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Topological components of spaces of representations

William M. Goldman
Department of Mathematics, University of Maryland, College Park, 20742, USA

Let S be a closed oriented surface of genus ¢ > 1 and let = denote its fundamental
group. Let G be a semisimple Lie group. The purpose of this paper is to investi-
gate the global properties of the space Hom(r, G) of all representations n— G,
when G is locally isomorphic to either PSL(2, C} or PSL(2, R). The main results
of this paper may be summarized as follows:

Theorem A. (i) Let G be the n-fold covering group of PSL(2, R). Then the number
of connected components of Hom(z, G) is given by the following formula:

2n%84(dg—4)/mn—1 ifn|2g-2

2[9%12—)]“ if ny2g—2.

For example Hom(m, SL(2, R)) has 228*! +2g—3 components.
(i) Let G=S0(3) or PSL(2,C). Then Hom(r, G) has exactly two connected
components. If G=_SU(2) or SL(2, C) then Hom(x, G) is connected.

Since 7 is a finitely generated group, the space Hom(x, G) is a real analytic
variety whenever G is a connected Lie group, and is a real affine algebraic
variety whenever G is a linear algebraic group over R [3, 18, 27, 32]. The
group G acts on Hom(x, G) by conjugation and the orbit space will be denoted
by Hom(n, G)/G. Geometrically, the G-orbits on Hom(z, G) parametrize equiva-
lence classes of flat principal G-bundles over S and the space Hom(x, G)/G
is the deformation space of flat G-bundles over S. The characteristic classes of
G-bundles determine invariants of representations n—~G. When = is the funda-
mental group of a closed surface and G is a connected Lie group, the only
1I_IVariants lie in the cohomology group H*(S; n,(G))=n,(G) (using the orienta-
tion on §). There is an obstruction map

0,: Hom(r, Gy— H*(S; ny(G) = 7((G)-
e ——————
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When G=PSL(2,R), this invariant equals the Euler number of the associated
RP!-bundle over S, an integer since n;(G)= Z. The resulting map

e: Hom(r, G)— H%(S; Z)=Z

disregards the flat structure on a flat principal G-bundle yet expresses the
isomorphism class of the principal G-bundle. Similarly, when G=PSL(2,C),
the resulting invariant

wy: Hom(n, G)— H(S; Z/2) = Z/2

is the second Stiefel-Whitney class of the associated H3-bundle over S.

Theorem B. (i) Let G=PSL(2,R). The connected components of Hom(n, G) are
the preimages e”1(n), where n is an integer satisfving in|<2g—2.

(ii) Let G=PSL(2,C) or SO(3). The connected components of Hom(mn, G) are
the two preimages of w,: Hom(rn,G)—~Z/2. If G=SL(2,C) or SU(2), then
Hom(n, G) is connected.

The inequality |e(h)|<|x(S)| is due to Wood [41], based on earlier work
by Milnor [31], who treated the case G=SL(2,R). In particular Milnor was
the first to notice the existence of flat oriented 2-plane bundles over surfaces
which are nontrivial. Theorem B can be used to deduce the following, which
was originally proved in the author’s doctoral dissertation [8]:

Corollary C. Let ¢eHom(w, PSL(2, R)). Equality holds in the Milnor-Wood in-
equality, i.e. |e(d)|=|x(S)|, if and only if ¢ is an isomorphism of & onto a discrete
subgroup of PSL(2, R).

There are several directions in which Theorem B may be generalized. In
his Maryland thesis [24], Jankins determined the components of
Hom(n, PSL(2, R)), where « is an arbitrary cocompact Fuchsian group whose
quotient is not a sphere; that exceptional case is handled in [25]. A generaliza-
tion of Corollary C to the case when G is the group of orientation-preserving
homeomorphisms of the circle has been given by S. Matsumoto [30] which
builds upon work by E. Ghys [7]. For a conjecture generalizing Corollary C
to cocompact lattices in semisimple Lie groups, see Goldman [10]. For an
extension of Corollary C to representations into PU(n, 1), see Toledo [38].

The proof of Theorem B(i) involves certain decompositions of the surface
S, and a corresponding relative version of Theorem B for compact oriented
surfaces with boundary. Qur philosophy (compare [8, 15, 16, 20, 37]) is tha.t’
compact surfaces of Euler characteristic —1 and —2 are the “building blocks’
of compact surfaces of negative Euler characteristic — every surface may be
decomposed into subsurfaces of Euler characteristic —1 and two adjacent §u1?'
surfaces of Euler characteristic —1 form a subsurface of Euler characteristic
—2. If S is a compact surface with nonempty boundary, then =,(S) is 2 ff’@e
group of rank 1— x(S) and Hom (r, G)~ G' ~® js connected. Thus to nontrivial-
ly generalize Theorem B we must impose boundary conditions on the represeﬂ}a'
tions (or the bundles) involved. The most convenient method for impositg
boundary conditions for representations =—G=PSL(2,R) is to assume¢ that
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arepresentation ¢ e Hom(m, G) maps, for each boundary component C, the corre-
sponding element of #,(S) to a non-elliptic element of G. Since a non-elliptic
¢lement of G lies on a unique one-parameter subgroup of G, there is a canonical
trivialization of the associated flat bundle over 0S. Given such a representation
¢, there is a relative Euler class e($) which lies in H*(S, 0S; Z)=Z

Theorem D. Let S be a compact oriented surface with boundary and let W(S)
denote the set of all representations ¢eHom(n, G) such that for each boundary
component C of S, the corresponding element of n is mapped under ¢ to a hyperbol-
ic element. Then the relative Euler class e(¢) satisfies an inequality

e(@)=1x(S)i,

with equality holding if and only if ¢ is an isomorphism of n onto a Fuchsian
group T such that the quotient H2/I" is homeomorphic to the interior of S. Further-
more the connected components of W(S) are the preimages of the relative Euler
class map

e: W(S)— H2(S,85; Z)~Z.

The proof of (ii) in Theorem B is considerably simpler than the proof of
(i), due to the better behavior of polynomial maps over the complex numbers.
It seems that the following generalization of Theorem B(ii) is plausible:

Conjecture. Suppose n is the fundamental group of a closed oriented surface S
of genus g>1. Let G be a connected complex semisimple Lie group. Then the
connected components of Hom(z, G) are the preimages of the obstruction map
0,: Hom(zn, G)—»H2(S; n,(G))=n,(G). In particular the number of components
of Hom(n, G) equals the order of n,(G).

(When G is not necessarily an algebraic group (e.g. when G is the reduced
Heisenberg group), then Hom(x, G) may have infinitely many components and
therefore cannot be a real algebraic set (Goldman [93).)

Recently N. Hitchin [22], using quite different analytic techniques, has deter-
mined the topological types of the components of Hom(n, PSL(2, R))/PSL(2, R)
and the Betti numbers of Hom(x, PSL(2, C))/PSL(2, C) where n=m,(S) is the
fundamental group of a closed orientable surface S of genus g> 1. In particular
his results imply Theorem B above. Specifically he has shown that for
0<k<2g—2 the component e '(2—2g+k) is a complex vector bundle over
the k-th symmetric power of the surface S. It seems quite plausible that there
s a similar description of the components of W(S) where S is a compact surface
with boundary.

§ L. The Lie groups

In this preliminary section we establish notation and collect basic facts concern-
ing the geometry of the relevant Lie groups. We begin by discussing the complex
groups SL(2, C) and PSL(2, C).
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1.1. The group SL(2,C) consists of all complex 2 x 2-matrices having determ.
nant one. Its center is the group of scalar matrices + I. There are three conjugacy
classes of complex algebraic subgroups of SL(2, C) other than {I}, {+1I} and
SL(2, C) itself: the complex Cartan subgroup consisting of all diagonal matrices:
the Borel subgroup consisting of upper-triangular matrices; the parabolic one-
parameter group consisting of unipotent upper-triangular matrices. An element
of SL(2, C) is semisimple if it is diagonalizable over C; equivalently X eSL(2, C)
is semisimple if and only if X= 417 or tr X +2. Two semisimple elements are
conjugate if and only if they have the same trace. A parabolic element of SL(2, ()
is one which is not semisimple; one can see that there are two conjugacy classes
of parabolic elements tr ~!(2)—{I} and tr " }(—2)—{—1I}.

The symmetric space of SL(2, C) is the real hyperbolic 3-space H3. A Cartan
subgroup can be geometrically understood as the stabilizer of a geodesic in
H? and the Borel subgroup is the stabilizer of an ideal point in H3. It is easy
to see that if X, YeSL(2, C), then the following conditions are equivalent:

() X, Y fix a common ideal point on the boundary 0H?3;

(i) X, Y generate a reducible representation on C?;

(iii) X, Y lie in a common Borel subgroup.

The quotient group PSL(2,C)=SL(2,C)/{+I} acts effectively on H* and
in fact equals the group of all orientation-preserving isometries of H>.

1.2. Next we discuss groups locally isomorphic to PSL(2,R). Recall that
PSL(2,R)=SL(2, R)/{ % I}. For another discussion of this material, see Kulkarni-
Raymond [26].

Let G denote the group PSL(2,R). Let g denote the Lie algebra of G. We
observe that the Killing form on g defines an indefinite quadratic function @:
g->R which is invariant under the adjoint representation. Thus the adjoint
representation embeds G in the group SO(2, 1), which for the rest of this section
we denote by G*. Note that under this embedding G is the connected component
of the identity in G*.

Geometrically G* is the full group of isometries of its symmetric space, the
hyperbolic plane H?, which may further be identified (using the upper-half-space
model for H?) with the projective linear group PGL(2, R). Its identity component
PSL(2, R) consists of the orientation-preserving isometries of X and the isotropy
group of G acting on H? is the maximal compact subgroup PSO(2)<= PSL(2,R)
is the image of SO(2)c SL(2, R) under the homomorphism SL(2, R)— PSL(2, R).
It follows that G acts simply transitively on the unit tangent bundle T; X of
the hyperbolic plane; hence topologically G is an open solid torus. '

Conjugacy classes in SL(2, R) are essentially determined by the trace function
tr: SL(2, R)—R. If the absolute value of the trace of 4eSL(2, R) is greater than
2, then the corresponding element of G acts as a translation along a unique
geodesic 7. If the element translates along y by a distance d, then the correspond-
ing matrix has trace +2 cosh d/2. Such a transformation is said to be hyperbolic,
and the subset of G consisting of hyperbolic elements will be denoted by Hyp-
We shall call the distance d the displacement of A. Two hyperbolic elements
are conjugate in G (resp. G*) if and only if their displacements are cqual..l
the absolute value of the trace of A equals 2, then A fixes a unique ideal point
of X and translates points along the horocycles centered there. Such a transfor-
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mation is said to be parabolic; the set of all parabolic elements of G will be
denoted Par. All parabolic transformations are conjugate in G*, although they
fall into two G-conjugacy classes, denoted Par*, Par~, depending on whether
elements move ideal points in the positive or negative direction on the circle
at infinity. The two G-conjugacy classes of parabolic elements are inverses of
each other. If the absolute value of the trace of 4 is less than 2, then A fixes
a point in H? about which it acts as a rotation through an angle 6, where
the trace of A equals 2cos6/2; such an element is called elliptic. The subset
of G consisting of elliptic elements is denoted by Ell.

The adjoint representation leads to the Klein-Beltrami model of hyperbolic
geometry as follows. Form the projective space RP? of lines in g. (Since lines
in g correspond to one-parameter subgroups in G, we may just as well form
a “projective space” of one-parameter subgroups in G.) The zero-locus of the
homogeneous quadratic function Q is a conic C < RP?, whose complement con-
sists of two components. One complementary component is convex and is a
model for the hyperbolic plane; hence we call it X < RPZ2; the other component
is homeomorphic to a Mobius band and will be called X*. (It points correspond
to the geodesics in X, i.e. the lines in RP? which intersect X. Dually, the points
of X correspond to the lines in X*.) The conic C then becomes the sphere-at-
infinity of the hyperbolic plane X, the points of which are the ideal points
of X.

We shall need some notation concerning subsets of the universal covering
group G=S8L(Z R) of G. Since m,(G)=Z, the group G is homeomorphic to
R® and its center is infinite cyclic. Let Z denote the center of G, and let zeZ
be a generator. Since the action of G on the circle C lifts to an action of G
on the universal cover we may specify z in terms of the action of G on the
universal cover C of the circle C: we choose the generator z so that it translates
points on C in the positive direction. Alternatively, let

exp: g—G

denote the exponential map for G. Then for any integer n, 2" can be defined
in terms of the exponential map by:

2" =Exp 0 —nn]
=Pl o |

We shall derive a description of the conjugacy classes in G as follows. Say
that an element of G is hyperbolic (resp. parabolic, elliptic), if it maps to an
clement of G which is hyperbolic (resp. parabolic, elliptic). The subsets of G
consisting of hyperbolic, elliptic, and parabolic elements fall into infinitely many
components, indexed by Z. Let Hyp, denote the set of exponential hyperbolic
elements, ie. those hyperbolic elements of G which lie on one-parameter sub-
groups. For any neZ, we define Hyp,=2"Hyp,. Furthermore associating to
2 hyperbolic element its invariant axis and its displacement defines a map
Hyp, - X* x R, , which one sees easily is a double covering.
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Hyp_, Hyp,

¢t U

Par’, Par Par,  Par, Par,  Par, Par,  Par,
Fig. 1

Similarly we define sets Par,, Pars, Pary to be the components of the inverse
images of the sets Par, Par*, Par~ which meet one-parameter subgroups. More-
over subsets Par,, Par,’, Par,” are defined by Parf =z"Par{, etc.

Elliptic elements in G all lie on one-parameter subgroups, and every elliptic
one-parameter subgroup contains the center Z of G. If K is an elliptic one-
parameter subgroup, then K — Z has infinitely many components. For example,
consider the elliptic one-parameter subgroup consisting of all

A(0)=e’>?f>[° ”(')9]=

[cos 0 —sin 0]
0

sinf@ cosf

where 9eR. If §=nn, then A(f)=z2" lies in the center of G. If n>0 we denote
by Ell, (resp. Ell_,) the subset of all elements of G conjugate to A(6) (resp.
A(—0), where (n—1)n<60nn). Note that Ell, is undefined. It is easy to see
that associating to an elliptic element its fixed point and its rotation angle
defines a homeomorphism Ell, ~ X x (0,2 x).

Thus the group G is decomposed into the following subsets: its center
Z={z": neZ}, classes of hyperbolic elements Hyp,, and two classes of parabolic
elements Par,’ and Par, where neZ and classes of elliptic elements Ell,, where
neZ, n+0. If ueG, then its trace is defined by tru=trII(u), where II:
G — SL(2, R) is the universal covering. (Compare Fig. 1.)

