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POSITIVE SCALAR CUR VATURE
FOR MANIF OLDS WITH

ELEMENT AR Y ABELIAN FUND AMENT AL GR OUP

BORIS BOTVINNIK AND JONA THAN ROSENBER G

Abstra ct. The statement often called the Gromov-Lawson-Rosenberg Con-
jecture asserts that a manifold with �nite fundamental group should admit a
metric of positiv e scalar curvature except when the K O� -valued index of some
Dirac operator with coe�cien ts in a 
at bundle is non-zero. We prove spin
and oriented non-spin versions of this statement for manifolds (of dimension
� 5) with elementary abelian fundamental groups � , except for \toral" classes,
and th us our results are automatically applicable once the dimension of the
manifold exceeds the rank of � . The proofs involve the detailed structure of
B P� (B � ), as computed by Johnson and Wilson.

1. Intr oduction

A fundamental and fascinating problem in global di�eren tial geometry is to de-
termine necessaryand su�cien t conditions for a closedmanifold to admit a Rie-
mannian metric with scalarcurvature function everywherepositive. For surveyson
this question, see[17] and [15].

In this paper we considerthis problem only for manifolds (of dimension at least
�v e) with �nite fundamental group. By a result of Kwasik and Schultz [9], the
problem is then further reducedto the casewhere the fundamental group is a �nite
p-group. Somewhat di�eren t techniques are neededdepending on whether or not
the universal cover of the given manifold admits a spin structure. Here we will
consideronly the following two important cases:when the manifold admits a spin
structure, and when it is oriented and its universal cover is not spin. (If p is odd,
theseare the only two cases.)

When the universalcover is non-spin, there are no known obstructions to positive
scalar curvature. In the spin case,the only known obstructions to positive scalar
curvature comefrom the index theory of the Dirac operator ([14], [15]). In fact, in
[12], it was conjectured (on the basisof extremely spott y evidence)that the Dirac
operator index obstructions are the only obstructions to positive scalar curvature
on manifolds of dimension � 5 with �nite fundamental group. This conjecture has
sometimesbeencalled the Gromov-Lawson-Rosenberg Conjecture.

It is known that \stably" theseare the only obstructions [14]. This meansthat
for such a manifold M there existsan integer k � 0 such that the product M � (J 8)k
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admits a positivescalarcurvature metric if and only if the Dirac obstructions vanish.
HereJ 8 is a simply connectedspin manifold with bA(J 8) = 1. Such manifold J 8 does
not admit positive scalar curvature, and geometrically represents Bott periodicit y
in K O-theory. Moreover, J 8 can be chosento be a Ricci-
at \Jo yce manifold" [8]
with holonomy Spin(7). The \stable" theorem by itself does not actually answer
the question of whether any particular manifold with vanishing Dirac obstructions
admits a metric of positive scalar curvature.

Botvinnik, Gilkey and Stolz [4] proved the Gromov-Lawson-Rosenberg Conjec-
ture for spin manifolds with �nite fundamental group with periodic cohomology. A
similar theorem was proved by Schultz [16], and independently by Botvinnik and
Gilkey [3], for spin manifolds of dimension � 5 with fundamental group Z=p� Z=p,
p an odd prime. But very little was previously known about the existenceof pos-
itiv e scalar curvature for manifolds with elementary abelian fundamental group
� = (Z=p)r of rank r > 2. That is the subject of this paper. We build on some
results of our earlier paper, [5]. Our main results are Theorems2.3 and 2.4.

2. Main Resul ts

Let � = (Z=p)r be an elementary abelian p-group, wherewe call r the rank of � .
We will be interested in the Gromov-Lawson-Rosenberg Conjecture for manifolds
M with fundamental group � . We will deal with the following cases:

(1) p odd. The sub-casewhere M is non-spin was already treated in [5], so we
will concentrate here on the sub-casewhere M is spin, though the same
proof will work for the non-spin case,also.

(2) p = 2, M oriented, and the universal cover fM is non-spin.
Recall that since any oriented (resp., spin) manifold is automatically oriented

for ordinary homology (resp., connective or periodic real K -theory) that there are
natural transformations 
 � ( � ) ! H � ( � ) and 
 spin

� ( � ) ! ko� ( � ). The composite


 spin
� (X ) ! ko� (X ) ! K O� (X ) ! K O� (point )

corresponds to taking the generalizedindex of the Dirac operator, and is tradition-
ally denoted � .

