DEPARTMENT OF MATHEMATICS UNIVERSITY OF MARYLAND
WRITTEN QUALIFYING EXAMINATION
ORDINARY DIFFERENTIAL EQUATIONS (PH. D. VERSION)

Instructions. Answer each the following six questions Use a differ-
ent answer sheet (or a different set of sheets) for each question Write
the problem number and your code number (not your name) on the
top of each answer sheet. Keep scratch work on separate sheets.

Your work on each question will be assigned a grade from 0 to 10
Some problems have multiple parts or ask you to do more than one
task. Be sute to go on to subsequent parts even if there is some part
that you cannot do. Parts of a question need not, have the same weight

Carefully show all your steps, justify all your assertions, state pre-
cisely any definitions and theorems that you use, and explain yow
arguments in complete English sentences Cross out any material that
is not to be graded.

(1) Consider the initial value problem
# =2 ~ez?, z(0)=¢

Show that there exists £ > 0 such that the maximal solution
to this initial value problem is not defined for all £ > 0.

(2) Let A be a constant two-by-two matiix with real coefficients
such that TrA = 0. Show that the equation £ = Az has a
continuous first integral.

(3) Consider a linear equation on R

&z =a(t)z
where a(t) is a continuous function. Suppose that for each ¢ > 0

there exists T{e) such that for each n € N, for each m € N such
that m > T'(¢} we have

le(m +n)| < elz(n)]

Is it true that 0 is uniformly forward asymptotically stable?
Prove it or give a counterexample, |

(4) Show that for any e > 0 there exist 0 < 2y < &,0 < gy < € such
that the solution to the initial value problem

£ =2z ~5y+2z°), x(0)=mx

Y= (s —dy —v*), y(0)=w

stay in the first quadiant for all £ > 0.
L




(5) Consider an area preserving vector field on the plane with iso-
lated fixed points. Let z(¢) be bounded non-periodic orbit.
Show that

exists.
Hint, Show that the w-limit set of z(t) consists of a single
point.

(6) Let z(¢, 7, £) is the solution to the initial value problem
t=zsin(z—1)+1, z(r)=¢&
Note that z(t,0,0) = ¢. Compute 2%(¢,0,0).




DEPARTMENT OF MATHEMATICS UNIVERSITY OF MARYLAND
WRITTEN QUALIFYING EXAMINATION
ORDINARY DIFFERENTIAL EQUATIONS (PH. D. VERSION)

Instructions. Answer each the following six questions. Use a differ-
ent answer sheet (o1 a different set of sheets) for each question. Write
the problem number and your code number (not your name) at the top
of each answer sheet. Keep scratch work on separate sheets.

Your work on each question will be assigned a grade from 0 to 10.
Some problems have multiple parts or ask you to do more than one
task. Be sure to go on to subsequent parts even if there is some part
that you cannot do. Parts of a question need not have the same weight.

Carefully show all your steps, justify all your assertions, state pre-
cisely any definitions and theorems that you use, and explain your
arguments in complete English sentences Cross out any material that
is not to be graded

(1) Consider a one degree of freedom Hamiltonian system with the
Hamiltonian

H(p,q) = g(0)p’
where g(q) is a stiictly positive C* function. Find necessary

and sufficient conditions on g so that all solutions are defined

for all times.
(2) Find values of the patamseter A such that the solution to the

initial value problem
t=z+A4e? z(0)=1, (0)=0

is bounded as t — +oo?
(3) Show that the origin is an uniformly asymptotically stable so-

lution for the equation
=y, y=-z—y(1~>5sint)
(4) Let z(t,a) denote the solution to the initial value problem

10— 221 gne_ g2 =0
£= 10— g —sint — a7, z(a) =0
(a) Show that z(%,a) is defined for all £ > a.
(b) Show that the following limit exists lim,_. oo (0, a).
(5) Prove that a divergence free C* vector field (div(f) = 0) in the

plane does not have (nontrivial) isolated periodic orbits.
1




(6) Consider an equation

& = (27 +y*)(dy - 2?)
o= @ +y)e+Ty%)
(a) Show that there exists a nontrivial solution (z(¢), y(t)) such
that limy 4o (z2(2) + 12(2)) = 0.
(b) Let {z(?),y(t)) be any solution of part (2} Compute

im S0
t=eo y(t)




DEPARTMENT OF MATHEMATICS UNIVERSITY OF MARYLAND
WRITTEN QUALIFYING EXAMINATION
ORDINARY DIFFERENTIAL EQUATIONS (PH. D. VERSION)

Instructions. Answer each the following six questions. Use a differ-
ent answer sheet (or a different set of sheets) for each question. Write
the problem number and your code number (not your name) on the
top of each answer sheet. Keep scratch work on separate sheets.

Your work on each question will be assigned a grade from 0 to 10.
Some problems have multiple parts or ask you to do more than one
task. Be sure to go on to subsequent parts even if there is some part
that you cannot do. Parts of a question need not have the same weight.

Carefully show all your steps, justify all your assertions, state pre-
cisely any definitions and theorems that you use, and explain your
arguments in complete English sentences. Cross out any material that
is not to be graded.

(1) For which values of z(0),2(0), #(0) and z'(0) is the solution of
' +2+2=0

bounded?

(2) Prove or disprove the following statement. All solutions to the
equation £ = x2cost — e'x are defined for all times.

(3) Investigate the forward stability (that is, decide if the point is
unstable, positively stable or asymptotically positively stable)
of the fixed point (1,1) for the following systems of equations.

(@) & = z(y*-y),

y = ylz-27)
®) = = 2(y®—y)— (@0 +y° - 1)*(z - 1),
v o= yz—2") - (@0 +y° -1y -1).

(4) (a) Let A be a 2 x 2 matrix with strictly positive elements.
Prove that if det(A) = 1 and if z € R? is a vector with positive
components then |[A™z|| — oo.

rove that the system of equations
(b) P hat the sy f equati
& = (2+sint)y
y = (4—cos?t)x

has no nontrivial periodic solutions.
(5) Let f(z) = (fi(z), fo(z)) and g(z) = (g1(x), g2(z)) be perpen-
dicular C* vector fields in the plane (that is,

fil@)g(z) + ff(I)gz(x) =0).



Prove that if f has a (nontrivial) periodic orbit, then g has a
fixed (singular) point.
(6) Let N(a,b, T) be the number of zeroes of the solution of the
initial value problem
2+ 32+ 4+ 5
Std 4 43 + 32 + 4t + 1 7(0) = a,£(0)
on the segment [0, T]. For o + b% 5 0 compute
lim N(T)/T.
T—c0

i+zcos<



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAMINATION
AUGUST 2008

Ordinary Differential Equations.

Instructions to the Student.

a. Answer all six questions. Each will be graded from 0 to 10.

b. Use a different booklet for each question. Write the problem
number and your code number (NOT YOUR NAME) on the outside
cover.

c. Keep scratch work on separate pages in the same booklet.

d. If you use a well known theorem in your solution to any prob-
lem, it is your responsibility to make clear which theorem you are using
and to justify its use.

e. It is your responsibility to make sure that you understand correctly
what a particular question asks you to do. If you have any questions
during the exam, ask the faculty consultant.

(1) Let
1 -1 1
A=10 0 O
0 -1 0

Let £ = Az for x € R® and z(t) be a solution. We say that
z(t) grows linearly if 1tlixgl |z(£)|/t = ¢ > 0 and superlinearly if
t]iin |z(¢)|/t = +oo. Find all initial conditions z(0) such that
—+00
z(t) are

(a) bounded;

(b) grow linearly;

(¢c) grow superlinearly.

(2) Consider the nonautonomous equation £ = X (¢,z) on R". As-
sume that X (¢, z) is continuous and that there exists a contin-
uous function K (t) on R such that for all z; and z, € R

| X (¢, 1) — X(¢t, z2) || < K(B)||lz1 — 2.
Show that all solutions are defined for all times.



(3) Let (z(s,t),y(e,t)) denote the solution to the equation

T\ _ ( tant gcost x
¥ ) \ esint eln(l+¢?) y
on the time interval [0, 1] with initial condition
(z(e,0),y(e,0)) = (1,0).

Compute
1
lim __y(s, ) i
e—0 £
(4) Consider the equation
R —
B 2+ 1
Show that for every solution there exists the limit

(You can use the fact that every solution is defined for all times
without the proof).

(5) Consider an equation & = X (z) on R”. Which of the statements
(a)—(c) below are true? If a statement is true give a proof, if a
statement is false give a counter example.

(a) ¥ n =1 and div(X)(z) < 0 for all z € R}, then X has a

fixed point.
(b) If n = 2 and div(X)(z) < 0 for all z € R?, then every

periodic solution is a fixed point.
(¢) f n = 3 and div(X)(z) < 0 for all z € R®, then every
periodic solution is a fixed point.

(6) Show that for some p # 0.
3

T=pr—y+oy—zy’—2x
y=z+py—z*—y°

has a nontrivial periodic solution. (A solution is called non-
trivial if it is not a fixed point).



ODE QUALIFYING EXAM.

Wednesday January 2008, 9 am—1pm, room 3206.

