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Learning Interaction laws in 
interacting particle systems



Felix Munoz, https://www.youtube.com/watch?v=OxYn3e_imhA BBC Blue Planet (clip from YouTube)

Learning Interaction Laws in Interacting Particle 
Systems

<latexit sha1_base64="4nqLQTUnZPWCGhNhSD4XKsaRBjQ=">AAADqnicjVJLb9NAEHYTHiW8WjhyGVGBkGjduEICUQ5VEY8DSKlE2qIkqtbrcbJ0d8fsroOsKL+N/8CNf8PYtQR9HNjT7Ly+b76ZtNDKh37/90qne+36jZurt3q379y9d39t/cGhp9JJHErS5I5T4VEri8OggsbjwqEwqcaj9PRtHT+ao/OK7JdQFTgxYmpVrqQI7DpZX/k5tqRshjbAYpzmi4EjrjXL5Wv4oOZogVKPbt6ke6 </latexit>

Problem: Given observations of trajectories of a dynamical system of interact-
ing agents, learn the interaction rules.
Motivation: particle-/agent-based systems ubiquitous in Physics, Biology, so-
cial sciences, Economics, ... Beyond model-based interaction rules.
Further goals: hypothesis testing for agent-based systems; transfer learning;
agents on networks; collaborative and competitive games.

https://www.youtube.com/watch?v=15B8qN9dre4


Learning Interaction Laws in Interacting Particle 
Systems

<latexit sha1_base64="8dYzBHcuR3AY/URfZGnygnQB3V8=">AAACEnicbVDLSsNAFJ3UV42vqEs3wSLopiZF1IWLghuXFewDmlAmk2k7dB5hZiKE0G9w46+4caGIW1fu/BunbUBtvTDD4Zx7Zu49UUKJ0p73ZZWWlldW18rr9sbm1vaOs7vXUiKVCDeRoEJ2IqgwJRw3NdEUdxKJIYsobkej64nevsdSEcHvdJbgkMEBJ32CoDZUzzkJuCA8xly7xpedmiuGWsggsH8UJmJMe07Fq3rTcheBX4AKKKrRcz6DWKCUmRcQhUp1fS/RYQ6lJojisR2kCicQjeAAdw3kkGEV5tOVxu6RYWK3L6Q5ZoIp+9uRQ6ZUxiLTyaAeqnltQv6ndVPdvwxzwpNUY45mH/VT6mrhTvJxYyIx0jQzACJJzKwuGkIJkTYp2iYEf37lRdCqVf3z6tltrVK/KuIogwNwCI6BDy5AHdyABmgCBB7AE3gBr9aj9Wy9We+z1pJVePbBn7I+vgG7fZ4f</latexit>

prey/predator
model

<latexit sha1_base64="iJ2GVyK77oefUED7MWnHki2ZKM8=">AAACEXicbVC7SgNBFJ31GdfXqqXNYBBShd0gamERsLGMYB6QXcLs7GwyZB7LzKwQlvyCjb9iY6GIrZ2df+PkAWrigYHDOffeuffEGaPa+P6Xs7K6tr6xWdpyt3d29/a9g8OWlrnCpIklk6oTI00YFaRpqGGkkymCeMxIOx5eT/z2PVGaSnFnRhmJOOoLmlKMjJV6XiUUkoqECANTqgeQU2ZH9cPQ/TG4TAjreWW/6k8Bl0kwJ2UwR6PnfYaJxDm3EzBDWncDPzNRgZShmJGxG+aaZAgPUZ90LRWIEx0V04vG8NQqCUylss9uMFV/dxSIaz3isa3kyAz0ojcR//O6uUkvo4KKLDdE4NlHac6gkXASD0yoItiwkSUIK2p3hXiAFMLGhujaEILFk5dJq1YNzqtnt7Vy/WoeRwkcgxNQAQG4AHVwAxqgCTB4AE/gBbw6j86z8+a8z0pXnHnPEfgD5+Mbl+ydew==</latexit>

fish milling
model

<latexit sha1_base64="SOHZxh+xZqISlW73qS9bURkt72w=">AAACF3icbVDLSsNAFJ34rPEVdekmWAQ3lqSIunBRcCPiooJ9QBvKZHLbDp3MhJmJUEr/wo2/4saFIm515984aQNq64GBwzn3MfeECaNKe96XtbC4tLyyWliz1zc2t7adnd26EqkkUCOCCdkMsQJGOdQ01QyaiQQchwwa4eAy8xv3IBUV/E4PEwhi3OO0SwnWRuo4pTYXlEfAtau0IH2sNCWubf/IN8A5ltHxteCgOk7RK3kTuPPEz0kR5ah2nM92JEgam0mEYaVavpfoYISlWcNgbLdTBQkmA9yDlqEcx6CC0eSusXtolMjtCmme+clE/d0xwrFSwzg0lTHWfTXrZeJ/XivV3fNgRHmSauBkuqibMlcLNwvJjagEotnQEEwkzSIx0UhMtInSNiH4syfPk3q55J+WTm7LxcpFHkcB7aMDdIR8dIYq6ApVUQ0R9ICe0At6tR6tZ+vNep+WLlh5zx76A+vjG5E+n4c=</latexit>

stochastic
Lennard-Jones

<latexit sha1_base64="4nqLQTUnZPWCGhNhSD4XKsaRBjQ=">AAADqnicjVJLb9NAEHYTHiW8WjhyGVGBkGjduEICUQ5VEY8DSKlE2qIkqtbrcbJ0d8fsroOsKL+N/8CNf8PYtQR9HNjT7Ly+b76ZtNDKh37/90qne+36jZurt3q379y9d39t/cGhp9JJHErS5I5T4VEri8OggsbjwqEwqcaj9PRtHT+ao/OK7JdQFTgxYmpVrqQI7DpZX/k5tqRshjbAYpzmi4EjrjXL5Wv4oOZogVKPbt6ke6 </latexit>

Problem: Given observations of trajectories of a dynamical system of interact-
ing agents, learn the interaction rules.
Motivation: particle-/agent-based systems ubiquitous in Physics, Biology, so-
cial sciences, Economics, ... Beyond model-based interaction rules.
Further goals: hypothesis testing for agent-based systems; transfer learning;
agents on networks; collaborative and competitive games.



Estimation/Learning for ODE systems
<latexit sha1_base64="btLmhX89GHDrIL54nUL426Tqf/0="></latexit>

Suppose we have a system driven by of ODEs in the form

ẋ(t) = f(x(t)) ,x 2 RD, f : RD ! RD

and we are given observations of positions and velocities

(x(m)
(tl), ẋ

(m)
(tl))l=1,...,L;m=1,...,M ,

where:

· 0 = t1 < · · · < tL = T ;
· m indexes trajectories corresponding to di↵erent initial conditions at t1 = 0

Problem: construct an estimator f̂n that is close to f .

<latexit sha1_base64="hBqQVx6+6gnhFit632FOO8WCNEY="></latexit>

ẋ(1)(t2)

<latexit sha1_base64="GWbD6On14Dov04cBum4fVS+ohyk="></latexit>

?