To state our main results, we have to single out certain bordism classes.

De�nition 2.1. If k � r and one �xes a homomorphism Zk � (Z=p)k ,! (Z=p)r ,
taking classifying spacesgives a map T k = B (Zk ) ! B (Z=p)r . The collection of
all such maps is said to generatethe subgroup of toral bordism classesin 
 k (B � )
or in 
 spin

k (B � ). We de�ne a complement to the toral classesin the following
way. Consider the natural Thom map 
 k (B � ) ! H k (B � ; Fp) or 
 spin

k (B � ) !
H k (B � ; Fp), where Fp is the �eld of p elements. When p is odd, we have a natural
cup product map

V k H 1(B � ; Fp) ,! H k (B � ; Fp), whoseimage (the group of toral

cohomology classes) has dimension
�

r
k

�
. And even when p = 2, even though in

this casethe classesin H 1(B � ; Fp) do not have square 0, we still have a similar
subgroup of H k (B � ; Fp), spannedby products � i 1 � � � � i k , 1 � i 1 < � � � < i k � r ,
where � 1; � � � ; � r is a basis for H 1(B � ; Fp). (The subgroup one gets in this case
depends on the choice of basis.) A bordism class is called atoral if its image in
H k (B � ; Fp) is annihilated by these toral cohomology classes. Toral and atoral
classesin H � (B � ) or ko� (B � ) are de�ned to be the imagesof toral or atoral classes
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in bordism or spin bordism. Since the pairing between the toral homology and
cohomologyclassesis non-degenerate,and sincethe non-zerotoral bordism classes
are all of order p (since the bordism classof S1 ! B Z=p is of order p), the group of
toral bordism classesis an elementary abelian p-group, and 
 k (B � ) or 
 spin

k (B � )
splits as the direct sum of this group and the group of atoral classes.

Remark 2.2. (a) It is worth remarking, since we will need this observation later,
that if M k is an oriented or spin k-manifold whose fundamental group can be
generatedby at most k � 1 elements, then for any map f : M ! B � , the bordism

classof M
f
�! B � is atoral.

(b) Another useful fact which follows immediately from the de�nition is that
the group of toral classes(and when p is odd, also the group of atoral classes)
is preserved under injective group homomorphisms from one elementary abelian
p-group to another.

Now we can state our main results:

Theorem 2.3. Let p be an odd prime, let � be an elementary abelian p-group, and
let n � 5. Let M be a spin manifold with � (M ) = 0 in K On , and let f : M ! B � be

the classifying map for its universal covering. If the class [M
f
�! B � ] 2 
 spin

n (B � )
is atoral, then M has a metric with positive scalar curvature. In particular, if n >
rank � , then every spin n-manifold with vanishing � -invariant and fundamental
group � has a metric of positive scalar curvature. (The sameresult holds for non-
spin manifolds, with 
 spin replaced by 
 and without the condition on � (M ).)

Theorem 2.4. Let � be an elementary abelian 2-group, and let n � 5. Suppose
M n is a closed oriented manifold with fundamental group � and non-spin universal
cover, and let f : M ! B � be the classifying map for its universal covering. If

the class [M
f
�! B � ] 2 Hn (B � ; Z) is atoral, then M has a metric with positive

scalar curvature. In particular, if n > rank � , then every oriented n-manifold with
fundamental group � and with non-spin universal cover has a metric of positive
scalar curvature.

Remark 2.5. The casewhen p is odd and M is non-spin was already treated in
[5]. For p = 2, the casewhen M is spin is very di�eren t from the non-spin case
since 
 spin

� (B (Z=2)r ) has a rather di�eren t structure from 
 SO
� (B (Z=2)r ), and

also becausein the spin casethere are many Dirac obstructions to positive scalar
curvature.

3. Topological Preliminaries

Our basic tool will be the following Bordism/Homology Theorem, due to a com-
bination of work of Gromov-Lawson, Rosenberg-Stolz, Stolz, and Jung, which can
be found in [14] and [15].

Theorem 3.1 (Bordism/Homology Theorem). Let M n be a (connected, closed)
oriented manifold with n = dim M � 5, and let f : M ! B � be the classifying map
for its universal covering. (In other words, B � is a K (� ; 1)-space and f induces
an isomorphism on � 1. Existence and essential uniquenessof f is guaranteed by
obstruction theory.)