Instructions. Answer all six questions. Your answer on each ques-
tion will be assigned a grade from 0 to 10. Your grade will be based
on your work that is shown as well as on your answer. Carefully show
all your steps, state precisely any definitions and theorems that you
use, and explain your argument in complete English sentences. Cross
out any material that is not to be graded. Some problems may have
multiple parts or ask you to do more than one thing. Be sure to go on
to subsequent parts even if there is some part you can not do. If you
are asked to prove a result and then apply it to a given situation you
may receive partial credit for the correct application.

(1) Consider the nonlinear equation & = a(t)z*, where ¢t € [0, 0),
z € Rand a:[0,00) = R is continuous.

(a) (3 pts) Find all solutions.

Let ¢ denote the zero solution.

(b) (2 pts) Show that ¢ is uniformly stable if a(t) < 0 for all ¢.

(c) (2 pts) Show that ¢ is asymptotically stable if there is a number
b > 0 such that a(t) < —b for all ¢.

Call the zero solution UNIFORMLY ASYMPTOTICALLY STABLE if there
exists § > 0 such that for any solution z(¢) satisfying z(to) = zo where
||zol| < &

z(to+T) —0asT — o0
uniformly in ||zo|| < 6 and ¢5 > 0.

(d) (3 pts) Show that if a(t) = —t%p then ¢ is asymptotically stable
but not uniformly asymptotically stable.

(2) Determine the stability of the critical point 0 of the van der Pol
equation

d*z )
e T ez
for all values of i € R.

dz
— )= +2=0
)dt-i—x



(3) Consider the equation
o' = f(z) + 9(z),
where z € R”, f,g: R® — R™ Assume that for all z € R" ||f(z)|| <1
and for all 21,2, € R™
£ (21) = F@)] < Ll|zy — 22|
Assume also that g is continuous and for all x € R™ and some £ > 0

llg(z)|| < e. Show that if z;(¢) and z,(t) are two solutions with
z1(0) = z2(0), then

2e
llz:(t) = 220l < & (" —1).
(4) Consider the system
2
¥ =—z(e* —cosz), Y =2 +et.
( )y |

Show that if z(0) > 0 and y(0) > 0 then lim;_, 1 y(t) = +oo0.
(5) Let z(t) be a non trivial solution of the equation
22 -1,
x.
z4 +1
Show that between any two zeroes of x there is a zero of 2’ and vice
versa between any two zeroes of 2’ there is a zero of z.

CC” — —1113+

(6) Let X be a smooth bounded vector field on the plane.
(a) (3 pts) Prove that if X has a periodic solution then it has a fixed
point.
(b) (7 pts) Suppose that X has no fixed points. Prove that for any
solution z(t)
tliinoo |1z(t)]| = +o0.



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
WRITTEN GRADUATE QUALIFYING EXAM

ORDINARY DIFFERENTIAL EQUATIONS (PH.D. VERSION)

August 2007

Instructions. Apswer all six questions. Your work on each question will be
assigned a grade from 0 to 10. Your grade will be based on the work that
is shown as well as your answer. Carefully show all your steps, justify all your
assertions, state precisely any definitions and theorems that you use, and explain
your arguments in complete English sentences. Cross out any material that is
not to be graded. Some problems may have multiple parts or ask you to do
more than one thing. Be sure to go on to subsequent parts even if there is some
part you cannot-do.  If you are asked to prove a result and then apply it to a
given situation you may receive partial credit for the correct application.

1. Consider the system # = Az where

2.

=
o O =

1
A=1] 0
0

Let z(t) be a solution of the above system. We are saying that z(t) is
growing linearly if limy_, o LICIREEpS 0, and z(t) is growing faster than

linearly if limy o0 Mtt—)' = 00.
Find all initial conditions z(0) such that the respective solutions z(t) are

t

(a) bounded

(b)
(c)

(a)

(b)

growing linearly

growing faster than linearly

Consider a system

&= f(t, ) (1)

where f(¢,z) is a locally Lipschitz function defined in (0,00) x R™.
Let us denote z(t, 7,€) a solution of (1) satisfying initial condition
z(r) = ¢

Let ¢(t) be a solution of (1) defined for 0 < £ < ¢0, and let 8 be a
positive constant.

Recall that ¢(t) is uniformly stable on [, 00) if for every ¢ > 0 there
exists § > 0 such that for any 7 > 8 if € satisfies |€ — ¢(7)| < § then
z(t, 7, €) is defined on [1,00) and |z(t,7,&) — ¢(t}] < e for all ¢ > 7.
Let o be another positive constant, a # 8 . Prove that ¢(¢) is
uniformly stable on [a, co0) if and only if ¢(t) is uniformly stable on
(8, 00).

Consider £ = A(t)z where A(t) is an n xn matrix which continuously
depends on t € (0,00) and satisfies [, |A(Z)| < co.

Prove that the zero solution is uniformly stable.



3. Suppose the IVP ¢ = f(t,z), =(to) = zo, where f(¢,z) is a continuous
function defined in R?, has two different solutions ¢(t) and (¢) such that

$(t1) > p(tr).
Prove that for any ¢ satisfying ¢(£1) > ¢ > 1(¢1) the IVP has a solution

z(t) satisfying z(t;) = c.

4. Let A= {(z,y), 1/2<z?+y? <2}, and let

7 = glz,y) @)

be a C! system defined in some open domain D C R? containing 4 .

Suppose that for initial conditions (z, y) € A respective solutions (z(¢), y(t))

remain in A for ¢ > 0 and there exists ¢ > 0 such that zy —yz > ¢

Let P C A be the set of points (x,y) € A which belong to periodic orbits
T of the system (2).

(2) Prove that P is a nonempty closed subset of A.
(b) Provide examples such that
i. P=A
ii. P consists of a single orbit
ili. P contains infinitely many orbits, P # A

5. Consider the two-dimensional system:

&t = pr+y—-3z+2i+9°
v = pyt+o-3y+2zy
(a) Find the real values of p such that the origin is a hyperbolic fixed
point. For each such p determine the type and stability of the origin.

(b) For those values of p such that the origin is not a hyperbolic fixed
point, sketch the global phase portrait of the system.

6. Consider the boundary value problem
i+ OA+2t21 - t)u=0, u(0)=u(l)=0

(a) Prove that there is Ag > 0 such that for A < Ag there are only trivial
solutions.

(b) For how many values of A < 101 does this boundary value problem
have a nontrivial solution 7



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
WRITTEN GRADUATE QUALIFYING EXAM
ORDINARY DIFFERENTIAL EQUATIONS (PH.D. VERSION)
January 2007

Instructions. Answer all six questions. Your work on each question will be
assigned a grade from 0 to 10. Your grade will be based on the work that
is shown as well as your answer. Carefully show all your steps, justify all your
assertions, state precisely any definitions and theorems that you use, and explain
your arguments in complete English sentences. Cross out any material that is
not to be graded. Some problems may have multiple parts or ask you to do
more than one thing. Be sure to go on to subsequent parts even if there is some
part you cannot do. If you are asked to prove a result and then apply it to a
given situation you may receive partial credit for the correct application.

1. Consider a C! system ¢ = f(z) in R Let z(¢) and y(¢) be
solutions defined for ¢ € R, and let ¢ be a positive constant.
Assume that z(tx) — y(0) for an increasing sequence t; — 00
such that 1 — tx < ¢ for all k.

Prove that y(t) is a constant or a periodic solution.

2. Let A(t) be a continuous n X n matrix with period 7. Suppose
the system

y=Alt)y (1)

has no periodic solutions of period 7' and that there are no

non-zero constant solutions.
Let g(t) € R™ be any continuous vector with period T. Prove
that the system

y=Ab)y+9() (2)

has a periodic (possibly constant) solution of period 7.

3. Consider the differential equation

. 1 1
I+§—l‘_3=0

for z > 0.

(a) Sketch the phase portrait.

(b) Identify all equilibrium solutions and all periodic solutions
and determine their stability.

(c) Let (z(t),y(t)) be a periodic solution. Suppose.y(ty) =
y(t1) = 0, zo = z(tp) < z1 = z(t1) and y(t) # 0 for
to <t <l
For ¢ty <t < t; express t as a function of z. Then express
the period of (z(t),y(t)) as a function of zy and 1.

(d) For nonperiodic solutions describe their asymptotic behav-



4. Consider the two-dimensional system:

i = —y+z(l— V2% +y?)
7 = z+y(l—+v22+9?)

(a) Show that there is a periodic orbit, which intersects the z
axis at (1,0).

(b) Find explicitly the Poincare return map on the positive =
axis .

(c) Determine the stability of the periodic orbit.

5. Prove the following pa,rticular'caSe of the Sturm Comparison

Theorem.
Let ¢(z) be a solution of

j+gi(z)y =0
and let ¥(z) be a solution of
§+g2(z)y=0

where ¢;(z), g¢2(z) are continuous on (a,b). Assume ga(z) >
g91(z) on (a,b). If z; € (a,b), z2 € (a,b) are two consecutive
zeros of ¢(x), then 1(x3) = 0 at some point z3 € (23, Z2).

