2), all the terms
in the left hand side of (1.1) are smaller than ¢! when e < 1. So, assuming that
fe converges to f (for instance in D'), we immediately get Q(f) = 0, that is

lim . (2, 0,1) = pla, ) M (v).

By contrast, when o = 1, the force term is of the same order as the collision term,
and we will get instead

31_% fe(z,0,t) = p(z, 1) F(z,v,1)
where F' is the unique solution of

Q(F)— E-V,F =0, / Fdv=1, (1.4)
]Rd

(see Proposition 2.2 below for the existence of F'). Equation (1.4) classically appears
in the high field asymptotic limit which has been studied for various operators @,
2,263 (see also Remark 1.1 below). Finally, when a € (0, 1), the force term in the left
hand side of (1.1) is more singular than the collision term, and the limit f(z,v,t)
of fe(x,v,t) satisfies

E-V,f=0.

It is not clear to us what one could expect to prove in this last case. In fact, we will
see that we are not able to obtain a priori estimates on f. to successfully investigate
such a limit (note however that f. is always bounded in L°°(0, 00; L' (R? x R%)),
so some limit always exists). In this paper, we thus focus our attention on the two
cases a € (1,2) and o = 1. One of the key observations that allowed us to obtain
the hydrodynamic limit in a rigorous manner is to note that not only the operator
@ defined by (1.2) is coercive but also the operator
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T(f)=-QU)+E-Vuf

is coercive in a suitable space (see Proposition 2.4). Our proof is based on analytic
methods.

We will show that the limit f of f is of the form p(x,t)M (v) (or p(z,t)F(z,v,t)
when a = 1) where p solves a fractional diffusion equation of order o with a drift
term. In that spirit, the first derivation of a fractional diffusion equation with an
advection term starting from a kinetic model was obtained in Ref. 1 by considering
an equation featuring a collision operator with a biased velocity. Note that evo-
lution equations involving a fractional-diffusion term appear in many equations of
mathematical physics (consult Refs. 32 and 27, and the references therein), for in-
stance in fluid dynamics with the so-called quasi-geostrophic flow model, ? (in that
case the equation is non linear since the drift depends on the solution). The study
of fractional-diffusion advection equations has been a very active field of research
recently, and questions such as the regularity of the solutions have been addressed,
see for instance Refs. 28 and 29. It is a classical fact that the case of the half Lapla-
cian (a = 1 with our notations) plays a critical role in that case since the diffusion
operator has the same order as the advection term. In that sense, it is not surprising
that the case a = 1 plays a critical role in our study as well.

1.2. Assumptions

We now list our main assumptions. As noted above, the acceleration field E(z,t) is
assumed to be given (as opposed to, say, solution of Poisson equation), and satisfies

Ee [Wh (R x (0,00))]". (1.5)

Next, we assume that M satisfies:

M >0, M(v)=M(-v) for all v € R, M(v)dv =1, (1.6)
R

[o| M (v) — v >0, as [v| = oo, where 1 <a <2, (1.7)

as well as the following regularity assumptions:
M(v)
D,Mw)| <C
D) < O
We note that these assumptions are compatible with the asymptotic behavior of M
given by (1.7). They are in particular satisfied by the function

. |DIM(v)| < CM(v). (1.8)

d+ao

M(v) = (1—1—1|v|2> :

and by the probability density function of the so-called a-stable stochastic

pI’OCGSSGS.8
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The cross section o (v, v") appearing in the operator @ will be assumed to satisfy

o(v,v') =o', v), v <o(v,v') <y, forallv,v €RY (1.9)
C

Voo (v, v)| < ; 1.10

Vuole'0) < T (110

where C, v and vy are positive constants. Let us note that the symmetry condition
(1.9) on ¢ guarantees that Q(M) = 0. If we define the collision frequency v(v) by

v(v) = /o(v',v)M(v')dv’

then conditions (1.9) and (1.10) imply

n <o) <ve  [Vor(v)] < —2

for all v € RY. 1.11
< THp orall v e (1.11)

In addition, we assume that the collision frequency v is even, namely,

v(v) = v(—v) for all v € R, (1.12)
Finally, we need o and v to have a nice behavior as v — co. More precisely, we
assume:
lo(v,v") — o] < ¢ for all v,v’ € R%d (1.13)
) — 1 + |’U| ) )

for some v, which implies in particular

v(v) = vy, as |v| = 0. (1.14)

1.3. Main results

Under assumptions (1.5) and (1.9), the existence and uniqueness of a solution f. €
C°([0,00); LY (R? x R%)) to (1.1) can be proved via a semigroup argument. We do
not discuss this issue here and refer instead the interested reader to Refs. 25 or
11 for the existence of a mild solution and to the Appendix of Ref. 13 where the
equivalence between the mild solution and a solution in the sense of distributions
is shown.

In this paper we investigate the asymptotic behavior of f. as ¢ — 0. Our first
result concerns the case a € (1,2):

Theorem 1.1. Assume a € (1,2) and let f-(z,v,t) be the solution of (1.1) with
initial condition f'* > 0 satisfying

fre L2, (R x RY) N LY(RT x RY).
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Under Assumptions (1.5)-(1.13) listed above, the function f.(x,v,t) converges
weakly in %-L>(0,T; L2, _, (R? x R?)) to the function p(x,t)M(v) where p solves

{Btp—F k(=A)2p+V, - (DEp) =0 in (0,00) x R?, (1.15)

p(-,0) = p™ in RY,

with p™(z) = [ f"(z,v) dv and with the coefficient k and matriz D defined by

2 [ee}
K= m/ 2% e 0% dz, (1.16)
Cd,a Jo
and
D= /A(v) Svds, Q) = VuM(v). (1.17)

Note that the constant cq . appearing in (1.16) is defined in (1.24) and that
the existence of the function A(v) appearing in (1.17) will be proved in Lemma 2.5.
When o(v,v') =1, we can take A(v) = =V, M (v), and we can check that D is the
identity matrix.