(1) If M is spin, M admits a metric of positive scalar curvature if and only if
there is some spin manifold of positive scalar curvature in the same spin bordism
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classas M
f
�! B � , in fact if there is somespin manifold of positive scalar curvature

representing the sameclass in kon (B � ) as M
f
�! B � .

(2) If the universal cover fM of M is non-spin (i.e., w2( fM ) 6= 0), M admits a
metric of positive scalar curvature if and only if there is someoriented manifold of

positive scalar curvature in the sameoriented bordism classas M
f
�! B � , in fact if

there is someoriented manifold of positive scalar curvature representing the same

class in Hn (B � ; Z) as M
f
�! B � .

Before proceeding further, we would like to remind the reader of someknown
results on 
 � (B � ) and 
 spin

� (B � ), where� is an elementary abelian p-group of rank
r with p an odd prime. Recall that

(
 � )(p)
�= Z(p) [x4; x8; : : : ; x4k ; : : :]

with jx4k j = 4k. Let P = Z(p) [ x4i j 2i 6= p` � 1 ], and M (P) denotethe correspond-
ing generalizedMoore spectrum (just a wedgeof shifted spherespectra, localized
at p). Then there is a splitting of the spectrum

(3.1) M SO(p) = B P ^ M (P) �=
_

i 1 ;j 1 ;i 2 ;j 2 ;���� 0

� 4i j 1
1 +4 i j 2

2 + ��� B P;

where 2i 1; 2i 2; � � � 6= p` � 1:

Here B P� = Z(p) [v1; : : : ; vk ; : : :], jvj j = 2(pj � 1). In particular, we have a B P� -
module isomorphism (
 � )(p)

�= B P� 
 P . Our goal is to describe the image of
the map 
 � (B � ) ! H � (B � ; Z) or 
 spin

� (B � ) ! ko� (B � ). But since � is an el-
ementary abelian p-group with p odd, it is enough to work in the p-local cate-
gory; furthermore, the natural map M SO ! M Spin is a p-local equivalence, so
e
 spin

� (B � ) �= e
 � (B � ). Furthermore, (ko� )(p)
�= Z(p) [! 4] for p odd, and the gen-

erators x4i and vj may be chosen [3, Proposition 2.1] so that the map of rings

 spin

� ! ko� corresponds to killing all the vj , j > 1, and x4i , i > 4, and sending
either v1 (when p = 3) or x4 (when p > 3) to ! 4. (When p > 3, then v1 7! c! (p� 1)=2

4

for somec 6= 0.) The map e
 � (B � ) ! eH � (B � ; Z) always factors through eB P� (B � ),
and so does the map e
 spin

� (B � ) ! eko� (B � ) when p = 3. (When p > 3, it factors
through a wedgeof p� 2 copiesof eB P� (B � ).) Soit is enoughto work with B P� (B � ).
We needthe following results on the structure of B P� (B Z=p); see,say, [7]. We have
that B P � (CP1 ) = B P � [[x]], wherex 2 B P 2(CP1 ) is the (B P version of the) �rst
Chern class. Here we identify B P �� = B P� . Start with the standard �bration

B Z=p� ! CP1 p
� ! CP1 ;

where the map p: CP1 = K (Z; 2) ! K (Z; 2) = CP1 inducesmultiplication by p
on � 2(CP1 ). Then p� : B P � (CP1 ) ! B P � (CP1 ) is given as

p� (x) = [p](x) =
X

i � 0

ai x2i +1 ; ai 2 B P4i :

(We have re-indexed from the way things are written in [7], since if p is odd,
then B P� is concentrated in degreesdivisible by 4.) In particular, B P � (B Z=p) �=
B P � [[x]]=[p](x). Let I n = (p;v1; : : : ; vn � 1). The coe�cien ts ai satisfy

� ai 2 I n for i < (pn � 1)=2;
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� a(pn � 1)=2 � vn mod I n , in particular, a0 = p, and ai = 0 for 0 < i <
(p � 1)=2, and a(p� 1)=2 = v1.

