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Instructions to the Student

a. Answer all six questions Each will be graded from 0 to 10

b. Use a different booklet for each question. White the problem mumber and your code number
(NOT YOUR NAME) on the outside cover.

¢. Keep scratch work on separate pages in the same booklet

d. If you use a “well known” theorem in yom' solution to any problem, it is your responsibility to
make clear which theorem you are using and to justify its use

1. Let X and Y be two independent random variables, both having geometric distribution with
parameter p Set
) S=min(X,¥), I'=|X-Y]|

(i) Find the joint probability mass function of the random pair (S, 7).

(ii) Find the marginal probability mass functions of S and T Are S and T independent?

2. Two players, A and B have their wns containing white and red balls. Let p4 and pg be
the proportions of white balls in the urns, respectively. They take turns in drawing a ball at random
with replacement from their wims The winner is the first player who pets a white ball.

(i) Find the probability that the player who plays first wins.

(it) For what values of pa and pp the game is fair, i. e P(A wins)= P(B wins)?

8. Let X be a random variable having symmetric distribution (i. e, —X has the same distzib-
ution as X}, such that E{X2) < oo, and let Z be a Bernoulli random variable with parameter p,
independent of X Set
X tTZ=1
Y = H H
{—X itZ=0
(i) Prove that Y and Z are independent and ¥ has the same distribution as X
{ii) For what values of p are X and ¥ (a} uncorrelated, (b) independent?

4, Let N,X;,Xy,.  be a sequence of independent random variables with N having a geomet-
ric distribution with parameter p and X, Xo; . having the same exponential distribution with

parameter A Set
. Y=Im'n{X1,.‘ ,XN}
() Find the distribution function of ¥

(ii) Calenlate E(Y)




5. There ate 10 coins in a bag. Six of them are normal coins, one coin has two ‘heads’” and three
coins have two ‘tails’. You draw at random a coin, look at one of its sides and see that it is a ‘tail®
Find the probability that the drawn coin is normal

6. Let U and V be two independent random variables, both uniformly distributed on (0,1) Set

T=2rU, R=+/-2logV

(i) Find the marginal probability density function (pdf) of T and the joint pdf of (T', B).
(ii) Prove that the random vatiables

X = RcosT, Y = RsinT

are independent each having standard normal distribution.