Next, we consider the critical case « = 1. In that case, Equation (1.1) reads

{Btfs—kv'vzfs—k 1E-V,f- = 1Q(f:) in (0,00) x R? x RY,
fo(,,0) = f™  inRYxRY,

and we recognize the so-called high field asymptotic for the Boltzmann equation.
Such asymptotics were first studied in Refs. 2 and 26 for the linear Boltzmann
operator with Maxwellian equilibrium (see also Ref. 3 for a non-linear collision
operator). The main difference in this case is that the weak limit of f. will be the
solution F' of (1.4) (which depends on E) rather than M (v). The existence and
properties of F' will be the object of Theorem 2.1 below. In particular, we will prove
that there exists a function F (v, E) defined for (v, E) € R? x R? such that for all
E € RY v+ F(v, E) solves

QF)-E-V,F=0, / F(v,E)dv=1. (1.18)
Rd
‘We then have:

Theorem 1.2. Assume o =1 and let f.(x,v,t) be the solution of (1.1) with initial
condition ™™ >0 satisfying

fme L2, (R x RY) N LY(R? x RY).

Under Assumptions (1.5)-(1.13) listed above, the solution f.(x,v,t) of (1.1) con-
verges weakly in *-L>(0,T;L2, ,(R? x R%)) to the function p(z,t)F(v, E(z,t))
where p(z,t) solves

{ Oup + k(=AY 2p 4+ divg (u(E)p) =0 in (0,00) x R? x R?,
0

p(+,0) = p™ in RY, (1.19)



February 13, 2017 9:50 WSPC/INSTRUCTION FILE AcevesMellet final

Anomalous diffusion limit for a Linear Boltzmann equation with external force field 7
where p'"(z) = [ f"(x,v) dv,

w(E) = /v (F(v, E) — M(v)) dv, (1.20)
and
g o[
/1:—/ ze V0% dz.
Cd,1 Jo

This result should be compared to the classical high-field limit, 226 which leads
to a transport equation. Here the (fractional) diffusion takes place at the same time
scale as the transport and thus appears in the limiting equation.

Note that the fact that u(FE) is well defined by formula (1.20) is not completely
obvious since vM (v) is not integrable when o = 1. However, we will see in Lemma
5.1 that F(v, E) — M (v) decays faster than M and that p(E) is indeed well defined.

When o is constant, we can get explicit formulas for F'(v, E') and E. Indeed, if
o = 1 then the operator () reads

QUNHW) = [ f) dv'M(v) = f(v)

Rd

and equation (1.4) can be recast as
F+FE-V,F=M

which can be explicitly integrated along the characteristics yielding the following
formula:

o0
F(v,E) = / e *M(v— Ez)dz. (1.21)
0
We can also use the equation above to compute

u(E):f/qu-VUde:E for all E € R?

(using an integration by part and the fact that [ F(v)dv = 1).

Remark 1.1. When M satisfies (1.7) with a € (1, 2), we can also consider the high
field asymptotic regime as in Refs. 2 and 26. It corresponds to the following scaling
of the equation:
atfs +v- vmfs + %E : vvfe = %Q(fs) in (0,00) x R x Rda
fo(,,0) = f"  inRYx RY,
In that case, it is relatively easy to show that f. converges to p(z,t)F(v, E(z,t))
where F' is given by (1.18) and p solves the transport equation

Op + div,(pE) = 0.

Remark 1.2. The case o = 2 is also interesting. In this case the scaling in equation
(1.1) becomes the usual diffusion scaling, however, the second moment [ |v|2M (v) dv
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(and thus the diffusion coefficient) is infinite. This critical case was studied in Ref.
21, and it was shown that the time scale must be modified by a logarithmic factor,
leading to the following equation:

5ln(€_1)8tf5 +v- V:L’fg + ln(f‘:_l)E : vvfs = éQ(fs)

The limiting equation, on the other hand, will now involve the regular Laplace
operator.

1.4. Notations and organization of the paper

We recall that the fractional Laplacian appearing in (1.15) and (1.19) can be defined
via the Fourier transform as

F((=2)*2f) (k) = |K|*F(f)(k), (1.22)

where F(f) denotes the Fourier transform of f and is defined as

F) = [ f@)d, (1.23)

or as a singular integral as

(—=A)*?f(z) = caa PV. J@) — 1) dy, (1.24)
’ R |z —yldte

where P.V. denotes the Cauchy principal value and
B a2a—1F(o¢+N)

CdDé - —2’
" AR

where I'(z) is the Gamma function. When « > 1, the principal value can be avoided
by using the following formula:

@)= f®) =V S@a=y)

—_A a/2 _ o
( )* () Cd,ox e |x_y|d+a

For a detailed discussion on the properties of the fractional Laplacian consult Refs.
18, 30, or 24.

We denote by dz, dv and dv’ the Lebesgue measure on R? and by dt the
Lebesgue measure on [0, 00), where R? and [0, 00) will be the integration domains,
respectively, unless stated otherwise. We will denote by L2 _,(R?) (respectively
L;E,I(Rd)) the space of square integrable function with weight M ~! (respectively

F=1) equipped with the norm

d 1/2
112z, o= ([ 100515 )




February 13, 2017 9:50 WSPC/INSTRUCTION FILE AcevesMellet final

Anomalous diffusion limit for a Linear Boltzmann equation with external force field 9

Finally, given a function f € L* (Rd) we define the mass density py of f as
pf = /fdv. (1.25)

The rest of the paper is organized as follows: In the next section, we prove the
existence of F', solution of (1.18), and we investigate its properties. In Section 3, we
will derive the a priori estimates on f. solution of (1.1) which will be necessary for
the proofs of our main results. Finally, Theorem 1.1 is proved in Section 4, while
Theorem 1.2 is proved in Section 5.

2. The Modified Equilibrium Function F

Classically, a priori estimates for the solutions of (1.1) are obtained as consequence
of the following coercivity property of the Boltzmann collision operator:

Lemma 2.1. Under assumption (1.9), the operator Q is a bounded operator in
L?V[_l(Rd) which satisfies the following coercivity estimate:

dv

dv
v M(v)’

- [ ewnrgits = [ 15— eef
for all f € L2, (R?) and with py given by (1.25).

When E = 0, this very classical lemma immediately implies that the solution of
(1.1) satisfies

fe(z,v,t) = pe(z, t) M (v) + 60“/27“5(90,1),7?)

where the remainder term r. is bounded in some appropriate functional space (such
a bound is obtained by multiplying (1.1) by f./M and integrating). Such estimates
can be generalized to include the case F # 0 and a = 2. Unfortunately, these
computations do not seem to be useful in the case o < 2 which we are considering
here.