1.3. The following technical lemma will be useful in the sequel.

Lemma. Let G=PSL(2,R) and suppose that {&}o<,<y and {n}o<.<, are two
piecewise smooth paths in G—{I} such that for each 0<t=<1, the elements &
and n, are conjugate. Suppose that each path is transverse to the subset Par (.8
if the maps t+—|tr &| and t—|tr 7j| have 2 as a regular value). Then there exists

a path {yt}0§t§l such that §t=Yt’1tyt_l'

Proof. The interval [0, 1] can be decomposed into subintervals [a, b] such that
either &, (and thus also #,) is hyperbolic for all a<t<b, or &, (and 7,) is ellipiic
for all a<t<b, or &, (resp. n,) is parabolic for exactly one te[a, b]. Let xo€ X
and x%eX* be arbitrary points. For each of these types of intervals, we find
a particular type of path in G: for example, if &, is elliptic for all a<t<b,
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then choose a path u,€G such that u, maps the unique fixed point Fix(¢,) of
¢, to xoeX. Similarly choose a path v,eG such that v, maps Fix(n,) to x,.
Then, since an elliptic element is determined by its conjugacy class in G and
its fixed point, it follows that y,=u,'v, conjugates %, to & as claimed. In an
interval (a, b) where &, and 5, are hyperbolic, let Fix(&,) and Fix(x,) denote the
unique fixed points of ¢, and #, in X* < RP2 Two conjugate hyperbolic elements
which have the same fixed point in X* are either identical or inverse. Thus
u v, conjugates 7, to either ¢, for all ¢ satisfying a<t<b or to &' for all
t satisfying a<t<b. In the former case take y,=u, 'v,; in the latter case let
y,=u; 'v,0, where o, is a continuous path in G consisting of elliptic elements
of order two fixing points on the geodesic invariant under y,. Then for all
te(a, b), we have &=y,n,y, .

Consider next the case that (a,b) is an interval such that £, (and hence
1) is parabolic for exactly one value of . We claim that there exists a path
u,€G such that u, &,u, ! is represented by the matrix

41wt
+1 tré
for each a<t<b where E, is a lift of & to SL(2,R). To this end consider the
action of & on RP!: there exist paths x,, y, in RP! such that x,+y, and such

that &,(x,)=y,. Choose a path w, such that w, *([1,0])=x, and w, ([0, 1])=y,.
Then w, &, w,”* takes [1,0] to [0, 1] and thus w, &, w, ! is represented by a matrix

b ezl

u—[ b1 O]W
0 Vbl

Taking

the claim is proved. Choose a lift %, of 7, such that trf,=tr .. As above, we
find a path v, such that v, & v, ! is represented by the matrix

0 F 1.]
[il tr ¢,
for each a<t<b. Since 5, and &, are conjugate, it follows that the signs on
wnu"' and v,& v must be equal, and indeed u,n,u; '=v,& v, " Letting y,
=v, 'y, we have &=y, 1, ), .

Thus we have found an open covering of the interval [0, 1] by intervals
(a,b) for which there exist paths y, such that &=y,n,y, ! for each te(a, b). It
Temains to find a path y, defined for all [0, 1] such that =y, yo ! over
all of [0, 1]. We may assume that each point t€[0, 1] lies in at most two intervals
(a,b) and (4, b"), where a<a'<b<b'. Furthermore we may assume that for
te{d, b), the elements &,, n, are either elliptic or hyperbolic. Let y, and y, be
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the corresponding paths. For each te(d’, b) let C, denote the set of all y such
that yn,y~1=¢,; then the union

e

a’'<t<b

is a principal fibration over (a’,b) for which the paths y, and y; are sections.
The structure group of this fibration is the centralizer of £,, which is connected;
thus there exists a section y, which agrees with y, for a'<t<a’'+¢ and agrees
with y; for b <t<b+¢ for some £>0. This gives a well-defined path y, for 0<¢<1
conjugating #, to &,. [J

Path lifting

1.4. All of the spaces we shall be considering in this paper will be semi-analytic
sets and therefore locally path-connected (indeed, such sets are triangulable,
see Hironaka [217]). Thus for us the notions of connected components and path-
connected components agree. It will sometimes be technically easier for us to
work with path-connectedness rather than connectedness. The following general
lemma will be useful in this regard. We shall say that a map f: X — Y satisfies
the path-lifting property if for every xeX and path {y,}o<,<1, With f(x)=y,.
there exists a nondecreasing surjective map (a reparametrization of the path)
: [0,1]-[0,1] and a path {x,},<,<; such that f(x;)=y, for 0<s<1 and
Xo=x. In other words, up to possibly reparametrizing the path, every path
starting from f(x) and lying in the image of f can be lifted to a path starting
from x.

Lemma. Let X, Y be smooth manifolds and let f: X — Y be a smooth map. Suppose
that T is a group acting on X such that foy=f for yeI. Suppose that for each
yeY, the following two conditions are satisfied:

(a) There exists xef ~*(y) such that the differential of f at x is surjective;

(b) T acts transitively on the path-components of f~(y).

Then f: X - Y satisfies the path-lifting property. Furthermore, if Y is path-
connected and I is trivial, then X is path-connected.

Proof. Tt follows by the implicit function theorem and hypothesis (a) that for
each te[0, 1], there exists X,ef ~(y,) and &(t)>0, and local lifts {%},_ . <s<t+et0
such that =%, and f(%)=y, whenever t—e(t)<s<t+e(t). (We extend {n}
to a path on a neighborhood of [0, 1] by making it locally constant outside

(0,11
The collection of intervals (¢t —&(z), t +&(t)) covers [0, 1], so there exists
to<0<t;<...<t,<l<t,

and a collection of local lifts {x}, ., <,,_,. Choose real numbers u;, ..., %m with

u1=0, t,<ui+1<t,-+1, um=1.
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Then we may define a path {x,} as follows. Since I' acts transitively on the
path components of f~'(yo), there exists y,el” and a path from x, to Yo xP.
Composing this path with {y,x{"}, we obtain a lifted path x, to Xa, Slnce
f'(ya,) 1s path-connected, there exists y,eI" and a path from x. to X3
Compose this path with {y, x!},, <;<4,, etc. Continuing in this way we obtain
the desired path.

Suppose that Y is path-connected. We claim that I' acts transitively on
the path-components of X. Given x,x'eX, we shall find yel’ and a path
{x;Jo<s<1 In X such that x,=x and x,=yx". To this end join f(x) and f(x")
by a path {y,}o<;<;; by the preceding argument there exists a nondecreasing
surjective map t: [0, 1]-[0,1] and a path {x.}o<,<, such that f(x))=y,, for
0<s<1 and x,=x. Since I' acts transitively on the path components of f ~*(y,),
there exists yeI” such that x, can be joined by a path inside f~1(y,) to yx'.
Composing with the preceding path, we obtain a path from x to x', proving
the claim that I" acts transitively on the path components of X. If I" is trivial,
then X is path-connected. []

§ 2. Spaces of representations

The purpose of this section is to discuss the general structure of the spaces
Hom(n, G), when = is a finitely generated group and G is a Lie group. We
then specialize to the case when 7 is the fundamental group of a surface and
G is locally isomorphic to PSL(2,R) or PSL(2, C). Invariants are given which
distinguish connected components of the spaces Hom(x, G) in certain cases.
The term “connected component” will always refer to connected components
in the classical (Hausdorff) topology rather than the Zariski topology, unless
otherwise noted.

2.1, Let G denote a Lie group and = a finitely generated group. Suppose that
7 has a presentation

CAyy ooy AR (Ayy ooy Ag)= ... =T).

Let Hom(n, G) denote the set of all homomorphisms 7 — G. Then the evaluation
map on the generators

o ($(Ar)s ..., $(4n)

defines a map Hom(r, G)— G™, which is injective since {4, ..., 4,} generates
n. Furthermore its image is the analytic subvariety of G™ consisting of all m-
tuples (x,, ..., x,)€ G™ such that R,(x;, ..., x,,)=1 for each relation R;. We shall
henceforth identify Hom(n, G) with this analytic variety. If G is a linear algebraic
group (with entries in a field K, and defined over a field k), then Hom(z, G)
is the group of K-points of an algebraic variety defined over k. In particular,
if G is a real linear algebraic group, then Hom(r, G) is a (not necessarily irreduc-
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ible) real algebraic variety. Suppose that f: G'—G is a local isomorphism of
Lie groups. Composition with f defines a map

[« Hom(zn, G) - Hom(x, G).

2.2. Lemma (Compare Culler [2]). The image of f,: Hom(rn, G)—Hom(r, G)
is a union of connected components of Hom(n,G'). Let C be a component of
the image of f,: Hom(n, G)~>Hom(xn, G'). Then f,: f,(C)—C is a covering map
with covering group the abelian group Hom(=, Ker(f)).

Proof. Clearly we may replace G by the image f(G') and hence assume that
f is surjective. Then f induces a map f™: G'™— G™ which is a regular covering
with covering group (Ker f)". Now Hom(r, G) (resp. Hom(n, G')) is identified
with the subset of G™ (resp. G'™) consisting of all m-tuples (x,, ..., x,,) satisfying
the relations R;(xq,...,x,)=1 for each i. We claim that given any x
=(x%, ..., x,,)€ G'™" satisfying the relations R;(x{, ..., x},)=1, and any continuous
path

x(0)=0x(2), ..., x,(£)eG™

satisfying R;(x,(), ..., X,(t))=1, 0=t =<1 and f,(x;(0))=x, there exists a unique
continuous path

X' ()=(x1(t) ..., X () eG™

satisfying R;(x;(t), ..., x,,(t)=1 with f, (x}(#))=x;(t) and x;(0)=x;. Since f™
G'™—>G™ is a covering map, there exists a unique lift x'(1)eG'™ of x(t)eG"
We must prove that this lift lies in Hom(x, G’). Since

1=Ry(x (), ..., Xm(@) =f(Ry(x,(®), ..., Xm(1))),

it follows that R,(x(?), ..., x,,(f)) describes a continuous path in (Ker f)™, which
must be constant since Ker f is discrete. Thus for each ¢,

Ri(xy(#), ..., xm(t)) = Ry(x1(0), ..., x,,(0) =1

whence the lift of a (x,(?), ..., X(t)) is a path of homomorphisms. Suppose that
¢': m—G' is a homomorphism and that #: 7 —Ker f is a homomorphism. Since
Ker f is central in G, there is a homomorphism # ¢': 1 — G’ defined by

ne¢': x—n(x) ¢'(x).

Clearly f, (n¢)=f,(¢). In this way Hom(r, Ker f) acts on Hom(x, G') leaving
invariant the mapping f,: Hom(n, G')~Hom(zn, G). Conversely, given tWwo0
homomorphisms ¢}, p;eHom(r, G') such that fo¢)=fo¢),, there is a hom
morphism 7: x—Ker f such that ¢, =n¢;. For each xem,

1(x)=>(x) p1(x) " eKer f

and since Ker f is central,  defines a homomorphism. [
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2.3. Corollary. Let G be a semisimple Lie group with finite center and n be a
finitely generated group. Then Hom(n, G) has finitely many connected components.

Remark. This is not true for groups which are not semisimple or algebraic.
In Goldman [9] an example is given of a non-simply connected nilpotent Lie
group G for which Hom(z, G) has infinitely many connected components.

Proof. If G is a real linear algebraic group, then Hom(x, G) is a real algebraic
variety. Any real algebraic variety has finitely many components by Whitney
[40]. Otherwise note that the antomorphism group Aut(%) of the Lie algebra
% of G is a linear algebraic group for which the adjoint representation Ad:
G- Aut(%) is a local isomorphism with finite kernel. Now apply Lemma 2.2. []

Obstruction classes

24. Now we shall suppose that M is a closed oriented surface of genus g>1
with fundamental group n. Then = has a presentation

<AlsBl’ “-’Aga Bgle(AlaBly "'5Ag,Bg)=I>a

where the relation R,(A4,, B, ..., A,, B)=[4,,B,]...[A,, B,] is a product of
commutators [4, B]=ABA B~ % Hence Hom(rn, G) may be identified with the
analytic variety

{(al, bl’ ...,ag,bg)Eng: Rg(al, bl’ ..-,ag, bg)=1}.

When G is semisimple, it is well known (see e.g. Goldman [11]) that the rank
of the map R,: G**— G at a point (a;, by, ..., a,, by)e G?*% equals the codimension
in G of the subgroup centralizing the set {a,, by, ..., a,, b;}. Thus Hom(r, G)
is smooth at all peHom(z, G) such that the centralizer Z(¢) of the image ¢(n)
in G is discrete. It is an interesting question for which Lie groups is this subset
dense: for Lie groups locally isomorphic to PSL(2,R) or PSL(2,C), it is dense;
however for SU(2, 1), it is not dense ([12], see also [17]).

For G connected and locally isomorphic to PSL(2, R) or PSL(2, C), the condi-
tion that a homomorphism ¢eHom(r, G) satisfy dim Z(¢)>0 is equivalent to
the condition: ¢ () is abelian and if G=PSL(2,C) then ¢(n) is not conjugate
0Z2@Z/2<=S0(3)cPSL(2,C).

5. There is a family of invariants of representations ¢ € Hom(r, G) which pro-
vides the key for understanding the topology of Hom(z, G). These obstruction
classes arise as follows. Let ¢eHom(r, G), M a space with fundamental group
mand let X be a space upon which G acts. Then the flat (G, X)-bundle over
M with holonomy ¢ is the bundle over M having total space the quotient of
Mx X by the action of = given by y: (8 x)> (7§, ¢(y) x). We shall denote this
FOtal space by X,. Then topological invariants of (G, X)-bundles over M are
Ivariants of representations ¢eHom(x, G). In particular, the obstructions to
the triviality of the bundle (ie. to finding a section of the principal bundle)
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are topological invariants of the bundle. (See Steenrod [35] for an account
of obstruction theory.) For example, if G is not connected, then the first obstruc-
tion to the existence of a section of the principal bundle (ie. a trivialization)
is a class 0,(¢) in H'(M ; n(G)) = Hom(r, 74 (G)) obtained by composing ¢: n—G
with the epimorphism G- n,(G). For example, if G is GL(n, R) or O(n), then
the two components of G are distinguished by whether they preserve or reverse
orientation on R”". The first obstruction o,(¢p) in this case is just the first Stiefel-
Whitney class of the associated flat vector bundle Rj.

We shall usually assume that G is connected, in which case the first obstruc-
tion is identically zero. One may say that the first obstruction is the obstruction
to reducing the structure group of G, from G to its identity component G°,
i.e. reducing the structure group by the inclusion G° — G. The second obstruction,
then, may be defined as the obstruction to lifting the structure group from
G to its universal covering G, i.e. reducing the structure group by the homo-
morphism G — G. The second obstruction is a class 0, (¢p)e H2(S; 7,(G)).

Suppose that M is a closed oriented surface of genus g>1. In that case
the fundamental cycle on M determines an isomorphism H2(M, n,(G))=n,(G).
Then the image of the second obstruction in 7;(G) may be described group
theoretically as follows: Let 4,, By, ..., A,, B, be the generators of = in its stan-
dard presentation. Choose lifts ¢ (4;), $(B,) of the images ¢ (4,), ¢(B;) to G. Evalu-
ating the relation

Rg(&(Al)’ $(Bl)’ AR ] $(Ag)a $(Bg))

gives an element of
Ker(G—G)=n,(G),

which is independent of the chosen lifts (any two lifts differ by an element
of m,(G) = center(G)). Thus the second obstruction defines a map

0,: Hom(m, G) - 7, (G)

which expresses a topological property of a flat G-bundle. By the covering homo-
topy property, a family of G-bundles over a contractible space must be trivial
and hence since Hom(n, G) is locally contractible, the map o, is locally constant
(i.e. continuous) (compare [18], 4.5.). Thus o, defines an invariant of the con-
nected components of Hom(x, G).

