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Abstract

This paper studies Adaptive Finite Element Methods (AFEMs), based on piecewise lin-
ear elements and newest vertex bisection, for solving second order elliptic equations with
piecewise constant coefficients on a polygonal domain € C R%. The main contribution is to
build algorithms that hold for a general right hand side f € H~1(Q). Prior work assumes
almost exclusively that f € L?(Q). New data indicators based on local H~' norms are
introduced and then the AFEMs are based on a standard bulk chasing strategy (or Dérfler
marking) combined with a procedure that adapts the mesh to reduce these new indicators.
An analysis of our AFEM is given which establishes a contraction property and optimal con-
vergence rates. In contrast to previous work, it is shown that it is not necessary to assume
a compatible decay of the data estimator but rather that this is automatically guaranteed
by the approximability assumptions on the solution by adaptive meshes, without additional
assumptions on f. Computable surrogates for the data indicators are introduced and shown
to also yield optimal convergence rates.

AMS subject classifications. 41A25, 41A65, 656N12, 656N15,65N30

1 Introduction

The theoretical understanding of the performance of Adaptive Finite Element Methods (AFEMs)
for ellliptic problems has matured significantly during the last decade. This has led to the
construction of AFEMs whose performance is, in a certain sense (described below), provably
optimal when measured by error decay versus cardinality (and number of computations provided
optimal iterative solvers and storage are used). However, even in the simplest settings, such as
a Poisson problem on a polyhedral domain in R?, there remain important issues that need to be
resolved in order to bring adaptivity theory to its most natural and complete form. The present

paper centers on two of these issues:
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e The minimal conditions on the data f which are needed for building an AFEM and deriving

convergence rates;
e The role of “data oscillation” assumptions in the analysis of convergence rates for AFEMs.

Since our main interest is to clearly put forward the new ideas necessary to properly handle
these two issues, we shall only treat the model elliptic problem in two space dimensions:

—div(AVu) = f in Q, ulon =0, (1.1)

where () is a polygonal domain in R?, and 2 +— A(x) is a matrix valued function such that A(z)
is symmetric positive definite for all x € 2 and has eigenvalues \;(z) satisfying

0< Amin S )\z(x> S Umax, T € Qa

where apin, and apax are fixed positive numbers. In addition, we assume that €2 can be decom-
posed into a (disjoint) partition
Q=0 U---UQ,,

where each ) is itself a polygonal subdomain and A(x) equals a fixed matrix A; for all z € Q,
i.e. A(z) is piecewise constant over this partition. We further assume that the subdomains €,
are matched by the initial mesh 7 in the sense that each 2; is a union of triangles in 75. Our
reason for working under these assumptions on A is that they allow for interface singularities
[7],]9], which are much more extreme than corner singularities.

It is customary in the a posteriori error analysis of FEM to assume that f € L?(Q2). Then,
the variational formulation of (1.1) consists in finding u € Hg () such that

afu,v) = L(v), ve HA(Q), (1.2)
where the bilinear form «a is given by

a(u,v) == /AVU-VU,
Q

and the linear form L is given by
L(v) := / fu.
Q

Lax-Milgram theory ensures the existence and uniqueness of the solution u of (1.2) under the
more general assumption that L is continuous on H}(Q) and a is coercive and continuous on
H(Q) x HE(Q). Therefore the well-posedness of (1.2) remains valid when f € H~1(€2), the dual
space of HE(Q2), with L now defined by

L(U) = <f,'l}>,

where (-, -) denotes the (H ™!, H}) duality bracket.
Our interest in H~! data is twofold: first it is the natural functional setting for (1.2) and
the study of AFEM, and second there are important applications, some discussed below, for



which f ¢ L%(). With the exception of Nochetto [11] and Stevenson [13],[14], studies of AFEM
always assume f € L?(Q) and rely on a specific form of data oscillation which has significant
implications on the structure of AFEM; see (3.21) below. Our approach is, however, different
from [13],[14] in several respects: we do not approximate f by piecewise constants as in [13],[14],
which is somewhat arbitrary for general f € H~1(Q2); we localize the global H~! norm of f to

stars w, and thus define the new local data indicators || f||z-1(..); and we examine the relation

ws)3
between approximation classes for v and f, which require deal)ing with approximations of f
other than piecewise constants. Despite these differences, we do have a procedure ADAPTDATA
to reduce the data estimator which is similar to the inner loop in [13],[14].

AFEMs for approximating u generate a sequence of nested conforming (no hanging nodes)
triangulations {7 }x>o of €2, starting from 7y. For each 7} they find an approximation Uy, to u
by solving a Galerkin problem for a finite element space of piecewise polynomials subordinate
to 7. Each AFEM is built on (i) a fixed rule for refining triangles, and (ii) a specified finite
element space over triangulations generated by the particular refinement rule. Starting with an
initial triangulation 7y of €2, the subsequent triangulations 7 are generated by certain adaptive
strategies. Typically, the AFEM computes the Galerkin solution Uz, on the triangulation 7,
estimates the residual ry := f + div(AUz,) (which in our case is in H~(Q2)), and uses this to
compute an error indicator ep := er(Ug,, f) for each triangle T € 7. These error indicators are
then used to decide which triangles from 7 will be further refined in order to improve accuracy.
This process is often referred to as marking. After refining the marked triangles and doing
any additional refinements necessary to remove hanging nodes, the new triangulation 7y is
obtained and the process is repeated. We refer the reader to Nochetto et al. [12] for an up to
date survey of the current theory of AFEMs for elliptic problems.

To understand the issues raised in this paper, we briefly recall the main results of AFEM
theory in the special case of newest vertex bisection and Lagrange P,, elements. The customary
performance analysis of AFEMs measures the approximation error in the H3(2) norm

”U"Hé(ﬁ) = HVUHI}(Q),

and measures the complexity of a triangulation 7 by its cardinality #(7); this matches well the
computational effort necessary to compute the Galerkin solution U7 provided optimal iterative
solvers are available. We let 5 denote the set of all conforming triangulations 7" with #(7) < N
that can be obtained from 7y by the newest vertex bisection process, and let

o) i= inf [lu=Urle (13)

be the best error we could ever obtain by such triangulations (hereafter we assume N > #(7p)).
An ideal AFEM would be one that generates triangulations 7; such that

luv = Un |l g0y < Cony (u), (1.4)

with Ny := #(7)) and C an absolute constant. There is no AFEM that is known to produce

such an ideal performance.



On the other hand, there are AFEMs which come close to this performance. To describe
these results, for s > 0 let A® be the set of functions u such that

|u|4s == sup Nopn(u) < 4o0. (1.5)
N2>#(To)

The set A® is a quasi-Banach space, when equiped with the quasi-norm
[ullas = |ulas + [Jull g1 (o)-

A more modest goal than (1.4) would be to construct AFEMs such that whenever u € A®, the
AFEM produces triangulations 7 such that

lw = Uz |y o) < Clulas#(Tk) ", (1.6)

with C' an absolute constant. Starting with Binev, Dahmen, and DeVore [2], AFEMs have been
constructed which exhibit this performance, except for one caveat: to guarantee this performance
it is assumed that f € L?(Q) [2],[5],[12], or alternatively f € H~ () can be approximated by
piecewise constants over 7j [13],[14], properties which are not a consequence of u € A*.

Let us elaborate further on this last issue. Given a triangulation 7 and the Galerkin solution
Ur associated to 7, a typical AFEM uses the residual-type local error indicators

G 1= W3 f + div(AVUD) [Bagr) + hrll TUT) 2o, (1.7)

on each triangle T' € 7. Here, hr is the diameter of 7" and J(Ur) is the jump of AVUr v, across
a side (edge) o of T', where v, is a unit outward normal to o. These error indicators do indeed
control the global error from above in the sense that [u — Urllgiq) < > rer e%.. However, to
control the error from below one needs to introduce an extra term osc(f, 7 ), referred to as data
oscillation, which then gives

Yot S lu— Uzl +ose(f, T)%
TeT

A typical form of this term for Lagrange finite elements of degree m is

N

oscl(f,T) i= (3 W3S = ar(N)l3a ) (18)

TeT

where ar(f) is the L?(T) orthogonal projection of f onto P,,_1, the space of polynomials of
total degree < m — 1. In the particular case m = 1 of piecewise linear elements, ap(f) is the
meanvalue of f over T.

A typical AFEM computes the error indicators er for each T' € 7, and marks for refinement
the triangles T' € T with largest error indicator. Among the many possible strategies on deciding
which triangles to mark, the strongest analytical results are obtained when the marking is done
using a bulk chasing criteria introduced by Dérfler [6], the so-called Dorfler marking. Recent
work, see [5],[9],[12], has shown that AFEMs based on this marking strategy achieve a benchmark
similar to (1.6) provided that u € A® and that in addition, f has enough smoothness so that



the data oscillation term is controlled by the algorithm with the same rate of decay N ¢, for
s <m/2. A glance at (1.7) and (1.8) reveals that a minimal requirement for the applicability
of this approach is that f € L?(£2). Moreover, this requirement on f is even more demanding
when dealing with higher order Lagrange elements m > 1.

In order to remedy these issues, we need to develop new algorithms and theory for AFEMs
that work on the minimal assumption that f € H~1(£2). Moreover, such new algorithms could
also be useful in practice since there are several relevant elliptic problems which give rise to a
right hand side that belongs to H~!(Q) but not to L?(£2). Here are at least two of them:

e The function f belongs to LP(2) for some 1 < p < 2. Then standard imbedding theorems
ensure that f € H*(Q) for s =1 — % < 0 and therefore f € H~1(9).

e The linear form L has the form L(v) := [Vg- Vv, where g is a function in H}(f2) such
Q

that Ag ¢ L%(Q). A typical example is when g is itself a P,, finite element function. Then
f = —Ag typically contains Dirac distributions supported on the edges ¢ of the mesh with
densities the jumps of Vg - v,. Such distributions are in H*(Q2) only for —1 < s < —%.

The main accomplishment of this paper is the development of a new AFEM, based on new
error and data indicators which apply to general data f € H— (). The algorithm will be shown
to give the optimal convergence rate N ~° under the sole assumption that u € A%, in contrast to
earlier approaches such as in [2],[5],(6],[9],[10],[13],[14] where additional assumptions are made
on f. Notice that the assumption v € A® only implies that f € H~(Q) (and not necessarily
that f € L(f)). Since we are restricting our attention to piecewise linear elements (m = 1),
the range of sis 0 < s < %

An outline of this paper is as follows. We begin in §2 by recalling the properties of newest
vertex bisection that we shall need for our analysis. Then, we derive in §3 a posteriori error
estimates for piecewise linear finite elements by using local H ! norms for f. The error estimator
consists of a jump estimator and a data estimator which is of the form

DUT) = (3 1) (1.9)

2eN(T)

where N (7) is the set of nodes in the triangulation 7 and w, the union of the triangles of 7°
having z as a vertex (the so-called star or patch). The data estimator (1.9) is thus defined for
any f € H (), in contrast to the data terms involving L? norms in (1.7) and (1.8) or the
replacement of f € H~1(Q) by piecewise constants of [13],[14], which is a somewhat arbitrary.

