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Let k be a field of characteristic p containing the algebraic closure of its
prime subfield. Let R = k[T1, . . . , TN ] be the polynomial ring over k in N
inderminates. Consider the Fermat equation

xn + yn = zn (1)

over R. In this paper we investigate solutions to (1) and prove:

Theorem 1 For n > 2 there are no nontrivial primitive solutions to (1).

We now define the terms primitive and nontrivial appearing in the state-
ment of the theorem.

A solution (x, y, z) to (1) is trivial if x, y, z ∈ k or if one of x, y, z is zero.
A solution (x, y, z) is primitive if x, y, z are pairwise coprime. Further-

more, if the characteristic p is not zero we require that n and p be coprime
(for if x, y, z satisfy xnp + ynp = znp then they also satisfy xn + yn = zn).

Note that we always obtain infinitely many solutions to (1) if n = 1, 2. In
the case n = 1 this is obvious. For n = 2, if we select any s, t ∈ R we obtain
a solution via

x = s2 − t2

y = 2st

z = s2 + t2.

(2)

We now prove the theorem. Let n > 2 be coprime to p. Note that the
ring R is a unique factorization domain, a fact essential to our proof. Now,
assume we have a nontrivial primitive solution (x, y, z). We then have

zn = xn + yn =
n−1∏
i=0

x + ζ iy (3)
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where ζ ∈ k is a primitive nth root of unity. Since x and y are coprime it
follows that the x + ζ iy are coprime. By unique factorization we therefore
have

x + ζ iy = qn
i (4)

z =
n−1∏
i=0

qi (5)

for some qi ∈ R. Note that the qi are pairwise coprime, none are zero, and
at most one is constant.

Consider now the three equations

x + y = qn
0

x + ζy = qn
1

x + ζ2y = qn
2 .

(6)

We have

qn
0 =x + y

=(1 + ζ−1)(x + ζy) + (−ζ−1)(x + ζ2y)

=(1 + ζ−1)qn
1 + (−ζ−1)qn

2 .

(7)

Thus if we let

x′ =(1 + ζ−1)1/nq1

y′ =(−ζ−1)1/nq2

z′ =q0

(8)

Then (x′, y′, z′) is a nontrivial primitive solution to (1). Furthermore, the
degress of x′, y′ and z′ are strictly less than the degrees of x, y, z. Contin-
uing in this way, we obtain smaller and smaller solutions until we find a
contradiction.
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