6. Consider a differential equation & = f(¢,z) where f : R> - R
is C! and | gﬁ | is bounded. Suppose ¢(t) is a solution defined

for ¢ € [0,1], and let to = 0, & = ¢(0). ,
Let (£;,&),7=0,1,...n be the sequence of Euler’s approxima-

tions -
ti=ti1+h t,=1

& =& a+hf(tio1, &)
where h = % is the step size. Prove that there exists a constant
¢ independent of A such that forall t =0,1...,n

|p(t;) — &l < ch



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
WRITTEN GRADUATE QUALIFYING EXAM
ORDINARY DIFFERENTIAL EQUATIONS (PH.D. VERSION)
August 2006

Instructions. Answer all six questions. Your work on each question will be assigned a grade
from 0 to 10. Carefully show all your steps, justify all your assertions, state precisely any
definitions and theorems that you use, and explain your arguments in complete English
sentences. Cross out any material that is not to be graded. Some problems may have
multiple parts or ask you to do more than one thing. Be sure to go on to subsequent parts
even if there is some part you cannot do.

1. Prove that for each real number ¢, the initial value problem
dx
dt + :1: )

has a unique solution defined for all real ¢.

z(0) =c

2. Let h: R® — R be continuous and let A be an n X n real matrix. Assume that all
solutions of x = Ax are bounded for ¢t > 0, and that

oo
| meyer < oo
0
where ||v| denotes the Euclidean norm of a vector v. Prove that all solutions of
v = Ay + h(t) are bounded for ¢ > 0.

3. Consider the initial value problem

x:(g g)x, x(0)=(2>.

For which values of the real constants a,b, ¢, d is x(t) bounded for t > 0?

4. Let f : R® — R”™ be C?, and assume that the divergence of f is identically zero:
V- f(x) = 0 for all x € R™ Recall that this condition implies that the system
% = f(x) is volume preserving. Prove that this system cannot have an asymptotically
stable fixed point.

5. Prove that the differential equation
i+ (2% +4° - Di+2=0

has a nonconstant periodic solution.

6. The origin is a fixed point of the system
2r + 2
= -y -+ z2
Z = 2z
Find the global stable and unstable manifolds of the origin, and for each manifold,
identify its dimension and its tangent line or plane at the origin.



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
WRITTEN GRADUATE QUALIFYING EXAM
ORDINARY DIFFERENTIAL EQUATIONS (PH.D. VERSION)
January 2006

Instructions Answer all six questions. Your work on each question will be as-
signed a grade from 0 to 10. Your grade will be based on the work that is shown
as well as your answer. Some problems have multiple parts or ask you to do
more than one thing. Be sure to go on to subsequent parts even if there is some
part you cannot do. If you are asked to prove a result and then apply it to a
given situation you may receive partial credit for the correct application.

1. Consider the differential equation & = Az where

-2 0 2
A= 0 -2 2
-1 -1 2

(a) Find the fundamental matrix solution ®(t) satisfying & = A®, &(0) =
I

(b) Find all zp such that solutions x(t) satisfying z(0) = z¢ are bounded
fort > 0.

2. Consider the two-dimensional system

i = —y+zg(z,y)(—2 + cosh/z2 + y?)
¥ = z+yh(z,y)(—=2+ cosh/z2 + y?)

where g(z,y), h(z,y) are C! functions. Let ¢(¢) be the solution satisfying
#(0) = (1,0). Prove that ¢(t) is defined for all £ € R.

3. Consider the two-dimensional system:

i o= —%x—l(p— %)y+22xy

y = —(p-gle—zy+a+y’
Determine all values of the parameter p such that the qualitative nature
of the solutions near the origin changes as the parameter passes through
those values. In each interval between the bifurcation values you found,
and at the bifurcation values, sketch and describe the qualitative behavior
of the solutions near the origin.



4. Let & = f(zx) and § = g(y) be two C! systems in R™ such that all solutions
are defined for ¢t € R. Let ¢; be the time ¢ map of the first system; that
is,

$(x(0)) = z(t)
for every t and every solution z(t). Let 1, similarly be the time ¢ map of
the second system:

Pe(y(0)) = y(t).
The two systems are called differentiably equivalent if there is a diffeomor-
phism A : R™ — R satisfying

ho¢gy =1 oh.

They are called linearly equivalent if there is a an h satisfying the above
equation such that h(x) = Mz for some invertible matrix M. Prove that
two linear systems with constant coefficients £ = Az and §y = By are
differentiably equivalent, if and only if they are linearly equivalent.

5. Prove that every solution z(t) of
I+ +sinz =0
satisfies
lim z(t) = nw
t—o0
for some integer n.
6. Consider the second order ODE
¥+ (@® +bp(t))y =0

where p(t) is a continuous real function of period m, and a, b are real
constants. Fix a value of @ that is not an integer. Prove that if |b| is
sufficiently small, then all solutions of the ODE above are bounded.



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
WRITTEN GRADUATE QUALIFYING EXAM
ORDINARY DIFFERENTIAL EQUATIONS (PH.D. VERSION)
August 2005

Instructions Answer all six questions. Your work on each question will be as-
signed a grade from 0 to 10. Your grade will be based on the work that is shown
as well as your answer. Some problems have multiple parts or ask you to do
more than one thing. Be sure to go on to subsequent parts even if there is some
part you cannot do. If you are asked to prove a result and then apply it to a
given situation you may receive partial credit for the correct application.

1. Let f : R — R be an odd continuous function such that f(z) > 0 for

z > 0 and
|
——dz =1
@

Consider a differential equation

® = i) (1)

Prove that there exists a solution ¢, of (1) satisfying both ¢,(0) = 0 and
¢a(1) = a, if and only if |a| < 1.
2. Let a(t), B(t), v(t) be three linearly independent solutions on (0, 00) of
v +p(t)y + )y =0
where p(t) and ¢(t) are continuous on 0 < ¢ < co. Suppose that
Jim (le(e)B'(8) = B(t)e ()] + |/ ()87 (1) — B'(t)a” (B)] + () B(£) = B(t)e" (1)]) = 0

Prove that
lim ()] + Y @)1+ 1y () = o0

3. Let £ be an open domain in R** and let H :  — R be a C? function.
Recall that an autonomous system of differential equations satisfying for

1=1,2,...n
g =
Y /. (2)
Y2 - 3?

is called Hamiltonian.
(a) Prove that a fixed point of a Hamiltonian system cannot be asymp-
totically stable.

(b) Give an explicit example of a Hamiltonian system which has both
stable and unstable fixed points.



4. Prove that the system

4 5
T rT—y—-z
. 3

has a periodic non-constant solution.

5. Recall that two systems of ODE defined in R™ are called topologically
equivalent if there is a homeomorphism A : R™ — R”™ which maps orbits
of one system onto orbits of another system and preserves the direction of
time. Notice that it is not required to preserve parametrization of orbits
by time .

Consider a family of differential equations

z = f(z,p) (Fy) (4)

in R! depending on the real parameter .
For every real € consider the e-perturbation:

i = flz,0)+e (Fa(©)) (5)

Call the family (F),) stable if there is an ¢o > 0 such that for each e
satisfying |e| < ¢g there exists a continuous map p. : p — p(u) such
that for every p the system F,(e) is topologically equivalent to Fj ().

Consider:
t=—z’4pz+k (F¥) (6)

(a) Prove: The family (F3) is not stable.
(b) Prove: If k # 0 is fixed, then the family (Flf) is stable.

6. Let © = f(x), 2 € R™ where f(z) is C! and every solution is defined for
t € R. Let (z,t) — ¢.(z) be the respective flow: ¢g(z) = z for all z and,
for each fixed z, the function t — ¢;(x) is a solution to the differential
equation.

A non-empty set A C R”™ is called minimal if for each z € A the orbit
closure O(z) coincides with A.

A point y is called almost periodic if for each € > 0 there exists T > 0 such
that any time interval of length T contains at least one time 7 satisfying
lp-(y) — 3yl <e.

Assume the orbit closure O(z) is compact.

(a) Prove : Il O(z) is minimal, then z is almost periodic.

(b) Prove : If z is almost periodic, then O(z) is minimal.
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Instructions Answer all six questions. Your work on each question will be as-
signed a grade from 0 to 10. Your grade will be based on the work that is shown
as well as your answer. Some problems have multiple parts or ask you to do
more than one thing. Be sure to go on to subsequent parts even if there is some
part you cannot do. If you are asked to prove a result and then apply it to a
given situation you may receive partial credit for the correct application.

1. Let f:[0,00) — R be continuous. Prove that for every xo the solution of
the initial value problem

' =f(t)-2°, z(0) =20

is defined for 0 < t < o0.

2. Consider the system

T =y
y = —z+y(P+y®-1) (1)
i o= z{z?+y?>-1)

Find the w-limit set for all initial conditions in R3.

3. Solve the initial value problem & = Az , z(0) = zp where

0 -1 0 0
1 00 O
A= 0 0 0 -1
2 01 0

and determine all zg such that solution is bounded.



4. Consider the system

r = -z
g = —y+z° (2)
i = z-30y?

Find the global stable and the global unstable invariant manifolds for the
fixed point at the origin.

5. (a) Show that any solution of
i+t =0

has an infinite number of zeroes on the interval [0, co).

(b) Consider the Sturm-Liouville problem
4+ Mz =0, 2(0)=2z(1)=0

Show that there are no negative A for which this problem has a
nontrivial solution, but there are infinitely many positive values of A,
for which this problem has a nontrivial solution.