<latexit sha1_base64="KY6Vzl2Wb7znbJgvMsmJ/Q4cAL0="></latexit>

m = 1 <latexit sha1_base64="cGMHb3/6UEoq0/jivNyNlg3NPjk="></latexit>

x(1)(tL)

<latexit sha1_base64="9zvGoP515kAIbRcbxCUm8yGxCzI="></latexit>

ẋ(1)(tL)

<latexit sha1_base64="cWu8BGmOOFzJu9Wf8lOCiUw5ydg="></latexit>

RD

<latexit sha1_base64="LlV/tRffy3XicHUxyWnHDtlmynE="></latexit>

x(1)(t1)

<latexit sha1_base64="OfkP+aAPMRFrI1Ovic0lmIqtPoM="></latexit>

x(1)(t2)

<latexit sha1_base64="bQ+7FleZO7IgvavpVLxTkW6sZ4k="></latexit>

ẋ(1)(t1)

<latexit sha1_base64="cWu8BGmOOFzJu9Wf8lOCiUw5ydg="></latexit>

RD

<latexit sha1_base64="Ugqtzrr1vDSjK2H2W3qZ/0xyUFE="></latexit>

x(2)(t1)

<latexit sha1_base64="+ype2oAoARr1kT+oFb+dGSry3qw="></latexit>

x(2)(t2)

<latexit sha1_base64="mPMJRQ27vGLivSChLc3oCc+wBMo="></latexit>

ẋ(2)(t2)

<latexit sha1_base64="4KW+3JYwicPR7eioSKtWJfs51do="></latexit>

ẋ(2)(t1)

<latexit sha1_base64="D5JMHJBbqRfVq+/xZ5wzBWxs3As="></latexit>

m = 2

<latexit sha1_base64="+Nwnk39FSWQvlLpxcxh5pwRzM2k="></latexit>

ẋ(2)(tL)

<latexit sha1_base64="/Tg8zIuSY9g3zW6CHtbd9lQkQ4E="></latexit>

x(2)(tL)

<latexit sha1_base64="TQFMIjrHPC9ROdeOMSzR2vj0aJY="></latexit>x

<latexit sha1_base64="GKjzIg8zT05vrP9odtxFksnBrMA="></latexit>

f(x)

<latexit sha1_base64="ona/D4tr3EYHDnJOfycbPEt7ph8="></latexit>

Statistical learning version: (x(m)(tl), ẋ(m)(tl))l=1,...,L;m=1,...,M , with x(m)(t1) ⇠i.i.d.

µ0; construct an estimator f̂n the unknown f .

<latexit sha1_base64="6CJ+uts963QaTyA+g1KtCay+spw="></latexit>

We are interested in the nonparametric setting, i.e. no assumptions on f except
some regularity.



Nonparametric regression
<latexit sha1_base64="d79fT+bK/QG7I9WAQBsLy6ICbB8=">AAADKXicbVJdb9MwFE3C1yhfHTzyckWDlEpV1EwIEDAxiRceQBqCbpOWEjmO01q1ncp26CrLf4cX/govIIGAV/4ITpexsnGfrs+5X+fI+ZxRpYfDn35w4eKly1c2rnauXb9x81Z38/aeqmqJyQhXrJIHOVKEUUFGmmpGDuaSIJ4zsp/PXjT8/gciFa3EO72ckzFHE0FLipF2ULbpP09FRUVBhIa32oFKO44BI0gKKibQNj+BNO 2cloaRSfPSHFn73kS8byOdsf4gLSptToh1pp8Ztp2seDV49RT438drGw7ApCshRpLCmgXVUwibKXB0OiPpp4ryzKQc6ankhsY0LmJrU15nw9DaASwILJA7TVeAK6G0rLEGJIA4Ra6pkhCmU6RXg0ubiRD0lEAtZqJaiHZhaUOgohM2t8GJkEj3YRtaPlpD+2Hc6WTd3jAergLOJ0mb9Lw2drPuVzcd19zZiBlS6jAZzvXYIOmMZ8R20lqROcIzNCGHLhWIEzU2K4Ms3HdIAaUTU1ZO6wpd7zCIK7XkuatsjFJnuQb8H3dY6/Lx2FAxrzUR+HhRWbPGzebbQEElwZotXYKwpO5WwFMkEdbufzQmJGcln0/2tuLkYfzgzVZv51lrx4Z317vnRV7iPfJ2vJferjfysP/R/+x/878Hn4IvwY/g13Fp4Lc9d7x/Ivj9B2oGALs=</latexit>

Statistical learning version:
(x(m)(tl), ẋ(m)(tl))l=1,...,L;m=1,...,M , with x(m)(t1) ⇠i.i.d. µ0, we want to con-

struct an estimator f̂n the unknown f in ẋ(t) = f(x(t)).

<latexit sha1_base64="cWu8BGmOOFzJu9Wf8lOCiUw5ydg="></latexit>

RD
<latexit sha1_base64="1aGwMKHHj9tAUdxs1HC4A7wG2uk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCBylJEfVY8OKxgv2AJpTNdtMu3WzC7kaoIX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PuipKJKEdEvFI9n2sKGeCdjTTnPZjSXHoc9rzp7e533ukUrFIPOhZTL0QjwULGMHaSG49df0gfcqyIasPqzW7Yc+BVolTkBoUaA+rX+4oIklIhSYcKzVw7Fh7KZaaEU6zipsoGmMyxWM6MFTgkCovnd+coTOjjFAQSVNCo7n6eyLFoVKz0DedIdYTtezl4n/eINHBjZcyESeaCrJYFCQc6QjlAaARk5RoPjMEE8nMrYhMsMREm5gqJgRn+eVV0m02nKvG5X2z1roo4ijDCZzCOThwDS24gzZ0gEAMz/AKb1ZivVjv1seitWQVM8fwB9bnD9t5kYE=</latexit>zi

<latexit sha1_base64="34f9uP46qikw/8ABl4tcG8jLD0U=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgrtFBKUkRdFty4rGAv0IYwmU7aoZMLMxOhDVm78VXcuFDErU/gzrdxkmahrT8M/HznHM6c3wkZFdIwvrXC2vrG5lZxu7Szu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmd6k9d4D4YIG/r2chcTy0NinLsVIKmTrp5VqPHTceJ4kNq2nFrpJhuBckVqtYutlo2FkgqvGzE0Z5Grb+tdwFODII77EDAkxMI1QWjHikmJGktIwEiREeIrGZKCsjzwirDg7JYHnioygG3D1fAkz+nsiRp4QM89RnR6SE7FcS+F/tUEk3Wsrpn4YSeLjxSI3YlAGMM0FjignWLKZMghzqv4K8QRxhKVKr6RCMJdPXjXdZsO8bFzcNcuteh5HEZyAM1AFJrgCLXAL2qADMHgEz+AVvGlP2ov2rn0sWgtaPnMM/kj7/AGIGZly</latexit>

(zi, f(zi))

<latexit sha1_base64="2VXsc2hDY1mN1WxhBRDsytf9NBo=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLZCBSlJEfVY8OKxgv2AJpTNdtMu3WzC7qZQQ/+JFw+KePWfePPfuG1z0OqDgcd7M8zMCxLOlHacL6uwtr6xuVXcLu3s7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E49u535lQqVgsHvQ0oX6Eh4KFjGBtpL5tVwaeHMXVzAtC9Dg7r/TtslNzFkB/iZuTMuRo9u1PbxCTNKJCE46V6rlOov0MS80Ip7OSlyqaYDLGQ9ozVOCIKj9bXD5DZ0YZoDCWpoRGC/XnRIYjpaZRYDojrEdq1ZuL/3m9VIc3fsZEkmoqyHJRmHKkYzSPAQ2YpETzqSGYSGZuRWSEJSbahFUyIbirL/8l7XrNvapd3tfLjYs8jiKcwClUwYVraMAdNKEFBCbwBC/wamXWs/VmvS9bC1Y+cwy/YH18AxGVkpQ=</latexit>

d⇢(z)