The B P� -module N � = gB P � (B Z=p) is generatedby elements

z2m � 1 2 B P2m � 1(B Z=p)

(represented by the standard lens spaces),subject to the relations:

(3.2) Rm =
m � 1X

i =0

ai zm � 4i = 0:

In particular, N � hashomologicaldimension1 asa B P� -module. It wasshown in
[10] that gB P � (B (Z=p)r ) may be computed via iterated applications of a K•unneth
formula involving � 
 B P � N � and � TorB P � ( � ; N � ). Let L k be the free B P� -module
on generatorsof degree2k, 1 � k � pk � 1, and let � = (Z=p)r . It is shown in
[7] that � TorB P � (N � ; N 
 j

� ) �= L j 
 N 
 j

� , and thus that there is a natural �ltration
on gB P � (B � ), coming from the Landweber K •unneth Theorem, for which the asso-
ciated graded B P� -module is a direct sum of tensor powers N 
 j

� , 1 � j � r (these
correspond to pure product terms in the K•unneth formula) and tensor products of
tensor powers of N with tensor powers of L 1; � � � ; L r � 1, where these terms have
geometrical generatorsinvolving Toda brackets.

For future use,we alsorecord a few more facts about the natural transformations
B P� ! H � or

Wp� 2
j =1 � 4j B P� ! ko� . Via these maps, the Eilenberg-Mac Lane

spectrum H = H Z(p) becomesa B P-module spectrum, so for (p-local) spaces
X with B P� (X ) of �nite homological dimension over B P� there is a convergent
universal coe�cien t spectral sequence[1, x1, (UCT1)]

(3.3) Tors
B P �

(B Pt (X ); Z) ) H s+ t (X ; Z)

for which one of the edgehomomorphismsis

E 2
0;n = B Pn (X ) 
 B P � Z ! Hn (X ; Z):

The map B Pn (X ) ! Hn (X ; Z) factors through this map (which simply kills v1; v2,
� � � ). Similarly (again by [1, x1]) there is a universal coe�cien t spectral sequence

(3.4) Tor�
B P � [x 4 ](B P� (X )[x4]; ko� ) ) ko� (X )

for which one of the edgehomomorphismsis

B P� (X )[x4] 
 B P � Z[! 4] ! ko� (X ):

Notation 3.2. As in [3], we write ko� (X ) for B P� (X )[x4] 
 B P � Z[! 4], the result of
killing v2; v3; � � � and mapping x4 7! ! 4, v1 7! c! (p� 1)=2

4 for suitable c 6= 0. The
Thom maps B Pn (X ) ! Hn (X ; Z) and B Pn (X ) ! kon (X ) thus factor through
kon (X ), though in general the map ko� (X ) ! ko� (X ) is neither injective nor sur-
jective. However, one can check (from the B P� -resolution of N � with relations
(3.2)) that for X = B Z=p, (3.4) collapsesand gives an isomorphism ko� (B Z=p) �=
ko� (B Z=p). In particular, the map 
 spin

� (B Z=p) ! ko� (B Z=p) is surjective.
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4. Pr oofs of the Main Resul ts f or p Odd

The following fact will be our key technical tool in the proof of Theorem 2.3.
The homotopy functor ko( � ) (not a homology theory) is de�ned in Notation 3.2.

Prop osition 4.1. Let � be an elementary abelian p-group of rank 2, where p is
an odd prime. Then koodd (B � ) is generated (as an abelian group) by the imagesof
eko� (B � ), as � runs over the cyclic subgroups of � .

Proof. This is proved in [3], using explicit calculations of the eta-invariants of lens
spaces. �

Now we are ready to prove the following result.

Theorem 4.2. Let � be an elementary abelian p-group of rank r , where p is an
odd prime. Then the image of 
 spin

� (B � ) in ko� (B � ) is generated (as an abelian
group) by imagesof elementsx1 
 � � � 
 x j 2 
 spin

� (B � 1) 
 � � � 
 
 spin
� (B � j ), with

� 1 � � � � � � j ,! � , j � r , and with each � i a cyclic p-group. (However, the
embedding � 1 � � � � � � j ,! � is not necessarily the \standard" one.)

Proof. We prove this by induction on the rank r . When r = 1, the statement is
trivially true, and when r = 2, this is Proposition 4.1. Now assumethe result for
smaller valuesof r , and write � = � 0 � Z=p, where � 0 has rank r � 1. We use the
B P-version of the diagram (4.1) in [5, Proof of Theorem 4.1]:

(4.1) 0 //B P � (B � 0) 
 B P � B P � (B Z=p) //

��

&
$
!