When G = SL(n, R), then 0,(¢) is the second Stiefel-Whitney class (resp. Euler
class) of the associated flat vector bundle R} over M when n>2 (resp. n=2).
For other groups, there are similar interpretations as Euler classes and second
Stiefel-Whitney classes. If G=PSL(2,R), then 0,(¢) is the Euler class of the
associated oriented circle bundle (where the fiber X =RP! has the natural
action of G). Alternately, one may form the associated oriented 2-disc bundle
X,; since the fibers are contractible, there exists a smooth section o: M- Xy
The exponential map on each fiber defines a fiber diffefomorphism between the
normal bundle to se X, and X,. Thus the bundle X, is a (nonlinear) 2-plant
bundle and its Euler class is the second obstruction. If G=PSL(2, C), then the
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associated H3-bundle is an oriented 3-disk bundle and similarly its second Stiefel-
Wwhitney class may be defined, which also is a second obstruction class. In
all of these cases, we shall write the obstruction classes as e(¢) or w, (@) rather
than 0,(¢). The proofs that this construction yield the claimed characteristic
classes are standard and can be found, e.g. in Milnor [31] or Hirzebruch [23].

§3. Surfaces with boundary

In this section we state a generalization of theorem B to surfaces with boundary.
We shall need to impose boundary conditions in order to define a relative
Euler class of suitable flat bundles over surfaces with boundary.

3.1. Let M be a compact oriented surface with boundary, and let n=mx,(M)
be its fundamental group. If G is a connected Lie group and ¢eHom(x, G)
is a homomorphism which determines a flat principal G-bundle G,— M, then
G, is trivial as a principal G-bundle (the obstructions take values in the groups
H'(M; m;_,(G)) which are all zero). Thus there are no characteristic invariants
of flat bundles over surfaces with boundary. One may also see this by noting
that since = is a free group,

Hom(rn, G)~ G*

is already connected. Thus boundary conditions are necessary in order to obtain
nontrivial invariants of flat bundles over surfaces with boundary.

The most natural approach is to trivialize the bundle over the boundary
and try to extend this trivialization over M. In other words, we fix a section
¢ of G4)5p and consider the obstruction to extending o to a section of G,
over M. This obstruction, of course, will depend on the choice of trivialization
over the boundary. Thus it will be useful to find natural conditions under which
the flat structure determines a trivialization over the boundary.

Suppose that CedM is a boundary component. Choose a holonomy homo-
morphism 7,(C)— G for the flat bundle over C; let heG be a generator of
the image of this homomorphism. Then using a homeomorphism C=R/Z, the
corresponding flat principal bundle P over C may be identified with the quotient
of R x G by the equivalence relation

(t.g)~(t+n,h"g)

where neZ. A trivialization of P then corresponds to a map f: R— G which
Is Z-equivariant in the sense that f(t +n)=h""f(¢) for each neZ. We may norma-
lize the trivialization by requiring that f(0)=I. Clearly if h=1, then the flat
bundle is trivial as a flat bundle, and enjoys a natural trivialization. Suppose
that h+71 and that y: R—G is a one-parameter subgroup containing h; by
a linear change of parametrization we may assume that h=y(1). Clearly taking
J=y we obtain a trivialization of P We call such trivializations special.

Suppose that G=PSL(2,R). If heG, then there is a unique homomorphism
¥: R—G with h=y(1) if and only if heParUHyp; thus there are preferred
Special trivializations as long as h¢ElL
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3.2. Suppose that ¢eHom(n, G) is a homomorphism such that for each bound-
ary component C < ¢ M, the image of #,{C) =z (M) under ¢: 7, (M) — G contains
no elliptic elements. Then there exists a preferred special trivialization ¢ of
the corresponding flat principal G-bundle over C; the obstruction to extending
this trivialization to a trivialization of G, lies in the relative cohomology group
H?*(M, oM ; Z) and is by definition the relative Euler class e{(¢; o).

One can describe this relative Euler class more directly in terms of the ho-
momorphism ¢ as follows. Since trivializing a PSL(2, R)-bundle is essentially
equivalent to lifting the structure group to the universal covering

PM—»PSL(Z, R), the relative Euler class can be interpreted in terms of
lifting homomorphisms. There is a presentation of n as

{Ay,By,...,A4,,B,,C,,....,C|[A1, By]...14,,B,1C, ... =D,

where C,, ..., C, correspond to the components of dM. By assumption, each
#(C)e{l} UHypUPar and thus there is a unique lift $(C) of ¢(C;) to the
closure

Hypo={I} UHyp,uPar,} = G.

Choose lifts 35-(717),¢(B,-)e(~; of ¢(A4,), #(B;). Since ¢ is a homomorphism the
element

(64, $(B .. [6(A,), B(BY1 $(Cy) ... $(C)

lies in the kernel of the covering homomorphism G—G and hence equals 2"
for some neZ. It is a routine exercise (analogous to the closed case) to show
that the relative Euler class e(¢, 0) =n[M], where [M]e H*(M, d M) is the funda-
mental cohomology class of M.

The main result relating the relative Euler class to components of flat bundles
over surfaces which have been trivialized over their boundary is the following:

3.3. Theorem. Let M be a compact oriented surface and let W denote the set
of all homomorphisms ¢: m,(M)— SL(2, R) such that for each closed curve C <dM,
the corresponding ¢(C) is hyperbolic. Let e: W(M ) —Z denote the relative Euler
class map as above. Then the connected components of W(M) are precisely the
inverse images e~ '(n), where |n| < x(M).

The proof of 3.3 will be given in § 10. There is a generalization of Corollary C
to surfaces-with-boundary involving the relative Euler class. However, the state-
ment is slightly more complicated, since the boundary must be taken into
account. Suppose that M is a compact surface with nonempty boundary and
let ¢: 7,(M)—G be a Fuchsian representation (an isomorphism onto a discrete
subgroup I' = G). Then H?/I" is a complete hyperbolic surface, which is homotopy
equivalent to M. In general, however, H>/I' and M are not homeomorp.hlc-
Let core(H?/I') denote the convex core of H?/I If there exists a diffeomorphlﬁm
M —core(H?/T'), we shall say that ¢eHom(r, G) is a holonomy representaiion
Jor M.

3.4. Theorem. Let peW(M). Then |e{(p)| < x(M) with equality (i.e. |e(¢)]=X(M»
if and only if ¢ is a holonomy representation for M.
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The proof of 3.4 will also be given in § 10. Since we shall need a few calcula-
tions of the relative Euler class sooner, we prove the following two results pre-
sently.

3.5. Proposition. Let ¢ W(M) be a holonomy representation for M. Then the
relative Euler class e(¢) equals y(M).

3.6. Proposition. Let ¢pe W(M) be a representation whose image lies inside a Borel
subgroup. Then e(¢)=0.

Proof of 3.5. (Compare [14], Proposition 2.8.) Consider the flat H?-bundle
H;—-M with holonomy ¢. By hypothesis there exists a diffeomorphism f:
M —»core(Hz/qS(n)) which maps each boundary component of M to a closed
geodesw boundary component of core(H?/¢(r)). The induced diffeomorphism
f: M- H? is equivariant with respect to the action of = on M by deck transfor-
mations and the action of = on H? via ¢. The equivariant diffeomorphism
f defines a section of the flat bundle H3— M which over dM restricts to the
(fiberwise) projection of the special trivialization 0M —(PSL(2,R)),—~H3. The
relative Euler class of ¢ with respect to the special trivialization may be comput-
ed as a relative self-intersection number of a section s over M: the algebraic
intersection number of s and a nearby section s’ which coincides with s on
oM. Since f is a local diffecomorphism, the relative self-intersection number
of the section corresponding to f is seen to equal in absolute value the Euler
class of the tangent bundle of M, ie. +x(M). [

Proof of 3.6. If {¢}0<:<1 is a family of representations in Hom(x, G) such that
for no component C<dM is ¢(C) hyperbolic, then by the covering homotopy
property the Euler class of ¢, with respect to the special trivialization is constant
in t. Suppose that ¢(n) lies in a Borel subgroup Bc G. Let A< B be a Cartan
subgroup. By conjugation by the one-parameter group A one can find a path
of representations = — B joining ¢ to a representation = — A. Since the representa-
tions = — A form a vector space, such a representation can be joined by a path
of representations to the trivial representation in such a way that no boundary
component is mapped to an elliptic element. Since the relative Euler class of
the trivial representation equals zero, the result follows. [J

The relative Euler class also enjoys a simple additivity formula, which is
astandard fact from obstruction theory (see e.g. Steenrod [35]):

37. Proposition (Additivity). Suppose that M =M; UM, and ¢eHom(x, G) has
the property that for each boundary component C of M, or M, the restriction
o n,(C)=m is not elliptic. Then

e(P)=e(Ple, ) +e(Blr, 1)

Where the relative Euler classes are computed with respect to the special trivializa-
tions,

38. Clearly 3.3 reduces to Theorem B when M is a closed surface. We first
Prove 3.3 for surfaces of Euler characteristic —1 and —2; the general case
Wil then follow fairly easily from these special cases. The reduction to these
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special cases is based on a simple combinatorial argument which we present
now. Although the detailed proof will be given in § 10, after the necessary prereq-
uisites are developed, for the purpose of readability we give a broad outline

of the basic ideas here. We shall consider decompositions M= | | M, satisfying

the following properties: =1
(i) The M, are subsurfaces any two of which are disjoint or meet in bound-
ary components;
(i) x(M)=—1; .
(iii) The graph dualto M= { ) M, is a tree.
i=1
If M has genus g and b boundary components, then (i) implies that there
are m= —y(M)=2—-2g+b components M, in the decomposition. Recall that
the dual graph has one vertex for each M; and two vertices are joined by
an edge if the corresponding M; share a common boundary component. We
refer to the simple closed curves corresponding to the edges (i.e. the boundary
components of the M) as decomposition curves. Each M, is either a surface
of genus one with one boundary component (a torus minus a disc) or a surface
of genus zero with three boundary components (a pair-of-pants). For each genus
one M; there is a unique other M; such that 0M;=dM; (unless M = M,). Unless
M is a closed surface of genus two, M; will be a pair-of-pants. It follows that
the union of all the genus zero M, is a connected surface, which has genus
zero because of (ii). (Otherwise a nonseparating essential curve would determine
a loop in the dual graph.) Thus exactly g of the M, have genus one and g—2+b

have genus zero. We shall call such a decomposition M =|)M; a maximal
dual-tree decomposition of M. i=1

It will turn out to be easier to work with the space W'(M)< W(M) consisting
of representations ¢ such that each ¢(m,(M,)) is nonabelian. In 8.1 it will be
shown that W’(M) is open and dense in W(M). Thus e (1) » W(M) is connected
if and only if e™*(n)n W'(M) is connected. Suppose that ¢, ye W' (M) satisfy
e(p)=e(y); we describe how to join them by a path in W'(M). In 10.1 we
show how to deform ¢ (resp. ) to a representation ¢’ (resp. ¥') in W'(M)
which maps each decomposition curve to a hyperbolic element. Thus
¢, ' eWM)n ][] W'(M,) and we associate to ¢, ' the m-tuples

{e(¢’|n1(Mi))}i= 1,...,m> {e(l//lm(Mi))}i= 1, ...,me{ - 19 0’ I}m

where each relative Euler class is computed with respect to the special trivializa-
tions. Now it follows from the analysis in §9 of Euler characteristic —2 surfaces
that if M, UM, < M is a connected subsurface of M and

e(d’"n,(ui)): e('Vln,(M,«)) for j+1,2
and
e(d)linl(M;uMz))=e(‘l/lln‘(MluMz))’

then ¢’ can be deformed to ¥ in W'(M). Thus we reduce the construction
of a path from ¢’ to ¢’ to the following elementary combinatorial lemma:
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39. Lemma. Let T be a tree and let % denote the set of all maps f:
vert(T)—{ —1,0, + 1}, where vert(T) denotes the set of vertices of T. Let : U —Z
be the map given by

fe X f).

vevert(T)

Then the equivalence relation
f~f<=Z(NH=2()

is generated by the relation & consisting of all (f, f)e¥ x U such that there
exists an edge e = T such that

fIT—e=f"T—-e
X fy= Y fW).

vevert{e) vevert(e)

and

Proof. Induction on the number n of vertices of T. Clearly the statement is
vacuous for n=1 and is trivial for n=2. Suppose the statement is known for
trees with less than n vertices and let T have n vertices. Suppose that f, f'e%
satisfy 2 (f)=2(f"). Choose a vertex vevert(T).

We claim that there exist sequences f=f,,...,f,e# and f'=f,..., fje¥
with f; & f;., and f/® f/,, such that f,(v)=f;(v). For if Z(f)>0 (resp. Z(f)<0)
there exists a vertex v such that f(v)=1 (resp. f(v)=—1). Let v=v,,v,,...,v=v,
be the unique segment joining v and v. By interchanging f(v;) and f(v;,,) one
obtains a sequence f;, ..., f, such that f;Zf,,, and f,(v)=1 (resp. f,(v)= —1).
Applying the same procedure to the sequence fj, ..., f; we may assume that
L)=1 (resp. f;(v)=—1). If X(f)=0, but there exists v,v’evert(T) such that
f@),f'(v) %0, then there exist vertices w, w’ such that f(w)=f'(w)=1 and the
preceding argument can be applied. Thus it remains to consider the case that
f=0. In that case, change f on an arbitrary edge to be 1 on one vertex and
~1 on the other vertex. Then apply the preceding construction. This proves
the claim.

Now each component of T—star(v) is a tree and fly_garey 304 /|1 - garcy)
are equivalent functions vert(T)—{—1,0, 1}. Thus by the inductive hypothesis
they can be joined by a sequence of elements whose adjacent elements are
#-related. Such a sequence extends (by remaining constant on v) to a sequence
in % whose adjacent elements are #-equivalent. The proof of 3.9 is now com-
plete. ]

§4. Some invariant theory

In this section we develop the necessary invariant theory which will be used
FO analyze representations of a free group of rank two into SL(2, C). For more
nformatjon the reader is referred to the survey article of Magnus [28].

Let IT denote the free group with free generators X, Y. Let G be a Lie group.
We may identify Hom(1, G) with G> by the evaluation map Hom(1, G)— G?
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sending  h—(h(X),h(Y)). Consider the action of GL(2,C o
Hom(IT, SL(2,C))~SL(2,C)x SL(2,C) by conjugation. The following wel
known facts are essentially due to Fricke-Klein ([5], pp. 289-291):

4.1. Proposition. Let y: SL(2, C) x SL(2, C) - C? be the map
2 (X, Y)=(tr(X), tr (Y), tr (X Y)).
Let x: C3—C be the polynomial
k(x,y,z)=x*+y*+z2—-xyz—2.

Then:
(i) x is GL(2, C)-invariant and surjective;

(i) x(x(X, Y))=tr[X, Y];

(iii) x(x(X,Y)=2 if and only if there exists a line in C* invariant under
X, Y (i.e. the linear representation generated by X and Y is reducible).

(v) If ueC? x(u)*2, then x '(u) consists of a single GL(2,C)-orbit. If
x(u)=2, then there exists a unique G-orbit o,<x "(u) consisting of completely
reducible representations such that y~*(u) consist of GL(2, C)-orbits whose closures
contain o,,.

(v) Two representations ¢, ¢'eHom(n, SL(2, C)) are GL(2, C)-conjugate if and
only if they are SL(2, C)-conjugate.

(Since the trace of any word w(X,Y) in matrices X, YeSL(2,C) may be
deduced from the traces of X, Y, and XY (see Magnus [28], or Culler-Shalen
[3] 1.4.1), we shall refer to x(X, Y) as the character of the representation deter-
mined by (X, Y).)

Proof. (i) Let Pe GL(2, C). Since
tr(PXP Y =tr(X), tr(PYP Y)=tr(Y), tc(PXYP V)=tr(XY),
x is GL(2, C)-invariant.