In the next section, we will see that we can instead obtain the following expansion
for f.:

fe(z,v,t) = pe(a,t) Fe(x,v,t) + 50‘/27“5(30,1),15)
where F. is the normalized equilibrium function solution of
e 'E.V,F. - Q(F.) =0, /FE dv = 1. (2.1)

Our goal in this section is to prove the existence and uniqueness of F. and study
its properties.

But first we note that we can write

F.(z,v,t) = F(v,e* ' E(z,1))
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where the function v — F(v, E) solves (for all E € R%):
E-V,F—-Q(F)=0, / F(v,E)dv=1. (2.2)
Rd

This equation plays a central role in the study of the high field asymptotics for
Boltzmann type equations, and has been studied for various operators ). However,
it does not seem that it has been studied under our assumptions on the function
M (v) (property (2.3) below, in particular, is very specific to our framework). We
will thus study (2.2) in detail in this section. More precisely, gathering all the key
results that we will prove in this section, we have the following:

Theorem 2.1.

(i) For all E € RY, the exists a unique function v — F(v, E) solution of (2.2).
(it) There exist two positive constants C'(R) and c¢(R) such that if |E| < R then

¢(RYM(v) < F(v, E) < C(R)M (v) for all v € RY.
(iii) The function E — F (v, E) is C* and for all R > 0 there exists C(R) such that

F(v,E)

<

for allv € R? and |E| < R. (2.3)

Since we are assuming a > 1, assumption (1.5) implies that |e*~1E(x,t)| is
bounded uniformly in e,  and ¢, and so the results of this theorem will apply to
the function F.(z,v,t) = F(v,e“ 1E(xz,t)) (see Propositions 3.1 and 3.2). When
a > 1, the behavior of F(v, E) for |F| <« 1 will play an important role. We will
thus prove the following result:

Proposition 2.1. The following expansion holds:
F(w,E)=Mv)+ E-Av)+ G(v, E) (2.4)
where \(v) is such that
QNW =V.ME). [ Awav=o
and G satisfies:
IGC Bz, oy < CIEF  for all || < 1 (2:)
and

|G(-, B)| < C|E*M(v) for allv € R, |E| < 1. (2.6)
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2.1. Existence of F(v, E)

In this Section, we prove the existence of a solution to (2.2) (Theorem 2.1 (7)).
The proof follows closely the arguments of Ref. 26. We recall it here for the sake of
completeness. Throughout this section, we fix £ € R? and we define the operator

T(f)==Qf)+ E-V.f. (2.7)
We also define the operators A and K by

Af) =B -Vof + v, K(f) = / o0, ') f(o') v/ M ()

so that 7 = A — K. We note that K is a positive compact operator in L?\/I,l (Rd)
(it is a Hilbert-Schmidt operator), while A is an unbounded operator with domain

D(A) = {f €2, (RY)|E-V,f €L}, (Rd)}. (2.8)
Furthermore, we can define the inverse operator A~! as follows:
A7Y(h) = /OOO e~ Jovw=ENdTh(, _ Bg) ds. (2.9)
Indeed, we have:

Lemma 2.2. The operator A~' defined by (2.9) is a bounded operator in L3, ,
(with a norm depending on |E|) which satisfies

(Ao AN (f)=Ff forall feL3, . (R,
and
(Ao A)(f)=f forall f € D(A).
Postponing the proof of this Lemma to the end of this section, we first show

that it implies the main result of this section:

Proposition 2.2. For all E € R?, there exists a positive solution v — F(v, E) of
(2.2) in L3, . (RY).

Proof. We can rewrite (2.2) as
AF = K(F), /de =1. (2.10)

Formula (2.9) shows that A1 is a nonnegative operator (if b > 0 then A~1(h) > 0).
It follows that the operator Ko A~! is a positive compact operator in L?W,l (R%) and

17,10

so we can apply the weak Krein-Rutman Theorem, which gives the existence

of an eigenvalue A > 0 with associated non-negative eigenfunction W satisfying
(Ko AT W =AW

(the positivity of the operator K implies that T is in fact positive). We now define
F := A~'W and note that thanks to Lemma 2.2 it satisfies
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K(F) = AF.

Integrating this relation with respect to v and using the definition of v, we find

/ V(W) F(v) dv = A / V(W) F

from which it follows that A = 1. After normalizing F' the proposition follows. O

Note that, because the cone of positive functions is empty in L?, we cannot use
the standard Krein-Rutman’s Theorem. We use instead the weak Krein-Rutman
theorem (see p. 191 of Ref. 10) which does not provide the uniqueness of the eigen-
function W. Everything we will say in the rest of this section thus apply to any
positive solution of (2.2). The coercivity of the operator 7 (see Proposition 2.4)
will give the uniqueness of F'.

We complete this section with a proof of Lemma 2.2:

Proof. (Proof of Lemma 2.2) The fact that (Ao A™1)(f) = fforall f € L2, _, (R),
and (A71 o A)(f) = f for all f € D(A) can be proved as the Proposition 1 in Ref.
26.

To show that A~! is a bounded operator, we first note (using (1.11)) that

AL (h)| < /0 e " h(v — Es)ds.

We thus have
Es)|
(v)

*”15 )|2 dsdv
M(v + Es)

I
A e“”Mfi”Ls> ) Sy

and we conclude thanks to the following claim: There exists a C' > 0 such that

—uls

dsdv

1
-1 2 < =
AP s <

\ /\

J.
ol

X

—V1S (IU) d+a d
e V1 _ < c .
(/ (-ZUM ) ds) C(l + |E‘ )) for all v e R

This last bound is proved by first noticing that (1.7) implies, in particular, the
existence of uq, pa > 0 such that

