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Flat Lorentz 3manifolds and cocompact Fuchsian sroups

William M. Goldman and Gregory A, Margulis

1. Introduction

Comsider Minkowsk 24 l-space E and l=t &7 < 5002, 1™ be o dizerete s bgroup.
Suppoes that a group of affine isonetries of E with hinear park & acts properly and
frecly on E. In a remarkable preprint [20], Geoffrey Mess proved the following
theorem:

THEoREM. & 18 nof cacompact in 502, |:I':'.

Mess deduces this resule as part of a general theory of domains of dependence
in constant curvabure Lorentoan 3-manifalds, We give an albernate prool, using an
invariant introduced by Margulis [18; 18] and Teichmoller theory,

We thank Scott Wolpert lor helpful conversations concerning Techmoller the-
oy, We alss wish o thank Paul Igedi and the Algebra Research Group atb the
Fatholieks Universite of Louvain at Rortrigk, Belgium for thear hospataliiy at the
“Warkshop on Crystallographie Groups and therr Generalizations 117, where these
results were obiaimned.

2. Background
Let B2 be a 3-dimensional real vector space with inner prodoct
Bir,p) = i + T2ys — Tah-

The group of linear isometries of R*! will be dencted by SO02, 1) Let Isom({ R I}
demate the group of affine wometries, that s, the groop of all transformations of
the form

[ E:.I R m:!.l
r—glx] tu
where g £ O[2,1) and u £ B2, We write g = L{k) and b = [g,u). Evideotly
Iscn(B* 1] is isomorphic bo the semidirect produoct 072, 1) B> where B5 denctes
the vecicr group of frmpslations of E.

Bcth nuthicers gratelully acknowledges parkinl suppart frean MNSF Eroib=
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Let & < Q02,11 be o subgroup. An effine deformetion of € 15 a homomorphizm
& 1 — Tsom(B*') such that Li#(g) = g. An affine deformation ¢ iz praper if
the resulting acticm of & by affine transformations co B*' is a proper action. Write

alg) = (g, ulgl).

The condition that ¢ ke a homomerphism is that the map o = wg : G — R*!
sabisly the cocycle condition

(1 uglggal = vl ] + graalgs).

A map u: @ — B*! satisfving (1] iz called 2 coegele and the vector space of
cocycles is denobed by Z10G, R,

IT g, 2 are afline deformations of & which are conjugate by translation by
v & B* then the difference wi, — g, is the cocycle

Jo:gr— v —glv).

Such @ coeyele s called o coboandery, The subapace of coboundanes 15 dencted by
Bl R 1. We say that gy, g2 are frmpslationelly congugafe. Translational conju-
gacy classes of affine deformations of & correspond bo elements i the cobomalogy

group
e BN = Blo B2 G RN

Supposs that ¢ & — ]na::-ml]l'?'l_l i5 a proper affine deformation. By Fried-
Croldman [11], the group 7 s solvable or the linear park

Lag: G —0[2,1)

15 an ira-::-rn-::-rpl'li:irn cnba a discrete Huhgrnup of 02, |:I. l:]|1r|i::|:'-:|: thiz conclusicn
15 ohtaned for any proper affine action on EE.:I The salwable groupe are easily
clasaified |::-:,' r'|11|'.|l::r.|-:|i|1g them as lattices in Lae rﬂ.ll'.ll::r-::-ur:ﬁ- which themeelves act
pn::-[:-nr|_'.-'. When £ 12 not H-::-|1.'.'|.|‘:-||.": then inL-r-rl::ﬂlim{ exarm pli::r; e earind l::"-'1.'Lrl{IJ|i‘.i |'.|.E,,
18)]1. Furthermore svery fornanfree nen-cocompact dizserete subgronp & < Q12,13
frr which B R 2 0 admite proper affine deformations (Dromm [8]).

Recall that an element of EI[E. |:I 15 Fllg-prr.rﬁa[:l':' il it has three distinet real nigi::rl-
values, A .1|J|::-E'n::-u[:- (S ] ﬂ: J} 15 purm'y J:;l,.p':.nr:ra[:ir: il ey element 1= |'|:.-'[:-e'-r|'.||:||i-:'.
A cocarmpxsck discrets .1u|::-[§r\-::-ur.| conbains o pur-n|.'.-' h:,'pnrh-::-lin:' Huhgrnup al finite

irldl.":ﬂ. .