<latexit sha1_base64="cWu8BGmOOFzJu9Wf8lOCiUw5ydg="></latexit>

RD

<latexit sha1_base64="EJp8QHlTPlZoc5ze1ZHr3lSVd5I=">AAADBnicbVJNb9QwEHXCV1k+uoUjHEZskIpYRZsKAUIgVYID3BbEtpXqbeQ4k43VxI5sp7BEOXHhr3DhAEJc+Q3c+Dc4uytaWuaS53nzZuY5TqpCGDsa/fb8c+cvXLy0drl35eq16+v9jRs7RtWa44SrQum9hBkshMSJFbbAvUojK5MCd5PD5x2/e4TaCCXf2nmF05LNpMgEZ9al4g3vNpVKyBSlhbEyRjghsKrSivH8CWicaT SdOoRX8sQRlEQQBmbiCCVUTGgDvSCgzWZDkww+tLEYLlDWHmfu3adomfvSNm7Es6g9kHQ4BGrxvW3eCZtDC3+LgQpJS2bzJGnetAcvhscUNaKMmwWpy0aEIkzDtqU6V65dEEBv0SvohgXQmatw6dBZNTgEJlNQta1qaxwGNFa4Xko7Sc7sau1YBmHcH4zC0SLgLIhWYEBWMY77v2iqeF26YbxgxuxHo8pOG6at4AW2PVobrBg/ZDPcd1CyEs20WfzGFu66TAqZ2yNTbtlF9qSiYaUx8zJxlZ11c5rrkv/j9mubPZ42QjrDKPlyUFYXYBV0bwJSoZHbYu4A41q4XYHnTDNu3cvpuUuITls+C3a2wuhh+OD11mD76eo61sgtcodskog8ItvkJRmTCeHeR++z99X75n/yv/jf/R/LUt9baW6Sf8L/+Qd59PPW</latexit>

Possible approach: regression. In regression one is given pairs

{(zi, f(zi) + ⌘i)}ni=1 ,with zi 2 RD, zi ⇠i.i.d. ⇢ ,

with ⌘ independent noise, and outputs an estimator f̂n.

<latexit sha1_base64="Ni233VOdQjTUXR9H21zFCWDjOKk=">AAADp3icbVJtaxNBEL4mvtT40lQ/+mVoT2gwCUkQleKHggpFFCv2JZBNw97eXLJ0b/fY2VPD5X6af8Jv/hv30kDT1oGFh5l55uXZiTIlyfV6fzdq9Tt3793ffNB4+Ojxk63m9tNTMrkVeCKMMnYYcUIlNZ446RQOM4s8jRSeRRfvq/jZD7QkjT528wzHKZ9qmUjBnXdNtjd+M22kjlE7OEOlOrnHlpwxMWTW+DLpPiA5mXJnLI </latexit>

Well-understood problem: estimators that, for f s-Hölder regular, satisfy

E[||f̂n � f ||2L2(⇢)] . n� 2s
2s+D .

Moreover, this learning rate is optimal

(in the so-called min-max sense:

for any estimator one can find f
for which the estimator does not converge

to f any faster than this).



Nonparametric estimation
<latexit sha1_base64="btLmhX89GHDrIL54nUL426Tqf/0="></latexit>

Suppose we have a system driven by of ODEs in the form

ẋ(t) = f(x(t)) ,x 2 RD, f : RD ! RD

and we are given observations of positions and velocities

(x(m)
(tl), ẋ

(m)
(tl))l=1,...,L;m=1,...,M ,

where:

· 0 = t1 < · · · < tL = T ;
· m indexes trajectories corresponding to di↵erent initial conditions at t1 = 0

Problem: construct an estimator f̂n that is close to f .

<latexit sha1_base64="LlV/tRffy3XicHUxyWnHDtlmynE="></latexit>

x(1)(t1)

<latexit sha1_base64="OfkP+aAPMRFrI1Ovic0lmIqtPoM="></latexit>

x(1)(t2)

<latexit sha1_base64="bQ+7FleZO7IgvavpVLxTkW6sZ4k="></latexit>

ẋ(1)(t1)

<latexit sha1_base64="cWu8BGmOOFzJu9Wf8lOCiUw5ydg="></latexit>

RD

<latexit sha1_base64="Ugqtzrr1vDSjK2H2W3qZ/0xyUFE="></latexit>

x(2)(t1)

<latexit sha1_base64="+ype2oAoARr1kT+oFb+dGSry3qw="></latexit>

x(2)(t2)

<latexit sha1_base64="mPMJRQ27vGLivSChLc3oCc+wBMo="></latexit>

ẋ(2)(t2)

<latexit sha1_base64="4KW+3JYwicPR7eioSKtWJfs51do="></latexit>

ẋ(2)(t1)

<latexit sha1_base64="D5JMHJBbqRfVq+/xZ5wzBWxs3As="></latexit>

m = 2

<latexit sha1_base64="+Nwnk39FSWQvlLpxcxh5pwRzM2k="></latexit>

ẋ(2)(tL)

<latexit sha1_base64="/Tg8zIuSY9g3zW6CHtbd9lQkQ4E="></latexit>

x(2)(tL)

<latexit sha1_base64="ok78ltJwryiKdej5DIsDS5rC+es=">AAACpXicbZBNb9NAEIbX5quErwBHLgMxCIlixRESHECqRFU4oCpFTVMpSaP1epysut61dtZIluVfxr/gxr9hneQALXMazTsf7zxpqSS54fB3EN64eev2nb27vXv3Hzx81H/85IxMZQVOhFHGnqecUEmNEyedwvPSIi9ShdP08nOnT3+gJWn0qatLXBR8pWUuBXe+tOz/nGsjdYbawZGxwIFqcliAySE6joCvvEIgNUTzgrt1mj bf24ss2ofo8NNxFoEk8Gv9OqVq8IdqUNyucB+4zsCtESx3CJG+aN7Oc8tFQ20zojeHbRtBpcm7oJwLZ2wdw1Fl/YQ3QVQVZeePgFsEjZhhBrn3l6JzvqNbSvGyPxjGw03A9STZJQO2i/Gy/2ueGVEV/ieh/JVZMizdouHWSaGw7c0rwpKLS//1zKeaF0iLZgO5hZe+sjWRG09rU/17ouEFUV2kvrMjRVe1rvg/bVa5/MOikbqsHGqxPZRXCpzp0CJk0qJwHm8mubDSewWx5p6lJ0E9DyG5+vL1ZDqKk3dxkpyMBgcfdzz22DP2gr1mCXvPDthXNmYTJoLnwZdgHJyEr8Jv4Wl4tm0Ng93MU/ZPhMs/R5fNyg==</latexit>

For a system of N agents in Rd, D = Nd is typically very large, and the rate
n� s

2s+D unsatisfactory. Further assumptions are needed for better rates.

<latexit sha1_base64="UgeHUxwZshkg6LiTAn8HsqYAvZA="></latexit>

(x(m)(tl), ẋ(m)(tl))l=1,...,L;m=1,...,M , with x(m)(t1) ⇠i.i.d. µ0, construct f̂n.

<latexit sha1_base64="KS7z3uTUaeQsrnrJgeid6c/5je0="></latexit>

The observations are independent in m, but not in l.