�

��

�
�
�

B P � (B � ) //

��

&
$
!

�

��

�
�
�

Tor 1
B P �

�
B P � (B � 0) ; B P � (B Z=p)

� //

��

&
$
!




��

�
�
�

0

ko� (B � 0) 
 k o � ko� (B Z=p) //

��

ko� (B � ) //

��

Tor k o �

�
ko� (B � 0) ; ko� (B Z=p)

�

��
0 //ko� (B � 0) 
 k o � ko� (B Z=p) //ko� (B � ) //Tor k o �

�
ko� (B � 0) ; ko� (B Z=p)

� // 0:

Here the bottom row comesfrom the K•unneth Theorem in ko� , which applies to
this case(seeagain [1]) sinceB � 0, B Z=p, and B � are p-local for p odd. In the top
row, if p > 3 one should really replaceB P� by B P[! 4]� (but we've left o� the [! 4]
to save space). The image of � is taken care of by inductiv e hypothesis. Also by
inductiv e hypothesis, the image of 
 is generatedby the imagesof

(4.2) Tor1
B P [! ]�

�
B P[! ]� (B � 1) 
 B P [! ]� � � � 
 B P [! ]� B P[! ]� (B � j ); B P[! ]� (B Z=p)

�

for the various subgroups � 1 � � � � � j ,! � 0. The image of (4.2) is contained in a
copy of the image of B P[! ]�

�
B (Z=p)r � 1

�
if j < r � 1, which is also covered by

the inductiv e hypothesis. So we may assumej = r � 1. Thus we are reduced to
studying the image of the map
(4.3)


 : Tor1
B P �

�
r � 1

z }| {
N � 
 B P � � � � 
 B P � N � ; N �

�
[! ] ! Torko�

�
r � 1

z }| {
P� 
 ko� � � � 
 ko� P� ; P�

�
;

where P� = fko� (B Z=p) as a module over ko� = Z[! ]. (Recall we have localized at
p. Also recall from Section 3 that P� = N � [! ] 
 B P [! ]� ko� .) The B P� -module on
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the left in (4.3) is computed in [7, Theorem 4.1]; this subquotient of B P� (B � ) is a
direct sum

Tor1
B P �

�
(N � ) 
 r � 1

; N �
� �=

pr � 1 � 1M

j =1

(N � ) 
 r � 1
y2j

of copiesof
�
N �

� 
 r � 1

, shifted up in degreesby 2j , 0 < j < pr � 1. We needto show
that the image of this graded group under (4.3) is generatedby products of lens
spaces.

Let I = (i 1; : : : ; i r � 1) be a multi-index with all the i k 's odd, and let zI =
zi 1 
 � � � 
 zi r � 1 be the corresponding product of lens spaces(or the element of
�
N �

� 
 r � 1

or
�
P�

� 
 r � 1

represented by this product). Then we need to show that
the image in ko� of zI y2j 2 B P� (B � ) is represented by linear combinations of
products of lens spaces,for 0 < j < pr � 1. Since the B P� -module N � is given in
terms of the generatorszm and the relations Rm , the element zI y2j is represented
by a linear combination of \matrix Toda brackets" [2, x5.10]

(4.4)

*

zi 1 
 � � � 
 zi k � 1 

�
zi k ; zi k � 4; � � �

�

 zi k +1 
 � � � 
 zi r � 1 ; A;

0

B
B
B
B
@

...
z2j � 5

z2j � 1

1

C
C
C
C
A

+

;

possibly with smaller valuesof i k , where A is the matrix
0

B
B
B
B
B
@

p 0 0 0 � � �
a1 p 0 0 � � �
a2 a1 p 0 � � �
a3 a2 a1 p � � �
...

...
...

...
. . .