3. An invariant of affine isometrices

In [18, 18], Margulis defines an invariant ag 0 & — B ol an affine deformation
¢ ol a purely hyperbolic subgroup & o Q02 10 as fallows, We assume chat & C
S0(2, 117 Choose a component &, of the complement of O in the lightcone Since
any element g of (¢ is hyperbolic iis three cigenvalues are distinet positive real
nurnks=rs

Agh < 1< Algd L.
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Choose an eigenvector = (g0 € &, For Alg) and an sigenvector = (g0 = A
far M) ', respectively. Then there exista a unique eigenvector < (g) for g with
cigenvalue | such that:

w B gl Mg = 1;

w (x (ghoxt ), M) s a positively criented basis,

Motice that =" (g1 = —(g].
If & is an affine deformation :'-::-rrl::e-:[:-c:-|1r|i11|1'l' E=T :-::-c':.'-:'h:: w, then i iz define

LN
(23 g s — B
g — Bix"{g), uig)).

More generally, aglg) = Bl (g, élg)(x] — £ for any © € E. Furthermore o,
15 a class function on & and recently Dromm-Goldman [10] have proved that the
MAPEINE

o R — RS
[ae] — &g

15 injeckive, that 1s, o 15 a complete mvanant of the conjugacy class of the affine
deformation.
In [18, 19]. Margulis proved the [ollowing thearem (see also Drumm [7]0:

ToeoreM 1 (Margulis). Seppose Fhat & S0(2, 117 & purely byperbolic and
et 2 7 — Isom(R*') be an affine deformafion. If there erist gy, g0 € & such
thaf aea (g1 = 0 = aglge), fhen ¢ 6 nof proper.

Afline deformations defining free actions correspond tococyeles for which alg) #
0 for g # I We shall say that a cocyele w15 positive (respectively negative] (f
alg]l = 0 [mspectively algl < 0] whenever I & g £ & Clearly & s positave 1f
and anly if —a 15 negative. We conjeciure a converse to Theorem |1 an affine
deformation & proper if and only of tfs cocpele = posittee or negaftoe,

4. Deformation-theoretic interpretation of o

We reduce the prool of Mesa's theorem to facks about deformations of hyper-
bolic Riemann surfaces, Let 3 ke a surface with o complete hyperbolic struckure
and mi M its fundamental group. A representaticn ¢ @ @ — S50(2, 177
is Fuchsien if it 1= an embedding cnbe a discrete subgroup of SO[2, 17, When
M ois a clossd surface, the space of conjugaey classes of Fuchsian representations
dorow — B0, 119 is an open subset of the space of conjugacy classes of all
representations, which identifies with the Terchmaller spece TUM) of M. [Sew
Wl |26, 27, 28], 5V1 of Raghunathan [28] for the general thecoy and Gold-
man [12, 13| for the case of surfare groups.) lis tangent space identifies with the
cohomalogy gronp GBS where € = gix].

Since the classical theory of Fuchsian groups s wsoally phrassd in berms of
SLIZ ) (rather than S002 101, and sinee 242 makrices are more trackable than 3x3
matrices, we work wath SLI2,E) The Lie groops SLI2,E) and S0O02, 1) are looally
isormnor phic, but not glshally somorphic. One madel for the local isomorphism s the
adjoinb representation, as follows, The trace form of any nontrivial representation
(for example the Killing form) provades the Lie algebes s002, B) with o Lorentzian

inner product invariant under the adjoimt representation. Thos s(2, B) = sometrc
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to B ') we give an explicit orthogonal basis. Tn this way the adjoint representation
Ad : SLIZE)] — Isomisl{2. )} defines a local somorphism g 0 SLIZ,E) —
S012, 1) af Lie groups.

The local izomorphism @ 0 SLI2,RE) — 002, 1) is not injective ita lernel
consists ol the center {£1} of 5102, B). Nor iz gaucctive — ibs image is the identiby
component 3072, 17 of 02, 1), Nether issue is problematic here, since purely
hyperkolic discrete subgroups of S0[2, 1] lilk to subgroups of SLIZ R [ Abilad 1],
Cluller [B], Krea [17]). Let &F ke a purely hyperbolic subgroup of 5002, 13, with
inclusion ¢ ; & — 8502, 1), Then there exists o represeniation ¢ 0 & — SLIZ,E)
such that ¢ = p=¢. Furthermore composition with the lacal isomorphism g induces
M coveTing space

Hean (7, 8L 2, B — Hom (i3, Tsom ™ E* 7).

Thus smooth pathe in Homi 6, lsom” [R50 1ift to Hom (G, SLI2.R)). Henceforth
we suppress @ Odentifying & with ks image 807 in 5112, B)) and consider paths in
Homi s, SLE2 R

5. 5l[2. K and B!