Next we prove that y is surjective. If (x, y, 2)eC3, choose &, 5eC such that
E2=x?—4 and 6*=k(x,y,z)—2. If x+ +2, then

x=¢ jy42yt2z [
x=| 2 Y ¢ ¢
o Xt¢& ’ _é %y—x2+2z
2 ¢ ¢

satisfies (X, Y)=(x, y, z). Similar formulas suffice when y+ +2 and z#+ £2. sup-
pose that x, y, z= +2. If an even number of x, y, z equal +2, then

=(21 2
X, Y)—(2 1,21)
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atisfies y(X, Y)=(x, y, z). Otherwise

=l 73l 1)

satisfies x(X, Y)=(x, y, z).
(ii)(iii) See, for example, Magnus [28], 2.1, Culler-Shalen [3], 1.5.2, 1.5.5.
(iv) If k(u)=2, then the result follows from Magnus [28], 2.1 or Culler-Shalen
[3], 1.5.2. Otherwise there exists (X, Y)ey~'(u) which acts reducibly on C2,
so by conjugation we may assume that X and Y are upper-triangular. For
any upper-triangular matrix U, let U® denote its semisimple part, i.e. if

a b
U‘[o c]
a O
U®= .
o J

Then the GL(2, C)-orbit o, of (X, Y®) is an orbit with the desired properties.
(v) Clearly if ¢, ¢’ are SL(2, C)-conjugate, then they are GL(2, C)-conjugate.

Conversely, suppose that yeGL(2, C) conjugates ¢ to ¢'. Choose a complex

number & satisfying 6 ~2=det g; then (61) yeSL(2, C) conjugates ¢ to ¢’. [

then its semisimple part equals

42. The real analogue of Proposition 4.1 is considerably more subtle. One diffi-
culty is that not every real character of a representation into SL(2, C) corre-
sponds to a representation into SL(2, R). Rather, a triple (x, y, z)eR? corresponds
to a representation into SL(2, C) which is conjugate to a representation taking
values in one of the two real forms of SL(2, C), namely SL(2,R) or SU(2). To
determine whether a real character corresponds to a representation in SL(2, R)
or SU(2) we shall use the identification of the adjoint group of SL(2, C) with
the orthogonal group SO(3, C).

Recall that the adjoint representation of a semisimple Lie group G on its
Lie algebra g always preserves the nondegenerate symmetric bilinear form (the
Killing form) defined by B(a, 8)=tr(ad{a)ad(#)). Let G=SL(2,C}) and choose
an orthonormal basis of the Lie algebra sl(2, C), so that we identify sl(2, C)
with complex Euclidean 3-space, as a three-dimensional complex inner product
Space. The adjoint representatlon defines a local isomorphism
SL(2,C)—SO(3, C) whose kernel is the center {+1I} of SL(2,C). We give an
alternate construction of a representation in SL(2, C) with a given character,
with the eventual goal of constructing representations into SL(2, R) with given
real character.

Let (x, y, z)e C? satisfy x(x, y, z)# 2. Consider the symmetric matrix
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which has determinant det B=2(2—«(x, y, z))#0. (Compare the discussion of
triangle groups in [16].) Thus B determines a nondegenerate symmetric bilinear
form on C3. Let p,, p,, p5 be the B-orthogonal reflections fixing the coordinate
vectors, i.e.

-1 —z -y 1 0 © 1 0 0
Pr1= 0 1 0 N pPr=1—2 -1 —x N P3= 0 1 0 .
0 0 1 0 0 1 ~y —x —1

Then p,, p;,p; are involutions on C* which preserve the symmetric bilinear
form B. Let X=p, p,, ¥=p,p;, whence X¥=p, p,. Since B is nondegenerate,
the group of unimodular isometries of C? with respect to B is conjugate inside
SL(3, C) to SO(3, C). We henceforth implicitly identify these two conjugate sub-
groups with each other as well as with the adjoint group of SL(2, C). Choose
lifts X, YeSL(2,C) of X, ¥ under the map Ad: SL(2,C)—SO0(3,C); a simple
calculation shows that

tr(X)=x*>—1, tr(Y)=y*—1, tr(XY)=z*>—-1.
Furthermore for any matrix UeSL(2, C), we have tr(Ad(U))=(tr(U))*— 1. Thus
tr(X)=+x, tr(V)==+y, tr(XY)==z.

By multiplying X and Y by +1I, we can change our choice of lifts X, Y to
assume that tr X =x and that tr Y=y. If any of x, y, z are zero, then there are
at least two choices, and at least one choice will guarantee that tr XY=z If
none of x, y, z are zero, then the lifts X, Y satisfying tr X = x, tr Y=y are uniquely
determined. Furthermore there is a unique lift Ze SL(2, C) of (XY)™! such that
tr(Z)=z. In particular XYZ is a lift of the identity in SO(3,C) under Ad:
SL(2,C)—S50(3, C) and equals +I. We claim it equals I. For we have constructed
a continuous map from

Q={(x,y,2)eC3|xyz*0, k(x,y,z)+2}

into {+1}. But Q is connected, so this locally constant map is constant. Thus
it suffices to check that X YZ equals I for a single (x, y, z)e Q; the explicit example
given for (—2, —2, —2) discussed earlier in the proof of 4.1(i) will suffice. Thus
we have found elements X, YeSL(2,C) such that tr(X)=x, tr(Y)=y and
tr(X Y)=2z. (This gives an alternate proof of the surjectivity in 4.1(i).)

We shall use the preceding construction to determine the set of characters
of representations in SL(2, R).

4.3. Theorem. Let (x, y, z)eR3. Then there exists (X, Y)eSL(2,R) x SL(2,R) with
(X, Y)=(x,,2) if and only if either x(x,y,z)Z2 or one of |x|, |yl |z] is z2
In that case, unless k(x,y,z)=2, the inverse image x '(x,y,z) consists of one
GL(2, R)-orbit, which is the union of two SL(2,R)-orbits. If all of K (%, 3, 2
IxI, ¥, 2] are <2, there exists (X, Y)eSU(2) x SU(2) with y(X, Y)=(x, 2). Al
such pairs (X, Y) are SU(2)-conjugate.
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Remark. It is a general fact that a character of a representation of a finitely
generated group in SL(2, C) is real if and only if it is the character of a representa-
tion in one of the real forms SL(2,R) or SU(2). For an elegant proof of this
fact, the reader is referred to Morgan-Shalen [32], Proposition II1.1.1.

Proof. We first recall basic facts about the adjoint representations of SL(2,R)
and SU(2). Suppose that I'eSL(2, R). Then clearly the adjoint representation
restricted to I' stabilizes the Lie algebra sl(2,R) of SL(2,R). The restriction
of the Killing form on sl(2, C) to sl(2, R) is nondegenerate and indefinite. With
respect to a suitable basis of slI(2, R), the adjoint representation defines a local
isomorphism SL(2, R)—SO(1, 2)°. Indeed, the stabilizer of any indefinite totally
real subspace is conjugate in SL(2, C) to SL{2, R). On the other hand, any sub-
group of SU(2) stabilizes the Lie algebra su(2), which is a totally real subspace
to which the restriction of the bilinear form is definite. Any subgroup of SL(2,C)
which stabilizes a totally real definite subspace of C? is conjugate to a subgroup
of SU(2).

Suppose (x, y, z)eR3. By 4.1(i), there exists (X, Y)eSL(2, C) x SL(2, C) such
that y(X, Y)=(x, y, z). Using the above criteria for subgroups to be conjugate
to SL(2, R) or SU(2), we shall determine when (x, y, z) is the character of SL(2, R)-
representation.

Consider the symmetric bilinear form B as above. Since B is real, the real
subspace R < C? is invariant under X, Y. Assume that x(x, y, z)=2. Then

det B=2(2—xk(x, y,2))*0

so the bilinear form is nondegenerate. Since the restriction of B to each coordi-
nate line is positive, B cannot be negative definite. The restriction of B to the

;], which is positive definite

if and only if |z| <2. Thus necessary conditions that B be positive definite are
that |x|, |y}, |z] are all <2. A further necessary condition is that detB>0, ie.
that k(x, y,z) <2. We claim these necessary conditions are sufficient. For if B
is indefinite, either there exists a two-dimensional subspace of R* which is definite
or there does not. If there does, then det B<0, whence k(x,y,z)>2. If there
does not exist a two-dimensional definite subspace, then no coordinate plane
is definite, whence none of |x|,|y|, |z| are <2. Thus B is positive definite if
and only if x(x, y, 2) <2, |x| <2, |y| <2 and |z|<2.

It follows that Ad X and Ad Y are comjugate to SO(1,2) (resp. SO(3)) if
and only if X and Y are conjugate to SL(2,R) (resp. SU(2)) if and only if one
of k(x, y, z), x|, [yl |z] is =2 (resp. k(x, y,z) <2, [x| <2, |y|<2, and |z| <2).

If x(x, y,z)=2, then (x, y,z) is the character of a reducible representation,
whose semisimple part is a representation lying on a one-parameter subgroup.
_Any such character is the character of a representation in SL(2, R). Furthermore
i all of x], |y, |z] are <2 (this will be the case if just one of |x}, [yl |z| is<2)
then there will be a representation in SU(2) as well having this character.

Suppose that (X,Y), (X', Y)eSL(2,R) x SL(Z,R) satisfy x(X, V)=x(X Y.

Uppose furthermore that x(x(X, Y))+2. Then X and Y generate an irreducible

. . [2
first coordinate plane is given by the matrix [z
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representation on R?, as do X’ and Y’ By 4.1(iv) there exists ye GL(2, C) such
that y Xy !=X"and y Yy !=Y" Since X and Y act irreducibly, the Burnside
lemma implies that the R-algebra they generate is the full algebra M,(R) of
real matrices, and similarly for X’ and Y Thus y normalizes the algebra of
real matrices and thus Adye PGL(2,R). We may replace y by a real matrix
of determinant +1 determining the same inner automorphism Ad y. It follows
that (X, Y) and (X', Y') are PGL{2, R)-conjugate. If det y=1, then (X, Y) and
(X', Y') are conjugate in SL(2, R). Suppose then that det y=—1; we claim that
(X, Y) and (X', Y) cannot be conjugate in SL(2, R). Otherwise there would exist
7, 1€ GL(2, R) such that dety=1, dety=—1 but the composition Adn-Ady
conjugates (X, Y) to itself, ie, oy commutes with X, Y. Since detgoy=—1,
it follows that there exists a decomposition of R? as the direct sum of two
lines, one of which is fixed pointwise by #oy, and the other upon which ny
acts by —1. Since X and Y commute with 5oy, it follows that X and Y must
leave invariant each of these lines, contradicting x(y(X, Y)) 2.

Finally suppose that (X,Y), (X', Y)eSU(2)xSU(2) satisfies x(X,Y)=
(X', Y). Then by 4.1(iv), (X, Y) and (X', Y') are GL(2, C)-conjugate. If (X,Y)
determines an irreducible representation, then the conjugating element must
preserve (up to scaling) the Hermitian structure invariant under X and Y It
follows as above that (X, Y) and (X', Y') are U(2)-conjugate, and by the same
argument as in 4.1(v), are SU(2)-conjugate. If (X,Y) and (X', Y') satisfy x=2,
then a separate argument shows that they are SU(2)-conjugate as well. The
proof of Theorem 4.3 is now complete. []

4.4. Proposition. Let (X, Y)eSL(2, C)x SL(2,C). Then d, .y, is surjective if and
only if X and Y do not commute.

Proof. Let &, nesl(2, C). Then an elementary calculation gives

dyx, 0y (& m)=(tr(X ), tr(¥Yn), tr(X n)+tr (YE)).

We show that either X, Y commute or dim Ker d, y,=3. If UeSL(2, C), then
the set of all vesl(2, C) such that tr(U v)=0 has dimension two, unless U= */.
Suppose that (&, n)eKer d, x,y,. Then tr(X &) =tr(Yn)=0and tr(X )+ tr(Y¢)=0.
If either X or Y equals + 1, then Kerd, x, y, has dimension at least four. Further-
more X and Y commute. If X, Y+ + 1, then the set X* of all & such that tr(X{)
=0 has dimension two and the map X*-—-C given by &otr(YE) is nonzer0
unless X, Y commute. Similarly Y* has dimension two and Y+ »C, n—tr(X n
is nonzero unless X, Y commute. Thus the set consisting of (&, 7)e X* x Y* which
satisfy tr(X n)= —tr(Y¢) has dimension three unless X, Y commute. {J

4.5. Corollary. (a) Let
Qc={(X, Y)eSL(2,C)x SL(2, C)|[X, Y] *I}.

Then y: Qc— C3 satisfies the path-lifting property.
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(b) Let
Qp={(X,Y)eSL(2,R)x SL(2, R)|[ X, Y]+1I}.
Then
X Q-RP—([-2,2 Nk Y([-2,2])

satisfies the path-lifting property.

Proof of (a). Let I'=Z/2 act on Q¢ by (X, V) (X%, Y ™); clearly y: Qc—C?
is [-invariant. By Lemma 3.9, it suffices to show that I' acts transitively on
the path-components of each preimage of y: Q- C3. If k(x, y, z)%+2, then the
preimage x~'(x,y,z) is a SL(2,C)orbit and is hence path-connected. If
k(x, y, 2)=2, then x~'(x, y, z) contains a nonabelian representation if and only
if not all of x, y, z equal +2; thus the image of x: Q¢ — C3 equals the connected
set C> —.# where

F={(2,2,2),02 -2, -2,(-2,2,-2),(-2, -2,2)}.

It suffices to show that if (x,y,z)¢.# and x(x,y,z)=2, then I' permutes the
path-components of Q¢ x~'(x, y, z). Consider the commutator map

Ry: Qcny™'(x,y,2)~ SL(2,C)

defined by (X, Y)—[X, Y]=XYX 'Y™}; since tr[X, Y]=2 but [X, Y]+I it
follows that X, Y can be conjugated to upper-triangular matrices. The image
of Ry: Qc vy~ (x, y, z) = SL(2, C) consists of all elements of SL(2, C)—{I} which
have trace 2; all such elements of SL(2, C) are conjugate. This map is SL(2, C)-
equivariant and hence is a fibration; we shall show that I permutes the two
components of each fiber. To this end, represent X and Y respectively by matrices

[?) ai] and [(l; b’zl] where (a, b)e C* x C* is one of the two solutions of

at+a'=x, b+b'=y, ab+(ab) ‘=z
The fiber R 1([(1) ﬂ) is then easily seen to be the set of solutions of

a(l—b?) é—b(1—a?) =1

which is clearly a connected set, for fixed a, b. Since there are two choices
of (a, b) which are permuted under I the result follows. [J

Proof of (b). The proof of (b) follows similar lines, although it is slightly
Mmore complicated. Let I'=Z/2x PGL(2,R), where Z/2 acts as above and
PGL(2,R) acts by conjugation. The image x(Qg) equals the complement in R3
of [—2, 213~ x"1[—2,2]. Given these modifications, the proof follows that of
Part(a). O

The previous discussion of representations of a free group of rank two into
SL(2, R) easily gives a proof of the simplest nontrivial case of Theorem 3.3.
t M be a pair-of-pants with boundary components 4, B, C and let the corre-



580 W.M. Goldman

sponding elements of 7 ==, (M) also be denoted A, B, C so that = has a presenta-
tion of the form

(A,B,C|ABC=TI>.

Let G=PSL(2, R). Let W(M) be the subset of Hom(n, G) consisting of representa-
tions ¢ such that ¢(A4), ¢(B), ¢(C) are hyperbolic. Let e: W(M)—Z be the
relative Euler class map.

4.6. Proposition. The components of W(M) are the inverse images e *(n) where
n=—1,0, 1. Furthermore the evaluation map ev.: W(M)— Hyp defined by ¢
& (C) satisfies the path-lifting property.