1

C
C
C
C
C
A

encoding the relations (3.2). By the product property of Toda brackets [2, 2.1,
axiom 3], (4.4) can be rewritten as

� zi 1 
 � � � 
 zi k � 1 



� � �

�

 zi k +1 
 � � � 
 zi r � 1 ;

where the bracket in the middle corresponds to something of rank 2 to which we
can apply Proposition 4.1. This gives the inductiv e step. �

Proof of Theorem 2.3. Now we can give the proof of the �rst main theorem. Recall
that the atoral part of 
 spin

� (B � ) was de�ned in De�nition 2.1. By Theorem 4.2, it
is enoughto considerproduct classes

(4.5) (M i 1
1 ! B Z=p) � � � � � (M i k

k ! B Z=p)

in 
 spin
i 1 + ��� + i k

�
B (Z=p)k

�
, as the image of 
 spin

� (B � ) in ko� (B � ) is generatedby the
images of such classesunder the maps 
 spin

�
�
B (Z=p)k

�
! 
 spin

� (B � ) induced by
embeddings (Z=p)k ,! � , k � rank � = r . But by Remark 2.2(a), the class(4.5)
is toral exactly when i 1 = � � � = i k = 1, and atoral exactly when somei j > 1, and
by Remark 2.2(b), toral or atoral classesin 
 spin

�
�
B (Z=p)k

�
map to toral or atoral

classesin 
 spin
� (B � ). So the result follows from the fact that all atoral classesin

e
 spin
� (B Z=p) are represented by manifolds of positive scalar curvature. �
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5. Pr oofs of the Main Resul ts f or p = 2

The parallel to Theorem 4.2 when p = 2 is the following:

Theorem 5.1. Let � be an elementary abelian 2-group. Then for any n > 1,
H atoral

n (B � ; Z) is generated (as an abelian group) by classesof mapsf : M n ! B � ,
where M is an oriented n-manifold of positive scalar curvature, and where M admits
an orientation-r eversing isometry c: M ! M , admitting a �xed point, commuting
up to homotopy with f .

Proof. Since � is an elementary abelian 2-group and M SO localized at 2 is an
Eilenberg-Mac Lane spectrum (see[11] and [18], or [13, pp. 54{57] for a review of
the literature) the map 
 � (B � ) ! H � (B � ; Z) is split surjective. Also, we know
eH � (B � ; Z) embeds in H � (B � ; F2), which pairs non-degeneratelywith

H � (B � ; F2) = F2[x1; � � � ; x r ];

where x1; � � � ; x r are cohomology generators each of degree1. So we will detect
homology classesby meansof pairing with this polynomial ring. By [5, Proposition
5.2], for n � 1,

dimF2 Hn (B � ; Z) =
nX

j =1

(� 1)n � j
�

j + r � 1
r � 1

�
;

while the toral subgroup has dimension
�

r
n

�
if n � r , 0 if n > r . We will prove

the result by induction on r = rank � , with the condition regarding an orientation-
reversing isometry neededfor the inductiv e step.1

To start the induction, take r = 1, � = Z=2, and B � = RP1 . Note that
Hn (B Z=2; Z) vanishesfor n > 0 even and is generated for n � 1 by the classof
RPn ,! RP1 . This class is atoral when n � 3, exactly when it admits a metric
of positive scalar curvature. Furthermore, RPn (n odd) with its standard metric
admits many orientation-reversing isometries,even of period 2 (for instance,

[t0; t1; t2; � � � ; tn ] 7! [t1; t0; t2; � � � ; tn ]

in homogeneouscoordinates), all of which preserve the unique non-trivial element
of H 1(RPn ; Z=2) and thus commute up to homotopy with the map to RP1 . Any
such isometry has a �xed point (by the Lefschetz Fixed Point Theorem). So this
starts the induction.

Now assumethe theorem is true for smaller valuesof r , and write � = � 0� Z=2,
where rank � 0 = r � 1. By the K•unneth Theorem, we have short exact sequence

(5.1)

0 ! Hn (B � 0; Z) �
[( n +1) =2]M

j =1

Hn � 2j +1 (B � 0; Z) 
 Z H2j � 1(B Z=2; Z) ! Hn (B � ; Z)

!
[n= 2]M

j =1

TorZ
�
Hn � 2j (B � 0; Z); H2j � 1(B Z=2; Z)

�
! 0;