<latexit sha1_base64="DTLsLRElulmrqR0ARtUH5tFkEz0=">AAAB9XicbVC7TsMwFL0pr1JeBUYWixaJqUoqBAwMlVgYi0QfUhsqx3Vaq44T2Q6oRP0PFgYQYuVf2PgbnDQDtBzJ0tE59+oeHy/iTGnb/rYKK6tr6xvFzdLW9s7uXnn/oK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3Kd+p0HKhULxZ2eRtQN8EgwnxGsjXRf7QdYjz0/eZoNWHVQrtg1OwNaJk5OKpCjOSh/9YchiQMqNOFYqZ5jR9pNsNSMcDor9WNFI0wmeER7hgocUOUmWeoZOjHKEPmhNE9olKm/NxIcKDUNPDOZhlSLXir+5/Vi7V+6CRNRrKkg80N+zJEOUVoBGjJJieZTQzCRzGRFZIwlJtoUVTIlOItfXibtes05r53d1iuNq7yOIhzBMZyCAxfQgBtoQgsISHiGV3izHq0X6936mI8WrHznEP7A+vwBQM+SVw==</latexit>zi
<latexit sha1_base64="Mo0X0C/ZpirX1+gZUCrBV7X6RJM=">AAACA3icbZDLSsNAFIYn9VbrLepON4OtUDclKaIuXBTcuKxgL9CGMJlO2qGTSZiZCDUE3Pgqblwo4taXcOfbOGkjaOsPAx//OYc55/ciRqWyrC+jsLS8srpWXC9tbG5t75i7e20ZxgKTFg5ZKLoekoRRTlqKKka6kSAo8BjpeOOrrN65I0LSkN+qSUScAA059SlGSluueVDpB0iNPD/x0+oP3qcuPam4ZtmqWVPBRbBzKINcTdf87A9CHAeEK8yQlD3bipSTIKEoZiQt9WNJIoTHaEh6GjkKiHSS6Q0pPNbOAPqh0I8rOHV/TyQokHISeLoz21LO1zLzv1ovVv6Fk1AexYpwPPvIjxlUIcwCgQMqCFZsogFhQfWuEI+QQFjp2Eo6BHv+5EVo12v2We30pl5uXOZxFMEhOAJVYINz0ADXoAlaAIMH8ARewKvxaDwbb8b7rLVg5DP74I+Mj2+eBpd9</latexit>

f(zi)

<latexit sha1_base64="gS56NlDBFIwXjywVGPF49+RBHDo=">AAADKHicbVJbaxNBFN5dbzXeUn305dCu0GIbkoCXBysFW+hDLFVMW8imYXb2bHbs7swyM5sSNvtzfPGv+CKiSF/9JZ5Ng2jrgYGP73znPmGeCmPb7XPXu3b9xs1bS7cbd+7eu/+gufzw0KhCc+xzlSp9HDKDqZDYt8KmeJxrZFmY4lF4+qb2H01QG6HkBzvNcZixsRSx4MwSNVp2XwdSCRmhtLA7QQkihjMEymGR2AisgoRNEG pNXlOS4wacCZuowkJcaJugBmZMkeV1SgNKgl8GYQxx5W9AiEZEaMA3/uZesKLSiOQax0XKtLDTDaD4WmSBWcuEZNQ5aGapIgUFGbNJGJa71WA2CxJmF4lHcnOBZrNR2TvpVsMgRWOMyECelJtBrBkvTVV2zdOdqu7jjNpE8OVW760Pa37PBxWaFo0FyHgCKgafHFazj611YDICf2drP6ql+z6wMe3H1OI/Hb2vTiJ/vTVqrrZb7bnBVdBZgFVnYQej5rcgUrzIKCFPaW2DTju3w5JpK3iKVSMoDOaMn1LJAUHJMjTDcn7oCp4QE0GsND062Jz9O6JkmTHTLCRl3aa57KvJ//kGhY1fDksh84LOzi8KxUVaX7/+NRAJjdymUwKM090EB54w2rGlv9WgJXQuj3wVHHZbneetZ++6q9uvFutYch47K86a03FeONvOnnPg9B3ufnK/uN/dH95n76v30zu/kHruIuaR8495v34DB8H9Uw==</latexit>

Even if we pretended to have independence, without further assumptions on f ,
besides s-Hölder regularity, the best attainable rate is E[||f̂n � f ||L2 ] . n� s

2s+D ,

where n = LM (L obs. in each of M traj.) and D = Nd (N agents in Rd
).



Agent-based systems
<latexit sha1_base64="Uyq4j1es7F3OZ1tb3xrBhyLGgFo=">AAAEsnicbVPbbtNAEDVNgBJuBR55GVEjEpG6CaoAIZAKlMJDW4roTa3baL0eJ0v2Yu2um0au/49n3vgb1k5ooe1KlsazM+fMnNmJUs6M7XR+X5up1a/fuDl7q3H7zt179+cePNwxKtMUt6niSu9FxCBnErctsxz3Uo1ERBx3o+HH8n73GLVhSm7ZcYqHgvQlSxgl1rl6D2Z+hlIxGaO0sEm0ZZTjAhAZA+k730KJHYMZG4vCAN </latexit>

Particle- and agent-based systems are driven by ODEs with special structure.

A simple prototypical model:

ẋ(m)
i =

1

N

NX

i0=1

�(||x(m)
i � x(m)

i0 ||)(x(m)
i0 � x(m)

i )

Given observations {(xi, ẋi)}Ni=1 at di↵erent times {tl}Ll=1 and/or for di↵erent

initial conditions {x(m)
(0)}Mm=1, we want to learn the interaction kernel �.

Di↵erent limits: N ! +1 (mean-field limit, joint work with M. Fornasier and

M. Bongini), M ! +1 (joint work with F. Lu, S. Tang and M. Zhong).

<latexit sha1_base64="NEHnvnXR4W+aKCoNkgjKZ2OHdXk="></latexit>

· Strong model assumption on the form of the ODE system. Now the un-

known is the function � of 1 variable, r.

· We may be able avoid the curse of dimensionality.

· No value �(r) is observed, so this is not regression, but an inverse problem.



Agent-based systems
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<latexit sha1_base64="13BtnO/DAHo0NGDTIuxUmvEs3hQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5KUgh4LXjxWtLbQhrLZbtqlm03YnQgl9Cd48aAgXv1D3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTRxOnmvE2i2WsuwE1XArF2yhQ8m6iOY0CyTvB5Gbud564NiJWDzhNuB/RkRKhYBStdF/F6qBccWvuAmSdeDmpQI7WoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp17xGzfPu6pVmPc+jCGdwDpfgwRU04RZa0AYGI3iGV3hzpPPivDsfy9aCk8+cwh84nz8o1I17</latexit>

t
<latexit sha1_base64="6KT2/WfCUTgMJWyeethSjG7SjIs="></latexit>

xi > 0 is the i-th opinion, i = 1, . . . , 10.

<latexit sha1_base64="dlE2zvA7RJnuBHTQQa5HEnjGwyM=">AAAB7XicbVBNSwMxEJ31s9avqkcvwVbwVHaLVA8KBS9ehAr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAtizrRx3W9nZXVtfWMzt5Xf3tnd2y8cHDa1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtHN1G89UaWZFA9mHFM/wgPBQkawsVKzdHftVUu9QtEtuzOgZeJlpAgZ6r3CV7cvSRJRYQjHWnc8NzZ+ipVhhNNJvptoGmMywgPasVTgiGo/nV07QadW6aNQKlvCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCSz9lIk4MFWS+KEw4MhJNX0d9pigxfGwJJorZWxEZYoWJsQHlbQje4svLpFkpe9Xy+X2lWLvK4sjBMZzAGXhwATW4hTo0gMAjPMMrvDnSeXHenY9564qTzRzBHzifP8cajfA=</latexit>

M = 16

<latexit sha1_base64="Uyq4j1es7F3OZ1tb3xrBhyLGgFo=">AAAEsnicbVPbbtNAEDVNgBJuBR55GVEjEpG6CaoAIZAKlMJDW4roTa3baL0eJ0v2Yu2um0au/49n3vgb1k5ooe1KlsazM+fMnNmJUs6M7XR+X5up1a/fuDl7q3H7zt179+cePNwxKtMUt6niSu9FxCBnErctsxz3Uo1ERBx3o+HH8n73GLVhSm7ZcYqHgvQlSxgl1rl6D2Z+hlIxGaO0sEm0ZZTjAhAZA+k730KJHYMZG4vCAN </latexit>

Particle- and agent-based systems are driven by ODEs with special structure.