For the calculabicns |.'|.ll::r: W T E’ivn a detailed Hnﬁ:'ripli-::m al the local iace
morphism g derives] from the adjoant representation.
Far convenience, consider the Lae algebra 51002, [R) with inner prouct

(2 BiX, ¥ Elu-:xr].

. [E. _D|]=f? [? tll]” [['] _f'l]'

15 orthogonal with respect to B and satishes

The hass

Bilet,e1) = Bilez, en) = 1, Bies.es) = —1.
This provides an isometry of Lorentzan vecbor spaces

o s R — R

AR
T —T

With respect to this isometry the adjoint representation defines a local iscmorphism

oo SLIE Y — 02, 1) eataslving:

£
— | [vg +wg) 2
[—wg +wq)/2

WiAdigle) = plgiie)

whenever g £ SLI2,E] and ¢ £ 502, R). (In other words, o ;5002 Ry — E& s
grespuivariant. ) Explicitly,

SLi2,E) oo 1]
1+ 2 —ac -+ hd ae | hd
1 b:I'_

e —abted  fa¥ — kYT — ety EIE:IJ'.:-! (—a® — b % dd:ll."i'

ah+ed  (—a® 4 hY — ey dﬁ'}ln"i' (af + &% £ 4 dE'}ln"i'
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[where pd—te = 1], Differentiation abt 1 & SLI2, ) (thatis, ata=d =1, b= =0

gives the Lie algeboa isomoe phism

sH2, Ry — o2, 13

1] vy —a we vy
] L
[ ! = — ™y — vy 0 Py
T —u
“ ! g | s —Ryy 1]

An element g = SLIZ R is bgperbolie i 16 has bwe real distinet sigenvalues,
which are necessarily reciprocal. If g has sigenvalues g, o) with [g] < 1, then p(g)
has sigenvalues A = g, 1, 0% In particular g £ SL{2. K iz hyperbolic if and caly
il @lgl e hyperbolic. There exists 7= SLI2, B) such that

faf an

whers

and
0=l <p

The eigenvectors of go = @lgn) are:

can-o(fs )|
cm=o([3 )=
oo ([ Y)- |

The aigenvectors for g are the images of the sgenvectors of g; under [

Mear we derive a formula for alg) for an affine deformation ¢ which is of the
form B = (plgl,dielig)) where g = & C SLI2.R) and ¢ £ 562, [R). Suppose that
g = SLI2,RE] 15 hyperbalic, We use the embedding S1L(2, E] — gli2, [R). Orthogonal

progestion
gl 2, ) L a2, /)

ol
sr'—*.r.'—%l-

maps gy booa diagonal matnix of trace zero, Dading T g by
sgnibrlg )y — det T gq] ]

gives the dingonal matrix corresponding to =" (gy1 € E5' {where sgn(r) denotes the

sign of 2 nonzero real number x). Since trign) = £(p 4 g1,

det(II{go]l = —(p— g ' = - I:Lrl:gn:l? — 44
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sen(be (oo ) 1 T agq " — et (T gn 1)

rlgn) Arigort —4
sgnftr(ga)) (?:' - [;l"'lj})r (—.‘,l l:"'j} )

-1 0
ool

carresponds to x7(g), Conjugation by f gives the general formula

brig) [) JHr (J'Tsr"—_d ) — x"[g)

(4} o csgnfteig]) ( -3 7

From [4) follows a foomula for alg) in terms of traces. Suppose that & < SL2, R
is purely hyperkalic and o & UG, 802, R = 214G, EDY), Taking the trace of the
product of (4] with w(g), and applyimeg (23 and [3) yields:

br (zig)g)

3] el = sgnltrg)) ———

B. Trace and displacement length

Let Hyp dencte the subset of SLE2, R consisting ol hyperbolic elements. The
irl'li-:I.F:l.'! al the btrace function tr |.|_'.-'[:- — B conmsts ol the -:|i.-|-j-::-i11[ two intervals
[—_1-:: —5.'} an IE: ..acl Furthermare h:,'pl::rl‘:-c:-“n:' elements = |.|3.'r.| ares deterrimesd
upr ko |:-::-11jul::'.:|.-:'_'.-' |':-:.' their trace. In terms of |'|.'.-'[:-e'-r|'.||:||i-:' gecariebry, Lrl:g:l relates
to the displecerment lengpth £g], that s, the minimum diskance g moves o point
T e J|§. This minimum e realized when r Lies in the ginvanant geodesic, which
15 ﬂ!‘tﬁﬂﬁﬂril_‘f u11i-::|ur::. 'F.'|.|ui1.".:||-e~11[|}' fl:y:l is bhe |-e'-11|{l|'| ol the shortest |'||:|1'r|-::-l-::-r.|i-:".:|||_'.-'
nontrivial closed curve 1 the quotient ]|§ Al Buch a shortest curve 18 necessarnily
a simple closed gecdesic, Let g € SLI2,E] bea Wl of g £ [som({RE> I} o SL(2 R,
that 15, o glgl. Digplacement lengih of g relates to trig) and the sigenvalue

