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Instructions to the student
. Answer all six questions. Each will be assigned a grade from 1 to 10.
. Use a different booklet for each question. Complete the top of the first page of each
booklet. Write your code number on each page of the booklet. DO NOT USE
YOUR NAME.
. Keep scratch work on separate pages of the booklet.
. If you use a “well-known” theorem in your solution to any problem, it is your respon-

sibility to make clear exactly which theorem you are using and to justify its use.
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. Let Q C R? be a bounded domain with smooth boundary. Suppose u € C?(2)NC(Q)
satisfies

um—l—uzuyy—l—l—l—u—u?’:() in €, u=0 on 9.
Prove that u(z,y) < 2 for (z,y) € Q.

. Consider the Cauchy problem

uy = Au—q(x)u, =€ R, t>0,
u(z,0) = f(z), u(z,0) = g(x),

where f and g are smooth with compact support and ¢g(z) > 0 and ¢ > 0 is a constant.
Use an energy method to show that this problem has at most one C? solution. (You
may assume finite speed of propagation.)

. Consider the following boundary value problem for Laplace’s equation in the infinite
strip Q = {(z,y) e R? | —coc <z < 00, 0 <y <1},

Uge + Uyy =0 in Q,
Ju
u(m,l) :f(l’), a_n(xao) :07 (_OO<$ <OO)‘

Here n denotes the outward unit normal on the boundary 02. The Dirichlet-Neumann
map T is defined (when possible) by

0

(TF)(z) = a—Z(a:, 1) —oo<a< oo

Show that if f € S is a function in the Schwartz class S of smooth, rapidly decreasing
functions on R, then T'f € &. Show that T may be extended by continuity to be a
bounded map T : H'(R) — L*(R). (Hint: Use the Fourier transform.)
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