A simple prototypical model:

ẋ(m)
i =

1

N

NX

i0=1

�(||x(m)
i � x(m)

i0 ||)(x(m)
i0 � x(m)

i )

Given observations {(xi, ẋi)}Ni=1 at di↵erent times {tl}Ll=1 and/or for di↵erent

initial conditions {x(m)
(0)}Mm=1, we want to learn the interaction kernel �.

Di↵erent limits: N ! +1 (mean-field limit, joint work with M. Fornasier and

M. Bongini), M ! +1 (joint work with F. Lu, S. Tang and M. Zhong).



The estimator for the interaction kernel

<latexit sha1_base64="tOXHSP4kC5iGK0bip4pRIwrvaZ0="></latexit>

linear map (in �) applied
to unknown �

<latexit sha1_base64="5lp1nvJYpQB0wewDrt2hsli2vcI=">AAADf3icfVJta9swEFbivXTeW7p93BfReDRhrrHL2EtZoLAvG6xdB0tbqDIjy3IjKtlGkkuD4p+xP7Zv+y/7MNnNuq4JOxAcz3Onu3vukpIzpcPwZ6fr3Lp95+7aPff+g4ePHvfWnxyqopKEjknBC3mcYEU5y+lYM83pcSkpFgmnR8nZ+4Y/OqdSsSL/qmclnQh8mrOMEawtFK93vqO8YHlKcw0/J4rK85ZQO9BDZoAE1tMkMx f1NzMQwzpmPkoLbf7iV8RwoGM+RHVsPo4in9snRpFl9/1P/l7t+TArJPT2PJiyLKOyqcdyphnmkBR5ytqqkAUsSANbWzGBRBWHTaIshOt57vXK8Kojw+qBHo5QJjGJ9pGqhIU2a2iQphe6FcgkvKI1Kqc2dD5fmqkJt19sLQ9r0fl8uKzCfzOGo50/eGZDV7exQtkm1croIj/wvLjXD4OwNbjsRAunDxZ2EPd+WHlIJayuhGOlTqKw1BODpWaE09pFlaIlJmf4lJ5YN8eCqolp+6rhc4uk7YKywu6lRa9nGCyUmonERjZtq5tcA67iTiqdvZkYlpeVpjm5LJRVHOoCNsdob0FSovnMOphIewMEkim2m9T2ZF0rQnRz5GXncDuIXgUvv2z3d98t5FgDz8AGGIAIvAa74AM4AGNAOr+6G90XXd/pOJtO4ISXod3OIucp+Mect78BE6kc4w==</latexit>

Observations: {(x(m)
i , ẋ(m)

i )(tl)}N,L,M
I=1,l=1,m=1, for M di↵erent initial conditions

i.i.d. ⇠ µ0, from

ẋ(m)
i (t) =

1

N

X

i0

�(||x(m)
i0 (t)� x(m)

i (t)||)(x(m)
i0 (t)� x(m)

i (t)) =: f�((x
(m)
i (t))i) .

<latexit sha1_base64="fOuuFt6JpsJloVIDWhBae+JfDAY=">AAAENnicjVNLb9QwEE6zPMryaAtHLhYNUiLCalMhQBUrVaqQemihIPqQmm3kJM7GauxEtgNdjH8VF34Ht144gBBXfgKT7Ba2jwM+Teabbx7fTOKqoFL1+ydzdufK1WvX5290b966fWdhcenurixrkZCdpCxKsR9jSQrKyY6iqiD7lSCYxQXZi4/WG3zvPRGSlvydGldkyPCI04wmWIErWrI3Q15SnhKu0HrJJU2JQConiLCKCg </latexit>

Consider the empirical error functional

EL,M ( ) :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f ((x

(m)
i (tl))i)

��2 .

Our estimator is defined as a minimizer of EL,M over  2 H, a suitable hypoth-

esis space of functions on R+, with dim(H) = n (with n = n(M)):

�̂L,M,H := arg min
 2H

EL,M ( ) .

<latexit sha1_base64="2LWmUJUMBhW2sJ9829TKbk1Kfig=">AAAC3nicbVE9bxNBEN07voL5MlDSjHCQghRZvggBBUUkJEhBESQcR7ItM7c3Z6+yt3vsR5BluaChACFafhcdP4SeOdsFOIy2mJ2Zt+/N27zWyode71eSXrp85eq1neutGzdv3b7TvnvvxNvoJPWl1dad5uhJK0P9oIKm09oRVrmmQX72sukPzsl5Zc27MK9pXOHUqFJJDFyatH+PjFWmIBPglXWwO6owzCTqxdFyF5pH0YGPua 9R0j6EmfLAB0ET+gD+Q0RHHmpnmbCCvdcYvd+HNzQlUzh63IUBwUfk1xmCbkpbDMGCoyJKglwhA/MYwNjQ1Nfj6JkUAygjeS1PzZXAxConB7aEGh1WFHjDBpMTkA+KGaiAkvdBmKpzMoCVjSyCAQUG7E7anV63twq4mGSbpCM2cTxp/xwVVsaKfZIavR9mvTqMF+iCkpqWrVH0xBad4ZSGnBrW5MeL1fcs4RFX1nJKyyJW1b8RC6y8n1c5Tzbe+O1eU/xfbxhD+Xy8UKaOgYxcE5VRN040fw2FciSDnnOC0inWCnLGhsnGrxabkG2vfDE5OehmT7tP3h50Dl9s7NgRD8RDsScy8UwciiNxLPpCJsPkU/Il+Zq+Tz+n39Lv69E02WDui38i/fEHVCnkfA==</latexit>

For H linear subspace, this is a least squares problem (Gauss, Legendre). We
want a large H to reduce bias, but not to large as that increases the number of
parameters to be estimated for a given amount of data.



Coercivity condition

The coercivity constant cL,N,H also controls the condition number of the matrix

in the least squares problem yielding �̂L,M,H.