U{;J-:||::-3,':

gl = —2logu
| trigi| = 2coshi£g),/2]

[the sign of trig) s ambiguous sinee ker(g) = {1 Simee

o|br| . .
H — —minh{f 2 =10
(6} o !
trace depends monctonically on displacement length.
Amsociated toacocyelew & G R5Y) are real analyvtic paths Iy in Hom (67, 5502, B)
cf the form

Leig) = gexp (tulg) 4 f.:'[EE:':I

whers § e defined in an open interval £ contaming zera, (In general £; may depencd

cn g We say that the cocyele w s fargent bo the path 5.
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Given a path & & Hom{G BL2, R where 08 © Hyp, consider the two
functions
i dy — R
t— | b (Telg} ]
and
Ly:I,—R
Eo—e Flielgl).

When £ corresponds to a path gl &) m T, then Ly = fg=pwhere £, - (M) — R
15 the geadesic length funchion assaciated to g.

LEsun 2. Lef &6 be an affine defermetion of & cormmsponding fo the coopele
u € ZHE R and lef g £ . Suppose that u(f) is o path in TOM) fongend fo .
Then

(7) aalg) = L4 (0.
Furthermere ag(g) and .-;I:U} bave the same sign.

Proor, Let £, 0 & — SL{2, K] be a smocth path of representations starting
al the inelusion ¢ corresponding bo (e,

o S
By = | i)
of
:I:EL Dlr[yl:r-:apl:l'm:g} F O]

d .
—_ i M Y
to| trlgl+ tutg) + O1E)))

+ tr{guigl]

where the sign equals sgnlbe(i(g]l]) sgnibrirnlg)l). Applying (3) o the last

l::o;[:-me-aﬂi-::-n E i"a'l.'!l-

v-"trl_.?_lE -4
a

k3] Lt (n]] algl.

Thus :I"I:‘IU:I has the same r;-igrl as gl as clairmed.

To prowve [T1, apply (6] and the chain rule to obtan:

(2 700} = sinh (I“é[]-') Lo,

Since

d 2

. L0 brigh —4

sinh ( - ) vtrig} ,
(T fellows from (8) and (9], O
Thus a cocyele 15 positive [respeciively negative] in the sense of Theorem 1 and
caly if the corresponding deformation in DU imereases (respectively decreases))
lengihe ol closed curves, b firsk crder.
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7. Reduction to Teichmiiller theory

Suppose that & < SLIZ ) and & leom (B! i= o proper afine defor-
mation. By Thearern 1, the corresponding cocyele u € FHE, B> is either positive
cr negative; by replacing o by —u if necessary, we assume that v is positive,

By Fried-Goldman [11], & is necessarnily discrete and iz isormoophic to s image
in the group of affine isomeiries. Suppoee that & s cocompact, By passing bo oo
subgroup of fnite index, we may assame that & 2 borsionlves, Then & acte Treely
car the real hyperbolic plans Hg and sinee & s disereie and cocompact, ]|§_,."I'.'r1 i5
a closed hyperbolic surface M. Furthermore & 15 somorphic o the fundamental
group w1 (M) The represeniation @ corresponds to a point & in the Teichmiller
space TOA and the cohomology class [u] € HYE, EY) corresponds to a tangent

vector @ bo UM ab O
LEsua 3. There exsfs a pabh p(t) wn T, defired for all 0 2 ¢ < oo starting
at g TAM) weth tangent vector v £ ToT(M) -
(1o pil] = 0
i) =
sueh Fhat, for each g € 0, the geodesie length funchion £ a5 coneer alony ud].

Assurming Lemma 3 and that v is posttive, we obtain a contradichion. Since
alg] = 0, the directional derivative

.rJ"Il:I W, = uf L‘LIU] =1

&

by Lemma 2. Convexity implies that @ (618, cannotb decreass as ¢ — oo, Thus
[y )ity = p' (£, = g (0, =alg) =0

for all £ = 0. In particular £; = @ 15 monotone, Furthermore

(113 foluit]y — +oo as § — +oo,

that 12, eech closed geodesie on the hpperbolic surface u, lengthens as § — oo,

Such a path g cannot exist for closed hyperbolic surfaces, Let & = 0, Then for
cnly fnitely many conjugacy classes F = {|g], .. .. |} in & 2 my (M the corre-
sponding close] geodesios in M have length < NV, (Here |g] denctes the conjugacy
claza of g = 7.0 For any g £ & wiath |g] € F. the length functicn L0 = L0001 = N,
Mo comsider [g] £ FL Lt