6. Let 2 = f(¢,x), z € R™ be a system such that every solution exists for
t > 0 and is unique.
Recall that a solution ¢(t) is called Lyapunov stable on [0, co) if for every
€ > 0 there exists § > 0 such that for any solution ¥(t) of our system, if
[w(0) — $(0)] < &, then |p(t) — ¥(t)] < e for all t > 0.
A solution ¢(t) is called uniformly stable on [0, co) if for every € > 0 there
exists 6 > 0 such that for any tg > 0 any solution ¥(t) of our system
satisfying |¥(to) — ¢(to)| < & , satisfies |d(t) — 1(t)] < e for all t > .
Give an example of a system that has a Lyapunov stable solution which
is not uniformly stable.
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AUGUST 2004

Instructions. Answer each the following six questions. Use a different answer
sheet (or a different set of sheets) for each question. Write the problem number
and your code number (not your name) on the top of each answer sheet. Keep
scratch work on separate sheets.

Your work on each question will be assigned a grade from 0 to 10. Some
problems have multiple parts or ask you to do more than one task. Be sure to
go on to subsequent parts even if there is some part that you cannot do. Parts
of a question need not have the same weight.

Carefully show all your steps, justify all your assertions, state precisely any
definitions and theorems that you use, and explain your arguments in complete
English sentences. Cross out any material that is not to be graded.

1. Let a fundamental matrix @ for the n x n system & = A(t)z satisfy
|B(t)P(s)" | <m for 0<s<t.

Let the n x n matrix-valued function B be continuous on [0, c0) and satisfy

00
/0 |B(t)|dt < 0.

Prove that (every solution of) the differential equation
y=[A({)+ By

is stable on [0, c0).

2. Let [0,00) x R* 3 (¢, x) — f(t,x) € R™ be continuously differentiable with

If (&, @)| < g(O)h(|z|)

where g is continuous on [0, 00), g(t) > 0 for all ¢ > 0, h is continuous on [0, 0o0),
h(u) > 1 for all u > 0, and
© du -
, o h(u)
Prove that for every £ in R™ the initial-value problem & = f(¢,z), £(0) = &€ has
a solution that exists for all ¢ > 0.



3. Find the w-limit set for each solution (corresponding to each initial condition)
of the 2 x 2 system

3
i =x[1 — a2+ 2] —y[l - Va2 +y2)% - y

1.2 +y2’
2
x
R B T

on R?. (At the origin the quotients in these equations are replaced by their
limiting values 0.)

4. Consider £ = Az + h(t,z), where A is a constant symmetric matrix with
all of its eigenvalues positive, h is continuously differentiable and has period 1
in £, and || h(¢, )| < v/||z|| + 2004. Prove that there is a periodic solution.

5. Consider the equation
#lp() 2l + lag(t) + br(t)]e =0

where p, %p,q,r are continuous functions of period 1 on R with p everywhere
positive, p(0) = 1, and where a and b are real parameters. Let £ — @(¢;a,b)
and — ¥(t; a, b) be solutions of this equation satisfying the initial conditions

@(0;a,0) =1, £0(0;a,0)=0, (0;a,b) =0, £Y(0;ab)=1

The functions ¢ and 1 are presumed known. For parameters a and & lying in
a certain region, all solutions of the differential equation are bounded, and for
parameters lying in another region, there is at least one unbounded solution.
Find equations, in terms of ¢ and 1, for those parameters on the boundary
between these two regions.

6. Find the critical (= equilibrium) points for the scalar equation
&+ 2b% +sin(z®) = 0

where b is a positive constant. The linearization of this equation about a stable
critical point (£,0) in the (z, £)-plane with £ > 0 has three qualitatively different
kinds of phase portraits, one for small positive b, one for large positive b, and
one for a single positive value of b, with these ranges depending on £. Give a
careful sketch of such a phase portrait for a large value of b. Be sure to identify
important directions with their slopes and include arrows.
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Instructions. Answer each the following six questions. Use a different answer
sheet (or a different set of sheets) for each question. Write the problem number
and your code number (not your name) on the top of each answer sheet. Keep
scratch work on separate sheets.

Your work on each question will be assigned a grade from 0 to 10. Some
problems have multiple parts or ask you to do more than one thing. Be sure to
go on to subsequent parts even if there is some part that you cannot do. Parts
of a question need not have the same weight.

Carefully show all vour steps, justify all your assertions. state precisely any
definitions and theorems that you use, and explain your arguments in complete
English sentences. Cross out any material that is not to be graded.

1. Let [0,00) x R* x R® 3 (¢,x,y) = f(t,x.y) € R" and [-1,0] 3 s —
g(s) € R™ be prescribed continuously differentiable functions. Prove that there
is an interval [0,e], @ > 0, and a unique continuously differentiable function
[0,a] 3t — x(t) € R" satisfving the differential-delay equation

ax

—E(t) = f(t,x(t),x(t — 1)) for ¢>0,

and the “initial condition”

x(t)=g(t) for —1<t<0.

2. (a) Prove that all solutions of initial-value problems for the nonlinear scalar
equation

£+t tanht + sinhz + 2° = 0, zeR,
with initial data given for t = 0 are defined for all ¢t > 0.

(b) Prove that all solutions of initial-value problems for the nonlincar system

T 1 2 3 sinx) ¢
2| =1]4 5 6 cosaa | + ¢2
i73 7 8 9 Ty sin o tanh V1 + 1'2

with initial data given for 1 = 0) are defined for all t > 0.



3. Let A€ [0,0c). Prove that the boundary-valne problem

4 {(IH")E} +

m m N+ stz =0 for 0<t <1, 2(0)y=0=z(1)
.

for a real-valued function z has nontrivial solutions exactly when A belongs to
a sequence {Ay} of real numbers, £ =0,1,2.... with 0 < Ag < A| < .-+, and
that the solution corresponding to Ay has exactly A zeros on (0. 1),

4. Find e'” for
5 2

4
A=1]0 1 0
-8 -1 -7

5. Show that there is a real number p # 0 for which the system

Il

& =upr+y+azy -y’
=z tuy -z -y
has a nontrivial periodic solution.
6. Give a careful sketch of the phase portrait of the second-order equation

F+at+a(z-(z+1)=0

showing singular points, separatrices, and typical trajectories. Put arrows on
nonconstant trajectories showing the direction of motion with increasing time.
The portrait should have enough detail for one to determine all the qualitatively
distinct kinds of solutions.
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Instructions Answer all six questions. Your work on each question will be as-
signed a grade from 0 to 10. Your grade will be based on the work that is shown
as well as vour answer. Some problems have multiple parts or ask you to do
more than one thing. Be sure to go on to subsequent parts even if there is some

part you cannot do. If you are asked to prove a result and then apply it to a
given situation you may receive partial credit for the correct application.

1. Consider the scalar differential equation
T = f(¢t,x)

where f is defined and continuous everywhere and f(t,z+h) <
f(t,z) for each real ¢, real z, and positive A. Assume that
¢, and &, are two solutions defined on an interval (a,b) and
61(t) = 0a(t) for some t in (a,b). Prove: ¢.(s) = @a(s) for all
s in (¢, 0).

2. Consider the linear system
€z = Az + b,

where ¢ > 0, A and b are constant, and Re(\) < a < 0 for
each eigenvalue A of A. Let z(t, zq, ¢) denote the solution with
initial value zy.

Prove that, for every s > 0,

lim sup|z(t, zo,€) + A7'0| = 0.

e—0F 4>
3. Let ¢(t) be the solution of the initial value problem

449"+ hly) =0, y(0) =yo, ¥(0) = o,

where h is a smooth odd function on R and yA(y) > 0 for all
y #0.
Prove that either lim; .. ¢(t) = 0 or lim,_. |¢(t)| = oc.




4. Observe that the unit circle is an orbit of the system

I = y

y = —z+¢l-22-yNy
By continuity. thereis a d > 0 such that if [z —1| < ¢ then there
is a least positive time ¢ = t(x) such that the solution starting

at (z,0) returns to the positive z-axis, at the point (¢(z),0) at
time ¢(x). Calculate ¢'(1).

5. Consider the system, for b 5£ 0,

[\]

z
Zz

I )
)

(a) Prove that for any value of a there are no equilibrium points
except (0,0).

(b) Prove that for any a < 0 there are no periodic orbits (ex-
cept (0,0)).

(c) Prove that for any a > 0 there is a non-trivial periodic
orbit (different from (0, 0)).

(S

I, =  az| +bry -z (x
Iy = —bxy +az; — Iz

4
1

no
[RCPN

+

6. Consider the systems (1) ¢ = A(t)z and (2) y = A(t)y + A(t),
where A and h are continuous and periodic with period 7' > 0
and z € R". Assume that all solutions of (1) are periodic with
period T and let ® be a fundamental matrix solution of (1).

Prove that all solutions of (2) are periodic with period T" if and

T
only if / d~!(s)h(s)ds = 0.
0
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Instructions Answer all six questions. Your work on each question
will be assigned a grade from 0 to 10. Your grade will be based on
the work that is shown as well as your answer. Some problems have
multiple parts or ask yvou to do more than one thing. Be sure to go
on to subsequent parts even if there is some part you cannot do. If
you are asked to prove a result and then apply it to a given situation
you may receive partial credit for the correct application.



—

N

2

Consider the equation y + y = 0. Prove that there is a

t2+1
constant M such that for every solution and for every ¢t > 0,

) + 60) < My (w(0)? + (3(0))"

Consider the equation j + y°y° + P(y) = 0, where P(y) =
Y™ + Qo y™ " + - 4+ a1y + ao and m is positive and odd.
Prove that for every solution y(t) there is a root y* of P such
that lim, . y(t) = y*.