<latexit sha1_base64="4BbY3e0l5xp8c5ksVnqAVssGgzU=">AAAClXicbVFLa9wwEJbdV7p9ZJMeeuhFdLfQQ1js0NIcWkgflBz6SCGbBNbLMpbHaxFZcqRxqDH7j/preuu/qezsoUk6IPj0zXyamU9ppaSjKPoThLdu37l7b+P+4MHDR483h1vbx87UVuBUGGXsaQoOldQ4JUkKTyuLUKYKT9Kzj13+5AKtk0YfUVPhvISllrkUQJ5aDH8l2kidoSZ+VCAXBq2QF5IaD7Uj8PxYLNovO992kh KoEKDag9VqzEE509WQNcpx6rU6k92rXNdlipabvOe9zMqfXOr+phAccXdeg0XHK2v8pCVvJKpM6iUfJwVQUhWy6/n1as/JYjiKJlEf/CaI12DE1nG4GP5OMiPq0q8nFDg3i6OK5i1YkkLhapDUDisQZ7DEmYcaSnTztnd1xV94JuO5sf54G3r2X0ULpXNNmfrKbkp3PdeR/8vNasr35q3UVU2oxWWjvFacDO++iGfSoiDVeADCeksFFwVYEOQ/cuBNiK+vfBMc707iV5PXP3ZH+2/XdmywZ+w5e8li9obtswN2yKZMBNvBXvA++BA+Dd+Fn8LPl6VhsNY8YVci/P4XUnvKAQ==</latexit>

<latexit sha1_base64="NAKEpVXbMmMaHfcDleF6pyL4CGU="></latexit>

Lemma. Coercivity =) unique minimizer of limM!+1 EL,M ( ) over  2 H

<latexit sha1_base64="0A73tynz6kzLjc45J21hQ6xIqHU="></latexit>

 � � 2 H =) cL,N,H|| (·) ·��(·) · ||2L2(⇢L
T )  EL,1( � �)

<latexit sha1_base64="9s1ejGg3TTBR7oCXGWgSRADs63Y="></latexit>

EL,M ( ) :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f (x

(m)
i (tl))

��2,

�̂L,M,H := arg min
 2H

EL,M ( ) .

<latexit sha1_base64="IXtZonZ1IJh5YEpY0tzYklClaCc=">AAAEgnicbVNbTxNBFF6gKtYb6KMvBymhlbV2q1FDICEhJiQSgtyTTruZnU7bSWdn15lZlMzO//B3+eav0dltQQTmYXIu37mfE6WcKd1q/Z6Znavcu/9g/mH10eMnT58tLD4/UUkmCT0mCU/kWYQV5UzQY800p2eppDiOOD2NxtuF/vScSsUScaQvUtqN8VCwASNYO1G4OPsTiYSJPhUaTimoEeYcsFJZTEGPsHYfhUyMRfJdAB </latexit>

We shall assume that the unknown interaction kernel � is in the admissible class
KR,S := { 2 C1(R+) : supp. ⇢ [0, R], supr2[0,R] | (r)|+ | 0(r)|  S}.
Coercivity condition: 8 :  (·)· 2 H, for cL,N,H, rii0 := xi�xi0 , rii0 := ||rii0 ||

cL,N,Hk (·) · k2L2(⇢L
T )

1

NL

L,NX

l,i=1

E
�� 1

N

NX

i0=1

 (rii0(tl))rii0(tl)
��2 .



Bias/variance trade-off
EL,M (') :=

1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2,

�̂L,M,H := arg min
'2H

EL,M (') .
<latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit>

H
<latexit sha1_base64="4RtK6QM+0V0Vok7kz4/ND513bWM=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiieziQQ8eSLxwxETABDakW7rQ0HbXtktCNvwOLx40xqs/xpv/xi7sQcFJmkxm3subThBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tFRoghtk4hH6jHAmnImadsww+ljrCgWAafdYHKX+d0pVZpF8sHMYuoLPJIsZAQbK/nVvsBmTDBPm/PqoFxxa+4CaJ14OalAjtag/NUfRiQRVBrCsdY9z42Nn2JlGOF0XuonmsaYTPCI9iyVWFDtp4vQc3RhlSEKI2WfNGih/t5IsdB6JgI7mWXUq14m/uf1EhPe+CmTcWKoJMtDYcKRiVDWABoyRYnhM0swUcxmRWSMFSbG9lSyJXirX14nnXrNu6rV7+uVxm1eRxHO4BwuwYNraEATWtAGAk/wDK/w5kydF+fd+ViOFpx85xT+wPn8ATcYkbY=</latexit>

L2(⇢LT )
<latexit sha1_base64="f9tdKc5vOeacQn2AYYqkeuWs1kg=">AAAB+HicbVC7TsMwFHV4lvJogJHFokUqS5WEAQaGSiwMHYrUl9SmkeO6rVXHjmwHqUT9EhYGEGLlU9j4G9w2A7Qc6UpH59yre+8JY0aVdpxva2Nza3tnN7eX3z84PCrYxyctJRKJSRMLJmQnRIowyklTU81IJ5YERSEj7XByN/fbj0QqKnhDT2PiR2jE6ZBipI0U2IVSre+Ve3Isgka/dlkK7KJTcRaA68TNSBFkqAf2V28gcBIRrjFDSnVdJ9Z+iqSmmJFZvpcoEiM8QSPSNZSjiCg/XRw+gxdGGcChkKa4hgv190SKIqWmUWg6I6THatWbi/953UQPb/yU8jjRhOPlomHCoBZwngIcUEmwZlNDEJbU3ArxGEmEtckqb0JwV19eJy2v4l5VvAevWL3N4siBM3AOysAF16AK7kEdNAEGCXgGr+DNerJerHfrY9m6YWUzp+APrM8fkDWRtA==</latexit>

�
<latexit sha1_base64="YH8YoR1OUrOE79cnNfk06KX7kK0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYiJYhbtYaGERsLGMYD4gOcLeZi9Zs7e77O4J4ch/sLFQxNb/Y+e/cZNcoYkPBh7vzTAzL1KcGev7397a+sbm1nZhp7i7t39wWDo6bhmZakKbRHKpOxE2lDNBm5ZZTjtKU5xEnLaj8e3Mbz9RbZgUD3aiaJjgoWAxI9g6qVXpqRGr9Etlv+rPgVZJkJMy5Gj0S1+9gSRpQoUlHBvTDXxlwwxrywin02IvNVRhMsZD2nVU4ISaMJtfO0XnThmgWGpXwqK5+nsiw4kxkyRynQm2I7PszcT/vG5q4+swY0KllgqyWBSnHFmJZq+jAdOUWD5xBBPN3K2IjLDGxLqAii6EYPnlVdKqVYPLau2+Vq7f5HEU4BTO4AICuII63EEDmkDgEZ7hFd486b14797HonXNy2dO4A+8zx/Lr46X</latexit>

bias

variance
PH�

<latexit sha1_base64="Zx88y8ijpLOLyNSqbRDdHW5pPOA=">AAAB/nicbVDLSsNAFL3xWesrKq7cBFvBVUnqQhcuCm66rGAf0IQwmU7aoZNJmJkIJQT8FTcuFHHrd7jzb5y0WWjrgYHDOfdyz5wgYVQq2/421tY3Nre2KzvV3b39g0Pz6Lgn41Rg0sUxi8UgQJIwyklXUcXIIBEERQEj/WB6V/j9RyIkjfmDmiXEi9CY05BipLTkm6f1jp+5EVITjFjWznM3mdC6b9bshj2HtUqcktSgRMc3v9xRjNOIcIUZknLo2InyMiQUxYzkVTeVJEF4isZkqClHEZFeNo+fWxdaGVlhLPTjypqrvzcyFEk5iwI9WQSVy14h/ucNUxXeeBnlSaoIx4tDYcosFVtFF9aICoIVm2mCsKA6q4UnSCCsdGNVXYKz/OVV0ms2nKtG875Za92WdVTgDM7hEhy4hha0oQNdwJDBM7zCm/FkvBjvxsdidM0od07gD4zPH/2qlXs=</latexit>

bias

variance

Pick dimH an increasing function of M ,
to attain the minimum of the sum of
bias (squared) and variance.