M1 K2 d
— <M ——=——  for all v € R% 2.11
1+ |v|dte = (v) < 1+ |v|dte oranv (2.11)
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Therefore, using the elementary inequality |a+b? < C (|a|? + |b|P), valid for p > 1,
we obtain the following estimate:

e M e 1 Es|dte
[T MOy [l B
0 M(v+ Es) K1 Jo 1+ [v[dte

M 0o

< C—z/ e V15(1 + | Es|?t?) ds
H1 Jo

< C(1+|E|™e). O

2.2. Properties of F (v, E): Theorem 2.1 (ii)
As noted in the Introduction, in the simpler case where the cross section satisfies
o(v,v') =1 forall v, v' € R,
the equation for F' reduces to
F+E-V,F = M(v),
and we get the following explicit formula for F":
F(v,E)=A"'M(v) = /00 e *M(v— Ez)dz. (2.12)
0
In the general case, it does not seem possible to get such an explicit formula.
However, Assumption (1.9) and the normalization of F' imply
M) <K(F) <veM(v).
In particular, F' satisfies
M) <vF+ E-V,F <uvMv). (2.13)
As a consequence, we can prove the following proposition (see Theorem 2.1 (ii)):
Proposition 2.3. There exist constants C(R) and c¢(R) such that if |E| < R then
c(R)M(v) < F(v,E) < C(R)M (v) for all v € RY. (2.14)

This proposition follows immediately from (2.13) and the following lemma
(which will be used several times in this paper):

Lemma 2.3. There ezist two constants C(R) > 0 and ¢(R) > 0 such that if |[E| < R
then the following holds:

(i) If | satisfies
vi+E-V,f <8M (2.15)
for some B > 0, then

f<CBM.
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(ii) If f satisfies
vf+E-Vof > BM (2.16)
for some 8> 0, then
f > eBM.

Remark 2.1. A similar result holds if we replace M by M(v)/(1 + |v|) in both
inequalities.

Proof. Integrating (2.15) (see the definition of A~! given by (2.9)), we obtain
flv) < ﬁ/ e~ Jo BN AT () — Br) dz
OOO
< B/ e "*M(v— Ez)dz,
0

and the first part of the lemma follows from the following claim: There exists C'(R) >
0 such that

/ e M(v— Ez)dz < C(R)M(v) for all v € R, and all |E| < R. (2.17)
0

In order to prove (2.17), we first write

> 71/12@ o = nefulzw > Ooefule .
A ‘ M) A M(v) d*L M@ ¢

=1 + I,

where n = |v|/(2|E|). The triangle inequality gives ||v| — |E|z| < |v — Ez|, which
implies

d
v +

d+o
5 ‘ §\vaz\d+a, for 0 <z <n.

«
< |lel - 1B12

Hence, using (2.11) yields

M(v — E2) o M2 1+ |v]dte pe 1+ [o]¢te
M) S T B S 1T o2

for0<z<mn.

Therefore we deduce
Il — /7] e—ule(v_EZ) dz S & " e V17 1+ ‘U‘d+a Py
0 M(v) 1 Jo 1+ |v/2]dt
o 1+ |v]¢te
T vy 1+ |u/2[tte
S 017
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where Cy > 0 does not depend on v. Next, using (2.11) again, we get

L /oo er1ZM(’U — EZ) dz < 2 (1 + |,U|d+a)efl/1\v|/(2|E|)
n

M (v) 2!

< H2 L2 (1 Jp)dtey emmalvl/(2R)
Hivy

S CQ;

where Cy > 0 does not depend on v (but depends on R). We thus obtain

* . Mw—-Ez)
vz <
/0 i 7T dz < Cy + Cy

which gives (2.17) and completes the proof of the first part of the lemma.

The second part of the lemma is somewhat easier to show. Indeed, proceeding
as above, we check that (2.16) implies

>B/ 1/(1) ET)dTM( ES)dS

> 5/ e " M(v — Es)ds.
0
Furthermore, it is readily seen that there is a constant ¢(R) such that

M(v—w)>cM(v) forallv, weR? |w <R.

> C/B/ 7V28M

> cfM((v

We deduce

and the result follows. O

2.3. Coercivity of the operator T

As a consequence of the results of the previous sections, we can now establish the
following coercivity property of T, which gives the uniqueness of F' and will play a
crucial role in this paper:

Proposition 2.4. For all E € R?, let F(v, E) be a positive solution of (2.2) (for
instance provided by Proposition 2.2). Then the operator T defined by (2.7) satisfies

/T(f)(v) F{ﬁvi?) dv > 0.

Furthermore, for all R > 0 there exists a constant 9(R) > 0 such that for all
|E| < R, there holds

[T s do = GRS = pyFIRs e for all £ € Los(RY. (215
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In particular, F (v, E), positive solution of (2.2), is unique.

Proof. Throughout this proof, we use the notation f for f(v) and f’ for f(v') (and
similar notations for F' and M).
Let us start by noting the following

/T dv—/E VofLdv+ V—dv—// vaf’fdvdv
/E dv—// o(v, v )MF' = fdvdv

Integrating by parts and using the identity E - V,F = K(F) — vF we see that

oo e

(IC(F) —vF) dv

F2

Using the fact that M and F' are normalized functions and that o is symmetric, we
deduce the following:

/T(f)%dv 1 dv—i— // o(v,v) MF’—dvdv (2.19)
// v,v") F/f/ fdvdv’
// a(v UMF—dvdv + = // o(v,v) MF’—dvdv

(2.20)
// v,v") F/—idvdv
// o(v, v (MF/<£/> JrMF’IJf2 QMF';;;) dvdv’

/N 2
;//a(v,v’)MF’(g‘}fw) dv’ dv.

Since the right hand side is clearly non-negative, this gives the first inequality in
the proposition.
If we further assume that |E| < R, then we can use (2.14) and together with

assumption (1.9) it yields:
2
!
(F - FV) dv’ dw.

[rinta
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Finally, using the decomposition f = p;F + g and the fact fRd gdv = 0 we obtain

/T(f)%d_w // <FF,>2dv’dv

r
F— —2gq’ + fF/ dv dv’

gdv

This completes the proof. O

2.4. Properties of F (v, E): Theorem 2.1 (iii)

This Section is devoted to the proof of the estimate on the derivative of F' with
respect to E (Theorem 2.1-(iii)).
First, we prove the following result.