En min g = 0

1<i<an
Convesity, together with (73 implies that
Lg 08y = Lo (0 + #aelgs) = dan.
Henee, for ¢ = Njan,
Loty =E,(p) = N
for all g = F — {1},
Henvever, for any closed hyperbolic surface M there exists o simple closed ge-

celemic of lengih at mest 2logl2 — 240 W1 (Lemma 521 of Buser [2]). Taking
N = 2logi2 — 24 (M), we abtan the desired conbradiction. O
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Proor oF LEmsa 3, Here are two constructions for g, the limst based cn the
Riemannian geometry of T wikh the Weil-Petersscn metric and the second based
cat Thurston’s earthoguake Aows,

Let git) be the Weil-Petersson geadesic satisbving (101, By Corallary 4.7 of
Wolpert [30], the geodesic length funciion £ s stoctly convex along gl and
the directicnal derivative wfy, = 0, for any g € & — {1}, Therelore £, = u(#) s
monotonically increasing foo £ = 0,

Henvever, in general the Weil-Petersson metric is geodesically incomplete (Chu 5],
Walpert [31]), 2o that wif) s conly defined foo ¢ < 8 < 3 where | < 0 = f3. We
show this is impossible under our assumptions on @0 =

By Mumlcrd's compactness theorem (Momford [21], Harvey [14], 251 or
Buser |2|. G.6.5], the subspace of moduli space consisting of hyperbolic surfaoes

whose injectiviby radius is larger than any posibive constant s compact. &n ineom-
plete geadesic on a Riemannian manifold must lesve every compact s=t. Therelore,
il the Wesl-Petersacn geodesic p(t] cannct be extended to {3 = oo, then

lirm inf £ (plE)) =0,

iy meE—[l

conbradicking monctomeity of €.

Hence pild) 1s debned for all = o0, As above, convecity imples (11].

Alternatively, take g bo b= the sarthguake path introduced by Tharston [ses
kerckhafl [L5, 16| and Thurston [24]). For the given tangent vector w2, there exsts
a unigque measured geodeic lamination A such that the corresponding earthguake
path g = Es(t) sabtizhes {10} [Kerckhaf [16], Proposibion 2.6). By Kerckhaf [15]
[see also Waolpert [29]), sach length function € 15 conves along the earthiuake path
Ey . implying (110, Indeed, £ 15 strictly convex along g since the lamination & fills up
M — that s, every nonpenpheral simple close<l curve = intersects A, For obtherwise
£ would ke constant along j, contradicting

d

— Fo =it = [0
od¥ lgmin "

a

Resmark., Ancther prool, closer in spicit o the prool n [20]. involves the
density of simple closed curves 1o the projective measured lamination space. Let 5
denote the set of isotopy classes of simple closed curves on W and let P L) denote
Thurston's space of propctive squivalence classes of measured gecdesmic laminations
ca M. Bince

MO — ToZT( M
A— EL1
15 a homecmorphizm [ Proposition 2.6 oF [LE]), there exist A £ ME(M) satisfying
000 = w# 0. Theorem 5.1 of [25] implies
PO — THE(MD
[A] — d log £

15 an embedding onto a conves sphere in T;-:,‘II MY Pwhere £ [N denobes the Jength
of the larmination A as messures] m N Sines 8 s denss on POOAMY, there exst
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~1. vz € & such that
(e log £, WA) =0
[ef loogg £ 00 A =2 0,
Let g1, gz € w1 (M) correspond to v, 2 respectively. Then
wly, = 0wl <0,
contradicking Theorem 1 and Lemma 2.

ReEsmarn, Mess's criginal proof uses Lorentzian gecanetry, and in parcticular

the theory of domains of dependenee in constant curvature Lorentzian space forms
developed in |20] and Scannell 28], A= part of his general theory, Mess showes that
any affine defcrmation sufliciently near the holonomy of a complete lat Lorentz 3
manifald is the holonomy of a complete flab Lorentz 3-manifald, that s, the nearhy
acticn 15 also proper and fres, The cocyeole @ corremponds to the velocity veckor bo an
earthiuake path £, along a measured geodeac lamination A, and A 1= approxciomated
by a finde measured geodesie lamanetiere, that 15, a dispant union of simples closed
geadesics, Howewer for a Bnite aminabtion, the corresponding group ackion 1z nob
free (elements of & corresponding o curves disjoint frem A have fxed points), a
contradiction.
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