We formulate in §4 an AFEM that applies to general f € H~1(Q). We prove a contraction
property for this AFEM that implies in particular convergence towards the exact solution. This
algorithm combines the bulk chasing strategy based on the new error indicators, together with a
generic refinement procedure ADAPTDATA, referred to as data adaptation, which reduces (1.9)
to a prescribed tolerance. This procedure is similar to Stevenson’s inner loop [13],[14], which
was later eliminated by Cascén et al. [5] in the context of L? data. When treating general H !
data, the reduction of D(f,7) must be explicitly enforced for the AFEM to converge and exhibit
an optimal decay rate.



In §5, we begin our analysis of the convergence rates for our AFEM. We first show that the
optimal convergence rate N—*° is achieved by our algorithm, provided that u € A° and that
there is a subroutine ADAPTDATA that exhibits a similar convergence rate N—° for D(f,7) in
terms of N = #(7). We later build in §7 concrete realizations of ADAPTDATA which satisfy
this property under various assumptions on f.

In §6, we prove that there exists an optimal data adaptation procedure for which the con-
vergence rate N~° of D(f,7T) is ensured under the sole assumption that u € A%, for s < 1/2;
we also examine the borderline case s = 1/2. This optimal procedure is tied to evaluating the
local H~!(w,) norms in D(f,7T) and finding optimal meshes for u. This is impractical because
the computation of local H~!(w,) norms in (1.9) is generally not viable. However, we introduce
surrogate quantities in §7 that are computable, provided f € LP(f2) for some p > 1 or f is a
Dirac distribution on a 1-dimensional curve, thereby leading to a larger data estimator 25( £T).
In such cases, the AFEM can be built on these surrogate quantities, and ADAPTDATA can be
implemented using a simple and practical greedy algorithm for data adaptation. In addition, the
optimal decay rate N ™% is achieved under the assumption that u € A%, for any 0 < s < 1/2.

We end by some concluding remarks on possible extensions of our approach in §8.

2 Newest Vertex Bisection and Piecewise Linear Elements

In this section, we briefly recall newest vertex bisection and properties of the space of piecewise
linear elements. The starting point is an initial conforming triangulation 7y of the polygonal
domain 2 into a finite number of triangles. In newest vertex bisection, each edge of 7y is given
an initial label of either 0 or 1. Such labels are required to depend only on the edge o and not
on the triangles to which o belongs. The initial labeling of the edges of 7y is required to have
the property that for each triangle T' € 7y, exactly one edge of T" has the label 0 and the other
two have label 1. It is known that it is always possible to make such an initial assignment [8],[2].

Any triangle T' created by the bisection procedure will have edges labeled 7,7+ 1,7 + 1 with
i > 0 integer. The vertex opposite the side labeled i is called the newest vertex [8],[2]. If T' is to
be bisected then this refinement is done by connecting the midpoint of the side marked ¢ with
the newest vertex. This leads to the creation of two new triangles (called the children of T'), and
three new edges. Each of these new edges is given the label ¢ + 2. The newest vertex of each
children is the vertex opposite the side labeled i + 1 (the side with the smallest label). Once 7y
is equipped with the initial labeling, these rules guarantee that each edge has unique labeling
regardless of the triangles sharing it and no ambiguity arises in this process; see [2],[8],[12] for
details. The label i of an edge indicates its generation. Also the lowest labeled edge of a triangle
T gives the generation of T, i.e. how many bisections were made to create T.

Unless implemented recursively [12], this newest vertex bisection procedure creates meshes
7 which are non-conforming. They can be represented by a (finite) binary forest whose roots
are the elements in 7p and whose leaves are the elements of 7. Each such forest is contained in
an (infinite) master forest which consists of all triangles that may be generated from 7y by the
newest vertex bisection procedure. We are mainly interested in conforming meshes (no hanging
nodes), which correspond to a restricted class of finite binary forests.



If 73 is a conforming mesh obtained from 7y by newest vertex bisection and Ry is a subset
of T, of triangles to be refined, the refinement procedure creates a non-conforming mesh 7, by
bisecting the elements in Ry, and finds the conforming refinement of T}, by adding the smallest
number of additional newest vertex bisection steps so that the resulting mesh 71 is conforming,.
The second step (completion) is nonlocal and its complexity is rather intricate but critical for
the overall complexity analysis. It was shown by Binev, Dahmen, and DeVore [2] that the cost
of conforming refinement can be uniformly controlled. We express this crucial result as follows.

Lemma 2.1 (complexity of conforming bisection). There ezists a constant Cy > 1, depending
only on 1y, such that for all k > 1

k—1
#(Te) — #(To) < Co Yy #(R;). (2.1)
j=0

We now discuss two easy consequences of this result. Let T bea non-conforming triangulation
obtained from 7y by several newest vertex bisections. In other words, we do not assume that
hanging nodes are removed after each set of bisections as is the case in the last Lemma. If 7 is

the smallest conforming refinement of ’?, then

#(T) — #(To) < Co(#(T) — #(To)) (2.2)

where Cj is the same constant as in (2.1). This comes from the fact that the same 7 would
also result from applying conforming refinement after each bisection step. A second scenario is
that 7 is a non-conforming refinement of an arbitrary conforming refinement 7~ of 7o. If 7 is

the smallest conforming refinement of T , then
#(T) < #(To) + Co((#(T) = #(T)) + (HH(T) — #(T))) < Co(T). (2:3)
For any two meshes 7 and 7* created from 73 by newest vertex bisection, we denote by
ToT",

the overlay of the two meshes, consisting of the union of all triangles of 7 that do not contain
smaller triangles of 7* and of all triangles of 7* that do not contain smaller triangles of 7. This
overlay can be obtained by performing all bisections called for in the generation of 7 and 7*

from 7y. Hence, we clearly have
#(TOT") <#(T)+#(T") — #(To). (2.4)

We sometimes write
T >1T,

to say that 7* is a refinement of 7, which means that it is obtained from 7 by applying
additional steps of newest vertex bisection, or equivalently that 7 & 7* = 7*. Note that the

overlay between two such conforming meshes is also conforming.



Remark 2.2. Most constants occuring in this paper depend only on the geometry of 7y. This
utilizes the property that any triangle created by newest vertex bisection is similar to one of
a fixed number of equivalence classes dictated by 7y and its labeling; see [8]. Throughout this
paper, C typically denotes a constant that only depends on the initial triangulation 7y and its

labeling, unless stated otherwise. We shall also sometimes write
A() 5 B()
when A(-) < CB(-) for such a constant independent of the arguments in A and B.

For a conforming mesh 7', we denote by N(7) the nodes (or vertices) of 7, and by Ny(7)
the subset of nodes that are interior to Q. For z € N(7), we denote by ¢, the piecewise linear
hat function such that ¢.(z") =4, . for all 2’ € N (7). The support sets

wy :=Supp(¢,) =U{T €T ; z€T}

are called stars. We denote by I'(7) the set of all inner edges o of 7, i.e. edges which are not
contained on the boundary 99Q. For each z € N(7) we denote by I'(w,) the set of inner edges
interior to w,, i.e. those inner edges which have z as an end point, and we define the skeleton
of w, as
Yz i=U{o; 0 €T'(w:)}.

We denote by hr the diameter of a triangle T" and by h, the diameter of w,. The triangulations
built from newest vertex bisection are shape regular and graded in the sense that all possibly
generated triangles satisfy a uniform smallest angle condition. From this it follows that h, is
uniformly equivalent to hp: for all z € N(7) and T € 7 such that T C w,,

h. < hy < hs.

We denote by V(7') the space of piecewise linear functions subordinate to 7, and by Vo (7)
those functions in V(7°) which vanish on the boundary 92 of . The hat functions {¢.}.cnr (1)
are the canonical basis of V(7) and, likewise, {¢. }.en, (1) are the canonical basis of V(7). We
recall the partition of unity property:

Y bulx)=1, zeQ (2.5)

2€N(T)

3 A Posteriori Error Analysis with 4! Data

In this section, we introduce certain local H~1(f2) error indicators and derive some of their

properties. We denote by

1
Iola = a(v.0) = ([ 470-v0)",

Q

the energy norm associated to the problem (1.2) which is equivalent to the Hg norm
Vamin|[vll 71 0) < Ivlle < Vamax||vll g1 ), (3.1)

8



where HU”H&(Q) = ||Vl p2(q). For any subdomain w C ©, we define the local energy seminorm
1
lvlle = (/ AV - Vv) ‘)

3.1 An Error-Residual Equation

Let f € H71(2), and let u € HJ(£2) be the exact solution of our model problem
a(u,v) = (f,v), ve HI Q). (3.2)
Fix a conforming triangulation 7 > 7y and denote by U := Uy € Vy(7) the Galerkin solution
a(U, V)= (f, V), VeVuT). (3.3)

Equivalently, U is the orthogonal projection of u onto Vo(7) in the sense of the inner product

a(-,-). From the equivalence (3.1), U is a near best approximation to u in the H} norm:

Omax
lu = Ullgge) < 4/ Ilu = Viigg), V€ Vo(T). (3.4)

min

Integration by parts yields the following relation between the error u — U and the residual

a(u—U,v) = (f +div(AVU),v) = (f,v) + Z /Jv, v e Hy (), (3.5)

is the jump residual. Since A is piecewise constant over 7 > 7, J is constant on each o € I'(7).
Using (2.5) in the error-residual relation, we end up with a similar relation localized to all stars
Wyt

au-Uv)= Y ((f,v¢z>+/qu5z). (3.6)

2eN(T) v

3.2 Reliability: Global Upper Bound

In order to derive an upper bound for the error, we first observe that Galerkin orthogonality
implies
(o) + [ 16.=0, 2 € (T (3.7)
V=

We first exploit this to rewrite (3.6) as follows,

a(lu—U,v) = Z <<f, (v—az(v)p.) + / J(v— az(v))@), (3.8)

zeN(T) vz



where o (v) € R is defined as the weighted meanvalue

J vo:

a,(v) == wzf 5 z € No(T),

and o, (v) := 0 if 2 € N(7T) \ N(7p) is a boundary node. We now estimate each term on the
right-hand side of (3.8) separately assuming that v € H}(£2). On the one hand, we have

(f, (v =az(v))gz) < fll-1(0) IVI(v = z(v) el 2
< Al @) IVl + [0 = @z ()] 2@ V@2l Lo w2)
Sl Vol 2 .,)-

Here we have used the fact that |V, ||fe@w.) < hs'

~ z )

as well as the rescaled Poincaré type
inequality
v = az(0)llr2@.) < h=lIVVllr2.) (3.9)

which is in its usual form for interior nodes but is also valid for boundary nodes (because v
vanishes at least on one of the edges that constitute the boundary of w,; see [12]). On the other

hand, from the rescaled trace theorem and (3.9), we have
JI0=a@)és < 1l o — az@)l 2o

Yz
< W2 (022190 2y + 5720 = e (0) 2w )
1/2
S B2 V0 22wy

/
(X 10PR) 190l

UEF(WZ)

Since all points of 2 belong to at most 3 stars w,, except for a set of zero Lebesgue measure,

this implies
%
a(w=U0) 5 (D (Il + X loPlol?)) 190l 2o, (3.10)
2eN(T) cel(wsz)
Motivated by (3.10), we introduce the local jump residual and data indicators
. . 2 2 1/2
J(2) = iU T) = (3 oPILR) " and d(z) = d(f,5,T) = 1 fla-reny (311)
cel(wz)
We also introduce their global counterparts
1
J(U,T) = ( s j(z)2> ® and D(f,T ( E )
2eN(T) 2€N(T)
The local error indicator e(z) and global error estimator £ are then given by
e(2)? :=e(U, f,2)% == j(2)* +d(2)* and E*:=E(U, f,T)* := Z e(z)2. (3.12)
2eN(T)

Using (3.10), together with the norm equivalence (3.1), we reach an a posteriori global upper
bound for H~! data expressed as follows.