Lemma 2.4. For all R > 0 there exists C(R) such that the function F(v, E) solu-
tion of (2.2) satisfies

M(v)

’UF 7E S FEIETE
V.F(w. B)| < C(R) 1

for allv eRY, |E| < R. (2.21)

Proof. Differentiating (2.2), with respect to v;, we obtain:
E -V, (0, F) +v (0, F) = /U(v7 V) F(v') dv’ 8y, M (v)

/81,10 v,v")F(v") dv' M (v) — (Oy,v) F. (2.22)

The first term in the right hand side of (2.22) can be bounded by CM (v)/(1 + |v|),
thanks to (1.9) and assumption (1.8). The second term in (2.22) can also be bounded
by CM(v)/(1+ |v|) thanks to the assumption (1.10) and the normalization of F'.
Finally, using (1.10) and (2.14), the third term in the right hand side of (2.22) can
also be bounded by CM (v)/(1 + |v|). We thus have

M(v)
1+ v

|E-V, (00, F)+v (0, F)| <C
and we conclude the proof using Lemma 2.3 and Remark 2.1. O
We can now complete the proof of Theorem 2.1:

Proof. (Proof of Theorem 2.1-(iii)) We first prove that O F is uniformly bounded
in L3._, for |E| < R: Differentiating (2.2) with respect to E; yields:

T(0p,F) = —0,,F. (2.23)
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Thus multiplying by 0, F/F and using the coercivity inequality (2.18) (assuming
|E| < R) we obtain

Op, F

z9||aE,iF||§§71 < —/%iF dv,

where we have used the fact that O, f Fdv = 0. The right hand side can be
estimated using (2.21) and (2.14):

F F)2 \Y?
‘/&JiFa}i; dv’ gC/\&EiF|dv gc(/ |8E2? | dv) .

We deduce

208, Fll2 | <C

which implies in particular

2 1/2
/\8EiF|dv < (/ ‘8E}F| dv) <C. (2.24)

Finally, in order to obtain (2.3) we rewrite (2.23) as

E- VU8ELF + V@EiF = IC(@EzF) — 8v,iF
=H, FE)

and, using the fact that [ 9g, F dv = 0, we note that
1. B) = [lo0,0/) ~ s, F(&', B) M) — 0, F

So using (1.13), (2.21) and (2.24), we deduce

/ » M(v) M(v)
< )
|H(/U7E)|—/|8E1F(07E)|dv 1+|U| +Cl+|1}‘
M(v)
1+

We can then conclude the proof using Lemma 2.3 (see Remark 2.1) and (2.14). D

2.5. Properties of F(v, E): Proposition 2.1
When o = 1, we see, using (2.12) that
F(v,E)~ M) —E-V,M(v) as|E|l—0. (2.25)

In the general case, we do not have an explicit formula for F' which would give us
such an expansion. Our goal in this section is thus to prove Proposition 2.1 which
gives the require asymptotic behavior of F' as E goes to zero.

But first, we need to prove the existence of the auxiliary function A(v) appearing
in (1.17) and (2.4):
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Lemma 2.5. Assume (1.6)-(1.10). Then there exists a unique function A\ €
(L2, (R)? satisfying

QN (v) = VoM (v), / A(v) dv = 0. (2.26)
R4
Furthermore, it satisfies
[A(v)| < CM (v), [0p; A (V)] < CM(v) foralll <i,j<d. (2.27)
We will first prove Proposition 2.1 and then go back to Lemma 2.5.

Proof. (Proof of Proposition 2.1) We define
G, E) :=F(v,E)— M) — E-\v).
It solves
T(G)=0-T(M)—-E-T()\)

=—FE-V,M—FE - (—-Q(\)+ E-V,\)

=—E-(E-V,\), (2.28)
and thus we obtain in particular

1Tz
If |E| <1, then inequalities (2.14) and (2.27) give

M (v)? C
22 < < — <
||D1,/\||LF71 < C/F(uE) dv < ; /M(U) dv < C

1

< |EPIDA: .

and so
TGz, < C|EP.

Using the coercivity inequality (2.18) (recall that |E| < 1), and the fact that
Jpa Gdv =0, we deduce

2 GI? 1/ G
. = [ Eldv< =
613 = [z [TE@F @

1
< IT@) 2, IG5

1
and so
C
< Z|E?
< ZIBP,

1
Gl = SIT(G)lzz

1 1

which gives (2.5).
Finally, using (2.28) and the definition of 7, we write

vG+E-V,G=K(G)—-E-(E-V,\).
Thanks to (2.5) we obtain
[K(G) < |Gllp2_, M(v) < C|E]PM(v),
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which implies, using (2.27), the following estimate:
VG + E-V,G| < C|E*M(v).

We conclude the proof by applying Lemma 2.3. O

Finally, we end this section with a proof of Lemma 2.5 which states the existence
of the function A(v):

Proof. (Proof of Lemma 2.5) The existence and uniqueness of A follows from the
coercivity of the operator @ (see Lemma 2.1) and the fact that

VoM (v)dv = 0.
R4

Using Lemma 2.1 together with (1.8) we obtain

M1 141

1 C
NIz < —IVMlp2 < —. (2:29)
vy

1

Next, we rewrite (2.26) as

1
Av) = —
1
L ( / o (v, 0 YA(') dv’ M(v) — VUM(U)> , (2.30)
v(v)
and use (2.29) together with (1.8) to deduce the first inequality in (2.27).
Finally, differentiating (2.30) with respect to v and using (1.10) and (1.8), we

easily deduce the second inequality in (2.27). ]

(KA (v) = VM (v))

3. A Priori Estimates

In this section we derive the a priori estimates on f. solution of (1.1) which will be
necessary for the proofs of Theorems 1.1 and 1.2.
First, we introduce the operator

T(f) = —Q(f) + ¥ 'E -V, f, (3.1)

and we recall that F.(z,v,t) denotes the solution of
T(F.)=0 /Rd F.(z,v,t)dv=1.
In view of Theorem 2.1 (i), such a function exists and can be written as
F.(z,v,t) = F(v,e* ' BE(,t)).

When o > 1 and E satisfies (1.5), Theorem 2.1 (ii) implies:
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Proposition 3.1. Assume that o > 1. Then there exists two positive constants vy
and 7o such that for all 0 < e <1, the following holds:

’YIM(U) < FE(‘ra v, t) < PYQM(U)
Under the same conditions, Theorem 2.1 (iii) and the chain rule imply:

Proposition 3.2. Assume that « > 1. Then for alle < 1, the function F. satisfies:

O F,
0 || % < et
e |l Lo (R24x[0,00))
. F,
(i) || Yete < e,
Fe Lo (R24%[0,00))

where C is a positive constant depending on || E||w1.. but not on e.