Consider the system

T, =2z — I% — T1I;
Ty =dzy — 1,79 — 272

a) Show that every solution, which starts in the first quadrant,
stavs in the first quadrant.

b) Find the w-limit set for each solution that starts in the first
quadrant.

. Consider the equation £ = Az + A(t) in R", where A has n

distinct eigenvalues with negative real parts and h is continuous
and bounded on R.

a) Prove that there is a unique solution bounded on (—o0, co).
b) Prove that if in addition ||A(t)|| — 0 as t — oo, then every
solution tends to 0 as t — oc.

. Prove that the system

) = I+ Ty — 3 (2 + 73) cos?(z? + z2)
Ty = =T, + Ty — T2(2? + %) cos?(z? + z2)

has infinitely many geometrically different periodic solutions.

Let S be a surface in R® given by z3 = G(z,z;) for all
(z1,72) € R?, and suppose that G is C'. Let f(z) be a C!
vector field in R® that is tangent to S at every point of S. Let
¢ be a solution to £ = f(z). Prove: If ¢(0) € S then ¢(t) € S
for all ¢. '
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Instructions: Answer all six questions. Explain your answers fully.
If you cite a theorem, explicitly explain why it applies.

1. Consider the differential equation £ = Az, where

— N OO
N OO O

Find all real (a, b) such that every solution is bounded on [0, c0).

2. Consider, for ¢ > 0, the equation

x—f-?m:c:O.

(a) Prove that for any interval (a,b) C (0,0c0) there exists A
such that if ¢(t) is a solution of the above equation, then

there exists ¢y € (a,b) satisfying ¢(ty) = 0.

(b) Prove that if A < 0, then any solution ¢(t) which is not
identically zero has no more than one root.

3. Consider the two-dimensional system:

X'=(A+B(t)X

where

e_tz ;
B(t) = ( 1 1e+—tc2 ) :

14-¢2002

Prove that lim,_,., X(¢) = 0 for every solution X(¢).




4. Consider the system:

T = z-zV2*+ Y —yvz® +y* + 1y,
y o= y-yr P +aVe R -t

Observe that the positive z-axis is invariant.
Find the w-limit set w(p) for every point p in the plane.

5. (a) Check that (z = 3cos 3t, y = sin 3t) is a periodic solution
of the system

= Y+l =% -y,
y = z+y(l-% —¢7).

(b) Find the derivative (eigenvalue) of the Poincaré first return
map to the real axis at (3,0).

6. Consider the two-dimensional system:

T = pr+y-2x+1°+9?
y = py+z—2y-+2zy.

(a) Find those real values of p such that the origin is a hyper-
bolic fixed point. For each such p, determine the type and
stability of the origin.

(b) For those values of p such that the origin is not a hyperbolic
fixed point, sketch the global phase portrait of the system.
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Instructions Answer all six questions. Your work on each question will be as-
signed a grade from 0 to 10. Your grade will be based on the work that is shown
as well as your answer. Some problems have multiple parts or ask you to do
more than one thing. Be sure to go on to subsequent parts even if there is some
part you canaot do. [f vou are asked to prove a result and then apply it to a
given situation you may receive partial credit for the correct application.

1. Consider the Differential Equation

! t = f(z,t)
Suppose that f : I‘QX R — Ris a C! function. Suppose that ¢ : (a,b) —
R is a solution to the DE that is bounded on the finite interval (a, b).

(a) Prove that o is uniformly continuous on {a.b) and that therefore
L =1lim,_,- &(t) exists.

{b) Provethat there is a number ¢ > 4 and a solution ¥ to the DE defined
on (a,c) such that w(t) = ¢(t) for all ¢ in the interval (a.b).

(c) Suppose that a solution 8 of the DE is defined on a finite interval
(u,v) and that 4 cannot be extended to a solution on any interval
(v, w) with w > Prove that ||8]] = oc as ¢t — v™.

2. Consider the two dimensional svstem

= flz,y)
- Q(Iy)

<.
|

Suppose that f and g are C' throughout the ry-plane, that f(0,0) =
fz(0,0) f,(OO)) ( 0 l) .
0,0) = 0 and that f L = Provide ex-
9(0.0) < 9=(0,0) ¢,(0.0) -1 0
plicit examples of functions f and g satisfying the above conditions and
such that the stated additional propertyv holds. You do not need to prove
that the svstem has the stated properties.

(a) Everyv solution converges to 0 as ¢t — 20

(b} Every non-constant solution diverges to oc as t — <c.

(c) There is a unique periodic solution (lying on a simple closed curve
~) and each non-constant solution has v as its w-limit set.



3. Consider the Initial Vaiue Problem:

z= f(l',t), I(O) = ZTo

Suppose that f : R® x R — R" is a C! function and suppose there is a
continuous function & : R — R such that [|f(z,¢)|] < M(¢)]|z]] for all

(z,t) € R" x R.
Prove: For every zo € R" there is a solution to the [VP that is defined

on (-0, ).

4. Cousider the two-dimensional system:

z = 3z
¥y = 3z -2y-+8z>
(a) Solve this svstem assuming that z(0) = 4 and y(0) = B.
(b) For which cnoices of 4 and B does the solution lie on the stabiz

manifold for the critical point (0,0)7

{c) For which choices of 4 and B does the solution lie on the unstable
manifold for the critical point (0,0)7

“(d)} Find an equation in z and y whose graph is this unstable manifold.

Consider the Differential Equation £ = f(z) where f : R®* — R" is C!
Suppose that V¥ R™ — R! is continuously differentiable and suppose
that VV(z) f(z) <0 for everv z € R". Prove that V' is conscant on the
w-limit set of any solution to the DE.

wt

6. Consider the Initial Value Problem:
I+ —=—-—=0, z(0) =z >0, i(O):Uo.

(a) Find an algebraic expression E{z,v), (v = ), and a constant Cp such
that the solution to the IVP is bounded if and only if E(z5,vq) < Cp.

(b) Sketch the phase portrait in the right-half {z > 0) of the rv phase
plane and indicate the regions corresponding to £(z,v) < Cy, E{z.v)
Co, and E(z,v) > Cb.




DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
WRITTEN GRADUATE QUALIFYING EXAM

ORDINARY DIFFERENTIAL EQUATIONS (PH.D. VERSION)

January 2000

Instructions

Answer all six questions. Your work on each question will be assigned a
grade from 0 to 10. Some problems have multiple parts or ask you to do more
than one thing. Be sure to go on to subsequent parts even if there is some part
you cannot do. If you are asked to prove a result and then apply it to a given
situation you may receive partial credit for the correct application.

Notation: || - || is the Euclidean norm.

1.

Consider the initial value problem
z = 2> +~ysinz _ _
{ ) = —ltzytcosy }, z(0) =xz5 > 0, y(0) =y > 0.
Prove that the solution to this IVP lies entirely in the first quadrant.

Suppose that f: R* — R™is C* with || f(z)|| < M||z] for some constant
M. Note that this implies f(0) = 0 and that every solution to z = f(z)
is defired on (—oc,o¢). Suppose V' : R™® — Ris C! and that its gradient
VV satisfies VV(z) - f(z) =0 for all x # 0.

Prove that a solution ¢ to £ = f(z) that is bounded on {0, cc) satisfies
lm (¢) =0

Suppose that f: R* — R" is C! and that T : R® — R" is a linear map
satisfying T2 = [ (the identity map) and f(Tz) = =T f(z). Assume for
convenience :nat all solutions are defined for —cc < ¢ < oc.

(a) Prove: If @(t) is 2 solution to £ = f(z) so is ¥(t) defined by ¥(t) =
T(o(—t)).

(b) Prove: [f ¢(t) is asolution satisfving T(¢(t)) = o(t1) and T((t2)) =
@(to) for some t| < t2 then @(t) is periodic (or constant).

Suppose that f: R* — R™ is C! and there is a real constant M such that
f(z) = < M| z||? for all z.

(a) Prove that every solution ¢ to £ = f(z) satisfies ||p(t)| < ||o(0)(|e™®
forall t > 0.

8z + 2y +v°
2z =35y -y

fl

(b) Show that every solution ¢ to { ’ } satisfies

Y
o)) < (19(0)]|e® for all ¢ > 0




. Consider the parameterized system S : { .

3
3. ConsiderthesystemS:{z rmy-z }

T+y— y3
(a) Determine the nature of the critical point (0,0).
. e : y = z-1°
(b) Either by considering the graphs of the equations r = Py
or by a method of your choice, show that (0,0) is the only critical
point of the system.

(c) Show that for every zg, the solution @ to S with ¢(0) = zq is bounded
on the interval [0,c0).

(d) Show that there is a (non-constant) periodic solution to S.

- . 2_ 2
z = —y+xlp-z°—y°)

il a4 .
y = zeylp-zt-y°)
Determine the changes in the qualitative features of the phase portrait of
all solutions to the system as p passes from positive to negative values.
Consider the 3cases: u <0, u >0, u=0.
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Instructions

Your work on each question will be assigned a grade from 0 to 10. Some problems
have multiple parts or ask you to do more than one thing. Be sure to go on to
subsequent parts even if there i1s some part you cannot do.

Use a different sheet (or different set of sheets) for each question. Write the problem
number and your code number (not your name) on the top of every sheet.

Keep scratch work on separate sheets.