10



Lemma 3.1 (global upper bound). There ezists a constant Cg > 0 that only depends on the
iniatial mesh Ty and amin, such that

If M C N(T) is a set of nodes of 7, we use the notation D(f, M;7T), J(U,M;T) and
E(f, U M;T) for data, jump and error estimators localized to the nodes of M. Namely, we
define

1

E(f. UM T) := (Z e(z)2> 2 (3.14)

zeEM
and similarily define D(f, M;7) and J(U, M;7T). It will be useful, for the discussion in §5,
to have an upper bound for the energy error between two Galerkin solutions U € V(7) and
U, € Vo(7.) with 7, a conforming refinement of 7. The following result shows that this error is
bounded by a localized estimator of the above type (3.14).

Lemma 3.2 (localized upper bound). Let M € N(T) be the set of all nodes z € N(T) such
that z is a vertex of a triangle T € T \ T* which was refined in the process of constructing T*.
Then,

1U" = Ulla < Cr E(U, f, M;T), (3.15)

where C, > Cq only depends on the initial mesh Ty as well as on amin and Cg is the constant
in (3.13).

Proof: We define v := U* — U € Vy(7*) and w = v — V where V' € V((7) is an arbitrary
function. In view of (3.6) and (3.7), we can write

\U* = U3 =aU*—Uw)=alu—Uv)=alu—Unv—V)

> ((f,w¢z>+/Jw¢z)

zeN(T) s
- Z <<fv <w_az(w))¢z>+/J(w—az(w))¢z).
2eN(T) :.

We now take V' := Prv where Pr is a local Scott-Zhang projection operator [4] onto Vo (7)
that we build as follows. For each z € Ny(7) we pick a triangle T, € 7 in a such way that
T, C w, and the following property holds: if w, contains at least one triangle in 7 N 7", i.e. a
triangle of 7 that is not refined, we take for T, such a triangle. For any g € L?(Q), we then
define 7,g as its local L?(T})-orthogonal projection onto ITy the space of affine polynomals, and
B:(g) := m.g(2) its value at z. We then set

Prg:= Y. B:(9)¢-
ZENQ(T)

It is easily seen that Pr leaves V(7) invariant.
From the particular choice of T, and the fact that v € Vy(7™), we also find that w = v—"Prv
vanishes in all the triangles in 7 N 7*. Therefore,

0" Uit = 3 (0= asw)n) + [ Iw - a.(w)s).

zeM v

11



By the same arguments leading to Lemma 3.1, we thus obtain
1
W=l S (X (I + X2 loP1?)) IVl 2 0):
zeM c€el(w2)

Observing that Pr is uniformly H!-stable in the sense that for all g € H}(Q),

IVProlrz) S 1IValle @),

we obtain that ||[Vw| 2y < Cl|Vv|r2@q) < \/C%MU — U*||q with C > 1. This allows us to

conclude the proof with Cp, > Cq. O

3.3 Efficiency: Local Lower Bound

We want next to derive a local lower bound for the error ||u — Ul|,,. We consider a star w, with

z € N(T) regardless of whether z is an interior or a boundary node. We construct a function

Y = Z AoPo,

oc€el(wz)

of the form

where the functions ¢, are the canonical quadratic bubbles with value 1 at the mid-point of the
side ¢ and zero at all other Lagrange quadratic nodes, and where

3
ap 1= §|0|Jg, o€ '(ws).
Using ¢ as a test function in the error-residual relation yields (via Simpson’s rule)

au-Ue) = {59+ Y ads [eo= (el b3 3 lolants = (f.e) + ()

UEF(LL)Z) o UEF(WZ)

We thus arrive at

J(2)? = / AV(u—T) Vo - (f,9)

< (Vamarlt = Ullo. + 1 ll1-10r) ) IVl 220

Since Vo |lr2(w.) S 1, we have

IVellzwy £ D lollJal £ 4(2)-
UEF(UJZ)

Therefore, we have proven the following local lower bound.

Lemma 3.3 (local lower bound). There exists a constant ¢; > 0, that only depends on Ty and
ON Amax, Such that
c1j(z) < lu—=Ullw, +d(2), z € N(T). (3.16)

Combining Lemmas 3.1 and 3.3, we immediately obtain the following result.

Corollary 3.4 (global lower and upper bound). There exist constants 0 < C; < Cy <1+ Cé,
that only depend on Ty and on amin and amax, such that

CEWU £, T < lu—-Ula+D(f. T)> < CE(U, f,T)*. (3.17)
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3.4 The Data Estimator

We discuss next some properties of the data estimator D(f,7). In particular, we compare
the magnitude of this term with other data estimators previously used in the literature. If
f € L*(Q) and U(H}(w,)) is the unit ball of H}(w.), then applying the Poincaré inequality to
v e U(HY(w,)) we get

d(z) = lfllg-1w) = sup  (f,0) <[Ifllze@a)lvlizew.) < hellfllz2w.)- (3.18)
veU(HE (w2))

The right side, which is the usual form of the interior residual for piecewise linear elements
and piecewise constant coefficients A, can be much larger than d(z) for an oscillatory function
f € L?(Q2). In contrast, if f is constant in w, (polynomial suffices), then

1172, = 3/f2¢z <3 F i1 12l oy S B2 I a1 o) 11l 22 )

and so in this case, d(z) and the right side of (3.18) are of the same magnitude.
We can also shed some light on the relative sizes of d(z) and j(z): using (3.5) with v €
U(H} (w,)) leads to
d(z) = [[flz-1@.) S llu=Ullw. +3(2). (3.19)
This and Lemma 3.3 show that neither indicator j(z),d(z) dominates the other for f ¢ L?(w,).
On the other hand, the derivation of Lemmas 3.1 and 3.3 reveals that we could have replaced
| fll 1w,y Y If = f2ll -1 (w,) for any constant f. when z € No(7). This is due to the fact that

J@=awno. ~o

Wz

which allows us to remove f, from f in (3.8) for all z € Ny(7). With such a modification,
instead of (3.16) we would obtain

3(2) Sl = Ullo. + 11 = f2lla-1(0.)
and in place of (3.19),
d(z) S llw = Ullw. +11f = Fellg-10.)-

This in turn leads to a modified form of the lower bound in (3.17), namely

EU LT SMu=UIP+ > I = FllF1go (3.20)
2eN(T)

The last term is an H ~!-version of the so-called data oscillation term. In fact, if f € L?((Q),

then the same argument employed in (3.18) yields the more familiar quantity [1],[5],[9],[10],[12]

oo =Ny S D B2 = aa(Nfz.) = ose(f, T)*. (3.21)
zeN(T) zeN(T)

The decay of the right-hand side of (3.21) is strictly faster than that of (3.18) when f =
—div(AVu) is more regular than dictated by the regularity of w. For instance, reentrant corners
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of 2 and discontinuities of A may create singularities in u not reflected in f. In fact, u can
be arbitrarily close to H' even for smooth data [7],[9],[12]. This explains the interest in data
oscillation and the lower bound (3.20). On the other hand, in our setting of piecewise linear
elements, the quasi-optimal convergence rates derived by Cascén et al. [5] hold for f € L?()
without assuming any further regularity, and the meanvalue o (f) plays no role in making d(z)
smaller; one might as well take a,(f) = 0. In the present context of H~! data, the role of f, is
similar in the sense that replacing d(2) by ||f — f.[| -1 (..) does not yield faster asymptotic decay
of the data estimator and setting f, = 0 turns out to be sufficient for the optimal convergence
of our AFEM algorithm of §5 and comparison of approximation classes of §6.
We therefore stick to the original definitions of data indicators and data estimator of §3.2

A=) = [fla-1oy and DET) = (0 d=)?)". (3.22)
zeN(T)

The following result gives some important properties of the data estimator D(f, 7).

Lemma 3.5 (properties of data estimator). Let 7 be any conforming triangulation. Then
(i) The application f v+ D(f,T) is a norm on H~ ().
(ii) For any f € H=1(Q) we have

D(f.T) < V3llf -1 (3.23)
(iii) For any f € H-Y(Q) and for any conforming refinement T, of T, we have
D(f,T.) < V3D(J. T). (3.24)

Proof: That D(-,7) is a norm follows easily from the fact that D(f,7) is the ¢5(N (7)) norm
of the sequence (||f||g-1(s.))-en(7), and f = 0 in w, for all z € N(7) implies f = 0 in Q. To
prove (3.23), note that for each z € N'(7), there exists A\, € H{(w,) such that

G = 1By and el oy = 11,

If we define A := ) N(T) Az, then using the fact that almost every point of €2 is interior to a
triangle and thus contained in exactly 3 sets w,, we have

||>\||H1 <3 > A ||H1 () =3 > ||f||H Lw.): (3.25)
2eN(T) 2eN(T
On the other hand
S My = D (Fx) =(EN < Ifla-v@ M e
zeN(T) zeN(T)

Replacing H)\||H3(Q) by the bound in (3.25) gives (3.23). To prove (3.24), we observe that for
each z,. in NV (7.), there exists z € N(7) such that w,, C w,. Thus

Yo ey S D D Ml (3.26)

2+ €N(T2) 2€EN(T) Wz, Cw2
Replacing Q by w,, the previous derivation gives >~ | f H%{*l(wz < 3|1 f13- )~ Inserting
this into (3.26) we arrive at (3.24). O
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4 An AFEM: Algorithm and Contraction Property

We now propose an AFEM that, starting from the initial mesh 7y, iteratively constructs refined
meshes and the corresponding Galerkin solutions. If & > 0 stands for the adaptive counter, we
use a subscript k to indicate the corresponding mesh 7, the nodes N = N (7;), the Galerkin
solution Uy, the local indicators ji(2) := j(Ug, 2), dip(2) :== d(f,2), ex(z) :=e(U, f,z), for z €
N, and the global estimators Ji := J (Ug, 7x), Dx := D(f, Tx), & := E(Uk, [, Tx)-

4.1 The Algorithm

Our adaptive algorithm takes the following form. We choose a parameter 0 < # < 1 and an
initial conforming mesh 7y satisfying the initial labeling of §2. Set k£ = 0 and iterate

Ui, = SOLVE(Ty);
{ik(2), d(2)}.cn, = ESTIMATE(T, Uy, f);
My, = MARK ({eg(2)}sens T 0);
if Dy > o := ggk
T," = ADAPTDATA(T}, f, ;%5);
else
7.7 =Ti;
Ti+1 = REFINE(T;;, M) © T,F;
k—k+1

This algorithm is based on the jump and data estimators ji(z) and di(z); a more computa-
tional version will be discussed in §7. We now describe each subroutine appearing above in
sufficient detail.