1Actually it would be enough for our purp osesto have an orientation-rev ersing di�eomorphism
c such that the metric and its pull-bac k under g lie in the same connected component of the space
of metrics of positiv e scalar curvature. But this condition, while weaker, is more burdensome to
check.
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which splits (unnaturally). The \tensor" terms on the left in (5.1) are clearly no
problem, asthey are represented by classesof mapsM n ! B � 0� pt ,! B � 0� B Z=2

or M n � 2j +1 � RP2j � 1 f � �
� � ! B � 0 � B Z=2, where � : RP2j � 1 ,! RP1 . By inductiv e

hypothesis,H atoral
� (B � 0; Z) is represented by manifolds of positive scalarcurvature,

hence so is H atoral
� (B � 0; Z) 
 H � (B Z=2; Z). Similarly anything in H � (B � 0; Z) 


H2j � 1(B Z=2; Z) admits a metric of positive scalar curvature if j > 1. On the other
hand, manifolds of the form M n or M n � 1 � S1, with M toral, are themselvestoral.
Furthermore, the required orientation-reversingisometry on M n � 2j +1 � RP2j � 1 can
be constructed from one on either M or RP2j � 1.

Sothat leavesonly the Tor terms H n � 2j (B � 0; Z) � H2j � 1(B Z=2; Z) on the right in
(5.1) to worry about. These terms are represented (non-canonically) by homology
Toda brackets h[M n � 2j ]; 2; z2j � 1i . We will distinguish two cases:(a) the casewhere
either j > 1 or the class[M n � 2j ] 2 Hn � 2j (B � 0) is atoral, and (b), the exceptional
caseof H toral

n � 2 (B � 0; Z) � H1(B Z=2; Z). First consider the case(a). We shall show
that representativ es for these terms can be constructed as twisted products, i.e.,
�b er bundles, of the form

(5.2) M n � 2j � RP2j � 1 ! N n ! S1;

whereg: M ! B � 0 represents a classin H n � 2j (B � 0; Z). By assumption,M admits
an orientation-reversingisometry c1 with a �xed point, and similarly RP2j � 1 admits
an orientation-reversing isometry c2 with a �xed point. Let c = c1 � c2; this is
an isometry of M n � 2j � RP2j � 1 that preservesorientation. Thus if N denotes
the mapping torus of c, N is an oriented manifold �tting into a �b er sequence
(5.2). Also note that N contains within it two submanifoldsN n � 2j +1

1 and N 2j
2 , the

mapping tori of c1 and c2, respectively. Sincec1 and c2 reverseorientation, N1 and
N2 are not orientable. Now considerthe cohomologyring H � (N ; F2). This ring has
a �ltration (associated to the Leray-Serre spectral sequence

H � (S1; H � (M � RP2j � 1; F2)) ) H � (N ; F2);

which collapsessince S1 is 1-dimensional) for which the associated graded ring is
just the tensor product

H � (M � RP2j � 1; F2) 
 H � (S1; F2) �= H � (M ; F2)[v; w]=(v2j ; w2):

However, it will be important to note that the actual product structure on H � (N ; F2)
is di�er ent. To prove this, consider for instance the inclusion � : N2 ,! N . (N2 is
the mapping torus of the restriction of c to f ptg � RP2j � 1, with the basepoint in
M chosento be a �xed point of c1. The caseof N1 ,! N is similar, except that our
knowledge of the cohomology ring of M , and thus of the cohomology ring of N1,
is lessexplicit.) Note that H � (N2; F2) is generatedby two elements of degree1,
say v and w. The �rst of theserestricts to a generator of H � (RP2j � 1; F2), and the
secondrestricts to a generator of H � (S1; F2) in the cohomologyof the base. But
sinceN2 is not orientable, it hasa non-trivial �rst Z=2-characteristic classw1 = v1.
Since the �rst Wu class v1 is characterized by the relation Sq1(x) = x � v1 for x
a cohomologyclassof codimension 1, and since the codimension-1 cohomology is
generatedby v2j � 1 and v2j w, one of Sq1(v2j � 1) and Sq1(v2j w) must be non-zero.
But Sq1 is a derivation and Sq1(v) = v2, Sq1(w) = w2 = 0, so