Proof. We only prove the second inequality (the first one is easier): We have
vV, F. = 0gF(v,e* 'E(z,t)e* v - V,E
and so (2.3) and the fact that o > 1 implies

a—1 .V.E
v Vo F.| < CF.5 Y2 < 0ol | VB oo L,
1+ ||

which proves (ii). O
Finally, Proposition 2.4 implies

Proposition 3.3. Assume that « > 1. Then for all € < 1 there holds

flv
[T w0 - peEl o foraitf e D@, (32
We can now prove the main result of this section:

Proposition 3.4. Assume that « € [1,2) and that (1.5)-(1.10) hold. Let f. be the
solution of (1.1) and let p.(x,t) = [pu f(x,v,t) dv. Then:

(i) The sequence (fe) s bounded uniformly with respect to €
in L*® ( Lt ( R? x ]Rd)) and (pe) is bounded uniformly with respect to
€ in L™ ( 7L1 ( ))

(ii) For all T > 0, (fc) is bounded wuniformly with respect to € in
L> ((0,T); L%,-, (R*%)), and (p.) is bounded uniformly with respect to e in
L> ((0,T); L* (R)).

(ili) The function f. can be decomposed as fo = p-F. + g. where g. satisfies

19ellz2(0.7),22,_, m2ay) < C(T)e™/?. (3.3)
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Proof. Integrating (1.1) with respect to z and v and thanks to the conservation
of mass property of the operator Q we obtain that (f.) is uniformly bounded in
L>((0,00) ; L*(R?4)). Next using (3.1), we recast (1.1) as

Eaatfa +ev- vwfa + 7::(.]65) =0

Multiplying this equation by f./F. and integrating with respect to x and v we get:

> d O, F. f? V.F. f?
%a”szzLi_l(ﬂW - // A f dvde + = //v f - dods
fe

+//7;(fa)ﬁdvdx.

Using (3.2) and Proposition 3.2, we deduce

6 87
?7”]05”[,2 RZd)'i_ﬁer Per”ii_l(de)SE CHsz%i_l(de). (3.4)

In particular this yields

a\\fsﬂw(dvdz/p V< 200 foll72 (o day s

and Gronwall’s Lemma implies that (f.) is uniformly bounded for any 7" > 0 in
L= ((o,T); LQFE,l(RZd)> and thus in L ((0,T); L2,_, (R?4)) thanks to Proposition
3.1. We also deduce that

/p?dx—/(/fsdv> dx<// 2 dudx < C.

Finally, integrating (3.4) with respect to ¢ and using Proposition 3.1, we obtain
(3.3). O

4. Proof of Theorem 1.1

The proof of our main result relies on the test function method first introduced
in Ref. 20. The starting point of the method is the introduction of the following
auxiliary test function: Given ¢(z,t) € D(RY x [0,0)), we denote by x.(z,v,t) the
unique bounded solution of the auxiliary problem

v(v)xe — v - Vaxe = v(v)g, (4.1)
which (integrating (4.1) along the characteristics) yields:
Xe(z,v,t) = / e VW (v)p(x 4 cvz, t) dz. (4.2)
0

‘We then have:
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Lemma 4.1. Let f. be a weak solution of (1.1) and let x. be given by (4.2). Then
the following weak formulation holds:

///fgatxsdvdxdwr//finXE\t:odvdera*a///psng(Xs_(p) dv de dt
:_g-l///gE(E. Vuxe) dvdxdt—s_“///K(gS)(XE—cp) dv da dt,

(4.3)

with

fs Pe 57 Pe = fs dv. (44)
R4

Proof. Taking x. as a test function in (1.1) and using (4.1), we get

///fsathddedt—//me€|t o dvda
:g_l///fEE'V”XEd”ddeE_a///K(fs)xa—ufgwdvdxdt
5_1///fEE'V”XECMd“T"dtJ“S_O(///K(fe)(xe—<p)dvdgcdt,
where we used the fact that [ K(f) dv = [vfdv for all f. Using (4.4), we deduce:

_///faatxsdvdxdt_//mes|t:0dvdx
:5_1///pEFEE'v”XEddedt""E_a///PeK(Fa)(XE—@)dvdxdt
+€_1///95E'VUXEdUd“dt+5_a///K(ge)(xe—cp)dvdxdt.

Finally, using the definition of F; and the fact that [ K(F) dv = [vF dv, we find

e ! /FEE “Voxedv +e7¢ /K(FE)(XE —¢)dv
g /(E V). dv 4+ e=° /K(FE)(XE o) dv
= @ /(K(FE) —VF)xedv + 57°‘/K(F5)Xs —vF.pdv

= 67Q/VFE(X€ —p)dv

which concludes the proof. O

In order to prove Theorem 1.1 we need to show that the right hand side of (4.3)
goes to zero, and to identify the limit of the left hand side. The first point follows
from the following result.
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Proposition 4.1. For any test function ¢ € D(RY x [0,00)), let x. be defined by

(4.2). Then
lim 6*‘*///K(ge)(xe —p)dzdvdt =0,
e—0

lin%) gt ///g€E~ Vuxe dv dx dt = 0.
e—

We will give a proof of this proposition which holds for any « € (0,2) (and not
just @ > 1), since we will use the result for « =1 in the next section.

and

Proof. To prove the first convergence, we note that

|K (ge)(x, t)| = ’/J(v,v')gg(a@,v’,t) dv'

1/2
gelo 0 02,
< - .
< v (/ ) ME)
Therefore
o [ [ [ Ko pasvar
< [ [lacte s, , [ M) ol dodu i
5 1/2
<< vl ( I/ ( / M(v)xswldv) dxdt> . (45)
Rd

and we conclude thanks to the following result:

M(v)

Lemma 4.2. For all p € D(R?) and all n < «, there exists a constant C depending
on 1 such that

1/2

(/ (/Rd M(v)Ixe — ¢l dv>2 dx) < ClleC )l meaye™.

Postponing the proof of this lemma to the end of this proof, we deduce (using
(3.3) and the fact that ¢(z,t) = 0 is compactly supported in t):

///K ge)(Xe ¢)d$dvdt‘§05n_a|gs||%I(dex(o,T))||<P||L2(o,oo;H1(Rd))

&«77—04/27

< CH‘PHL‘Z(O,OO;Hl(Rd))
and the result follows by choosing any 7 € («/2, a).