Unless otherwise stated, you may appeal to a “well-known theorem” in your solution
to a problem. However, it is your responsibility to make it clear exactly which
theorem you are using and to justify its use.



1.

o

Prove the following Gronwall inequality .

Let K be a nonnegative constant and let f and g be continuous nonnegative functions
on some interval a <t < b satisfying the inequality

flt) < K + / f(s)g(s)ds fora <t <b. (1)
Then

f(t) < Kexp (/atg(s)ds> fora <t <6 (1)

Give two explicit examples of parametrized C! systems

flz,y, 1) (I11)

with the following properties .

(a) In both examples the origin is a stable critical point for 4 < 0 and it is an
unstable critical point for ¢ > 0 .

(b) In example 1 the system has no periodic orbits for ¢ < 0 and for every pu > 0
there is one stable periodic orbit.
Draw the bifurcation diagram of Example 1.

(c) In example 2 the system has no periodic orbits for 1 > 0, no periodic orbits
for u < 0, but there are periodic orbits for p = 0.

Note. You need to prove that your examples satisfy the required properties.

. Consider the system

T =y

: 4 —g? — y? (IV)
- —x+<4+$2+y2>y

Find the w-limit set for each trajectory.




4. Consider an ODE
i+ au4g(u) =0 (V)

where & > 0 and g is a C' function with ug(u) > 0 for u # 0, [ g(u)du = co
and [° g(u)du = ¢ < c0.

(a) Prove that every bounded solution u(t) to (V) satisfies

lim u(t) = lim u(t) = 0.

t—oo t—co

(b) Prove that every solution u(t) to (V) is bounded on (0, co).

5. Consider the ODE

= f(z,y) :
: V1
y = 9(z,y) VD
(a) Prove: Suppose that f and g are C' throughout the z-y plane, that f(—z,y) =
flz,y) and g(—z,y) = —g(z,y). Then the IVP (VI) with z(0) =0, y(0) = yo
has a solution whose maximal domain is symmetric about the time ¢t = 0 and
satisfies (z(—t),y(—¢)) = (—z(t),y(t)).
(b) Suppose in particular that

flz,y) = —y+z%y
glz,y) = z+2%

Prove: There is a ¢ > 0 such that if 0 < z3 + y5 < &% then the solution to (VI)
through (zg,yo) is periodic.

6. Suppose that y(t) is a solution of the integral equation

y(t) = (cost) + a/too sin(t — s)M ds (t>0) (VII)

s2

(a) Assuming that [ "'S)I ds < oo find a second order homogeneous linear ordi-
nary differential equation with variable coefficients satisfied by y.

(b) Consider the successive approximations on the interval 0 < ¢ < co :

do(t) =0

¢)n—1(5)

32

dn(t) = (cost) + cx/oo sin(t — s) ds (a>0)

Show that {¢,} converge uniformly on any interval (a,o0), with a > 0, to a
solution ¢(t) of (VII) and that | #(t) |[< e¥ for all t € (0,c0).
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DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
WRITTEN GRADUATE QUALIFYING EXAM
oD€ Differential Equations (PH.D. VERSION)
January 1999

Instructions

Answer all six questions. Your work on each question will be assigned
a grade from 0 to 10. Some problems have multiple parts or ask you
to do more than one thing. Be sure to go on to subsequent parts even
if there is some part you cannot do. If you are asked to prove a result
and then apply it to a given situation you may receive partial credit
for a correct application even though vou do not give a correct proof.

, Use a different sheet (or different set of sheets) for each question. Write

the problem number and your code number (not your name) on the
top of every sheet.

IKeep scratch work on separate sheets.

Unless otherwise stated, you may appeal to a “well-known theorem” in
vour solution to a problem. However, it is your responsibility to make
it clear exactly which theorem you are using and to justify its use.




L.

o)

Consider the initial value problem

= Al r(0) =(1,2.3.4)7 (1)
01 0 0
0k 00
where 4 = 953 0 1
45 =10

Determine the values of & for which the solution of (1) is unbounded
as T — 00

. Prove the fundamental existence theorem: If f(t.y) is a continuous

function on an open set D C R? then, for any (to,yo) € D, there is an
open interval I containing ty and a continuously differentiable function
o(t) defined on I such that ¢(¢) = yo and % ¢(t) = f(¢, 4(¢)) for all ¢
in /.

. Suppose that f(t,y) = —/ty fort >0, y > 0 and f(t,y) = 0 other-

wise. Determine for which values of tg and 1, the initial value problem
g = flt.y). ylts) = yo has a locally unique solution and for which
valites 1t does not have a locally unique solution. Note: We say there
15 a locally unique solution at (¢, yo) if for any sufficiently small open
interval 1 there is exactly one function ¢ defined on I with ¢(ty) = o
and o(t) = f(t, ¢(t)) on I,




1. Let A be a constant n x n matrix such that all eigenvalues have negative
real parts. Let B(t) be a continuous matrix valued function such that
Joo B dt < co.

Prove that the zero solution to y = (A+ B(t))y is asymptotically stable.

5. Suppose that f(r,y) and g(z,y) are C'! functions defined throughout
R?. Assume that the autonomous system z = f(z.y). v = g(z.y)
lias exactly 1 non-constant periodic solution and let D be the domain
interior to the closed curve given by this periodic solution. Suppose that
there 1s exactly one point (29, y0) in D where f(zo,y0) = g(z0.y0) =0
and suppose A = f.(Zo, Y0) gy (Z0, o) — fy(To, Y0)gz(Zo, yo) # 0.

Prove that either

(a) For every (zy,y1) # (%o, %) in D, the w limit set of the solution
through (zy, y1) is the fixed point and the « limit set is the periodic
orbit

Ot

(b) Forevery (zy,y1) # (zo,%) in D, the « limit set of the solution
through (x,y,) is the fixed point and the w limit set is the periodic
orbit

6. Consider the system of differential equations & = z(1 — ax — by) and
y =1y(l— cxr—dy) with constants 0 < ¢ < ¢ and 0 < b < d and initial
data (0) = x9 > 0 and y(0) = yo > 0. Draw the phase portrait in
rhe first guadrant and determine the long term behavior of solutions
to rhis svstem.



DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAM, PH.D.
ORDINARY DIFFERENTIAL EQUATIONS
AUGUST 1998

a. Your answer to each of the questions will be assigned a score from
zero to ten. Begin each problem on a separate answer sheet. Write
the problem number and vour code number (NOT your name) on the
answer sheets. Clearly indicate the pages that are to be regarded as
scratch work and the pages that are part of the solution.

b. Justify your answers. Provide careful statements of any theorems
you invoke.

c. The student is completely responsible for solving the problem and
presenting the solution in concise, comprehensible and mathematically
meaningful manner. No credit will be given for arguments that do not
directly lead to a solution.

1. Let £ = u(z,y), y = v(z,y) be a C' system in the plane. Suppose
u(z,y) is even in z and v(z,y) is odd in z. Let ¢(t) = (z(t), y(t))
be a solution that is not a fixed point.

(a) Show that ¥(t) = (—z(—t), y(—t)) is also a solution.
(b) Prove that ¢(¢t) is a periodic solution if z(0) = z(T") = 0 for
some T > 0.

2. Let ¢ : R — R be a continuous nonnegative function. Let ¢ be a
solution of

£ —q(t)z=0.

Show that if ¢(¢,) = ¢(t2) = 0 for some ¢, # ¢y, then ¢ is identi-
cally zero.

3. Prove that any integral curve of % = z? — y? intersects the line
y = x at least once.



4. Discuss the stability and bifurcation phenomena for the following
equation. Sketch the bifurcation diagram.

i =z -2z +2%).
5. Let f(t,z) be a C* real-valued function on R? and suppose
of
oz
on R?. Let z(t, zp) be the solution of the initial value problem
T = f(t, z)
z(0) = zp.

<K

(a) Show that if z(t,zq) and z(¢t, z,) are defined, then
t
|z(t, zo) — z(t, z,)| < |z — zo| + K/ |z(s, z9) — z(s,z1)|ds
0

Jz

—(1, 1’0)

(b) Show that s

< ¥ whenever z(1, o) is defined.

6. NOTE: The two parts of this problem can be done independently
of each other.

Let I, be the n x n identity matrix, and let J = (_0[ ‘g‘)

Note that J> = —I. A real 2n x 2n matrix A is symplectic if
AJ + JAT = 0. The associated linear system 7 = Az is said to
be a linear Hamaltonian system.

(a) Show that if A is an eigenvalue of a real symplectic matrix A4,
then —A, A, and —\ are also eigenvalues of 4.

(b) Assume part (a) even if you can’t prove it. Let A be a real
symplectic matrix without repeated eigenvalues. Show that if
the origin is a stable equilibrium point of the associated linear
Hamiltonian system £ = Az, then every solution of £ = Az is
a finite linear combination of periodic functions.



DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAM, PH.D.
ORDINARY DIFFERENTIAL EQUATIONS
JANUARY 1998

a. Your answer to each of the questions will be assigned a score from
zero to ten. Begin each problem on a separate answer sheet. Write
the problem number and your code number (NOT your name) on the
answer sheets. Clearly indicate the pages that are to be regarded as
scratch work and the pages that are part of the solution.

b. Justify your answers. Provide careful statements of any theorems
you invoke.

c. The student is completely responsible for solving the problem and
presenting the solution in concise, comprehensible and mathematically
meaningful manner. No credit will be given for arguments that do not
directly lead to a solution.