Sq1(v2j w) = (2j )v2j � 1 Sq1(v)w + v2j Sq1(w) = 0 + 0 = 0:
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Thus Sq1(v2j � 1) = (2j � 1)v2j � 2 Sq1(v) = v2j 6= 0. Sincev2j mapsto 0 in the asso-
ciated gradedring of H � (N ; F2), this forcesv2j = v2j � 1w (which shows incidentally
that v1 = w, which one can check by other means). Thus v2j pairs non-trivially
with the Z=2-fundamental class [N2]. Now a map f : N ! B � = B � 0 � B Z=2
is determined by choosing values for f � applied to a basis for H 1(B � ; F2) =
H 1(B � 0; F2) � H 1(B Z=2; F2). Sowede�ne f by requiring that f � (x) = v, where0 6=
x 2 H 1(B Z=2; F2), and that f � : H 1(B � 0; F2) ! H 1(N ; F2) lift g� : H 1(B � 0; F2) !
H 1(M ; F2). From the calculation we just made, we seethat for � 2 H � (B � 0; F2),
we have

h� � xk ; f � ([N ])i = hf � (� � xk ); [N ]i

= hf � (� ) � vk ; [N ]i

=

8
><

>:

1; k = 2j and h� ; g� ([N ])i 6= 0;
1; k = 2j � 1 and hf � (� ); [N1]i 6= 0;
0; otherwise:

The fact that f � ([N ]) pairs non-trivially with � � x2j , where h� ; g� ([N ])i 6= 0, shows

that the class of N
f
�! B � is not in the \tensor part" of the homology, and a

dimension count shows that we get all the \T or terms" by this construction. Now
we just need to check that N has all the right properties. Since c preserves a
metric of positive scalar curvature on M n � 2j � RP2j � 1, the product metric (of
positivescalarcurvature) on M n � 2j � RP2j � 1 � [0; 1] descendsto a metric of positive
scalar curvature on N (under the identi�cation of M n � 2j � RP2j � 1 � f 0g with
M n � 2j � RP2j � 1 � f 1g). The required orientation-reversing isometry is induced by
c1 or c2.

Now consider the exceptional case(b), i.e., the caseof

H toral
n � 2 (B � 0; Z) � H1(B Z=2; Z):

In this case, the construction above does not yield a manifold of positive scalar
curvature, so we needto do something di�eren t. SinceH toral

n � 2 (B � 0; Z) is the image
of the classof T n � 2 ! B (Z=2)n � 2 under a map (Z=2)n � 2 ! � 0 (cf. Remark 2.2(b)),
it's enoughto supposer = n � 1 and consider the homology Toda bracket

hzn � 2
1 ; 2; z1i = zn � 3

1 hz1; 2; z1i :

(We have again used [2, 2.1, axiom 3].) If hz1; 2; z1i 2 H3(B (Z=2)2; F2) can be
represented by a manifold P 3 ! RP1 � RP1 of positivescalarcurvature, admitting
an orientation-reversing isometry commuting up to homotopy with the map to
RP1 � RP1 , then Tn � 3 � P3, with the obvious map to B � , will satisfy the required
conditions. But H3(B � ; Z) turns out to be spannedby z3 
 1 and 1 
 z3 together
with the class of the diagonal embedding � of RP3 in RP1 , as one can seeby
observing that

� � : H � (B � ; Z=2) = F2[u; v] ! H � (RP3; Z=2) = F2[x]=(x4)

sendsboth of the generators u and v to x, so that � � ([RP3]) pairs non-trivially
with both u2v and v2u, and thus can't be in the span of the classesz3 
 1
and 1 
 z3. Thus � � (z3) can be chosen as a representativ e for a generator of
TorZ

�
H1(B Z=2; F2); H1(B Z=2; F2)

�
, and it clearly satis�es our requirements. This

completesthe inductiv e step. �



ELEMENT AR Y ABELIAN FUND AMENT AL GR OUPS 11

Proof of Theorem 2.4. Theorem 2.4 now follows immediately from combining The-
orem 5.1 and Theorem 3.1(2). �

Remark 5.2 (addedafter this paper wasaccepted). Michael Joachim hasnow shown
[6] that if � is an elementary abelian 2-group, every toral classin H n

�
B � ; Z), n � 3,

is represented by an oriented manifold of positive scalar curvature. Combining this
result with Theorem 2.4 yields the following stronger result:

Theorem 5.3. Let � be an elementaryabelian 2-group, and let n � 5. Then every
oriented n-manifold with fundamental group � and with non-spin universal cover
has a metric of positive scalar curvature.

In other words, the Gromov-Lawson-Rosenberg Conjecture holds for oriented man-
ifolds with non-spin universal cover and fundamental group an elementary abelian
2-group.
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