Procedure SOLVE. This module finds the Galerkin solution Uy of (3.3) ezactly. We therefore
assume that there is a way to evaluate (3.3), namely (f, ¢.) for all z € Nj.

Procedure ESTIMATE. This module determines the jump indicator jx(z) and data indicator
di(2) for each z € Ny. We thus assume that we have access to d. = || f| g-1(.,) for all z € Ny,
even though these values are not immediately available. Later in §7 we replace d, by surrogate
quantities CZZ, which are computable.

Procedure MARK. This module marks nodes z € N}, with largest local indicators ey (z) accord-
ing to the following bulk chasing strategy (Dorfler marking [6]): given a parameter 0 < 6 < 1
determine a smallest marked set M, C N}, such that

Note that the marking is driven by the total estimator & and not by any of its constituents Jj
and Dj. This is consistent with the fact that separate marking might not, in general, lead to
optimal cardinality [5]. Bulk chasing ensures a reduction property of the estimator & provided
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f € L*(Q), which according with (3.18) gives the data indicator Pl £l 22w, [5],[12]. This is not
possible for data f € H~!(Q) without further assumptions. Therefore we need to enforce a data
indicator reduction separately, which is done in ADAPTDATA.

Procedure ADAPTDATA. This module is similar to Stevenson’s inner loop to deal with
H~1 data [13],[14]. Tt refines stars with relatively large data indicators d(z) until the over-

all contribution in the conforming refinement ’];:r of 7} is smaller than a prescribed tolerance:
7,7 = ADAPTDATA(7y, f, ) should satisfy

D =D(f,T,}) <

Note that D,j < 6%/38/?. A contraction property of our AFEM is proved in §4.2 and is valid
regardless of the complexity of the triangulation ’T,: produced by ADAPTDATA. The latter,
however, is crucial to examine the cardinality of AFEM. We will assume in §5 that this com-
plexity is compatible with the rate of convergence permitted by the solution u, and use this
assumption to derive optimal convergence rates of the AFEM. We will then show in §5 that this

assumption can indeed be met by a certain version of ADAPTDATA.

Procedure REFINE. This module performs one newest vertex bisection on each element T C w,
for z € M where M C N(T) is a given set of nodes in a conforming triangulation 7. In addition
it performs one newest vertex bisection on each of the resulting pairs of children (77,7") so
that each edge of T is bisected. This leads to a resulting non-conforming triangulation 7 and
T* = REFINE(7, M) is its smallest conforming refinement.

Remark 4.1. In the above algorithm, the next mesh 7j; is obtained from the current mesh
7T as the overlay of the two refinements of 7; by REFINE and ADAPTDATA, which are done in
parallel. An alternative, that we shall not further explore, would be to perform them sequencially.

4.2 Contraction Property

We begin our analysis of the AFEM with the following property, which is instrumental in the
proof of a contraction property. A more general result is proved in [5].

Lemma 4.2 (jump residual reduction). Given a conforming refinement T of Ty and a set of

nodes M € N(T), let T* > REFINE(T, M) be any conforming refinement of REFINE(T , M).
Let V € Vo(T) and V* € Vo(T™) be arbitrary. There exists a constant Cs > 0 depending only
on Ty and on amin and amax such that for all § > 0,

1
TV TP < A+0)(TV.TP? = STV MTY) + (1467 GV = VIR,

Proof: As a first step, we compare the local quantities j(V* 2z*,7*) and j(V,z*,7*) for all
z* € N(T*), where these quantities are defined as in (3.11) for the fine triangulation 7* and
with U replaced by V* or V. We remark that

V52T <GV T + (V= V,an, T7)
<V T + (Lo [ AV = V)] [22,0))
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Since A is piecewise constant over 77, a rescaled inverse inequality yields [[[AVW]|12(5+) S
‘0*‘_1/2||VW”L2(WZ*) for all o* € T'(w,~) and all W € Vy(7*). We therefore obtain

V2T < V.2 T + CIVV = V)l g2
where C only depends on 7y and ayax. Squaring this inequality, applying the Young inequality
(a+b)2<(1+6)a®>+(1+6 1 Va,beR,

for any § > 0, and adding over z € N'(T*), we arrive at
TV TR (A +0) TV, T2+ Cy (14 6DV - VI, (4.2)

where C3 only depends on 7y and on api, and amax (here we have used the finite overlapping
property of stars w,). Since V exhibits jumps solely on interelement boundaries of 7', and the

latter belong to exactly two stars, we can rewrite J(V,7*)? as

JVTR=2 % (X WPUeP)=2 X (Y e PIL

o€l (T) o*el(T*),0*Co o€l (T) o*el(T*),0*Co

where J, = J,+ is the jump of AVV across ¢ and thus across any ¢* C ¢. On the other hand,

we have
JV.TP =2 ) |of’|J[*
ocel(7)
)0+ Co lo*|2 < |o|? for all o € (7). In addition, if o € I'(w,)
for some z € M, then by definition of the procedure REFINE it has been split at least into two

We notice that we have 3. cp(7-

in the refinement process which leads to 7* and therefore for such edges we have

1
S o<l

o*€l(T*),0*Co

|

From this it follows that

TJV. TV <V, MTP? + TV NT)\M;T)? =T (V. T)* - %J(V,M; 7).

N

Inserting this into (4.2), we conclude the proof. O

We next combine this result together with the fact that the procedure ADAPTDATA reduces
the data estimator Dy, strictly, in order to obtain a reduction property of the error estimator in
one AFEM loop. The following result shows that such a reduction is ensured provided that the
Galerkin solutions do not change much after such a loop.

Lemma 4.3 (estimator reduction). Let 0 < 6 < 1 be the bulk parameter. If C3 denotes the
constant of Lemma 4.2, then we have for all § > 0

2

0 _
)ER+ (1+67)Cs Uk — Ul (4.3)

£, S(Hé)(l*E
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Proof: We distinguish two cases depending on whether AFEM calls ADAPTDATA or not.
If AFEM does not call ADAPTDATA, then D < gé’k. The bulk property implies
92
0°E; < E(Uk, [, Mis Th)* < T (U, Miy Th)* + D < T (U, Mis To)? + €2,

whence 92
8
T Uy, My; To,)? > 75;6 (4.4)

We now examine the reduction of £Z. In view of Lemma 4.2 and (3.24), we infer that

2y < (1+0)(F2 = 3T Wk MisTo)) + (14 57 1)Csll U — Usll3 + D2
(1+68) (T2 — 3T (U, My T)* + 317;3) + (146 HC3]|Uk 1 — Uplly-

IN

To estimate the first term on the right-hand side we use (4.4) and €2 = J? + Dj

1 462
Ji - §J(Uk,/\/lk;7k)2 +3DE < JZ - fgg + 3D}

- B)at o Ty Pt

(4.5)

followed by D < %8,? to finally derive

1 202 20?2
T — ij(Uk,Mk;Tk)Q +3D% < (1 - 7)(% +D2) = (1 - 7)&

Therefore, we obtain

262 -
E1 < (1+0)(1— )&+ (1457 Csll Uk - Ul

which implies the desired reduction property (4.3).

If AFEM calls ADAPTDATA, which means that D > gé’k, then we are ensured by the

definition of ADAPTDATA that 0

D(f,T,7) < —=&,
whence by (3.24), we have
92
D} — &R
k—l—l — 36

Moreover, 5,? > j,f + %5,? yields )
0
J? < <1 — 5)5,3.
We again employ Lemma 4.2 to estimate 5,? 1 from above, now by

Epin S+ 8)(T2+Diyy) + (1 + 0 1)Cs||Uks1 — Uklld-

Using the two above estimates for DI% 41 and sz, we thus find that
0>\ o2 -1 2
i < (1+6) (1 - E)Q + (1467 )Cs]|Uk+1 — Ukl
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which is the desired reduction property (4.3).

|

We are now in a position to prove the main result of this section. This estimate is instru-

mental for the discussion of cardinality given in §5. Its proof is similar to that given in [5] for

feL*Q).

Theorem 4.4 (contraction property). There exist constants v > 0 and 0 < a < 1, depending

on 1y, Gmin, Gmax and on the bulk parameter 0, such that for all k > 0,
lu = Unsally + 724y < 02 (Ju — Ully + 7 €2).
Proof: For convenience, we use the notation
ek = [lu—Uklla,  Erx = |Ur+1 — Ukllo-
We invoke the Pythagoras equality for the energy norm
€%+1 = ¢j — B},

along with (4.3), to arrive at

2

. 6
G +7E S+ (YU+0H) = 1) BE + (1+0)y (1- 35) &2

We now choose the parameters. We first select § > 0 so that

(1+5)(1—$):1—i;=:a1

and next v > 0 so that

FA+6)C—1=0 = 7(1”):%'
3

We invoke the upper a posteriori error bound (3.17), namely
6% S CQ 513,

to write

Inserting this back into (4.7), and setting ag :=1 — %, we get
Cir + V€1 S el Hyan &

The estimate (4.6) thus follows with a? = max{aj, as}.

5 Optimal Convergence Rates

In this section we study the asymptotic decay of the combined quantity

E(u, f,T)* = [lu = UlIg + D(f,T).
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5.1 Optimal Decay of E(u, f,7T)
We first point out the following trivial consequence of (3.17)
EU£,T) = B(u, £,T) = [lu = Ullg ++€(U, £, T)%, (5.1)

along with the fact that the last quantity is contracted by AFEM according to Theorem 4.4. We
assume that u € A° for 0 < s < 1/2 which means that for all N > #(7j) there exist conforming
meshes Ty > 7y with #(7x) < N and

lu = Unllo < fulasN7°. (5.2)
Our AFEM can only meet this benchmark provided the data estimator exhibits a similar decay
rate. We thus make a crucial assumption on the module ADAPTDATA and f.

Assumption A(s): For any 7 > 0, the output 7+ = ADAPTDATA(T, f, ) satisfies

T -1 < ()7, (5.3

T

where F is a fixed constant.

We shall show below that we can construct subroutines ADAPTDATA for which this assump-
tion is satisfied in a variety of settings. But for now, we continue on with our analysis assuming
that we have such a subroutine in hand.