1. Suppose f : R — R is continuous, f(y) = 0 and f(y) > 0 for

Y # Yo-
State and prove a necessary and sufficient condition on f so that the

solution of the initial value problem
y' = f(y), y(0) = v,

is unique.

2. Determine the set of values of k& for which the system 2’ = Az,
z € R?%01 is stable, where

1 2 ... 2000 %
1 2 2000 %
A= . . .

1 2 ... 2000 %



2

3. Let f :[0,00) = R be continuous. Prove that for every z4, the
solution of the initial value problem

' = f(t) — 2%, z(0) = o,
is defined on the interval [0, 00).

4. Prove that every solution z(t) of
E+e %t +sine =0

satisfies lim z(¢) = nw for some integer n.
t—o0

5. Consider the system
i) = —z9(z5 + 1)
iy = z(23 + 1)
Ty = z3(zf + 25— 1).

Determine the a- and w-limit sets for all initial conditions z(0) € R®.

6. Consider the equation:
y+y+(1+ecos2t)y=0.
a) Show that for all € # 0, the characteristic (Floquet) multipliers p;,

po for the corresponding linear system satisfy p;pp = e™™.
b) Show that there is £g > 0 such that for every e with |¢| < &g, all

solutions are bounded for ¢ > 0.




DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAM, PH.D.
ORDINARY DIFFERENTIAL EQUATIONS
AUGUST 1997

a. Begin each problem on a separate answer sheet. Write the problem
number and your code number (NOT your name) on the answer sheets.
Clearly indicate the pages that are to be regarded as scratch work and
the pages that are part of the solution.

b. Provide careful statements of any theorems you invoke and give
careful explanations of your procedures. Your answer to each of the
questions will be assigned a score from zero to ten.

c. The student is completely responsible for solving the problem and
presenting the solution in concise, comprehensible and mathematically
meaningful manner. No credit will be given for an answer without a
complete justification. No credit will be given for arguments that do
not directly lead to a solution.

1. Let f: R — R be an odd continuous function such that f(0) =0,
1997

flz) >0 for z>0and f —f(—lﬂdr: 1.
Determine all values of a for which there is a solution z(t) to £ = f(z)

with £(0) =0, z(1) = a.

2. Determine, as a function of k, the dimension of the space of initial
conditions xg for which the solution of

0 £ 1
x=[0 -1 -1{x, x(0)=xo,
0 2 2

is bounded for t > 0.




a

=

3. The unit ciccle z(¢) = cost, y(t) = sint is a periodic solution of the
system
=y
y=—(F+y)y -z
and the segment of the z-axis § = {{z.0): .9 <z < 1.1} is a Poincaré
section with the Poincaré return map P : S — 5.
Find the derivative of P at (1,0).

4. Prove that every solution of

z = (z+1)y
y = cos’y — zy°
is unbounded as ¢t =+ 0.

5. Consider the n-dimensional autonomous system z = v(z), where v
is C*(R™) and all first derivatives of v are bounded.
Prove that there is a constant M > 0 such that

lz(t) ~ y(t)]| < [|z(0) — y(0)|| - &™*
for every two solutions z(t) and y(t) and all ¢ > 0.

6. Consider the n-dimensional autonomous system z = f(z), where f
is C'(R™). Suppose every solution is a bounded function of t € R. For
z € R, let a(z) and w(z) denote, respectively, the a- and w-limit sets
of z. Suppose for all z,y € R" that z € w(y) whenever y € w(z).
Prove that a(z) = w(z) for every z € R™.



DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND
GRADUATE WRITTEN EXAM, PH.D.
ORDINARY DIFFERENTIAL EQUATIONS
JANUARY 1997

a. Begin each problem on a separate answer sheet. Write the problem
number and your code number (NOT your name) on the answer sheets.
Clearly indicate the pages that are to be regarded as scratch work and
the pages that are part of the solution.

b. Provide careful statements of any theorems you invoke and give
careful explanations of your procedures. Your answer to each of the
questions will be assigned a score from zero to ten. Some problems are
broken into parts for convenience, but the score will be assigned to the
problem as a whole.

c. No credit will be given for an answer without a complete justification.

1. Determine whether the origin is stable, asymptotically stable, or
unstable for the system

-3 -3 -2
X = 1 1 1| x.
2 2 1

(Note: there are exactly two distinct eigenvalues.)

2. Consider the planar system
z=z(l—2z2 -y —y
v =z+y(l-22" —y?
a) Prove that every solution is bounded.

b) Determine all solutions whose w-limit set contains the origin.
c) Prove that there is a nontrivial (i.e., not a fixed point) periodic orbit.



2

3. Counsider the following system in R™:
x = ||x|lx + h(x,t),

where h is C', bounded and h(x,t + 1) = h(x,t) for all x € R™ and
t eR.

a) Show that if [|x(0)|| is large enough, then ||x(¢)]| = co as t = co.
b) Prove that there is either a fixed point or a periodic solution of (not
necessarily least) period 1.

4. For the second order initial value problem
(%) i+ u(u—2)=0; u(0) =uq, u(0) =0,
find ug # 0 such that the solution of () tends to 0 as t — co.

5. Let f(y) =lny-ln(y—1)ify > 1 and f(y) =0ify < 1. Determine
whether the initial value problem

y' = fly), y(0)=1,
has a unique solution.

6. Let v : R* - R™ be C' and bounded and let x(¢) and y(¢) be
solutions of the system % = v(x) with initial conditions x(0) = %o and
y(0) = yo. Assume that x(tx) = yo € R™ as k — oo for a sequence
tr /oo with tgyy — tx < 1 for all k.

Prove that yg is a fixed or a periodic point.



WRITTEN QUALIFYING EXAMINATION
ORDINARY DIFFERENTIAL EQUATIONS
AUGUST 1996

Instructions: Answer each of the following six problems, giving careful statements
of any theorems you invoke and giving careful explanations of your procedures.
Your answer to each question will be assigned a grade from 0 to 10. Although some
preblems are broken into parts, the parts need not have equal weight.

Begin each problem on a separate answer sheet. Write the problem number and
your code number (NOT your name) on the answer sheets.

Clearly indicate the pages that are to be regarded as scratch work and the pages
that are not part of the solution.

1. Let f(z) = zIn(1/x) when 0 <z < 1 and f(z) = 0 when z < 0. Show that the
scalar IVP {2 = f(z); =(0) = 0} has a unique solution.

2. Consider the 2-dimensional system (1) ¢ = f(z) where f is smooth, f(0) = 0,
z' f(z) > 0 in a punctured neighborhood of 0, and f(z) # 0 for all z # 0. If (1)
does not possess a periodic orbit (except the fixed point at the origin), prove that
all solutions of (1) except z = 0 are unbounded on [0, co).

3. Consider the n-dimensional system ¢ = f(z), where f is smooth, and assume
that there is a point ¢ whose positive semiorbit is compact. Prove that z¢ is either
a fixed or a periodic point.

4. Consider the second order equation (1) y + p(¢t)y = 0, where p is continuous
and T-periodic. Let y;,y2 be solutions of (1) which satisfy the initial conditions
v1(0) =1, 91(0) = 0, y2(0) =0 and y2(0) = 1. Let p be a complex number.

Show thatpthere 1s 2 nontrivial (possibly complex valued) solution y that satisfies
y(t+T) =.y(t) if and only if p satisfies the equation p? — (y1(T) +y2(T))p+1 = 0.

5. Consider the second order equation § + ¢g(y,y) = 0, where g is smooth on R xR,

- 9(0,0) =0 and %(0, 0), %(0,0) > 0. Prove that y(t) = 0 is asymptotically stable.
Y y

6. Consider the scalar second order [VP
(L) J+py+h(y) =0, y(0) =y >0, y(0) =0,
where p2 > 0, h is smooth and yh(y) > 0 for all y # 0.

a) Show that the solution of (1) is bounded above for ¢ > 0.
b) Show that the solution of (1) is bounded below for ¢ > 0.




WRITTEN QUALIFYING EXAMINATION
ORDINARY DIFFERENTIAL EQUATIONS
January 1996

Instructions. Answer each of the following six problems, giving careful
statements of any theorems you invoke and giving careful explanations of
your procedures. Your answer to each question will be assigned a grade from
0 to 10. Although some problems are broken into parts for convenience, the
parts need not have equal weight.

Begin each problem on a separate answer sheet. Write the problem num-
ber and your code number (NOT your name) on the answer sheets.

Clearly indicate the pages that are to be regarded as scratch work and
the pages that are not part of the solution.

1. Consider the planar system of differential equations
& = f(z)

v = h(z)g(y)
where f, g, and h are continuous real valued functions defined on R
and f and g are Lipschitz on R. Let ¢(t) = (1(2), w2(¢)) and ¥(t) =
(1(t), 2(t)) be two solutions of this system defined on the same open
interval I containing the closed interval a < ¢ < b.

(a) Prove that if #(a) = ¥(a), then ¢(t) = ¥(t) on I.
(b) Prove that given € > 0, there exists § > 0 such that fora <t <,
|6(t) — ¥(t)| < e when ¢1(a) = ¥1(a) and |¢2(a) — ¢2(a)| < 4.