<latexit sha1_base64="w0wh09Hgj9PNrelbp/KwTKEEISg="></latexit>

+ coercivity
<latexit sha1_base64="9hKYDy/1zGXwaFmAIsRz73NCQI8=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoMgCOEuFlpYBGwsI5gPSI6wt5lLluztHbt7gSPkb9hYKGLrn7Hz37hJrtDEBwOP92aYmRckgmvjut9OYWNza3unuFva2z84PCofn7R0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6f++0JKs1j+WSyBP2IDiUPOaPGSr0rwmJUjE+4yfrlilt1FyDrxMtJBXI0+uWv3iBmaYTSMEG17npuYvwpVYYzgbNSL9WYUDamQ+xaKmmE2p8ubp6RC6sMSBgrW9KQhfp7YkojrbMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZkHQAZcITMis4Qyxe2thI2ooszYmEo2BG/15XXSqlW962rtsVap3+VxFOEMzuESPLiBOjxAA5rAIIFneIU3J3VenHfnY9lacPKZU/gD5/MHv9GReg==</latexit>

decreases as dimH increases; depends only on
approximation properties of H

<latexit sha1_base64="B7nOwL5uGOtRZCc032SSun24waQ="></latexit> KR,S
<latexit sha1_base64="tMBdQYp4cZvwmCxE4Yurxt89nyo=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYvEgKqkDDAwVGJBYimPPqQ2ihzXaa06TmQ7SFEUfoWFAYRY+RA2/ganzQAtR7J0dM69usfHixiVyrK+jdLK6tr6RnmzsrW9s7tn7h90ZRgLTDo4ZKHoe0gSRjnpKKoY6UeCoMBjpOdNr3K/90iEpCF/UElEnACNOfUpRkpLrlmtDwOkJhix9CZz07vT+6zumjWrYc0Al4ldkBoo0HbNr+EoxHFAuMIMSTmwrUg5KRKKYkayyjCWJEJ4isZkoClHAZFOOgufwWOtjKAfCv24gjP190aKAimTwNOTeVK56OXif94gVv6Fk1IexYpwPD/kxwyqEOZNwBEVBCuWaIKwoDorxBMkEFa6r4ouwV788jLpNhv2WaN526y1Los6yuAQHIETYINz0ALXoA06AIMEPINX8GY8GS/Gu/ExHy0ZxU4V/IHx+QP5+5RO</latexit>

<latexit sha1_base64="xJrvddxxY4g5aoVm+yn7MEijebY=">AAACpXicbVFNb9NAEF2brxK+UjhyGUhARaoiu0ICCQ6VOMCBQyo1TaUkisbrcbLKetfaHbuKov4y/gU3/g3rJBLQMqfRvHkz895klVaek+RXFN+5e+/+g4OHnUePnzx91j18fuFt7SSNpNXWXWboSStDI1as6bJyhGWmaZytvrT4uCHnlTXnvK5oVuLCqEJJ5FCad39MjVUmJ8MwMlqtCBwtHPmWcAxXBLkFYxmW2BCglAEBtt CgrsmDLaA/rZaqfwxZzWCNXoPNPLlmO94D8BIZ0BG0B6KDojZyBx01CqFfzLf8d39GfQJpyUnVKF6DKoMJYZFnDIpAmaCFVaZ0AAfzbi8ZJNuA20m6T3piH8N59+c0t7Iug1qp0ftJmlQ822AYKTVdd6a1pwrlChc0CanBkvxsszX5Gt6ESg6FDRpscGtb/ZuxwdL7dZmFzhJ56W9ibfF/2KTm4uNso0xVMxm5W1TUurW5/RjkypHk4GyuUDoVbgW5RIeSw187wYT0puTbyfhkkL4fpOnZSe/0896PA/FSvBZHIhUfxKn4JoZiJGT0KvoaDaOz+G38PT6PL3atcbTnvBD/RDz/DUTwzpY=</latexit>

Unlike regression, we do not have access to values of �, but only observations
that are linear functions (via f�) of �; coercivity implies stable invertibility.

<latexit sha1_base64="uS6A5mVxmEtYGoNSauMKNl8NmoU="></latexit>

increases as dimH increases, for fixed M ;
measures randomness of �̂L,M,H 2 H

<latexit sha1_base64="vfQ+/Jo7+ep7eSJ8+Jk8l6jb0Uw=">AAACE3icbVDLSsNAFJ3UV62vqEs3wVYQKSUpoi5cFNx0oVDBPqAJYTKdtEMnkzAzEUrIP7jxV9y4UMStG3f+jZM2i9p6YODMOfdy7z1eRImQpvmjFVZW19Y3ipulre2d3T19/6Ajwpgj3EYhDXnPgwJTwnBbEklxL+IYBh7FXW98k/ndR8wFCdmDnETYCeCQEZ8gKJXk6mcVewSlHY2Im9xW76p2AOUIQZo009QmbO5bcfWyWTOnMJaJlZMyyNFy9W97EKI4wEwiCoXoW2YknQRySRDFacmOBY4gGsMh7ivKYICFk0xvSo0TpQwMP+TqMWlM1fmOBAZCTAJPVWY7ikUvE//z+rH0r5yEsCiWmKHZID+mhgyNLCBjQDhGkk4UgYgTtauBRpBDJFWMJRWCtXjyMunUa9ZF7fy+Xm5c53EUwRE4BqfAApegAZqgBdoAgSfwAt7Au/asvWof2uestKDlPYfgD7SvX/LWnjU=</latexit>

�̂L,M,H 2 H



Main Theorem (first order systems)

<latexit sha1_base64="5b7fIMpyf/b37t2k+YxK09dcE6E=">AAAC3XicbVHJbhNBEO0ZtmA2B45cSthIDoiRx0IiB5CCuICUQBAYB3lTu6dst9LL0NUTYayICweQEFf+ixvfwQ/QMzFbQp2q36vqV/VqkitJvt3+HsWnTp85e27tfO3CxUuXr9TXr74iWziBXWGVdXsTTqikwa6XXuFe7pDricLeZP9RyfcO0JG05qVf5DjUfGbkVAruAzSu/xgYK02GxsMTA36OgCYDsupAmln11tJILd9V9Z A7G37WIAk4KOTk79CbgjukP5SBpnlgxreakEmNppSmBB6qmXXSzzXB1DoQAfSuEP6XzPYL0Nw7+RZ4GEBYnRe/OSQvAxnaXGFKgfBEaD5rPR11trOByKyHnds7QXPU2WhCy5rSDljtHUZVZCG3RDJMuJGM64120q4CTibpKmmwVeyO698GmRVFWMYLxYn6aTv3wyV3XgqFh7VBQZhzsc9n2A+p4RppuKyOcwg3A5JVO09tcLlC/+5Yck200JNQGXac03GuBP/H9Qs/3RwupQlGoRFHQtNCgbdQXjq471B4tQgJF8F6KUDMuePCB19qwYT0+Monk14nSe8mafq809i6v/JjjV1nN1iLpewe22KP2S7rMhG9jt5HH6NP8Sj+EH+OvxyVxtGq5xr7J+KvPwFhzOSk</latexit>

In the end solving the minimization problem is a least-squares problem in n = n⇤
dimensions. Algorithms for constructing the LS matrix and computing the
estimator run in time O(N2

Ld ·M +Mn
2
⇤) (online versions also possible).

<latexit sha1_base64="iGgcuLcajjPCvBWlJK7gdKpQz14="></latexit>

this is just the function that,
evaluated at r, gives �(r)r

Theorem. Let {Hn}n ✓ H be a sequence of subspaces of L1
[0, R], with

dim(Hn)  c0n and inf'2Hn k'(·)� �(·)kL1([0,R])  c1n�s
, for some constants

c0, c1, s > 0. It exists, for example, if � is s-Hölder regular.