To prove the second limit, we first rewrite (4.2) as

> v
t) = ‘olete—=zt])d
Xe(z,v,t) /o e ap(x sy(v)z, ) s
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and observe that

1 < v v
20, xe = 59, L P Y (A I 4.
gale /0 5€ %0, (x-i—sy(v)z t) Oy, (V(v)> dz (4.6)

Next let us note that thanks to (1.11) we obtain

o (2] < s WAITt0

~v(v) v(v)? T

for all 1 <i,5 < d. Using Jensen’s inequality, we deduce:

//’ivaEQM@) dv dz
gC’///OOOseS nga<x+sy(vv)z,t)

< OV, D) L2 wey-

Therefore, by Cauchy-Schwarz

= [ [oe vvxadvdxdt\ <llgellzz_, 1Bl Va0l 22 gaxco.00n:

which completes the proof thanks to (3.3). |

2
dz M (v) dvdzx

Proof. (Proof of Lemma 4.2) For any ¢ > 0 we can write:

(f, MEhe el @)
SC(/W(1+|111|)65+C“|X€¢| dv>2

o ([, e ) (L, e o @)

1
mb@ - 90|2 dv.

<C
= 5/Rd<1+|v\

Furthermore, we have

IA

‘Xs_@‘ =

/0°° e "y (v)p(x + evz) — p(a)] dz

1/2

< (/Ooo e "y (v)p(z + evz) — ()] dz)
and so
/Rd Xe —l” do < /0 e (0) /]R [pla+evz) - (@) dadz.

Finally, using the inequalities

[ e +202) = e(@ do < 2o,
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and
| Jota+e0) = pl@)F do < V.ol ) fevsP

we note that for any n € (0,1) there exists a constant C' such that

/Rd [p(z + evz) — p(@)]* dz < Ol )| F gay (elv]2)*
We deduce

/ (/Rd M()|x= — ¢l dv>2 dz

—IJ v Z (|U| )
< CEQWH@ HHl Rd)/ / (v) (1+ o) &2 g dzdv

where the last integral is finite provided we choose 7 < « and then § < 2(av — 7). D

Having proved that the two terms in the right hand side of (4.3) go to zero as
€ — 0, we now prove the following result, which shows how the asymptotic equation
appears when passing to the limit in (4.3):

Proposition 4.2. Let L° be the operator defined by
L) t)i=e [vh(v - g)do
for all o € D(R? x (0,00)), where x. is defined by (4.2). Then
LE(p) — L(p) == —k(—=A)**(p) — (DE) -V ase—0
uniformly and in L?. The matriz D is defined by (1.17) and k is given by (1.16).

The key to the proof of this proposition is the following immediate consequence
of Proposition 2.1:

Proposition 4.3. When o > 1, the function F. satisfies

Fufw,0,8) = M(v) + 22 B2, ) - A(0) + G (2,0, ) (4.7)
where A(v) is given by (2.26) and G, satisfies:
G (z,v,t)] < C2@V|EB(z, t)2M (v)  for all (z,v,t). (4.8)

Proof. (Proof of Proposition 4.2) Using Proposition 4.3 above, we write
L5(p) =L+ L5+ L§ (4.9)
where
Li=e [ vM@) - o) dv
L=< [vB@ ) Aw) - ) do

Ly=¢e" /VGs(Xs —p)dv.
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The first term converges to —r(—A)*/?(p) uniformly and in L?, as was proved, for
instance in Ref. 20.
For the second term, we note that

L = E(z,t) - (51 /y)\(v)(xg — ) dv)
and we conclude thanks to the following lemma (which is proved below):

Lemma 4.3. For any test function @, we have

lim e ! /Rd vA(0)(xe — ) dv = /Rd M) (v - Vep(z,t)) dv= DTV,

e—0
where the limit holds uniformly and in L.

Finally, for the last term in (4.9), we write
e—p= [ O+ om) - oo )] ds
0

= / e VWzy(y) / ev - Vyp(x +evs, t) dsdz, (4.10)
0 0

which gives:

Lg:s*a/ vGe(xe — ) dv

/ / / e VW2 (0)2G . - Vap(x + evs, t) ds dz do.
Rd
Using (4.8), we deduce

|L5| < Ce* M E(x,t)? /d/ / e V2 (0)2M (v)v - Vap(x + evs, t) ds dz dv.
rdJo Jo
Next, thanks to the fact that [, [v|M(v)dv is finite (since a > 1) we obtain
L5 ]| Lo i x 0,00)) < C*HE(2, )|Vl Lo,
and applying Jensen’s inequality we get
|L5)?
(o) z
< C(E"_1|E(x,t)|2)2/ / / e Y2y (v)2 M (v)|v]|Vap(z + evs, t)]? ds dz do,
R Jo
hence
ILS || L2 Rax(0,7)) < Ce® E (@, t)[|700 Vel L2®ax 0,y

which completes the proof. O

Proof. (Proof of Lemma 4.3) First, using (4.10) we obtain

8_1/ vA;(v) dv—/ / / e VW (1)2 N\ (0)v-Vp(x+evs, t) ds dz dv.
R4 R4
(4.11)
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Next, we note that for any § € (0,1), we have
|Vaop(x + cvs, t) — Vap(z, t)| < Clevs|?,

/ / W2y )2dsdz = 1

where the first inequality follows from the two inequalities |V p(z+y) — Vip(z)| <
C (for ly| > 1) and |Vyo(z + y) — Vee(x)] < Cly| (for |y| < 1). Hence, thanks to
(2.27) we deduce

et /Rd vi(v)(xe — ) dv — /\ (v)vdv - Vyp(z,t)

<O/ / / e 2A(v)|v]|evs|® ds dz dv
R4

< Ce° / M (v) o' dv.
R

and

The uniform convergence follows by choosing § such that 0 < § < a — 1.