An immediate by-product of Assumption A(s) is that for all N > #(7p) there exist conform-
ing meshes 7y > 7y with #(7y) < N and

D(f, Tw) < FN*. (5.4)

Lemma 5.1 (a priori asymptotic decay of E). Let assumption A(s) on ADAPTDATA and f, and
u € A° be valid. For all N > #(71y) there exist conforming meshes Ty > Ty with #(7Ty) < N
and

E(u, f, Tn) S (Julas + Fs) N7°. (5.5)

Proof: Given N > #(7j) and the meshes Ty (u) and Ty(f) for v and f guaranteed by (5.2)
and (5.4), respectively, we simply consider the overlay

T(u, f) =Tn(u) & In(f) = To.

Invoking (2.4), we have

#(T (u, [)) < #(In(u)) + #(In(f)) — #(T0) < 2N.

Moreover, from (3.24), we obtain
E(u, f,T(u, f)) < 2*(Julas + V3F) (2N) ™.

From this we immediately deduce (5.5). O
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5.2 Quasi-Optimal Cardinality of AFEM

In order to prove the optimal convergence of our AFEM, we need to make the following assump-
tion on the bulk parameter in MARK:

the bulk parameter satisfies 0 < 6 < 0, with 0, := | /1575%, (5.6)

where C; and Cf, are the constants appearing in (3.17) and (3.15). Since C; < 14+C% < 1+C%,
we deduce that 6, < 1 and that the larger the discrepancy between C; and C]% (or between Cy
and Cy in (3.17)) the smaller the value of the threshold 6.

We next prove that if a conforming refinement 7 of 7 reduces E(u, f,7) substantially, then
the refined set must capture the bulk of the error estimator. This property is what connects the
AFEM with the best possible decay of E(u, f,7) described in §5.1. This crucial insight is due
to Stevenson [14] for the Laplacian and piecewise constant forcing f. The present formulation
is closer to that of Cascén et al [5] for f € L%(€), but now the refined set R is indexed by nodes
z instead of by triangles 7'

Lemma 5.2 (bulk property). Let £ := /1 02> 0. Let T* > T be a refinement of T and

o2
let R € N(T) designate the set of all nodes z € N(T) such that z is the vertex of a triangle
T € T\ T* which was refined in the process of constructing T*. If

E(u, f, T") <&E(u, f,T), (5.7)
then the set R satisfies the bulk property
EWU, f,R;T)>0E(U, f, T). (5.8)
Proof: We use the lower bound in (3.17) and (5.7) to write
(1=)CEW, f,T)* < B(u, f,T)* = E(u, f,T")?
= llu—Ulg — llu = U.li§, + D(f, T)* = D(f,T")*.
We observe that the Pythagoras equality in conjunction with (3.15) gives
lu = UlG — llu = Ull, = U = UL, < CEE(U, £, R T)?,
Since (1 — &30y = (1 + C%)6?%, we find that
(L+COEW, £, T)* < CREW, £, R; T)? + D(f,T)° = D(f, T")*.
On the other hand, we observe that
D(f,T)* =D(f, Ry T)* + D(f,N(T)\ R; T)? < E(U, f,R; T)* + D(f, T")?,

and therefore
(1+CHOEW, f,T)? < (1+ CLEWU, £, R T)?,

which is the asserted estimate. O

We next show that the AFEM yields an estimate similar to (5.5) but with N replaced by
#(Mg).

21



Lemma 5.3 (cardinality of My). Let u € A% and f and ADAPTDATA be such that Assumption
A(s) is satisfied. Let the bulk parameter 6 satisfy (5.6). If (T, My) are the k-th mesh and
marked set generated by the AFEM from Ty, then

# (M) S (Julas + o) B(u, £, T) V> (5.9)

Proof: Let ¢ = %E(u, f,Tx) where £ := /1 — Z—; was introduced in Lemma 5.2. In view of
Lemma 5.1, there exists a conforming mesh 7. > 7; such that

E(u, f,T) <e, and #(T) < (Julas + Fo) et

We need to relate 7; and 7. To do this, we introduce the overlay 7* = 7. $ 7}, which, according
to (2.4), satisfies
#(T7) < #(1c) + #(Ti) — #(To).

Since 7* > 7., we deduce that
2 _ 2 *\2 2 2 2 _ g2 2

Let R C N(7;) be the set of all nodes z € N(7}) such that z is the vertex of a triangle
T € T;; \ T* which was refined in the process of constructing 7*. From Lemma 5.2, we conclude
that this set satisfies the bulk property

Since the set My, is a minimal subset of N'(7}) that satisfies the same property, we infer that

H(My) < #(R) < #N*) — #£(N3) S #(T%) — #(Th)
<H(T) — #(To) < (Julas + F)e™s < (lulas + F)

® =

E(u, f, Te)"+,

as asserted. O

We are now ready to prove the main result of this section, namely that the AFEM achieves

a performance comparable with the benchmark (5.5).

Theorem 5.4 (quasi-optimal cardinality of AFEM). Let uw € A° and f and ADAPTDATA be
such that Assumption A(s) is satisfied. Let the bulk parameter satisfy (5.6). If (i, Vi, Ug)k>0
is a sequence of conforming meshes, nested spaces Vi, and Galerkin solutions Uy € Vi, generated
by our AFEM, then

E(u, f,Ti) < (Julas + Fo) ()" (5.10)

Proof: At each iteration j of our AFEM, there are two instances where elements are added.
The first one is in the subroutine MARK. Lemma 5.3 shows that the set M} of marked nodes

satisfies

0 =

1

#(M;) < (Julas + Fs)*E(u, f, 7).
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The second instance is due to data adaptation within ADAPTDATA. For the j-th iterate, we
may apply (5.3) with 7 = 9 S(U f,7;) and obtain

1,0 s 1 _1
W)~ #(T) < Fo (=8, 1. T))  ~ Fe Bu, f.T)7

6v/3
because of the equivalence (5.1). In light of Lemma 2.1, we deduce

k—1
H(Ty) — #(To) O (#My) + #(T1) = #(T;)) < (lulas + F) =Y E(u, £,T;) "= (5.11)
: pr

N
—_

=

<
I
o

We now recall the contraction property (4.6) for 0 < j < k
lu — Uillg, + v&2 < %9 (Jlu — U514 + +€3),

which can be written equivalently as follows, upon employing (5.1),

fl:\)—‘

E(u, )" Sa = E(u, f,T;)*.

Inserting this into (5.11), we obtain

1 k—j
S

a” < (Julas + F)

B
—_

0 =
® =

#(Tr) — #(T0) < (Julas + F) E(u, f, T)” E(u, f, Te)"+

<.
Il
o

because a < 1 and so the geometric series Z;io at converges. This gives (5.10) provided

#(T) > 2#(T0). Tt instead #(T5) < #(Tz) < 2#(T), then #(T) — #(T) > 1 > S£TE. which

also yields (5.10). This concludes the proof. O

6 Approximation Classes for the Data

The results of the previous sections show that if u € A*, the optimal convergence rate N~ is
met by our AFEM algorithm, provided that for the given data f, the procedure ADAPTDATA
satisfies the property (5.3) that defines Assumption A(s). The goal of this section is to discuss
under which circumstances such a property may hold. In view of (5.4), it is thus natural to
introduce approximation classes B° for the data, whose definition mimics that of the classes A°
for the solution u. Accordingly, we define for all N > #(7p)

ON(f) :== min D(f,T),

TeZIN

and denote by B the set of all f € H~!(Q) such that

|flps == sup N?n(f) < +oo.
N2>#(T0)

This is a (quasi) semi-norm, and a quasi-norm for the space B* can be defined by

[fllss == [fllm-1() + |flss-

The main result of this section shows that the condition u € A® implies that f € B%, 0 < s < 1/2.
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Theorem 6.1 (relation between Ag and B;s). If u € A® for some 0 < s < 1/2, then f € B® and

[ fllgs < Callul] as, (6.1)

where Cy depends only on S, amin, Amax and on the initial triangulation Ty.

Since the class A® is defined via approximation by piecewise linear functions in Vy(7), a
natural approach to proving this theorem is to start with (5.2) and then approximate f =
—div(AVu) by S = —div(AVYV) for some V € Vy(7). Each such S is a Dirac distribution
supported on the interior edges I'(7") of 7. With this in mind, the heuristic argument to prove
Theorem 6.1 is as follows: we let N ~ 2"#(7) for n > 1 integer, and let 7; > 7y and V; € V(7;)
satisfy

H(T) < VHT),  u— Vil S lulas (F#(T)

We realize that v =u — V,, + Z?Zl Vj — Vj_1 with V = 0 induces the representation of f

F=F=S.+> 8;—581,

J=1

with §; = —div(AVVj). We next introduce a mesh 7* > 7;, which is a common refinement of
all 7; for 0 < j < n. We achieve this by further refining each interior edge of 7; at least m;
times and so creating an admissible mesh R;,;(7;) > 7; with a level of resolution comparable
with 7,,. We finally set 77 := @?:lij(’Z}) and evaluate each term in

D(f,T*) <D(f = Sn, T*)+ > _D(S; — S;-1,T").

j=1

To accomplish this program, we first examine in §6.1 the effect of m edge refinements and
completion to create R,,(7) from 7 . Then, we characterize D(S,7) and derive crucial prop-
erties of D(S,7) in §6.2. We finally prove Theorem 6.1 in §6.3. Inspection of this proof reveals
that in the limit case s = %, we have a logarithmic loss in the sense that u € A% only implies
that o (f) < CN~*log N. We show in §6.4 that this loss cannot be avoided.

Theorem 6.1 suggests that one should be able to design the ADAPTDATA procedure so that
the property (5.3) holds for any f € H~! whenever u € A°. We discuss in §6.5 how this
may be achieved by using a specific refinement procedure. However, this procedure requires
the evaluation of the data indicators d(z) which are not easily computable in practice since
they involve the H '(w,) norms. We present in §7 simpler greedy strategies based on more

computable surrogate quantities d(z), under some additional assumptions on f.

6.1 Edge Refinement

In this subsection, we introduce certain conforming refinements R,,(7") of a given admissible

triangulation 7 obtained by successively bisecting the inner edges of 7 at least m times. Given

an edge o of length |o|, its bisection results in two edges of length % If each of these two edges

is again bisected we obtain four edges of length ‘%. Notice that an application of newest vertex
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bisection to a triangle results in bisecting one of its edges. If a refinement is applied to each
of the resulting children, then the remaining two edges will also be bisected. So we can always
refine an edge o in the original triangulation 7 into arbitrarily fine edges through a sequence of
newest vertex bisections. We are interested in doing this with a minimal number of refinements,
and we only want to refine the inner edges of 7.

Given T, we let R,,,(7) be a triangulation with the following properties

(i) Rim(7) is a refinement of 7 which is admissible;

(ii) Any edge of R,,(7) contained in an inner edge o of 7 has length at most 27™|o]|.

(iii) The cardinality of R,,(7") is minimal among all triangulations with these two properties.

Lemma 6.2 (the cardinality of R,,(7)). Given any admissible T, we have
H(Ron(T)) < TC2"#(T), m >0, (6.2)
with Cy the constant in (2.1).