Proof. We may find unique lifts ¢(4), ¢(B) of ¢(A), ¢(B) to Hyp,=G. Then
#(C)=¢(B) ' ¢(4) 'eHyp, where n=e(¢). We shall assume that every repre-
sentation in W(M) has been so lifted; in particular note that the character
of such a representation lies in (2, 00) X (2, 00) X ((— 00, —2) U (2, 0)).

Suppose that ¢e W(M) has character x(¢)e(2, )% ie. ¢(C)eHyp,,,. We
shall show that e(¢)=0 and that the set of all such ¢ is connected. Suppose
first that the image of ¢ does not lie in a Borel subgroup, so that x(x(¢))*2
Choose (x;, J;, z,)€(2, ) such that x(x,, y;,2,)=2. Then by 4.5 there exists
a path {¢,}o<.<, from ¢ =4, to a representation ¢, such that x(¢,)=(x, y1,2)
and such that ¢,e W(M) has nonabelian image for each 1. Since x(x,, y;,2,)=2
the image of ¢, lies in a Borel subgroup and by 3.6 ¢(¢)=0. We next show
that e"1(0) is connected: by the preceding argument it suffices to show that
W(M)(kox)~1(2) is connected. To this end, note that every ¢, e W(M) whose
image is nonabelian yet lies in a Borel subgroup has the property that there
exists an abelian representation ¢; and a one-parameter subgroup {h,}.g such
that h, ¢, — ¢} as t—oo. In particular one can join ¢, to ¢; by a path lying
in y~1(yx(¢,)). Thus it suffices to show that the subspace of abelian representa-
tions in W(M) is connected. Since every abelian representation is PSL(2, R}
conjugate to a representation whose image lies in a fixed hyperbolic one-parame-
ter group H and since PSL(2, R) and Hom(x, H)~R? are both connected, the
result follows.

Next suppose that ¢ W(M) satisfies tr $(C)< —2, ie. that $(C)e Hypsm+1-
We shall show that e(¢)= +1 and for n= + 1, the inverse image e~ *(n) is con-
nected. To this end, choose ¢>0 and consider the path {(a,, b,, ¢,)}o<.<; Where

a,=tr $(4), b,=trd(B), c,=(1-0)trd(C)+t(2+e).

Then (after a possible reparametrization) there exists a path {@}o<i<1 such
that

X(¢t)=(ata bt’ct), ¢0=¢

By the preceding paragraph, ¢,(C)eHyp,. Since the set of t such that
¢,(C)€Ell is connected, it follows that ¢,(C)eHyp.,. Conjugating by a0
element of PGL(Z,R) not in PSL(2,R) (if necessary) we may assume thal
¢,(C)eHyp,. Suppose that e W(M) satisfies e(y)=1. Then there exists a path
in (2, 00) X (2, 00) X (— 00, —2) from y(¢) to x(¥), which can be lifted to a path
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from ¢ to Y¥'ex '(x(y)). We claim that ¢ and ' are PSL(2, R)-conjugate, and
(since PSL(2,R) is connected) can be joined by a path inside a PSL(2, R)-orbit,
and hence inside e™!(1). For by 4.3 they are conjugate by an element of
PGL(2, R). Since the component of PGL(2, R) not equal to PSL(2, R) conjugates
¢~ !(n) to e~ (—n), it follows that y and ¢’ are PSL(2, R)-conjugate.

Finally we show that ev satisfies the path-lifting property. Since ev¢ is a
submersion (it is the restriction to the open set W(M)~Hyp x Hyp<=G x G of
the multiplication map (4, B)— AB, which is evidently a submersion), it suffices
to show that each inverse image of

1
eve: W(M)— {J Hyp;

i=-1

is path-connected. Given ¢, ye W(M) with ¢(C)=y/(C), we must construct a
path from ¢ to ¥ inside the fiber of eve. If e(¢p)=e(f)=0, then one can join
¢ and ¥ to abelian representations as above (simply lift paths from x(¢) and
7(0) to (2 —2, ¢, ¢) where c=tr ¢(C)) and use the fact that the abelian representa-
tions in W(M) are path-connected. If e(¢)=e(y)= +1, then lift a path from
1(®) to x () as above to join the representations. []

47. Remark. These results on the relative Euler class were proved in [8] using
another interpretation of representations of a free group. We say that a represen-
tation ¢eHom(x, G) is “stable” if its image is neither abelian nor lies in a
Borel subgroup and that ¢ is “semistable” if either it is stable or its image
lies in a hyperbolic or an elliptic one-parameter subgroup. It is shown in [8],
Theorem 5.2, by a geometric argument that a semistable representation ¢: n—~G
extends to a representation ¢*: n* - PGL(2, R) where n* = Z/2+Z/2xZ/2 is the
two-fold extension of n=Z xZ. The embedding of = in

w*={py, P2, p3lpi=pi=pi=D
is given by
A=p,p3, B=p3p;, C=pip;.

The fixed points of ¢(p,), ¢(p,), #(ps) in RP? (using the Klein projective model
for H?) define a triangle, which completely determines the representation ¢.
(If ¢ is stable, then this triangle is unique). The triangles satisfy certain properties
(such as no side being tangent to the conic dH?) and by deforming the allowable
triangles, one can produce deformations just as by using trace coordinates.
See [8] for details. (See Magnus [29], Lemma 2.1 for an algebraic proof that
any semistable representation m— PSL(2,C) extends to a representation
m*-SL(2,C).) The present approach using trace coordinates is also taken in
Jankins-Neumann [25].

§5. The complex case

In this section we compute the components of the space of representations
of a surface group 7 into groups locally isomorphic to SL(2, C). Throughout
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this section G will denote PSL(2, C) and G will denote the double cover SL(2, Q).
Our goal is to prove the following result, stated in the introduction as part
(ii) of Theorem B:

5.1. Theorem. Let n be the fundamental group of a closed oriented surface of
genus g>1. Then Hom(n,G) is connected. The connected components of
Hom(n, G) are the two preimages of the Stiefel-Whitney map w,: Hom(n, G) - Z)2.

The standard presentation of = is
n=<A, By, ..., Ay, By | Ry (A1, By, ..., Ay, B)=1)

where
Rg(A19Bl7 sany Ag, Bg)=[A1, Bl] e [Ag, Bg].

For CeG, let X [(C)=G*® denote the inverse image R, 1(C) so that Hom(x, G)
=X,(I). Let R;: GxG—G denote the canonical lift of the commutator map
R,: GxG—G, and let IT: G- G denote the covering projection. Define

ﬁg: G*#-G
(Al, Bla ceey Ag: Bg)Hﬁl(Al’ Bl) Rl(Ag: Bg)
For ueZ/2 the fiber w; * (1)« Hom(r, G) is identified with
(R (= 1) = (X (— 1))

If X, ((—1I)*) is known to be connected, then so is its continuous image
(X, ((~I)“))=(ﬁg)‘1((—-1)“). Thus Theorem 5.1 is a special case of the following
result:

5.2. Proposition. Let CeG. Then X,(C) is connected.

The proof will proceed most smoothly if we restrict attention to a dense
open subset of X, (C). For each 1<5i<j<g, (i, j)*(1, g), let

.ﬁi,j)(Ala Bl, seey Aga Bg)= [Aia Bl] “ee [A]a Bj]'
Let X,(C) denote the subset of X, (C) consisting of all (x;, f;, ..., %, Bg such
thatif 1 Si<j<g, (i, ))*(1, g), then

f(i,n(“bﬂp ey ag;ﬂg)*l‘
Proposition 5.2 follows from the next two lemmas.
5.3. Lemma. X;(C) is a dense open subset of X,(C) for every g=1and C eG.

5.4. Lemma. X, (C) is connected for every g21 and C €G and for g>1 the map
fit.g-1y: X3(C)> G—{I} satisfies the path-lifting property.

Proof of 5.3. The map f; ,: X,(C)—G is clearly a polynomial map from the
algebraic set X,(C)— G; thus f; }(I) is closed. Now

X, ©Cr= U fipG-{1)

N+ (1,8)
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is evidently open and it suffices to show that for each (i, j), f;;5(G—{I}) is
dense. To this end, suppose that (x,, f;, ..., &, B)e X, (C) satisfies

ﬁi,j)(al’ Bl, ”-aag’ ﬁg)=1

Since the i-fold commutator map R;: G*' > G is a polynomial map on the irreduc-
ible variety G x G whose differential is surjective on the Zariski dense subset
consisting of all («y, By, ..., %, ;) such that ay, B,,...,a;, B; do not commute,
it follows that there is an open set @, ;_;,<=G?¢ whose closure contains
(@5 B1» -+-» %> Bg) Which is mapped submersively under f; ;) to an open subset
in G—{I} whose closure contains

S =004, Brs o5 05 By).
Similarly there exist open sets Q; ; and (., , Wwhose closure contains

(o1, By ---, 25, Bg) Which are mapped submersively under f;; ; and f, j+1,g- 1hus
there are points

(e, B1» ---,0‘;,B;)EQ(1,i—1)nQ(i,j)ﬁQ(j+1,g)
arbitrarily close to (ay, fy, ..., a,, B,) for which
ﬁi,j)(a’l’ ﬁlla ""a’ga ﬂ;):*:I

Ry (a1, By, ..., 05, B)=C.

and

It follows that
Sy (G—{INn X, (O)

is open and dense and thus the finite intersection of open dense sets X;(C)
is also open and dense. [J

Next we prove 5.4. The initial case g=1 will be proved separately:

55. Proposition. Let CeG. Then X,(C)={(a, PG x G|[a, B1=C} is nonempty
and connected.

Proof of 5.4 assuming 5.5. Induction on g. The initial case g=1 of 5.4 is precisely
55. Suppose inductively that n>1 and that 5.4 has been proved for all CeG
and for g <n. We show that for CeG, X,(C) is nonempty and connected. The
fiber of the map

fan-nt X;.(C)—’G””{I}

S -y =X, (v x X,0v710),

is

which by the induction hypothesis is connected. Furthermore since f, -y, is
2 submersion, it follows from 3.9 that f; ,_,, satisfies the path-lifting property
and X;(C) is connected. [
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Proof of 5.5. For teC, let
R®= | RO

tr(C)=t
and _
Ct)={CeG|tr(C)=t}.

The map R;: R(t)— C(t) is clearly equivariant with respect to the natural actions
of G by conjugation.

Suppose t=+2. Then the representation determined by any («, f)e R(¢t) is irre-
ducible, and by 5.1 G acts properly and freely on the set R(). By 4.1 the quotient
space R(t)/G may be identified with the cubic surface

S,={(x,5,2)eC*|x*+y*+2* —xyz=t+2}
under the map R(f)— S, given by
(0, )= (tr (@), tr(B), tr(a B)).

Clearly the polynomial x?+y?+2z2—xyz—t—2 is irreducible, whence S, is an
irreducible complex affine algebraic surface and is thus connected.

Suppose further that t+ —2. Then G acts transitively on C(f) with isotropy
group a maximal torus G, of G. Since G is connected and R(t)/G = S, is connected,
it follows from the exact homotopy sequence of the fibration G— R(t)— R(1)/G
that R(t) is connected. Since G acts transitively on C(t), the G-equivariant map
R;: R(t)>C(t) is a fibration. Since C(f)~G/G, is simply connected, the exact
homotopy sequence of the fibration R; !(C)— R(t)— C(t) implies that R;*(C)
is connected whenever tr(C)=t=2.

Suppose next that t= —2. In that case there are two G-orbits on C(t), one
consisting of the single point — I and the other consisting of parabolic elements.
We show that R{'(C) is connected in each case. First suppose that C=—1I.
If Ry(o, f)=—1I, thena Ba~ 1 f~1= —1I, whence

afoal=—p, afp=—Pa, Pa lpi=—a"t

By taking traces we obtain that tr(a)=tr(f)=tr(x )=0, and hence by 4.1 the
fiber R{ Y(—1) consists of a single G-orbit. Thus R;1(C) is connected.

Now G acts transitively on R(—2)—{—1} and the quotient (R(—2)—{~1}/
G is identified with the set

{(x,y,2eC?|x*+y*+ 2> —x yz=0, (x, y, 2)*(0,0, 0)}.

The origin is the only singularity in the surface S_,, and the defining equation
for S_, has nondegenerate quadratic leading term. Thus the link of the singular
point 1s connected (it is homeomorphic to a 2-torus) and it follows (by a Mayer-
Vietoris argument) that the complement of the origin in the connected cubic
surface S_, is also connected. Applying the homotopy exact sequence as in
the previous case, we conclude that R, 1(C) is connected whenever tr(C)= —2
It remains to consider the case tr(C)=2. As before, C(t) splits into t%0
orbits, namely {I} and an orbit of parabolic elements. Clearly R; !(I) consists
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of all pairs (a, ﬂ)g@ x G such that « and f commute, and it is easy to see that
two elements of G which commute must belong to a common abelian subgroup
of the form {+1}-U, where U is either a parabolic one-parameter subgroup
or to a common Cartan subgroup. In the former case we can easily find a
path starting at («, ) lying within ({+1}-U)x({£I}-U)cR;'(I) ending at a
point in { +I} x { +I}. Such a point lies in some (in fact every) Cartan subgroup.
If o, § lie in a common Cartan subgroup G,, then (since G, is connected) there
exists a path from (a, ) to (I,I) which lies in R; '(I). Hence every point in
R;1(I) can be connected by a path in R !(I) to (I, I) and it follows that R '(I)
is path-connected.

Finally we show that R;}(C) is connected when tr(C)=2, C+1. Applying
an inner automorphism of G we may assume that C is represented by the

matrix
0 ’

from which it follows that any o, fe SL(2, C) such that [«, f]=C will be repre-
sented by upper-triangular matrices. Writing

SR

with a, be C*, ¢, neC, we see that [o, f]=a fa~! B! is represented by the matrix

[(1) a(1—5?) f;b(l-—az) 11]_

Hence R;1(C) may be identified with
X ={(a,b, &, n)eC*|a,b=+0, a(1—-b*) E—b(1 —a?)n=1},

which is easily seen to be connected: the map (a, b): X —C? is a submersion
onto C* x C*—({+1} x {+1}), which is connected, and its fibers are complex
lines. Thus by Lemma 1.4 X is connected. []

§6. The topology of x

6.1. In this section we discuss the topology of the polynomial function «(x, y, z)
=x%+4 y2 4 72— x y z—2 which arises in our setting as the trace of a commutator
of a pair of elements of SL(2,R) or SL(2,C). We are particularly interested
in the real algebraic surfaces S, in R* defined by the equations x(x,y,z)=¢,
for teR. Observe that the group of orthogonal transformations leaving x invar-
iant is generated by the symmetric group on {x, y, z} and the subgroup 4 consist-
Ing of diagonal matrices

g 0 O

0 ¢ 0],

0 0 &
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g;= + 1 having determinant ¢, &, &5 =1. We shall see that:

(a) If t < —2, then §, is homeomorphic to the disjoint union of four discs,
which are permuted by 4;

(b) S_, is homeomorphic to the disjoint union of four discs permuted by
A and the origin;

(c) If —2<t<2, §, is homeomorphic to the disjoint union of four discs
permuted by 4 and a 2-sphere contained in [ —2,2]3 (this compact component
consists of characters of representations in SU(2));

(d) S, is homeomorphic to the union of four disjoint discs (freely permuted
by A) and a 2-sphere which meets each of the discs in one of the four points

2,2,2),2, -2, -2),(—2,2, -2), (-2, —2,2);

(e) For t>2, S, is homeomorphic to a 2-sphere minus four discs.