2. Show that if z(¢) is a solution of the second order differential equation
F+id+ze® =0
satisfying £(0) = 0, then

lim z(¢) = 0.

t—o0




3. Let £ = f(z) be a C* system of differential equations in the plane with
the following properties:

(1) There are exactly two fixed points denoted by p and g and they are
hyperbolic fixed points with stable manifolds of dimension one,

(ii) there exists a point £ such that w(§) = {p} and a(§) = {q},

(iii) every solution not on a stable or unstable manifold goes to infinity
both as time increases and decreases.

Sketch a phase portrait of a system satisfying these conditions and
argue with the aid of pictures that there exist arbitrarily small C!
perturbations of f in a neighborhood of £ not containing p and ¢ such
that for the perturbed system there does not exist any point 7 satisfying

w(n) = {p} and a(n) = {g}-

4. Let A be an n x n real matrix such that
__At — QAQ—I.
for some invertible matrix @). Consider the linear system 7 = Axz.

(a) Show that the origin is neither positively nor negatively asymp-
totically stable. ’

Let S denote the symmetric matrix @ + Q°, and thinking of z as an

n X 1 matrix, set
V(z) = z'Sz.

(b) Show that the derivative of V' along solutions is 0.

(c) Show that if the eigenvalues of S are all positive, then the origin
is stable.

5. Let @ be a continuously differentiable function on the closed interval
(—1,0] with values in R*. Using the contraction mapping principle
prove that for small positive a there exists a unique continuous R™
valued function u(t) on the closed interval [—1, a] such that for —1 <
t<o0




WRITTEN QUALIFYING EXAMINATION
ORDINARY DIFFERENTIAL EQUATIONS
AUGUST 1995

Instructions. Answer each of the following six problems, giving careful
statements of any theorems vou invoke and giving careful explanations of
vour procsciii2s. Your answer to each question will be assigned a grade froi
0 to 10. Although some problems are broken into parts for convenience, the
parts need not have equal weighr.

Begin each problem on a separate answer sheet. Write the problem num-
ber and vour code number (NOT your name) on the answer sheets.

Clearly indicate the pages that are to be regarded as scratch work and
the pages that are not part of the solution.

1. Suppose throughout that the eigenvalues of the matrix A for a linear
svstem of differential equations with constant coeflicients all have non-
positive real parts.

(a) Show that all the solutions are bounded in positive time, when all
the eigenvalues are simple.

(b) Give two examples demonstrating that when the eigenvalues are
not all simple, the solutions may or may not all be bounded in
positive time.

(c) Prove that all the solutions are bounded in positive time when the
matrix A 1s symmetric.

2. Given a smooth autonomous ordinary differential equation on the plane,
prove that for a non-periodic point when the intersection of its alpha-
limit set and omega-limit set is not empty, it contains only fixed points.



and for 0 < t < a the function u has a derivative satisfying
_ 1
(t) + u(t) + / u(t = 7)dr = 0.
0

. Let A be an n x n real matrix and suppose that the eigenvalues of A all
have negative real parts. Let B(t) be a continuous function defined on
R with values in the n x n real matrices and suppose that [|B(¢)|| < p.
Consider the linear differential equation £ = (A+ B(¢))z, and let z(¢, £)
denote the solution satisfying z(0, &) = €.

(a) Show that there exist positive constants C' and « such that for
t>0
-at t
Iz, Ol < Cliellet + [ uCliz(s,€)llds.

(b) Show that for small enough positive p, there exist positive con-
stants M and ¢ such that for ¢t > 0

lz(t, €)|| < Me™.



3. Consider the second order equation

y+p(t)y+q(t)y=0

where p(t) and ¢(¢) are smooth positive functions on the real line and
q(t) is decreasing.

(a) Rewrite this equation as a linear system and show that the func-
tion
Eft,y, 1) = q(t)y’ + (9)°
is decreasing along the trajectories of the system.
(b) Show that the svstem is uniformly stable, if
511,123 g(t) > 0.
4. Show that there exist u 5= 0 for which the system
j:=u:1:—%—y+zy—zy2
y=-z+py -zt -y’
has periodic solutions.
5. Consider the spiral system
Itl = —Z + l')_(]. - T2)
3.','2 =T +I2(1 - 7‘2)
where 72 = z? + z%. Let x(¢,7,£) denote the solution which passes
through £ at time 7 and note that x(¢, 7, (1,0)) = (cos(t—7), sin(t —7)).

(a) Explicitly calculate the linear system of differential equations for
which the Jacobian matrix

0x
(8_§(t’ 0, (1, 0)))

is a fundamental matrix solution.

(b) Use the given information to exhibit a periodic solution of period
27 for the linear system in part (a).

(c) Find the characteristic multipliers of the linear system in part (a).



6. Let K be a closed and bounded subset of R™ and let F': K — K be a
continuous map, not necessarily either one-to-one or onto. A point p in
K is said to be a wandering point for F' if there exists a neighborhood
U of p for which {F~™(U) : m > 0} is a pairwise disjoint family of
sets. Let p be a point of K.

(a) Given M > 0, prove that
[F7*({p}): 0 <n< M}

is a pairwise disjoint familv of sets, if p € F¥(K). (It is possible
that some of the sets in this family are in fact empty.)

(b) Prove that p is a wandering point for F', when there exists &/ > 0
such that p & FM(K).



WRITTEN QUALIFYING EXAMINATION
ON ORDINARY DIFFERENTIAL EQUATIONS (670-671)
JANUARY 1995

Instructions. Answer each of the following six problems, giving careful state-
ments of any theorems you invoke and giving careful explanations of your proce-
dures. Your answer to each question will be assigned a grade from 0 to 10. Although
some problems are broken into parts for convenience, the parts need not have equal

weight.
Begin each problem on a separate answer sheet. Write the problem number and

your code number (NOT your name) on the answer sheets.
Clearly indicate the pages that are to be regarded as scratch work and the pages
that are part of the solution.

1. Consider the 2-dimensional autonomous system

: 1
Z = COSs <m) ’

. 1
y_$n<fi?737)
defined on R?. Show that every orbit goes to infinity.

2. Consider the 2-dimensional system

Z =sinz cosy,

Yy =coszsiny.
Clearly the stationary (equilibrium, critical) points of this system are precisély
Q(p,q) = ((p + %)Tr, (q + %)ﬂ')a d(p,q) = (pﬂ,qﬂ)

for p and ¢ ranging over all integers. Say that one stationary point s; precedes
another one 33 if there is an orbit (¢) with lim;_, oo 7(¢) = $1 and lim; 400 7(2) =
s2. Denote this by s; — s5. Determine which of the stationary points precede
which others.

3. Let the real-valued functionf be continuously differentiable on the (¢, z)-plane.
Suppose that there exists a continuous, increasing function h defined on R such
that

[A(t) — 2] f(t,z) 2 0
for all ¢,z. Let ¢ be a solution of £ = f(t,z), and let its maximal interval of

existence be (a,b). Prove:




2 ORDINARY DIFFERENTIAL EQUATIONS

(a) f(t, A(t)) =0.
(b) If there is a 7 such that ¢(r) = h(r), then ¢(t) < h(t) for t > 7.
(¢) b= oo.

4. Parts a and b of this problem are independent.
(a) Let w be a continuously differentiable function with values in the Euclidean
3-space E®. Let u;, us, u3, each with values in E?, satisfy

up = w(uy, w2, u3,t) X ug, k=123

where X is the cross product. Suppose that

uk(0) - w(0) = { 0 ifk#L

Prove that
1 ifk =/

uk(t) - wi(t) = { 0 ifk£l

for all ¢.
(b) Let (z,y) — f(z,y) be a twice continuously differentiable mapping from R? to

R. Consider the system

z = af:(z,y) +bfy(z,9),
(A) y = cf,(z,y) + dfy(xvy)

where a, b, ¢, d are constants. Let the solution of (A) satisfying the initial conditions
z(0) = &, y(0) = n be denoted by ¢t — (2(¢,£,7),2(¢,€,1)). The flow of (A) is said
to be measure-preserving if

area {(z,y) = (£(t,¢,7),£(t,{,m)) : ({,n) € £} = areal

for each (measurable) set £ in R? and for each ¢. Find the most general set of
constants a,b,c,d for which the flow of (A) is measure-preserving for all twice
continuously differentiable functions f.

5. Let A and B be real, constant n X n matrices. Let t — ¢(¢,£) be the solution
of the initial-value problem = = Az, £(0) = £, and let t — (¢, ) be the solution
of the initial-value problem # = Bz, z(0) = £&. Suppose that there is a smooth
diffeomorphism f : R® — R™ such that f(@(t,£&)) = ¥(¢, f(€)) for all t € R,
€ € R™ Show that !4 and e!B are similar for all ¢. Prove that there is a linear
map g : R® — R" such that g(¢(¢,€)) = ¥(t,g(&)) forallt € R, £ € R™

6. Let 2 be an open set of R" and let f : & — R™ be Lipschitz continuous.
Let V : © — R be continuously differentiable and satisfy VV(z) - f(z) > 0 for
each z € Q. Let z(¢,£) be the solution of the initial-value problem z = f(z),
z(0) = £ € Q, and let w(¢) be the omega limit set of of this solution.

(a) Show that w(§)N Q2 =0 for all £ € Q.

(b) Show that {¢: V(z(¢,£)) = 0 for some t} is an open subset of Q2.
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