Proof: Let us first observe that given any triangle 7" that occurs in newest vertex bisection and
given one of its edges ¢ we can always perform a bisection of o with at most 2 newest vertex
bisections. Namely, the first subdivision of 7 will bisect one of the edges of T'. If this is not
o then o is an edge of one of the children of T and the subdivision of that child will bisect
o. We shall call this sequence (of one or two bisections) a bisection of o. If we perform three
subdivisions then each edge of T is bisected. We call the latter a full bisection of T'.

Now given our original triangulation 7 =: ’fb, we denote by 'y = F(’Z~f)) its collection of inner
edges. We perform a full bisection on each of the triangles T € % and denote the resulting
nonconforming triangulation by 7,. Thus each edge of 7 has been bisected once in 7,. We
denote by I'y the inner edges of ’ﬁ which are contained in an edge of I'g.

Given that ’j’m, m > 1, has already been constructed and I',, are the edges of ’j’m that are
contained in edges from I'g, we perform a bisection of each ¢ € I';,. We denote by %m+1 the
resulting non-conforming triangulation after each edge o € I';,, has been bisected. Note that T
satisfies the property (ii) required for R, (7).

It is easy to bound the cardinality of each Tpn. Let Ny = #(T0) be the number of inner edges
in ’fo = 7. Since each interior edge requires bisecting two triangles, we have

#(T1) < 2Ny + #(To).
In the general case of m > 1, we have #(I';,) = 2" Ny and

The factor 4 arises because to bisect o we need to bisect the two triangles containing o either
once or twice. It follows by induction that

#(Tn) < #(T0) + {2442+ +2")}No < #(To) +4- 2" No.
Observing that Ny < %#(’]N[)), we thus find that

#(T,) < (6-27 + 1)#(T) < 7-2"#(T).
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Given 7,, as described above, we define 7,,, as the minimal completion of 7,, into a conforming
triangulation. Then, 7, satisfies properties (i) and (ii) in the definition of R, (7). From
(2.3), we derive that #(7,,) < C2™#(T), with C = 7Cy, which concludes the proof since

6.2 The Data Estimator for Dirac Distributions

We next derive properties of the data estimator D(S,7) provided S is a linear combination of
the Dirac distributions of the inner edges o € I'(7) of 7, i.e. S is of the form

Se S et (63)
cel(T)

Note that S = —div(AVV) for some V € V((7T) is of this form with ¢, := J,(V') the jump
of the normal component of AVV across o.

Lemma 6.3 (a characterization of D(S,7)). For all T and all S of the form (6.3), we have
Yo leolPloP SDS, TS Y eol’lof. (6.4)
oel(T) oel(T)
Proof: We shall prove that for each z € N(7), we have
S leollol SUSI3 1y S D leollol?, (6.5)
o€l (wz) o€l (w2)

where I'(w,) are the inner edges of 7 which admit z as an end point. The lemma then follows
by adding these estimates over all z € N (7).
To prove the right inequality in (6.5), we let v € H}(w,) with 101l g3 (w.) = 1. Then

(S0 gt i@ = D CU/U < Y leol o2l r2ge)- (6.6)
cel(wz) ps ocel(wsz)
From the trace theorem (see e.g. [4]), Poincaré’s inequality and standard scaling arguments we
have for any triangle 7" of w, and any edge o of T',
1 1
[0l 20y < ll0llz2omy S 1ol 0]l gy .) < lo2- (6.7)
Combining (6.6) and (6.7), and taking the supremum over all v so that ||v||H01(wz) =1, we get
1SI-10) S D leallol,
oel(wz)

which implies the right inequality in (6.5) since the number of terms in the sum is bounded by
a fixed integer that only depends on the initial triangulation 7.

To prove the left inequality in (6.5), we choose an edge o € I'(w;) and let ¢, be the canonical
quadratic bubble function with value 1 at the mid-point of the side ¢ and zero at all other

Lagrange quadratic nodes. It is easily checked that
ol mw.) S 1.
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Moreover, we have

2
(S, @U)H*l(wz),Hé(wz) = CU/SDU = g’O’|CU,

(oa
whence

1Sl E-1(w.) R leollo].
Squaring and adding over o € I'(z) we derive the left inequality in (6.5). O
A first consequence of Lemma 6.3 is that edge refinement provides a decrease in the data
estimator when S is of the form (6.3), as expressed in the following.

Lemma 6.4 (decrease of D(S,7)). If S is of the form (6.3) and Ry(T) is the edge bisection
refinement of Lemma 6.2, then

D(S, Ri(T))* S 27°D(S,T)?. (6.8)
Proof: We have
DS, Re(D)* S Y. leolloP <27 > e fPlo £ 27FD(S,T)?, (6.9)
c€l(Ri(T)) ocel(7)

where we have used both inequalities in Lemma 6.3 and the fact that the edges of Ry(7) are

obtained by k successive refinements from those of 7. O

Combining Lemmas 6.4 and 6.2, we give an estimate of ||S]| 312 when S is of the form (6.3).

Lemma 6.5 (estimate of ||S||z1/2). If S is of the form (6.3) over a mesh T > Ty, then
1
I1S1lg1/2 < (F(T)) 2 ISl r-10)- (6.10)
Proof: Let N = #(7) and m < 7CyN. From Lemma 3.5, we have
5m(S) < V3[Slg-1(0), (6.11)

whence
m1/25m(S) S Nl/QHSHH%(Qy (6.12)

To bound d,,(f) for m > TCyN, we use the edge refinements 7y := Ry(7) of Lemma 6.2, for
which we have #(7;) < 7Co2¥N. For m = #(7},), we have from Lemma 6.4 and Lemma 3.5

0m(9)* < D(S,Th)* S27D(S, T)* S 27"|1S13-1(0y (6.13)

whence

m!26,,(S) £ N2l -1 (6.14)

For a general m we find k so that #(7;) < m < #(7;+1) and use the fact that ,,(S) is monotone
decreasing with increasing m, to derive (6.14) for all m > N. We thus obtain (6.10). O
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6.3 Proof of Theorem 6.1

We fix a value of n and estimate dy(f) for N ~ 2", assuming that u € A°. According to (1.5),
under such an assumption there is a sequence of admissible triangulations {7}};‘:1 and best
approximations V; € V(7;) of u in H} () such that #(7;) < 2/#(7;) and

lu=Villgyey < M2, 1<j<n (6.15)

with M := |u|4s#(79) . For each 7;, we construct the edge refinement R, (7;) upon applying
Lemma 6.2 with the choice

mj:=n—j—[logy,j*], 1<j<n,

where [-] is the ceiling function. Let 7% = &}_; Ry, (7;) be the overlay of all meshes Ry, (7;);
note that V; € V(7%) for all 1 < j < n. In view of (2.4) and (6.2), we have

n

H(T) <D #(Rony (T))) < TC#(T) Y 2™ < TC#(T)2" > 572,
j=1

j=1 j=1
where Cy is the constant in (2.1). If C* = %C’O, then we infer that
H(T*) < C*H(T))2". (6.16)

We now give a bound for D(S,7*). If Vy := 0, we have the decomposition u = v — V,, +

Z?:l V; — Vj_1, which induces the corresponding decomposition of f
F=F=Sa+> 8;—581,
j=1
with S; = —div(AVYV}). Since f — D(f,7*) is a norm (see Lemma 3.5) we obtain
D(f, T*) <D(f = Su, T) + > _D(Sj - Sj-1,T%).
j=1

Using (3.23) and the continuity of the mapping v — div(AVv) from H}(Q) to H (), we can
bound the first term in the right hand side by

D(f = 5n, T*) < V3| f = Sullg-1(0) < V3 amaxllu — Val g1 (o)-

Similarly, the terms in the sum are each bounded by the following argument

D(S; —Sj—1,T*) SD(Sj— Sj—laij (7))
f, Q*mﬂ'/z'D(Sj — Sj—la,]})
< Q*mj/QHSj = Si—1llm-1(0)
S 2_mj/2amax||vj - V}*lHH(%(Q)’

where we have used Lemma 6.4 and both inequalities of Lemma 3.5. It follows that

D(f,T") < C(HU ~Vallmay + D27V - Vj*lHHOl(Q))a (6.17)
j=1
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where the constant C' only depends on amax and on the initial triangulation 7.
We next invoke (6.15) to deduce that |ju — VnHHg(Q) < M2778

IV = Vimillmao) < lu=Villgaoy + e = Vieallga o) < (L+2°)M277%, 1< j <n,
and, since V; is the best approximation of u within V(77),
Villz ) < lull g o)-

Replacing this into (6.17) gives

n—1
D(f,T) < CM (27 4 37 27 /273%) 4 027" ju sy .
j=2
We observe that s < 1/2 implies
n—1 n—1
Z 2—mj/2—js < gns ZjQ(n_j)(S_l/2) <027,
j=2 j=2

Thus, for N = C*#(7)2" with C* the constant in (6.16), we thus find that
In(f) DS, T") < C(M + |full g ) 2" < Clluflas N, (6.18)

where C' only depends on s, amax and the initial triangulation 73. Taking into account the
monotonicity of dn(f) we complete the proof of the theorem. O

6.4 The Case s = %: Counterexample

The limit case s = 1/2 is not covered by Theorem 6.1. In fact, (6.18) becomes
ON(f) < Cllullas N~ log N.

We will now give a counterexample that shows that (6.18) cannot possibly hold for s = 1/2.
To this end, we use the unit square domain 2 = [0,1]? and the matrix coefficient A(x) = I,
therefore the equation is simply —Au = f.

We take as an initial triangulation 7j the four triangles obtained by inserting the two diago-
nals connecting (0,0) to (1,1) and (1,0) to (0, 1) respectively. We shall refer to this triangulation
of a square as the base pattern. We label the sides of the square €2 by 0 and the other four edges
in 7p by 1, as an initial labeling for newest vertex bisection. Let () be one of the 4 squares
obtained by spliting €2 by the mid-point of its sides. If we refine only the triangles in 7y which
intersect (), then applying four bisections, we arrive at a triangulation with the base pattern on
(. This can be repeated: if @) is a dyadic square of side length 27" then applying 4n bisections
from 7y we reach a (non-conforming) triangulation which contains the base pattern for Q.

We let ¢ denote the nodal basis function for 7y corresponding to the center vertex (1/2,1/2).
More generally, for any dyadic square () of €2, we denote by ¢¢ the nodal basis function subordi-
nate to the base pattern for () associated to the vertex which is the center of this base pattern.