The case (d) is special. The four singular points are the characters of
representations of II into the center { +1I} of SL(2, R). The complex points have
a rational parametrization:

C* x C* —->C3
(WA +A7 p+p ™ Ap+ A" uh.

Taking A, ueR, one obtains rational parametrizations of four pieces of S, corre-
sponding to characters of abelian representations consisting of hyperbolic ¢le-
ments; taking A, ueC, |A|=|u|=1, one obtains a rational parametrization of
the bounded piece of S, consisting of characters of abelian representations con-
sisting of elliptic elements. (Compare Fig. 2.)

To understand the topology of S,, we shall decompose S, into the level
sets S,(z) of the coordinate function z: S,—R. Thus we shall rewrite the defining
equation

X2+ 24zt —xyz=t+2
as follows:
7
4

d (x—y)2+z¥(x+y)2=2+t—zz.

One can therefore see that each level set is a (possibly degenerate) conic in
a plane z =constant. There are the following possibilities:
(i) S.(z)is a nondegenerate hyperbola. This occurs whenever the coefficients

2—z 24z

of the quadratic terms , —4  afe nonzero and have opposite signs (i€

when |z|>2) and the constant term 2+t —2z2+0; .
(i) S,(z) is a nondegenerate ellipse. This occurs whenever the coefficients
. 2—z 2 e X
of the quadratic terms —41, —_:—z— are both positive (ie. when |z|<2) and e
constant term 2+t—z2>0.

(iti) S,(z) is empty. This occurs when |z| <2 and 2+t —2z% <0.
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(iv) S,(z) is a union of two parallel lines. This occurs when one of the coeffi-
cients of the quadratic terms vanishes (i.e. when )z|=2) but the constant term
24t—22>0.

2(v) S,(z) is a union of intersecting lines. This occurs when |z]>2 but 2+¢
—-z¢=0,

(vi) S,(z)is a single line. This occurs when }z{=2 and 2+1—2z?=0.

(vii) S,(z)is a single point. This occurs when |z|<2 and 2+¢~2z%=0.

The degenerate cases therefore occur only when

z=1%2, +)/2+t.

The cases (i), (ii), (iii) are nondegenerate (although (iii) includes a degenerate
case as well). By analyzing these various cases and how the level curves bifurcate,
we determine the topological type of S,.

6.2. Suppose that ¢>2. For z>2, S,(z) is a hyperbola, except at the degenerate

case z=}/2+1t, where z: S,—R has a saddle point. For z=2, the level set is
two parallel lines, which is a limiting case of hyperbolas with coalescing asymp-
totes. For —2<z<2, the level sets are ellipses, whose eccentricities become
unbounded as ¢.72. From the preceding discussion, we see that the part of
§; with t=0 is homeomorphic to a pair of pants, with one boundary component
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the circle z=0. The level sets for z<0 are arranged similarly, and it is seen
that S, is homeomorphic to a sphere minus four discs. (Compare Fig. 3.)

Now suppose —2<t<2. Then S,(z) is a hyperbola for |z|>2, is empty for
22|z|>])/2+t, and is an ellipse for |z|<|/2+¢ (and a point for |z|=1/i—:t)-
Thus the portion of S, with z>2 is a union of two discs, and the portion
with —2<z<2 is a 2-sphere. (Compare Fig. 4.)

The case when t< —2 is similar, except that no point of S, satisfies |z]<2.
One can prove that if t < —2, each point in S, is the character of a holonomy
representation for a torus minus a disc. If t= —2, then each point of S; 18
the character of a faithful representation of IT onto a discrete subgroup of
SL(2, R) such that the quotient surface is complete, has finite area, and is homeo-
morphic to a torus-minus-a-disc.

§ 7. Commutators in SL(2, R)

The purpose of this section is to analyze the lifted commutator map in‘G
x G—G, where G=PSL(2, R). We shall compute its image and show that 1S
preimages are connected.
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Fig. 4

7.1. Theorem. (i) The image of the lifted commutator map R,: G x G- G equals
the set

I={I} VEll, uPar§ UHyp,u Parf; UHyp,,.

(ii) For each CeG, the preimage (R,)™*(C) is connected.

Remark. Theorem 7.1(i) is not new; see Milnor [31], Wood [41], and Eisenbud-
Hirsch-Neumann [4] for proofs using different ideas than those presented here.

Proof. The image of R, is clearly a connected subset of G, which is invariant
both under conjugation and inversion (since R,(B,A)=R (4, B)™"). Further-
more, R, is submersive at any (4, B) such that [4, B]#I and is open at (I, I),
s0 that the image of K| is an open subset of G.

Let x and y be as in §4. Then the following diagram

Ry
SL(2,R)x SL(2,R) —— SL(2,R)
z tr
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commutes. Furthermore the image of y consists of the complement in R? of
the set of all (x, y, z)e[—2, 2]° such that x(x, y,2)<2, and if k(x, y,2)%2, then
x~*(x, y, z) consists of a single GL(2, R)-orbit.

7.2. Lemma. The image S of R,: G x G — G intersects

U (Hyp, v Par,,,)

meZ

in Hyp, u Par,.

Proof. Let CeHyp,,,UPar,,, and X, YeG satisfy R,(X,Y)=C. Then tr C22.
Suppose first that tr C=2. Then by 4.1(iii), either C=1 or X, Y lie in a solvable
subgroup, and there exists a one-parameter group {6,|ueR} such that

0,R, (X, V)0, ' >1

as u—oo. It follows that R,(X, Y)ePar,. Now suppose that tr C>2; by the
path-lifting property for x oy, there exists a path {(X,, Y)}o << such that X, =X,
Y, =Y, with

tr R, (X,, Y)=2+s(tr C—-2).

In particular {R;(X,, Y)},3:30 determines a path from R, (X, Y) to Par, which
never meets Ell. It follows that R, (X, Y)eHyp,.

It remains to show that Hyp,u Par,<Image R,. To this end we note that
if X, Y are noncommuting elements of a Borel subgroup, then R, (X, Y)ePar,.
Since the image of R, is invariant under PGL(2, R), which acts transitively on
Par,, we have Par,cImage R|. Since the image of koy: SL(2,R) x SL(2,R)-R
contains (2, o) and Image R, is invariant under conjugation, it follows that
the image R, contains Hyp,. []

7.3. We claim that for each CeHyp, the preimage R; (C)eG x G is connected.
To prove this, we shall use the description of the level sets of x obtained ifl
§6. First note that the natural homomorphism SL(2,R)x SL(2,R)»Gx G 15
a covering map with covering group Z/2 x Z/2. We shall first show that the
set of all pairs (X, Y)eSL(2,R)x SL(2,R) such that [X, Y]=C is connected.
This in turn will be deduced from the fact that the set of PGL(2, R)-conjugacy
classes of such pairs is connected.

Let t=tr C and let Hyp,(t)=Hypo ntr~(¢); recall that the set of PGL(2, R}
conjugacy classes of pairs (X, Y)eSL(2, R) x SL(2, R) such that tr[X, Y]=t may
be identified with the cubic surface x ~*(¢), which is connected (it is homeomofph‘
ic to a sphere minus four discs). Furthermore the evaluation map Ri
(tr R,)~1(t)»Hyp, () given by (X, Y)—[X, Y] is equivariant with respect 10
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the actions of SL(2, R) by conjugation; the action on Hyp,(t) is clearly transitive.
Thus there are fibrations

PGL(2,R)

+ R,
R{N(C)———(tr Ry) () —— Hypo(t)

4

¥
k)
The vertical fibration determines an exact sequence
my (k™1 (1) > o (PGL(2, R)) = 7o ((tr Ry) ™' (8)) = 7o (k™1 (£))

so that to prove that (tr R;)~'(¢) is connected it will suffice to prove

74. Lemma. The connecting homomorphism
7, (k™1 (1)) - o (PGL(2, R))

is surjective.

Proof. Since PGL(2,R) has two components, it suffices to construct a path from
a point (X, Yy) to p(X,, Yy) in (trR,)"!(t), where pe PGL(2,R) does not lie
in the identity component PSL(2, R) of PGL(2,R), which covers a closed loop
in k~(r). To this end, we let

1 0 0 -1 0 u
”‘[0 —1]’ X"“[l 0]’ Y""[—u"O]

1 1

where u?+u~%=¢. Then our choice of p satisfies p Xop ™ '=—X,, pYop~'=
~Y,. We define a continuous path {(X,, Y)}o<s<1 in (trRy)7(t) as follows.
For0<s<4, let

XS=X0
_v [cosan —sin 2s7t]
07 sin2sn  cos2sm |

Then X,=X,and ¥;=—Y,. For }<s<1, let

X = cos(2s—Dn= —u sin(2s—1)1r]
STy 1sin(2s—1)n  cos(2s—1)m
Y=Y,
T‘_Iote that the commutator [ X, Y.] remains constant throughout this deforma-
tion. Moreover X, = —Xo,=p Xop ' and Y, = — Y,=p ¥, p~" as desired. Finally
the path {(X,, Y)}o<s<1 covers a closed loop in x"t(¢) (a union of two semicir-
cles). Thus the proof of Lemma 7.4 is complete. []
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Remark. Each of the two segments of the path of representations constructed
above is a trajectory of a natural kind of flow on the spaces Hom(z, G), extensive-
ly discussed in [13]. The particular representations which occur in this example
are solvable representations generated by two elliptic involutions. The particular
path discussed above may also be found in [24], p. 64.

We have so far proved that (trR,)™*(t)=SL(2,R) x SL(2,R) is connected.
To show that R }(C) is connected, consider the homotopy exact sequence of
the horizontal fibration:

7 ((tr Ry) ™1 () = 1 (Hypo (1) = o (R{ 1 (C) — 7o ((tr Ry) ™1 (1)),

The fundamental group of Hyp,(f) is generated by the homotopy class of
a loop of the form {6,Co0;'}o<s<1, Where {6}o<,<1 is an elliptic one-
parameter subgroup and C,eHypo(f). Choose (X,, Yo)eR;*(Co). Then
{(6,X00; % 0,Y,0;")}o<s<1 defines a closed loop in (tr R;)™'() which maps to
{0,Co0; *}o<sgr- It follows that m,((tr R,)™'(1)>m;(Hypo(t) is surjective,
whence 7, (Hyp, (1)) = 7o (R{ '(C)) is zero. Since (tr R;) ™ (t) is connected, it follows
that R }(C)< SL(2, R) x SL(2, R) is connected.

Now (R,)"1(C)= G x G is the continuous image of R{ *(C) under the covering
map SL(2, R) x SL(2, R)— G x G, and is therefore itself connected.

7.5. We next discuss pairs (X, Y)eSL(2,R) x SL(2, R) with tr[X, Y]=2. By 7.2,
this implies that either X and Y commute or [ X, Y]ePar,.

Two elements of G=PSL(2, R) commute if and only if they lic on a common
one-parameter subgroup S. Thus given any (X, Y)eG x G with [X, Y]=1, there
exists a path in S x S from (X, Y) to (I, I).

Next suppose that CePar,. If (X, Y)eG x G satisfy [X, Y]=C, then any
two lifts X, Y of X, Y to SL(2, R) satisfy tr[X, Y] =2. It follows that X, ¥ norma-
lize the one-parameter subgroup of G containing C. Conjugating by an element

i] It follows from 4.1(iii)

that X and Y must also be represented by upper-triangular matrices. As in
the proof of 5.5, we may identify the set of upper-triangular matrices
(X, V)eSL(2, R)x SL(2, R) with [ X, Y]=C with

of GL(2, R) we may represent C by the matrix [(1)

{(aa b, 63 'I)ER4|a, b=’=05 a(l_bz)g__b(l_az)nzl},

By multiplying X and Y by +I, we obtain the different lifts of (X, Y) to
SL{2,R)x SL(2, R). It follows that Ry }(C)=G x G may be identified with the
set

{(a,b, &, meR* | a,b>0, a(1—b*) E—b(1—a?)n=1},

which by an argument similar to 5.5 is connected.

7.6. Now suppose that CcEll. We show that if X, YeG, R (X, Y)=C, then
CeFEll, UEI_, and that the set of all such pairs (X, Y) forms a connected set.
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For the first assertion, we use the path-lifting property as above to find a path
{(Xs, ¥)}oxs=1 such that

X=X, Y=Y, tuR(X,,Y)=2+s(trC-2).

Since R (X,, Y;) is elliptic for every s>0, and for s=0 lies in {I} U Par,, we
see that R, (X, Y)eEll,,.

Now we show that R;!(C) is connected. By conjugation by an element
of PGL(2,R), we may suppose that CeEll;. Let t=trC. The set Ell;(¢)
={u€Ell;|tr u=t} equals the set of G-conjugates of C, and is homeomorphic
to a disc; the set Ell(f)={ucEll|tr u=t} is then the disjoint union of two discs.
Thus the fibration

R7Y(O) > (tr R) ™' ()~ Ell(®)

is trivial, whence R 1(C) is connected if and only if (tr R,)!(r) has two compo-
nents. In particular it suffices to show that the set of PGL(2, R)-conjugacy classes
of pairs (X, Y)eG x G such that tr R, (X, Y)=t is connected. By 4.1 the set

{(X, )eSL(2, R) x SL(2, R) | tr R,(X, ¥)=1}/PGL(2, R)

may be identified with the union of the four noncompact components of the
cubic surface x~!(t). Each noncompact component is a 2-disc, and they are
freely permuted by the covering group A of the covering space
SL(2,R) x SL(2, R)— G x G; thus the quotient

{(X, Y)eGxG|tr R((X, Y)=t}/PGL(2,R)
is homeomorphic to a disc and thus connected as claimed. [

1.7. The case that CeHyp,,,+; is analogous to the preceding case. By a path-
lifting argument, one can see that if C=R, (X, Y), then CeHyp. . By considering
fibrations one can see that R;*(C)eG x G is connected if and only if

{(X, Y)eG x G|tr R, (X, Y)=tr C}/PGL(2, R)

is connected if and only if the quotient x ~*(tr C) /4 is connected. Since x ~*(tr C)
consists of four discs freely permuted by 4, the result follows as above.

The last remaining case is that of CePar,,, ., when tr C= —2; path-lifting
gives that if C=R,(X, Y), then CePar. The fact that Image R, is open and
meets Hyp in the set Hyp,uHyp., implies that in fact CeParif. The rest of
the argument is as above.

This concludes the proof of Theorem 7.1. [J

78. Corollary. Let M be a surface homeomorphic to a torus-minus-a-disc. Let
C denote both the boundary of M and the corresponding element of n(M). Then
the components of W(M) are the inverse images e '(n) where n=—1,0, 1. Further-
more the evaluation map evc: W(M)— Hyp defined by ¢+ ¢(C) satisfies the path-
lifting property.
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Proof. As each ¢ W(M) has nonabelian image (¢ (C) is hyperbolic), the differen-
tial of evc is surjective. Let evg: W(M)—G denote the canonical lift of ev,,
ie. eve(¢)=@(C) for any lift ¢: 1— G of ¢. Then for each n= + 1, 0, the preimage
e Y(n)=(eve)~ ! (Hyp,). By 7.1, the inverse images of ev, are path-connected;
now apply 1.4 and the result follows. [J

7.9. An easier application of the analysis in §6 deals with representations of
surface groups in SU(2) and SO(3). One needs only apply the techniques of
the proof of Theorem 5.1 to representations in SO(2) and SO(3). All that is
needed is that the set of pairs (4, B)eSU(2) x SU(2) such that [ 4, B]=C is con-
nected for each CeSU(2); this follows from the identification of the set of conju-
gacy classes of pairs (4, B) with tr[4, Bl=t with k" '()n[—2,2]3. If t> -2,
then this set is homeomorphic to a 2-sphere; for r=—2, it is a single point.
In either case it is connected, and by similar arguments to § 5, it can be shown
that for a closed surface group =, the space Hom(z, SU(2)) is connected and
the space Hom(x, SO(3)) has two components, distinguished by the Stiefel-Whit-
ney map w,: Hom(n, SO(3))—>Z/2. For more information on these spaces of
representations, the reader is referred to Newstead [33]. For an interesting appli-
cation of the map x and the relation of SU(2)-representations to dynamical
systems, see Fried [6].

