Department of Mathematics
Graduate Written Examination in Partial Differential Equations
August, 2004

Instructions

e Answer all six questions. Each will be assigned a grade from 0 to 10.

e Begin your answer to each question on a separate answer sheet. Write your
code number on each page of your answers. Do not use your name.

e Keep scratch work on separate sheets, which should not be submitted.

e Carefully explain your steps. If you invoke a “well known” theorem, it is
your responsibility to make clear exactly which theorem you are using, and to
justify its use.

1. Let f € C'(R™) and suppose that for each open ball B that there exists a
solution of the boundary value problem

—Au=f inB, 0u/On=0 ondB.
Show that f = 0.
2. Suppose that u(z,t) is a smooth solution of

ut+uu, = 0 forxeR, t>0
u(z,0) = f(z) forxeR.

Assume that f is a C! function such that

/0 forz < —1 ,
f(x){l for 7 > 1 and f'(z) >0 for |z| < 1.

Show that for t > 0,

0 forz <0
lim u(re,rt) = z/t for0 <z <t
T 1 for x >t

3. Let D C R? be the open disk D = {2? + y* < 1} and let C' = {a? + y* = 1}.
Using polar coordinates, let u, = du/0r and uy = u /6.
a) Find the weak formulation of the oblique derivative problem

—Au+Iu=f inD, u +uy=0 onC. (1)



In other words, find a bilinear form ay(u,v) continous on H'(D) x H'(D) such
that

ay(u,v) = /va dxdy for all v € H'(D) (2)

is equivalent to (1) if u € C?*(D). You may assume the trace theorem
/ wve 49 < Cllullmmyllolinpy for u,v € H'(D).
c

b) Show that for f € Ly(D) and for A > 0, there is unique solution u € H'(D)

of (2).

4. For z € R, t > 0, solve the problem

Uy — Uz = 0 for |z <t
u(—t,t) = at) for t>0
u(t, t) = p(t) for t>0,

where o and 3 are smooth functions.

5. Let 2 be a bounded open set of R™ with smooth boundary 9. Let u(z,t) €
C?(Q x (0,00)), with u continuous on € x [0,00), be a solution of the initial-
boundary value problem

u—Au = sin(u) forzx €, t>0
u(z,t) = 0 forx € 0N
u(z,0) = f(x) for z € Q.

Show that if f(x) < 1, then u(z,t) < e for all x € Q,¢ > 0. Hint: Note
that sinx = z(sinz)/x and that (sinx)/x is bounded. Look for a way to use the
maximum principle.

6. Let F': R — R have two continuous derivatives, with F'(0) = 0 and suppose
that there is constant M such that |F(z)| + |F'(z)| + |F"(z)| < M for all z € R.
Let u € C*(R) with compact support and set v(z) = F(u(x)).

Show that there is a constant C', independent of u such that

vl g2y < Cllullmzm) (1 + ||ull m®))-