We have [[¢llr.. ) =1 and (|0l i1 ) = 19/l 1 @) = 2-
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We now choose a sequence (Q;);>o of disjoint dyadic squares of Q with |Q;| = 477; we
thus select one dyadic square from each scale j. To each (); we associate the 47 dyadic squares
Qi; C Q; with |Q; j| =47% fori=1,---49. We consider the function

0o 4
wi=Y 277, where ;=27 ¢q, . (6.19)
j=1 i=1
From disjointness of the supports of the basis functions involved in this definition, we find that
||1ijHHé(Q) = 2 and ||u||H3(Q) = % The associate data f for the equation —Awu = f is thus in
H=1() with || f[|g-10) = %

It is easy to see that u € AY2. Indeed, for each j, we can start from Q and apply 4j
refinements and arrive at the base pattern for @;. Then, on @Q; we apply an additional 3 - 47
(uniform) refinements and arrive at a triangulation which contains the base pattern for each @Q; ;
fori=1,---,47. Thus, using at most >y (4j+3-47) refinements we arrive at a triangulation 7,
that contains the base pattern for each Q; j fori =1,--- ,4 and j = 1,--- ,n. This triangulation
is not necessarily conforming and we define 7, its smallest conforming refinement, so that all

functions v; for j = 1,--- ,n belong to V(7,), and therefore so does the function

Vn = i 2_j’¢)j.
j=1

According to (2.1), we have

#(T,) < Co Y (45 +3-47) < C4™,
j=1

We thus find that
ocan(u) < llu=Vallmey < Y 27 Willme <2277
j=n+1

which shows that u € A'/2.
We now show that f is not in B2, Let 7 be any conforming triangulation obtained from
Ty by using 4™ bisections. Writing .S,, = —AV,, and using Lemma 3.5, we see that

D(f,T) = D(Sn,T) = V3|f = Sullu-1(0)

= D(5n,T) = V3|lu—Vallm o
> D(S,,T)—2V327"

Thus, it is sufficient to show that
D(S,,T) > M,27", (6.20)

where M, — oo as n — oco. To show this, we first let 7 =7 @ 7,, be the overlay of 7, and 7T,
so that #(7*) < C4™. Using Lemmas 6.3 and 3.5 gives

1
D(S,,T)? > g17(5,1,7*)2 >C Y Bl (6.21)
oel(T*)
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where J, = J,(V,,). Notice that J, = 0 unless o is contained in an edge of 7, and in any case
J, is constant on o.

Let us fix one of the edges o from 7, and let o;, ¢ = 1,2,--- ,m,, denote the edges in 7*
contained in o. Then,
< 1/2 — 2\ /2
o] =Y lol <my2( Y lol?) (6.22)
i=1 i=1
and therefore
Mo
> Jileil® = mg 3l (6.23)
i=1

where we have used the fact that J,, = J, for each o; C 0. This gives

D(Sn, T > Y my ' Jlol” (6.24)
oel(T)

Notice that the only o € I'(7;,) for which J, # 0 are the edges contained in the interior of
one of the @; ;. For each fixed i, j, there are only four such edges. Also the jump in Vg,
across each of these edges is the same and equal to 2v/247, and so the jump in V1); across each
such edge is v/22/*!. Finally the jump J,(V},) across each such edges is 2v/2. Since |o| > C4~7
for each such edge, we obtain

n 47

D(Sy, T*)? =Y > N 4% (6.25)

j=1i=1

where N; ; is the largest of the m, for o in Q; ;.

On the other hand, we know that 2?21 Z;il N;,j < 4" because there are at most 4" refine-
ments in creating 7 and any refinement of an edge from 7,, must come from the refinements
used to create 7. Therefore, for at least half of the j € {1,--- ,n}, we have S35 | N;j < 2-4"/n
and for each of these j for at least half of the i € {1, ,47}, we have N;; < 4-4"77/n, ie.
N;jl > 4~"*i~1lp, Summing over just these 4, j, we obtain that the right side of (6.25) is larger
than n4="~2. Thus, we have verified (6.20) as desired.

6.5 An Optimal Data Adaptation Procedure

Theorem 6.1 implies that whenever u € A% for some 0 < s < %, then for all 7 > 0, the

triangulation 7, > 7 of minimal cardinality such that
D(f,T;) <,

satisfies
B(T,) — #(To) < IfIIg° Y < Oy |lul| o r =15,

Therefore, if we define 7+ = ADAPTDATA(f,7,7) by

+ . B
TH =T 0T,
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and recall (2.4), then we find that

#(T"‘) - #(T) < #(Tﬁ) _ #(%) S HUH}L(SST_US_

In addition, using (3.24), we find that
D(f,TT) <

Therefore, we realize that Assumption A(s) holds with Fs < ||ul|.as.

This ADAPTDATA procedure is not realistic for several reasons. First, it assumes that we
are able to identify the triangulation of minimal cardinality such that the data estimator is
controlled by some prescribed tolerance. Even if we have exact knowledge of the data indicators
d(z), this task may not be achievable in reasonable computational time. A possibility is to try
to compute near optimal triangulations, that would still retain the property

H(T) — #(To) S )| Y775,

with a constant larger than Ci/ * but still fixed; see (6.1). This may be achieved by properly
adapting the near best tree algorithm of Binev and DeVore [3]; however we shall not engage into
this discussion, due to the fact that we face a more severe obstruction, namely the fact that we
may not have practical access to the quantities d(z). We address this important issue next.

7 Computable Data Estimators and AFEM

In §7.1 we replace the data indicators d(z) with computable surrogates d(z), provided more
information is known on f. We then adapt our optimal convergence analysis in §7.2 to this
setting and show in §7.4 that the procedure ADAPTDATA can then be implemented as a simple
greedy algorithm.

7.1 Computable Data Estimators

The quantities d(z) require minimal H~1(f2) regularity of f but are not easy to evaluate in
practice since they involve local H!(w.) norms. One may circumvent this obstruction provided
more information is known on f, by introducing computable surrogate quantities d(z) that
satisfy

d(z) < d(2),

for all 7 and 2z € N (7). Two important examples are when f € LP(Q) for some 1 < p < 2 or
when f is a Dirac distribution on a 1-dimensional Lipschitz curve C. Note that in such examples
f is generally not in L%(Q).

Since  C R?, it is well known that H}(Q) embeds into LI(f2) for all ¢ < oo and therefore
that LP(Q) continuously embeds in H~(Q) for all p > 1. Using the Poincaré inequality and
scaling arguments we obtain that for all g € H{(w,) and ¢ < oo

19/l 2oty S B2Vl L2 )-
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By duality, we obtain that for all f € LP(2) and ¢ = p/(p — 1),

1l -1y S B2 f | oo

Therefore, if |w,| ~ h? denotes the measure of w., we obtain
d(z) S d(2) := |wal ) fll o o). (7.1)

Likewise, assume that f is of the form f := vd¢, where C is a Lipschitz curve contained in 2
and v € LP(C) for p > 1. We then have for any g € H}(Q) and ¢ = p/(p — 1)

(f,9) = /U(S)Q(S)ds < vlleellgllzaey S lollzee) gl o

C

where we have used the Sobolev embedding Hj(Q2) € Wj(€2) with 7 = min{1,2/¢} and trace

theorem (the trace operator maps continuously Wy (€2) into Wy - %(C)); hence f € H1(Q).
Localizing this estimate near the portion of C which intersects a star w,, we find that

1 -1 (o) S 1€ N we Y 0]l 1o (crn)s

where |C Nw,| denotes the length of C Nw,. It follows that

d(z) S d(2) == C N w Y9 [|ol| o e (7.2)

~

Such surrogate data indicators glv(z) lead to a computable data estimator

=(¥ aup)

2eN(T)

which obviously satisfies D(f,7) < D(f,T), along with computable error indicators e(z) and
estimator &

&(2)? ==j(2)* +d(2)* and E2:=E(U,£,T)*:= > &)
zeN(T)
It is immediate to check that Lemmas 3.1, 3.2 and 3.3, as well as Corollary 3.4 remain valid
when D and £ are replaced by D and 8 with different multiplicative constants Cg, CL, c1, Cl
and C involved in the corresponding estimates.
The following result shows that quasi-monotonicity property (iii) in Lemma (3.5) also remains
valid up to a modification of the constant v/3.

Lemma 7.1 (quasi-monotonicity). Let 7* be a refinement of T and 1 < p < oco. We then have
D(f,T*) < AD(f,T), (7.3)

with A = 3" and r = min{p, 2} for both surrogate indicators (7.1) and (7.2).
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Proof: Let d(z) be given by (7.1). If 1 < p < 2, then

~ y 9
D(faT )2 :Zz E/\/(T* (|wz ! )

< ZZEN T) Zw 2 CWwyz

< Zzej\/ (T) "*’2’2/(1 Zw L+ Cws HfHLp (W)

2/p
< Seewin s (Lo 11 ) .

If p > 2, instead, we resort to Holder inequality with exponents p/2 and p/(p — 2) to bound the

above inner sum as follows:

(r—2)/ 2/
S e P By < sl (2 hoe ) (S W)

Wy Cwy Wk Cwyz Wk Cwyz

Since every T* € 7™ belongs to exactly three stars w,«, this immediately gives (7.3) with constant
A=3YPfor1 <p<2and A=3Y2forp>2.
It remains to consider d(z) given by (7.2). Since the argument is identical to that above,

with |w,«| replaced by |C Nw,«|, we omit the proof. O

7.2 A Modified AFEM

We may now consider our AFEM based on the surrogate data indicators glv(z) The algorithm has
some slight changes compared to the version proposed in §3.1, which we now describe. Choose
parameters 0 < 6 < 1, and an initial conforming mesh 7, satisfying the initial labeling of §2.
Set k=0 and T_Jrl := 7o, and iterate

Ui, = SOLVE(Ty);
{' (2), du(z )} — ESTIMATE(Ty, Uy, f):
GNk
Mk - MARK({ek( )}zENkalz;Cae);
if Dk > 0O 1= *5]9
7,7 = ADAPTDATA(T,",, f, 5%);
else
Tl:r = 77:21;
Ti+1 = REFINE(Z;, My,) © 7,7
k—k+1,

where A = 31/ min{P2} ig the constant of Lemma 7.1. Note that the modified AFEM com-
putes two sequences of meshes {71, ’Z}j}io:_l with 741 > ’Z;j; 7). controls the error whereas
’Z}j deals with data adaptation. This is due to the structure of ADAPTDATA discussed in §7.4.

The modules SOLVE and REFINE are left unchanged. The module ESTIMATE now deter-
mines the jump indicators ji(z) and surrogate data indicators dj(z) for each z € Nj. The
module MARK is now based on the bulk criterion

E(f, Uy, Mi; Th) > 0&;.

34



The procedure ADAPTDATA builds a conforming refinement of Tktl such that the new data
estimator is smaller than a prescribed tolerance: 7,7 = ADAPTDATA(’Z;:I, f,7) should satisfy

52’ .= D(/, ThH <

Note that the tolerance parameter of AFEM has been modified from % to ok
With such modifications, similar results as those of §3 can be obtained with exactly the same

proofs. In particular, we reach the contraction property
~ ~2
bu = Uksrld + 7 &2 < 02 (u - UnlR +7 &) (7.4)

Likewise, similar results to those of §4 can be obtained under the Assumption A(s) for the
modified module ADAPTDATA, with constant F s. We denote the constants appearing in the
modified estimates by 51, (Y, etc. If we assume

the bulk parameter satisfies 0 < 0 < 0, with 0, := 1/ 1fé2 , (7.5)
L

then we see that 6, < 1 and we obtain the following optimal convergence result.