§ 8. Generic properties

In this section we discuss several properties which describe open and dense
subsets of spaces of representations.

The proofs will be simplified by working in these open and dense subsets.
The result we shall use is the following:

8.1. Lemma. Let G=PSL(2,R) or PSL(2,C) and M be a compact surface of
negative Euler characteristic. Suppose W(M) is as in Theorem 3.3. Suppose that
2g-2+b
M= U M, is a decomposition of M into Euler characteristic —1 subsurfaces.
i=1
Let W'(M) denote the subset of W(M) consisting of representations ¢: mr,(M)—G
such that for each M;, the image of the representation

1, (M) > 1, (M)—— G

is nonabelian. Then W'(M) is an open dense subset of W(M).

Proof. We shall show that for each M,, the set of representations ¢€W()
such that the image of the representation

1y (M) > 1y (M) ——G
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is abelian is a proper closed subvariety of Hom(z, (M), G). To this end, choose
A;, Biem, (M) n,(M) which generate #;(M;) and consider the map C;
Hom(n, (M), G)— G defined by

Ci(¢)—[4;, B;].

Clearly C; is a polynomial map and either C; !(I) is a proper closed subvariety
or contains an irreducible component of Hom(x, (M), G).

Consider first the case that M has nonempty boundary. Then =,(M) is a
free group on 1—y(M) generators and Hom(n, (M), G)~ G'~**™)_In particular
Hom(n,(M), G) is a connected smooth manifold, and therefore an irreducible
variety. For each integer n>0, there exists a faithful representation of a free
group of rank n into G; since [A4,;, B =!I in 7n,(M), it follows that C; is not
identically I. Thus C;*(I) is a proper closed subvariety and hence nowhere
dense. The union of all C;t(I) over M, is also a proper closed subvariety and
is nowhere dense; thus the set U of all ¢eHom(xn,(M), G) such that ¢(n,(M;))
is nonabelian is open and dense. Since W(M) is an open subset of Hom (rn, (M), G),
it follows that W' (M)= W(M) U is open and dense in W(M).

Next consider the case that M is a closed surface. By 4.1 the irreducible
components of Hom(n,(M), G) are the two preimages of the Stiefel-Whitney

2g—2
map w,: Hom (n;(M), G)—Z/2. Thus to show that () C;'(I)is a proper closed
i=1
subvariety, it suffices to exhibit one representation in each of the two irreducible
components for which C;=1. This is accomplished as follows. For each g>1
there exists a Fuchsian representation ¢ which necessarily satisfies w,(¢)=0
(since e(d)= +(2—2g)); thus w5 }(0) contains an injective representation. In par-
ticular C;(¢)+1. In the other component we shall take a representation which
has Euler class 3—2g; that this suffices is an immediate consequence of the
following:

82. Lemma. For every integer g>1 let M be a closed surface of genus g and
let My M be a subsurface with xy(My)= — 1. Then there exists a representation
¢: 7, ( M)—> PSL(2, R) with e(¢) =3 —2g such that the composition

¢
7, (Mo) < n, (M) — PSL(2, R)
is injective.
Proof. Write M as the union M, u T where M; > M, has Euler characteristic
3—-2g and T has Euler characteristic —1. Choose a Fuchsian representation

¢1 n,(M,)—~ PSL(2, R) which corresponds to a finite-volume complete hyperbol-

ic structure on M, ; necessarily for each boundary component C < M,, the image
of

my(C) > my (M) » PSL(2, R)

is parabolic; the Euler class of ¢, with respect to the standard trivializations
over 9M, equals y(M,)=3—2g. Choose a solvable representation ¢r: 7,(T)
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— PSL(2, R) such that for each boundary component C of d M, the correspond-
ing element of x,(T) is mapped to a conjugate of ¢,(C). Since

7 (M)=m;(M,) LI my(T),
n1(C)

there exists a representation ¢: m,(M)— PSL(2,R) such that ¢ restricts to ¢,
on 7,(M,) and restricts to a conjugate of ¢ on 7,(T). It follows that

e(p)=e(¢y)+e(dr)=(3—-2g)+0=3-2g

as claimed. Since ¢, is injective, its restriction to =n,(M,) is injective as
claimed. []

The proof of Lemma 8.1 is now complete. []

Remark. The results we have stated are only as strong as they are needed for
this paper. Stronger results are available concerning the density of injective
representations using the Baire category theorem; such a result is the following,
proved in [8]. Since there exists a faithful representation of a closed surface
group © in SL(2,C), it follows that faithful representations are dense in
Hom(n, SL(2, C)) and Hom(x, SL(2, R)). We do not know, however, if there exists
a faithful representation in the w, =0 component. If such a representation exists,
then it follows that faithful representations are dense in all of Hom(z, PSL(2,C))
as well as in Hom(rn, PSL(2, R)). Riley [34] and Sullivan [36] have shown that
for any finitely generated group I, either a representation ¢eHom(zr, PSL(2,C))
is in the closure of the set of non-faithful representations or is an isomorphism
onto a geometrically finite discrete group containing no parabolic elements.

§ 9. Surfaces of Euler characteristic —2

In this section we prove Theorem B for surfaces of Euler characteristic —2.
There are three topological types of such surfaces: the closed surface of genus
two; the surface of genus one with two boundary components; the surface of
genus zero with four boundary components. In addition to proving Theorem B,
we shall prove Lemma 9.3, which will be an essential step in the proof for
the general case. In this section G will denote PSL(2,R) and G will denote

. - 0 L ——
its universal covering SL(2, R).
We begin with the special case when M is a closed genus two surface:

9.1. Theorem. Let © be the fundamental group of a surface of genus two. Then
the connected components of Hom(rn, G) are the inverse images e *(n), where
n=0, +1, +2 and e: Hom(n, G) > Z is the Euler class map.

Proof. We identify Hom(r, G) with the set of all (4,, B, 4,, B,)e G* satisfying

[4;, B;]1=[B;, 4,].
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The inverse image e~ !(n) is the set of (4,, B;, 4,, B,)e G* satisfying
Rl(Ala B)=2"R,(B;, 4,).

Since I z" 3 is nonempty for only n=0, +1, 42, the image of e: Hom(n, G)—Z
equals {0, +1, £2}. By 8.1, the set W’ of (4,, B, A,, B,)eHom(r, G) satisfying
[A4;, Bi]#1 is open and dense in Hom(rn, G); thus it suffices to show that for
each n, W ne~!(n) is connected. Consider the lifted commutator map R,: G
x G—G; since

Ry: RTHG—{I)~(G—{I})

is a submersion, it suffices (by 1.4 and 7.1) to show that for each ne{0, + 1,12},
the set 3N z"J is connected. Since J is connected, it readily follows that e ~*(0)
is connected. Since

JInz3=Hyp,uPary UEll, uPar UHyp,

is a connected set, e (1) is connected. Since Inz2JI=Hyp, is connected, it
follows that e~*(2) is connected. Since the component of PGL(2, R) not contain-
ing the identity element interchanges e '(n) and e™!(—n) for n+0, it follows
that e~ !(—1) and e~ !(—2) are likewise connected. []

9.2. Proposition. Let M be a surface of genus one with two boundary components
A and B. Let A and B also denote the corresponding elements of n=mn,(M).
Let W(M) be the subset of Hom(r, G) consisting of representations ¢ such that
®(A) and ¢(B) are hyperbolic. Let e: W(M)—Z be the relative Euler class. Then
the components of W(M) are the preimages e '(n) where n= 12, £1,0.If o, <G
are two hyperbolic conjugacy classes and W(M ; a, f) denotes the subset of W(M)
for which ¢(A)ea and ¢(B)ep, then the connected components of W(M; a, )
are the sets e ' ()" W(M; , p).

The proof will be based on the following lemma:

9.3. Lemma. Let M be a surface of genus one with two boundary components
and let = and A, B be as above. Let C=M be a separating simple closed curve
which represents the element (also denoted C) ABen. Let P< M be the pair-of-
pants bounded by A, B,C and let TcM be the torus-minus-disc bounded by C.
Suppose peHom(n, G) is such that ¢(n,(P)) and ¢(n,(T)) are nonabelian. Then
there exists a path {¢,}o<,<: in Hom(n, G) such that:

0) ¢o=0;

(i) ¢,(A) is conjugate to p(A) and ¢,(B) is conjugate to ¢(B) for all 0St<1;

(ii}} ¢,(C) is hyperbolic.
Furthermore if ¢(A) and ¢(B) are both hyperbolic, such a path exists such that
the relative Euler class of ¢, restricted to P equals + 1.

Proof of 9.3. Choose a lift of the representation ¢: m—~G. Let a=tr $(4),
b=tr §(B), c=tr $(C). If ¢(C) is already hyperbolic, there is nothing to prove.
Thus —2<¢<2. For >0, consider the path {(a,, b, ¢)} o<1, defined by

a=a, b=b, c=tQ++(-Dc.
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If (a,, b,, c,) never meets the set
[-2,2Pnx™'(—-22)

then by 4.5 (after possibly reparametrizing {(a,, b,, c)}) there exists a path
(A,, B)eG x G such that

[4,BJ+I, Ay=¢(4), Bo=¢(B) and y(4,, B)=(a,b,c).
If (a,, b,, c,) does meet [ —2,2]3 Nk~ 1((—2,2)), then —2<a,b<2 and

L cab_Yla—a)a—p)

=2 2

In that case the alternate path {(a,, b,, ¢,)}o<,<; defined by
a,=a, b,=>b, c¢=t(—2—¢e)+{1-1t)c
can be lifted to {(4,, B)}o<:<1 =G x G such that
[4.Bl+1, Ao=¢(4), Bo=¢(B), x(A,B)=(a:b,,c).

Since tr 4, and tr B, are constant and 4, and B, are never equal to 41 (otherwise
A, and B, commute), it follows that A, is conjugate to A, and B, is conjugate
to B, for all t. Let C,= 4, B,. Let X, Yer represent nonseparating simple loops
which satisfy the relation [X, Y]=C, and let X,=¢(X), Yo=¢(Y). Any path
7,€G which begins in Ell,,, such that y, is elliptic only when y,€Ell,,, lies
completely within J. By 7.7 there exists a path (X,,Y)eGx G such that
R,(X,, Y)=C,. Since

n=<{4,B,X,Y,C|AB=C=[X, Y]

it follows that {(4,, B,, X,, Y)}o<:<: defines a path of representations with the
desired properties.

Suppose now that ¢(A) and ¢(B) are both hyperbolic. If ¢(C) is hyperbolic
and the relative Euler class of ¢ over P is nonzero, there is nothing to prove. If
#(C) is not hyperbolic then since the line {a} x {b} x R misses [—2, 2]> & *((—2,2))
both of the above paths {(a,, b,, c,)} can be lifted to paths in G x G. In particular,
c¢; may be chosen to either be positive or negative. If an even number of a, b, ¢1
are negative, the corresponding representation is Fuchsian and the relative Euler
class equals +1 as claimed. Consider finally the case that ¢(C) is hyperb~olic
and the relative Euler class of ¢ over P is zero. Then, choosing lifts 4, B of
#(A), ¢(B) to Hyp,, the product C=ABeHyp,. In that case there is a paib
{a, by, c}osesy in R*>—([—2,2]* n&™(—2,2)) with

a,=tr §(A), b=trd(B), co=trd(C), c¢;=—co.

By 4.5 such a path can be lifted to a path in G x G. As above, a path {(X,, ¥}
exists determining a path {¢,}o<,<; in W(M). Since the relative Euler class
of ¢ over P is zero, an odd number of a, b, ¢ are positive. Thus an even numt<s
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of tr g, (A), tr ¢, (B), trp,(C) are positive, whence the relative Euler class of ¢,
over P is nonzero. []

Proof of 9.2. Let ¢, ye W(M) satisfy e(d)=e(y). We shall find a path in W(M)
joining ¢ and y. By 9.3 ¢ can be deformed to ¢, such that ¢,(C) is hyperbolic
and the relative Euler class of ¢, over P is nonzero. Similarly deform y and
¥, so that y,(C) is hyperbolic and the relative Euler class of ¥, over P is
nonzero. Let T=M — P be the torus-minus-disc bounded by C. Suppose that
¢(d|r, @)= €W |, ) Then since

e(p))=e(@)=e(¥)=eW)

e(p1)=e(P1ln,p) +€(@1ln, ) W) =Wyl ) +eW1lny (s

it follows that e(¢;.,(r)=eWlr,(r)- That ¢ and ¥ can be joined by a path
in W/(M) is a consequence of the following general fact:

and

—x(M)
9.4. Proposition. Let M be a compact surface and let M= | )] M, be a maximal
i=1
dual-tree decomposition. Let W'(M) denote the subset of W(M) consisting of repre-
sentations ¢ such that for each M, the image of the representation

(M) < 7'Cl(M)‘i"G

is nonabelian. Suppose that ¢,y e W'(M) satisfy the condition that for each M,
the relative Euler class of ¢ over M; equals the relative Euler class of  over
M,. Then there exists a path in W'(M) joining ¢ to y.

Proof. Let M, be a subsurface in the decomposition such that M'=M—M,
is connected. By the induction hypothesis the restrictions of ¢ and ¥ to =, (M)
lie in the same path-component of W'(M’). Let C=3M,; ndM’ be the common
boundary component of these two subsurfaces, and let C also denote the corre-
sponding elements of m,(M,), n,(M"), m,(M). Let {¢;}o<:<: denote a path in
W'(M’) joining @l a and ¥l By the path-lifting properties 4.6 and 7.8,
there exists a path {#,}, <, <1 of representations in W'(M;) such that #,(C)=¢,(C)
and 7o = |, ,,- Thus the pair of paths of representations defines a path of
representations in W'(M) joining ¢ and . [

It remains to consider the case that the relative Euler class of ¢ on P equals
the negative of the relative Euler class of ¢ on P. In that case necessarily e(¢)
=e(§)=0 so that there exist lifts &, J: m— G with $(A), $(B), ¥(4), ¥ (B)eHyp,.
We shall deform ¢, to a representation ¢,& W(M) such that the relative Euler
classes of ¢, and Y, agree on each of T, P Suppose that the relative Euler
class of ¢, on P equals 1; then it follows that #,(C)eHyp,. There exists a
path {C,},<,«, lying completely in 3 such that Co=4,(C) and C,eHyp_;.
By the path-lifting properties 4.6 and 7.8 there exists a path {@}i5.<2 With
$i4), ¢,(B)eHyp, such that @;(C)=C,. Thus we may assume that e(¢l.,)
=e(Wl,, ) and e(Plr, () =€Wle,r), the case which has already been treated.
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For the last assertion, simply observe that in all of the above deformations,
the traces of ¢,{4) and ¢,(B) can be arranged to be constant. Thus we may
fix the conjugacy class of the image of each boundary component throughout
the deformation.