Finally, going back to (4.11), we also deduce

[ [ [ e - o
0o Jre R
S/ / / / / e VW2 p(0)2 X (0)|v]|Vap(z + cvs, t)| ds dz dv da di
0 R4 JRE JO 0

§||sz0||L1(Rdx(o,T))// /e_”(”)zu(v)Q)\(v)|v|dsdzdv
reJo Jo

< OVl L maxo,1))-

dx dt

So by a simple interpolation, we see that since the quantity under consideration is
bounded in L' and converges uniformly, it also converges in L2. DO

Gathering the results above, we can now complete the proof of Theorem 1.1:

Proof. (Proof of Theorem 1.1) In view of Proposition 3.4 and using a diagonal
extraction argument, we can assume (up to a subsequence) that there exist two
functions f(z,v,t) and p(z,t) such that

fe—f inL>®((0,7); L2, , (R*))-weak x
and
pe —p in L=®((0,T); L*(R?))-weak *

for all T > 0. Furthermore, Proposition 3.4 (iii), together with Proposition 4.3
implies

1 = peM oz, oy < C(T)"
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and so
flz,v,t) = p(x, t) M (v).
Next, we recall that Lemma 4.2 gives:
/M[Xe —¢]dv — 0 in L%(R4 x (0, 00)),
and we can prove similarly that
/M[atxe — Opp)dv — 0 in L2(R? x (0, 0)).

Using these facts, it is easy to show that

lim (/ //fg(‘?txedvdmdt—i—//fmxgh_odvdx)
e—0 0
:/ /Pat@dxdt'i'//Pm‘Ph:odx-
0

Finally combining this limit with Propositions 4.1 and 4.2, we can now pass to
the limit in (4.3) to deduce:

/ /p3t<pdxdt+/pmgo|t:0dx
0
+/ /p {—l-@(fA)o‘m(go) —(DE)-Vgp| dzdt =0
0

which is the weak formulation of (1.15). |

5. Proof of Theorem 1.2

Before proving Theorem 1.2, we need to show that p(FE) defined by (1.20) is well
defined:

Lemma 5.1. The function R(v,E) = F(v, E) — M (v) satisfies

M (v)
L4 ||’

|R(v, E)| < C|E]|

For some constant C > 0. In particular, the quantity u(E) defined by (1.20) is well
defined for all E € R? and satisfies |u(E)| < C|E].

Postponing the proof of this lemma to the end of this section, we turn to the
proof of Theorem 1.2:

Proof. (Proof of Theorem 1.2) When « = 1, F.(z,v,t) = F(v, E(x,t) is indepen-
dent of ¢ (we thus drop the € subscript below) and the weak formulation (4.3) takes
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the form

///feﬁtxsdvdxdt—k//fmxe\t odvdx + — ///pEVF ) dvdzdt
:77///95 - VoXe dvdxdtff///KgE Xe — ) dvdax dt.

(5.1)
Proceeding as in the proof of Theorem 1.1, we have (see Proposition 3.4):
fe—f inL%((0,T); L2, . (R*))-weak »
and
pe —p in L=((0,T); L*>(R%))-weak *
for all T > 0 and we can write
fe=pF +ge

where g. satisfies

9ell L2 (0,m).L 2 L (R2)) S C(T)e'/2. (5.2)

This implies in particular that
f(z,v,t) = plz,t)F(z,0,1).

In order to complete the proof of Theorem 1.2, we need to pass to the limit in
the weak formulation (4.3). First, we note that thanks to Proposition 4.1 (which we
proved without restriction on «), the right hand side in (5.1) vanishes in the limit.
Now let us define the operator £5(p) as

LE(p) = %/Rd v(v)F (v, E)(xe — ¢)dv
= %/Rd v(v)F(v,0)(xe — ) dv
+ E/Rd v(v) (F(U,E) — F(’U,O))(Xg —p)dv
= L3(9) + £3(0), (5:3)

where F(v,0) = M (v) thanks to the definition of F' given in (2.2).
Proposition 4.4 in Ref. 20 gives

Li(p) = K(—A)I/Qw in L2-strong.
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Furthermore, using formula (4.2) for y., we can recast £5(p) as follows:

£ (5.4)
/R/ e W22 (0) (F(v, B) — M) (p(x + cvz) — o)) dz dv (5.5)
</Rd/ e VW2 () (F (v, E) — M)vzdzdv> - Vap(z,t)

/Rd / e W2 () (F(v, B) — M) (p(x + cv2) — p(z) — evz - Vip(z)) dz dv,
= :U(E) : vx‘ﬂ(zrt) +R.

and we can now show that R. — 0 uniformly in « and ¢: Indeed, Lemma 5.1 implies

IRe| < Cl/ / e VW22 () M(v) (p(x + evz) — p(x) — evz - Vo(x)) dz dv
€ Jrd Jo 1 + |'U‘

and for any n € [1, 2], we have
lp(z + vz) — p(x) — vz Vip(a)] < Cy(elv]z)".
We deduce

IRe| < Cpe™ 1/ / e V(W22 )M(|)|(|v|z)’7dzdv

The integral in the right hand side is finite as long as n < 2 so we can take n = 3/2
and deduce

IRe||Lee — 0 as e — 0.
We have thus shown that
L5(p) = W(E) - Vap(x,t)
uniformly in  and ¢t as € — 0, which implies that £°(¢) converges uniformly to
—r(=A)2 (@) (@, 1) + u(E) - Vop(a,1).

Passing to the limit in (5.1) (the first two terms are handled exactly as in the proof
of Theorem 1.1), we deduce

/ /patgodxdt+/pi”<p|t:0 dz
0
/ [ p[-r-80%120) = u(B) - Vg dadt =0

which is the weak formulation of (1.19). |

Proof. (Proof of Lemma 5.1) First, we note that for any E € R%, the function
v — R(v, E) solves

T(R) = —E-V,M.
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Using the coercivity property of 7 (2.18) and the fact that [p, R(v, E) dv = 0, we

deduce
R2 1/2 |VM|2 1/2
i < < .
</ fa dv> < C|E] (/ fa dv) < C|E]

Next, we rewrite the equation for R as

VR—E-V,R=K(R)—E-V,M. (5.6)

Using the fact that [, R(v, E)dv = 0, we can write

K(R)(v) = /Rd(a(v,v’) ) RO do,

and so using (1.13), we obtain

K(R)| < / o — || R(W', B)| dv/ M (v)

_1+||/\R B)|dv
1/2
< Tt (fimepeg E>>/

< ClEl +(| : (5.7)

Finally, assumptions (1.8) yields

B V()] < ClEL

We thus have

vR— E-V,R| <C|E| M)
1+ |’

which implies (using Remark 2.1)

M
@) forallv € RY, B R
1+ |v]

and the lemma follows. O

|R(v, E)| <
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