
Homework #5 October 25 - 30, 2007

1. Let (x1, . . . , xn) be a sample from a population with finite variance σ2.
(i) Show that the sample variance s2 = 1

n−1

∑
n

i=1
(xi − x̄)2is an unbiased es-

timator of σ2.
(ii) Prove that s2 is a consistent estimator of σ2, i. e., s2 converges in prob-
ability to σ2 as n → ∞, and s is a consistent estimator of σ.

2. Let Y1, Y2, . . . be independent observations with E(Yi) = µ, var(Yi) = σ2

i
.

(i) Find the minimum variance linear unbiased estimator of µ from the first
n observations and compare its variance with that of Ȳ = (Y1 + . . . + Yn)/n.
(ii) Assuming additionally that all Yi have normal distribution, find a neces-
sary and sufficient condition for consistency of the minimum variance linear
unbiased estimator. Is it possible that this estimator is consistent while Ȳ is
not?

3. Let (x1, . . . , xn) be a sample from a population with density function

f(x; θ) = (θ + 1)xθ, 0 < x < 1

with θ > 0 as a parameter.
Find the maximum likelihood estimator of θ and prove its consistency.

4. Let ε1, ε2, ε3 be independent standard normal random variables and

Y1 = ε1, Y2 = 2ε1 + ε2, Y3 = 3ε1 + 2ε2 + ε3.

(i) Find E(Y3|Y1, Y2) and E(Y3|Y2).
(ii) Which of the two variances is bigger, var{E(Y3|Y1, Y2)} or var{E(Y3|Y2)}?
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