Theorem 7.2 (optimality of the modified AFEM). Let u € A® and f and ADAPTDATA be such
that Assumption A(s) is satisfied with constant F,. Assume that the bulk parameter satisfies
(7.5). If (T4, Vi, Ug)k>0 s a sequence of conforming meshes, nested spaces Vi and Galerkin
solutions Uy, € Vi, generated by our AFEM, then

E(u, £,T) S (Julas + Fs) #(T) ™. (7.6)

Proof: Upon replacing #(’]?) — #(7;) by #(M;L) in (5.11), this proof is identical to that of
Theorem 5.4. O

7.3 Membership in B2: Constructive Proof

We now give a constructive proof that both forcing functions f of §7.1 satisfy f € Bz. To create
a suitable approximation to f, we use the following greedy algorithm which, starting from the
initial mesh 7y, iteratively marks the node z corresponding to the largest data indicator J(z)
(with ties handled in an arbitrary way) and refines the corresponding star w,, until the data

estimator is below the prescribed tolerance 7:

T = GREEDY(Ts, f, 7)

T = To;

do while D(f,T)>rT
2= argmax{d(z) = d(f,z,T) : z€ N(T)};
T = REFINE(T, {2));

end do
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Theorem 7.3 (LP(2) is contained in B%) Assume that f € LP() for 1 < p < oo and that d(z)
is given by (7.1). Then, for any T > 0, the cardinality of T = GREEDY(Ty, f,T) is controlled by

#(T) = #(To) < Kl fll o) (7.7)
where K, depends only on Ty and on p. In particular, f € B2 with HfHB% < f% = Kl fll e (0)-

Proof: Let N be the number of iterations of the GREEDY algorithm for the prescribed tolerance
7, and {2, 7" fio be the nodes marked and meshes generated by GREEDY with 70 = 7. Let
us define N = N(77%) for 0 <i < N — 1 and

d = J(f, PR S max{c?(f,z,TN_l) s ze NV

T < D(f, TN < \/#WNN-1)5. (7.8)

On the other hand, it is easily seen that for 0 <i < N — 1 we have

We thus have

d(f, 2", T > 6. (7.9)

Indeed any star w, of 7V~ is contained in a star w,, of 7¢ which has larger diameter, and in
view of the particular form (7.1) of the data indicator, we have

d(f, 2, 7NN <d(f,2, T,

whence

max{d(f, 2, T") : z€ N} > max{d(f,z, TV"") : ze NN} =3,
which proves (7.9). We thus have
|wzi|1/q||f||LP(wzi) >0,

and this implies that for each i, we can find at least one triangle 7% € 7" contained in the star

w,: with measure |T?| and such that
TN f oy Z 6.

The triangles 70, ..., TN~1 are distinct from each other because each T is bisected in the
refinement process from 7° to 771, We denote by B = {T°,--- , TN=1} this collection of
triangles, and by B; the set of T"s satisfying

27 Utjg| < |T"| <2710, j>o0.
We observe that [Q27UTV#(B;) < |Q|, whence #(B;) < 27F1. Moreover, if T* € B;, we have
0 < |Ti|1/q||f||LP(Ti) S 2_‘j/q|Q|1/q||f||Lp(Ti)-

Assume now 1 < p < co. Raising the last inequality to the power p and summing up on the
triangles 17" € Bj, which are pairwise disjoint, we find that
#(B)) S 5P2IIQPIAFE, .
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Therefore

=3 #(B;) <Y min {C2 /5P| f|h, a2}

§>0 §>0
where C' only depends on 7 and |].

Let us denote by jp the smallest j such that the second term dominates the first in the
minimum, and assume first that jo > 0. By definition of j; we have

i < Co-Go-Delag-r|pe,
whence
290 < A,6” WHfH‘”” = Apd | fllzo ()

with A, a constant which only depends on 7, || and p. We thus have

N < Z]qo 2J+1+05 prH »(©) 2J>]02 —ir/a
< gfotl ¢ 2p/q 0 ||f||L @) 2 (Jo—1)p/q
< Bpd |l (e)

with B), a constant which only depends on 7y, |2], and p. Combining this bound on N with
(7.8), and the following relation ensuing from (2.1)

#FNYTH —# W) <N

due to the proportionality between #(7%) and #(N*),we obtain

NO) + C°N 1
r< B8 < B,V E 10 < Byl

This is the asserted estimate (7.7) for 1 < p < oo and jp > 0. If 1 < p < oo and jy = 0 instead,
then we infer that 677|| f”ip(g) < 1. This implies

N S5 gy S0 1 ooy

and (7.7) follows as before. It remains to examine the case p = oo, for which we have § <
\T*||| f|| o (74)- Consequently, squaring and summing over all 7" € B;, we deduce

S #(Bj) S 2N YT N F e iy < 271N F 1 )

The argument from now on proceeds as before. This concludes the proof. 0.

Theorem 7.4 (line Dirac masses belong to B%) Assume that f := vdéc where C is a Lipschitz
curve and v € LP(C) with 1 < p < oo, and that d(z) is given by (7.2). Then, for any 7 > 0, the
cardinality of T = GREEDY(Ty, f,T) is controlled by

#(T) = #(To) < KZ|lvl1oieym 72, (7.10)

where the constant K¢ depends on 1y and on the length of curve C. In particular, [ € B2 with
1£1 53 < Fs == Kellvllpoe)-
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Proof: The proof is essentially the same as the previous one so we just sketch it. We define the
sets B; in a similar way, and we now obtain

< len Ti|1/qHU”LP(CﬁTi) < ACQ_j/ZqHUHLP(CﬂTi)v

for all T € B;, where Ac is a constant that depends on Ty and on the ratio [CNT?|/|T?|'/?, which
is uniformly bounded for C Lipschitz. Raising this bound for § to the power p and summing up
on the triangles 7% € B;, we find that

#(B)) S 5PARY I f
On the other hand, we also have that
2~ U212 4(B)) < [C

and therefore

#(B;) < Be2i/?,

where B is a constant that depends on 7y and on the length |C| of C. This is due to the fact
that the triangles of B; should have a vertex z such that w, captures a substantial portion of C
on w,. The rest of the proof is similar to the previous one and is thus omitted. O

7.4 Optimal Data Adaptation: Greedy Algorithm

We finally show that Assumption A(s) is met for the optimal rate s = % by a simple concrete
realization of the new ADAPTDATA procedure, via the above greedy algorithm. If T+, = Ty, the
following algorithm generates the meshes ’Z;:r for k>0

T, = GREEDY(T;! ,, f,7h).

Corollary 7.5 (assumption A(%)) Let [ be any one of the distributions from §7.1 and let ﬁ%
be as defined in Theorems 7.3 and 7.4. Then ’Z;j = GREEDY(’]Z[I, f,7k) satisfies Assumption

A(3) with constant Fi.
2

Proof: We note that 5(f, ’Z;Ctl) < 14—y for k > 1. If 7, > 74_1, then ’Z;j = ’17::1 and there
is nothing to prove. On the contrary, if 7. < 751 then we observe that the concatenation
’Z;:r = GREEDY(GREEDY (7y, f, k1), f, 7) is equivalent GREEDY(7y, f, %), because the deci-
sions within GREEDY are independent of the tolerance. Consequently, using Theorems 7.3 and

7.4, we deduce
#(T,7) — #(T0) < #(TD) - #(TLH) < Far .

This is Assumption A(1) with constant Fi. O
2
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8 Conclusions and Extensions
We finally summarize our rather technical results and discuss possible extensions.

o H~! data: We provided a natural framework for a posteriori error estimation with rough
data f. This framework consists of localization of f to stars w, via a partition of unity and
a corresponding localization of the H~! norms. We discussed two relevant and practical
examples in detail.

e Data estimator: We introduced data indicators d(z) = [/ f[|g-1(,,) which measure local
data resolution in H~!, and corresponding global data estimators D(f, 7). We explored
their connection to the often used data oscillation osc(f,7) which is defined only for data

feLXQ).

e Contraction property and optimality of our AFEM: We presented an AFEM with an inner
loop to reduce the data estimator, and showed that the main iterative step of the AFEM
induces a contraction for the scaled sum of energy error and error estimator. We proved
that the AFEM exhibits optimal performance relative to the best decay rates allowed by
the solution and data.

e Approximation classes for the solution and the data: We proved that, with no further
assumptions on f beyond H~!(Q), the decay rate N—* of D(f,T) is ensured if u € A*
provided s < 1/2. We explored the exceptional case s = 1/2 and construct a coun-
terexample. We also discussed two important examples that lead to surrogate estimators
5( f,T), which are computable, and for which the decay rate N ~1/2 ig ensured for this
data estimator.

e Variable coefficients: If the diffusion matrix A(z) is no longer piecewise constant over
To, then the terms || f[|z-1(,,) that constitute D(f,7T) are replaced by the local residuals
| f+divr (AVU)||gr-1(..) and therefore depend on the discrete solution U; here divy stands
for the divergence computed elementwise. This setting has been studied by Cascén et al
in [5] under the restriction f € L?(9).

e Higher dimensions: The restriction to d = 2 is made for simplicity. Most results of this
paper are valid for d > 2 with minor modifications.

e Higher polynomial degree: If V € V(T) is piecewise polynomial of degree m > 1, then the
quantity div(AVV') consists of two terms, the usual jump residual J(V') on the skeleton of
7T and a polynomial of degree less or equal to m — 2 inside each element 1" € 7. This sug-
gests how to modify the definition (3.11) of the data indicators d(z), or the definitions (7.1)
and (7.2) of the surrogate quantities giv(z), to reach the larger range of convergence rates
s < m/2. Concerning the surrogate definitions, there are several posibilities depending on
m and f. For instance, take m = 2 and f € B}(L"(2)), the Besov space with differentia-

bility order 1 and integrability 2 < r < 2; note that B}(L"(€)) C LP(Q) C H () for
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p=2= Ifweletd(z):=|f— f2llH-1(w.), as discussed in §3.4, then it can be proved that

3-2 ~
d(z) S hz " fllBrLr(w.)) = d(2),
The proof of Theorem 7.3 extends, thereby showing that f € B! with ||f||z < £l B2(zr(0)-
The proof of Theorem 7.2 is also valid and the modified AFEM exhibits optimal complexity

E(u, f,Te) < (Jular + [1£1l B (£ (o)) #(T2)

If f is a line Dirac mass, instead, then u € A' but the definition above of d(z) is inadequate
for the decay rate s = 1. We could replace f, by a linear combination of Dirac masses
> ser, Co0o, supported on the skeleton v, of w., or incorporate the line integral somehow
into the jump residual as is proposed in [11]. The situation gets even more involved for
m > 2. Finally, we point out that in order to relate the approximation classes A® and B?,
namely to extend Theorem 6.1 to m > 1, we would need a definition of data indicator d(z)
that includes both a bulk correction f, and a suitable Dirac distribution supported on ~.,.
We leave these issues open.
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