This concludes the proof of 9.2. [J

9.5. Proposition. Let M be a surface of genus zero with four boundary components
A, B, C, D and denote the corresponding elements of n=m,(M) also by A, B, C, D.
Let W(M) be the subset of Hom(n, G) consisting of representations ¢ such that

¢ (A4), $(B), $(C), (D)

are each hyperbolic. Let e: W(M)— Z be the relative Euler class. Then the compo-
nents of W{(M) are the preimages e 1(n) where n=+2, +1,0. Furthermore if
o, B, 7, 6 are hyperbolic conjugacy classes in G, and

W(M; o B,y,0)={peW(M)|$(A)ea, d(B)ep, ¢(C)ey, p(D)ed},
then the components of W(M; a, B, 7, 8) are the sets e *(n)n W(M; a, B, 7, 9).

A crucial step in the proof is the following:

9.6. Lemma. Let M, n=mr,(M), A, B, C, D be as above and let X = M be a simple
closed curve which separates M into two pair-of-pants P,,P, such that 0P
=AUBUX and 0P,=X uCuD. Choose elements (also denoted A,B,C,D,X)
of m corresponding to the curves A, B, C,D,X satisfying the relations AB=X
=(CD)"'. Suppose pecHom(x, G) is such that ¢(r,(P)) and ¢(n,(P)) are nonabe-
lian. Suppose furthermore that ¢(A) is hyperbolic. Then there exists a path
{d:}o<r<1 in Hom(m, G) such that:

(i) ¢o=2;

(i) ¢.(A) is conjugate to ¢(A), P.(B) is conjugate to ¢(B), ¢,(C) is conjugate
to ¢(C) and $,(D) is conjugate to $(D) for all 0=t <1;

(iii) ¢,(X) is hyperbolic.
Furthermore if in addition ¢(B), ¢(C), ¢(D) are all hyperbolic, such a path exists
such that the relative Euler class of ¢, restricted to P, equals 1 1.

Proof of 9.6. The proof is similar to that of 9.3. If #(X) is already hyperbolic,
there is nothing to prove. Lift the representation ¢ to ¢: n—G. Let

a=tr$(4), b=trd(B), c=trg(C), d=tr¢(D), x=trp(X).

As in the proof of 9.3, there exists a linear path {(c,,d,, X,)}o<,<; Such that
¢,=c and d,=d remain constant, |x,|>2 and

(crr i, x)¢([—2,21° N ™ ([—2,2]).

There exists a path {(C,, D)}o<c<; in Gx G such that Co=@(C), Do= (D),
[C.,D]=*1 and y(C,,D)= (c,,d,,x,) Next consider the path {(a,,b,,x,)}o<:<1
where a,=a and b,=b remain constant. Since |a| > 2, the path completely misses

[-2,2P 0k ([—2,2])
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and therefore there exists a path {(4,, B)}o<.<; in G x G such that
Ao=¢(4), Bo=¢(B), [A.Bl+I, x(A,B)=(a,b,x,).

By 1.3 there exists a path {Ulogey in G such that 4, B,=U, X, UL The desired
path in Hom(z, G) is given by:

¢,(A)=At, ¢t(B):Bt5 ¢t(C)=UtCtUr_l, ¢1(D)=UtDt Ut-1~

Now suppose that ¢(B), ¢(C), ¢(D) are all hyperbolic. By lifting a path (as
above) in {a} x {b} xR and a corresponding path in {c} x {d} xR we see that
tr;(X) can be made to be greater than 2 as well as less than —2. Thus we
may arrange that an odd number of tr,(A), tr&,(B), tr §,(C) are negative,
whence the relative Euler class of ¢, over P, equals +1. [J

Proof of 9.5. By 8.1, W'(M) is open and dense in W(M). It suffices to show
that if ¢, e W'(M) satisfy e(¢p)=e(y), then there exists a path in W'(M) joining
them. The proof follows the exact same lines as that of 9.2 and will be abbreviat-
ed: First deform ¢ and y so that X becomes hyperbolic; if the relative Euler
classes of ¢ and Y on P, and P, agree, then by 9.4 the representations lie in
the same path-component of W’(M). Otherwise a similar deformation argument
to that of 9.2 constructs a path ending at a representation where the relative
Euler classes all agree. All of the deformations involved can be arranged so
that the trace of each boundary component remains constant, whence the last
claim follows. [

9.7. Remark. Lemma 9.6 may fail if none of ¢(A), #(B), ¢(C), ¢(D) are hyperbol-
ic. Indeed, for some choices of elliptic conjugacy classes a, 8, 7,6 in G, the space
of conjugacy classes of quadruples (4, B, C, D)e G* such that ABCD =1 and Ae€a,
Bef, Cey, Deé has a compact component in which AB will never be hyperbolic.
Such a case arises, for example, when the traces a==tr(4), b=tr(B), c=tr(C),
d=tr(D) satisfy the inequality

ab+ (4_a2)(4_b2)<cd_ (4—62)(4-—(12),

§10. The general case

Using the results of the previous sections, we conclude the proofs of Theorems
33,34, and Theorem A. In this section G will denote PSL(2, R), G will denote
its universal cover, M will denote a compact surface of genus g with b boundary
components such that y(M)=2—2g+b<—2 and n=mn,(M). As usual W(M)
denotes the space of homomorphisms ¢ Hom(r, G) such that for each boundary
component C = M the image ¢(C) is hyperbolic where C also denotes (as usual)
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a corresponding generator of 7n,(C)— n. Let e: W(M)—Z denote the relative
Euler class map. Choose a maximal dual-tree decomposition (as in 3.8)

M=M,U...0M_ 4.

Let W'(M) denote the subset of W{(M) consisting of representations which, for
each M, restrict to a nonabelian representation on 7, (M) < 7, (M). By 8.1 W'(M)
is open and dense in W(M); hence to prove that e '(n) is connected it suffices
to show that e ~!(n) n W'(M) is connected. Our first goal is to prove the general-
ization of 9.3 and 9.5 to all surfaces:

10.1. Lemma. Let ¢peW'(M). Then there exists a path in W/(M) from ¢ to
¢’ e W'(M) such that for each M, the restriction of ¢’ to each component CedéM,
is hyperbolic.

Proof. We prove this result by induction on x(M); the case y(M)=—1, -2
has already been treated in §9. After possibly reindexing the M;, assume that
M, , M, are subsurfaces in the given decomposition satisfying the following prop-
erties:

(1) If oM +0, then d M, contains at least one component of IM;
(2) M, UM, is a connected subsurface M’ of M.

The subsurface U M; has either one or two connected components N;. Let
i>2

C; denote the curve OM,N0oN; and let C'=0M;n0M,. Then ¢ restricted to

7, (M’) satisfies the hypotheses of 9.3 or 9.6, so there exists a path {¢,}o<,<1

in W(M') from ¢o=q|,, - to a representation ¢, in W'(M’) such that each

¢,(C)) is hyperbolic and for given C;, ¢,(C;) remains conjugate to ¢(C;) for

all t. Let {U%}4<.<1 be a path such that

(O)=UP ¢, (O)(UP) ™
Extend ¢, from =, (M) to x,(M) by requiring that
¢ =U o) (UGN

for yem;(N,). This defines a path {¢,}o<,<; Of representations in W'(M) such
that ¢,(C’) is hyperbolic. Thus the restriction of ¢ to 7, (| ) M) lies in W'(|J My
i>1 i>1
By the induction hypothesis, there exists a path in W’({ ) M) from this represen-
i>1
tation to one which maps each component of dM; (where i>1) to a hyperbolic
element. Furthermore by the path-lifting property 4.6 for representations of
fundamental groups of Fuler characteristic —1 surfaces, this path may b¢
extended to a path in

(W M) x W ()} M) W'(M).

i>1

Such a path now has the desired properties. [
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10.2. Suppose that ¢, Y e W'(M). By 10.1 both ¢, y may be deformed to represen-
- x(M)

tations which liein [] W'(M,). Let

i=1

= x(M)
& [T wMy—z-x0
i=1

be given by

éoy, ..., a—x(M)):(e(al)’ cees e(a-xw))).

According to 9.4, if é(¢)=¢€(y) the representations ¢ and y lie in the same
path-component of W’'(M). Next suppose that M, and M, are two adjacent
subsurfaces and that the relative Euler classes of ¢ and ¥ restricted to M, UM,
are equal. By 9.2 and 9.5, there exists a path joining ¢ |, o, a0 Ve, o)
such that the restriction to the fundamental group of the boundary components
of M; UM, stay in a fixed conjugacy class. It follows that this path extends
to a path of representations in W’(M) joining ¢ and y. Thus two such representa-
tions lie in the same component of W’ (M).

Theorem 3.3 now follows immediately from the preceding remarks and Lem-
ma 3.9 by taking T to be the tree dual to the decomposition of M, f=2¢&(¢)

and f'=é(p).

t0.3. Proof of 3.4. The fact that if ¢: n—>G is a holonomy representation for
M then e($)= +x(M) has been proved in 3.5. Thus it remains to show that
if e(¢)= + y(M) then ¢ is a holonomy representation for M.

We begin by assuming that M is a closed surface. In that case ¢ is a holonomy
representation for M if and only if ¢ is Fuchsian, ie., if it is discrete and faithful;
necessarily the image of such a ¢ is a cocompact discrete subgroup of G. It
follows from Weil [39] that the set of such representations is open inside
Hom(n, G). On the other hand, it follows from Chuckrow [1] (see also [32,
18]) that this set is also closed inside Hom(r, G). Thus the set of holonomy
Iepresentations is a union of connected components of Hom(z, G). By 3.5 this
set is contained in the union e ™! (y(M))ue ! (— x(M)). Since there exist Fuchsian
representations in both e !(x{M)) and e~ !(—x(M)), it follows that the set of
Fuchsian representations equals e~ '(y(M))u e~ (— x(M)).

We can reduce the case of a surface with boundary to the closed case by
a doubling construction. This is most succinctly stated in the language of orbi-
folds (see e.g. [19] or [36]). Suppose that M is a surface with boundary and
that e W(M). Let M denote the orbifold whose underlying topological space
is M with singular set M and whose fundamental group is generated by (M)
together with one reflection p for each boundary component C =@M and sat-
isfying the relations that pt=1I and p.C pc=C (where, as usual, we abuse nota-
tion by letting C also denote a generator of the fundamental group of the
boundary component C). This orbifold M has a double covering which is the
double 2M of M; thus M is the quotient orbifold of 2M by the involution
I which fixes M with fundamental domain M.

Now suppose that ¢ W(M) satisfies e(¢) = + x(M). Let H3 denote the flat
H.bundle over M with holonomy ¢. By the above construction, there exists
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a flat H?>-bundle H* over the orbifold M. By passing to a double covering
one obtains a flat H>-bundle 2(HZ,) over 2M which restricts to HZ, over M
and to 1*(HZ) over 1(M). Let 2¢: n,(2 M)— G denote the holonomy representa-
tion of 2(H3%). By the additivity property 3.7 we have

eQ@)=e(@)+e(yoPopsc)=2e(@)=£2x(M)= 112 M)

(where C is any boundary component of M). By the closed case of 3.4, 2¢
is a holonomy representation for 2 M, whose restriction ¢ to m,(M) is necessarily
a holonomy representation for M. The proof of 3.4 is now complete. []

10.4. Proof of Theorem A(i). We must show that if G™ denotes the n-fold
covering group of G, then the number of connected components of Hom(r, G™)
is given by the formula

2%+ (@dg—4)n—1 if n|2g—2

2[@:3)]“ if ny2g-2.
n

The proof will be based on the following lemma. Let f: G™—G denote
the covering projection and let f,: Hom(r, G™)—Hom(xn, G) denote the induced
map (as in 2.2). Recall that a Fuchsian representation is a homomorphism ¢:
n— G which maps = isomorphically onto a discrete (necessarily cocompact) sub-
group of G. Theorem 3.4 asserts, when = is the fundamental group of a closed
surface that the Fuchsian representations comprise the two connected compo-
nents e 1(+(2g—2)) of Hom(x, G).

10.5. Lemma. Suppose that ¢,¢'eHom(n, G™) are such that f, (¢)=/f () i
not a Fuchsian representation n—G. Then ¢ and ¢ lie in the same connected
component of Hom(r, G™).

Assuming 10.5, the proof of Theorem A(i) proceeds as follows. As the
obstruction to lifting a representation ¢: n— G to m— G™ is the reduction modu-
lo n of the Euler class, the image of f,: Hom(r, G™)— Hom(n, G) consists of
all peHom(n, G™) such that n]e(¢). Let keZ, |nkj<2g—2; then e '(nk) 18
a connected component of Hom(r, G). By 2.2, f,: fi '(e”'(nk))»e '(nk) is 8
covering map and it follows by 10.5 that £, !(e~!(nk)) is a connected component
of Hom({zx, G™).

If nf2g —2 then every component of Hom(n, G™) is of this form; thus corre-

sponding to the Z[Zg—n_z—]+1 integers k such that |nk{<2g—2 are the

2[2gn~2]+1 components of Hom(r, G™). Suppose next that n|2g—2; then

there are (4g—4)/n—1 connected components of representations which map
under f, to non-Fuchsian representations. By 3.4, there are two components
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of Fuchsian representations in Hom(xn, G), namely e !(2—2g) and e~ !(2g—2).
Let ¢ denote one of these components. By 2.2, the map f,: f, (¥)—% is a
covering space with covering group Hom(r, Ker )=~ H'(S; Z/n). Furthermore
the action of Hom(x, Ker f) on Hom(r, G™) commutes with the action of G
by conjugation and hence f, induces a covering space f, }(%)/G™ —>%/G with
covering group Hom(m, Ker f). Since €/G is the Teichmiiller space of S which
is simply connected, Hom(x, Ker f) acts simply transitively on the components
of fy '(¥¢)/G and hence also on the components of f,7'(¥). Since H'(S; Z/n)
has n*® elements, it follows that f, !'(%) has n*®* components. Since there are
two such components % consisting of Fuchsian representations, there are 2n%®
components of Hom(n, G™) consisting of Fuchsian representations. As there
are (4g—4)/n—1 components of non-Fuchsian representations, there is a total
of 2n%%+(4g—4)/n—1 components of Hom(x, G™). []

Proof of 10.5. Since f,: Hom(n, G™)—Hom(zn, G) is a covering space onto its
image whose covering group is Hom(xm, Ker f), it suffices to show that for a
fixed generating set A for Hom(x, Ker f), there exists a path in Hom(x, G™)
joining ¢ and y ¢ for each yeA. We denote by z a generator of the center
of G™. Let A4,, B, ..., 4,, B, denote a standard set of generators for x; then
there is a generating set A4 consisting of ay, B4, ..., %, B, such that

O‘i(Aj)zza”a a;(By)=1

B:(B)=I,  Bi(B)=2".

To join ¢ and y¢ where y=q«,, for example, we proceed as follows. By
[12], p. 104, there exists a path ¢ in Hom(z, G) joining f, ¢ to ¥, where y(f,)
is elliptic. As on [12], p. 104, there is a path {y,}¢<,<; of representations in
Hom(n, G™) joining ¢ =y, to y ¥ =y, defined by

l//,(dl) = (o) G
(o) = (o) if i>1
v.(B)=v(B) if j=1

where {¢,}, <, <, is the elliptic one-parameter subgroup in G™ centralizing ¥ (8,),
normalized so that {,=1 and {; =z. Then y, =7 as claimed and the composi-
tion of paths o+ {y,}*c™* is a path joining ¢ to y¢ as desired. Similar paths
can be constructed joining ¢ to y ¢ for the other ye 4. [
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