Choose n⇤ = (M/logM)
1

2s+1 : then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM

M

◆ s
2s+1

.
<latexit sha1_base64="mSD9IRDIH6WlwO8G8A1ZVPGe2jA=">AAAEjXicbVNtb9s2EFZjb+u0l6bbx305NBpgd4onp1i7Fm1RwBiWAcnQdUlbwHQEijpZRCXSIam2AcNfs3+0b/s3Iy0nTdYdIOJ4r8891BWrhmuTZf/c2BoMP/n0s5ufx198+dXXt7Zvf/NSy04xPGaykep1QTU2XOCx4abB1yuFtC0afFW8mQX/q7eoNJfiyJytcNHSpeAVZ9R4U3576y8iJBclCmNJUcFRjVJh6ybxARpIiC </latexit>

<latexit sha1_base64="lDXydQu9NhmDeeIUEOnFLZN8+UY=">AAAC6nicbVJNb9NAEF2brxK+UjhyGREjFRRZToVoDyBVQkJF4lBQ01ZKgrVej5NV17vW7rppZOUncOEAQlz5Rdz4N4zTHKBlTqM3M/vevNmsUtL5JPkdhNeu37h5a+N2587de/cfdDcfHjlTW4FDYZSxJxl3qKTGoZde4UllkZeZwuPs9E1bPz5D66TRh35R4aTkUy0LKbgnKN0M2FgbqXPUHt5p8DMEPOdlpdDBHEHMjHEI0b jkfia4avaXqY7AG8hw1ewqLhBMAZVEgXNJza0UbqGotWg5HBgNHGpiNbaEiluSSXg7JLjNpeZK+gVE9C5B0Sjpf0wbIjxfTiLYQuclkWMOrq6qOBrbmUnffzqMnvWBHqSx1zp9HsXwliyRaPsw52eo0Ls+oBdxHM9NrfJWryHBFjT3teWqXU0KdHHa7SVxsgq4mgzWSY+t4yDt/hrnRtQlWSYUd240SCo/adq9hMJlZ1w7JFdO+RRHlGpeops0q1Mt4Skh+Up4YcjyFfr3RMNL5xZlRp2t5e5yrQX/VxvVvtidNFJXtUctLoiKWrWnau8OubQovFpQwoWlCwhygFsuPP2ODpkwuLzy1eRoOx68jF982O7tvVrbscEesydsiw3YDttj++yADZkIpsHn4GvwLVThl/B7+OOiNQzWM4/YPxH+/AMXpObj</latexit>

In the examples we choose Hn to be the space of piecewise linear functions on a
uniform partition of cardinality n of [0, Rmax] (estimated supp.⇢TL), for n = n⇤.
Fourier, wavelets, etc...would be other natural choices.

<latexit sha1_base64="YLDSFe0otd4UE9lqjTwVPpxSEZo="></latexit>

this is an occupancy measure
for pairwise distances, over trajectories

<latexit sha1_base64="74fwD2BshtlZrBg8oV7p5AeTT48="></latexit>

coercivity constant: it is a crucial
parameter controlling how well-conditioned
the inverse problem is. Depends on the system.

<latexit sha1_base64="rUSTEUdJS3EvtekBikT/lIsXTiA="></latexit>

· The good: Rate in M is optimal, in fact even optimal in the case of
regression, where we would be given (rm,�(rm))Mm=1.

· The bad: no dependency on L. Numerical examples suggest that the
e↵ective sample size can be LM = #obs; but that cannot be always true.



Errors on trajectories

Proposition. Assume b�(k · k)· 2 Lip(Rd), with Lipschitz constant CLip. Let
bX(t) and X(t) be the solutions of systems with kernels b� and � respectively,
started from the same initial condition. Then for each trajectory

sup
t2[0,T ]

kbX(t)�X(t)k2  2Te8T
2C2

Lip

Z T

0

���Ẋ(t)� f�̂(X(t))
���
2
dt ,

and on average w.r.t. the distribution µ0 of initial conditions:

Eµ0 [ sup
t2[0,T ]

kbX(t)�X(t)k]  C(T,CLip)
p
Nk�̂(·) ·��(·) · kL2(⇢T ) ,

where C(T,CLip) is a constant depending on T and CLip.
<latexit sha1_base64="QnJwhC38terRhr6i2VzAh4sqKQw=">AAAFNnicbZTPj9NGFMcNCT/qFtiFI5cH60qJFCwnFxDiAFoh9bCqtsgLK2USazwer4e1Z8zMmFXw+q/qpX9Hb1x6aFVx5U/os2NIdrcTKXp+M/N+fN7XjstcGBsEn69dHwxv3Lx1+wf3x5/u3L23s3v/rVGVZvyIqVzp45gangvJj6ywOT8uNadFnPN38el+u//uI9dGKBnaVckXBT2RIhWMWnRFu4MDIpWQCZe2JnEKh1qVyo </latexit><latexit sha1_base64="QnJwhC38terRhr6i2VzAh4sqKQw=">AAAFNnicbZTPj9NGFMcNCT/qFtiFI5cH60qJFCwnFxDiAFoh9bCqtsgLK2USazwer4e1Z8zMmFXw+q/qpX9Hb1x6aFVx5U/os2NIdrcTKXp+M/N+fN7XjstcGBsEn69dHwxv3Lx1+wf3x5/u3L23s3v/rVGVZvyIqVzp45gangvJj6ywOT8uNadFnPN38el+u//uI9dGKBnaVckXBT2RIhWMWnRFu4MDIpWQCZe2JnEKh1qVyo </latexit><latexit sha1_base64="QnJwhC38terRhr6i2VzAh4sqKQw=">AAAFNnicbZTPj9NGFMcNCT/qFtiFI5cH60qJFCwnFxDiAFoh9bCqtsgLK2USazwer4e1Z8zMmFXw+q/qpX9Hb1x6aFVx5U/os2NIdrcTKXp+M/N+fN7XjstcGBsEn69dHwxv3Lx1+wf3x5/u3L23s3v/rVGVZvyIqVzp45gangvJj6ywOT8uNadFnPN38el+u//uI9dGKBnaVckXBT2RIhWMWnRFu4MDIpWQCZe2JnEKh1qVyo </latexit><latexit sha1_base64="QnJwhC38terRhr6i2VzAh4sqKQw=">AAAFNnicbZTPj9NGFMcNCT/qFtiFI5cH60qJFCwnFxDiAFoh9bCqtsgLK2USazwer4e1Z8zMmFXw+q/qpX9Hb1x6aFVx5U/os2NIdrcTKXp+M/N+fN7XjstcGBsEn69dHwxv3Lx1+wf3x5/u3L23s3v/rVGVZvyIqVzp45gangvJj6ywOT8uNadFnPN38el+u//uI9dGKBnaVckXBT2RIhWMWnRFu4MDIpWQCZe2JnEKh1qVyo </latexit>

<latexit sha1_base64="VtfBzlnssWkVxba/d3L9LIBKdHs=">AAACjnicbZFNb9QwEIad8NGy5SPAkYvFConTKqlEQRREJS49FsG2lXZXq4kz2XXXsSN7UhSt+nP4Q9z4N0zSIEHLSJZePTNjz7zOa6MDpemvKL5z9979nd0Ho72Hjx4/SZ4+Ow2u8Qqnyhnnz3MIaLTFKWkyeF57hCo3eJZvPnf5s0v0QTv7jdoaFxWsrC61AmK0TH7MrdO2QEvyK4EtwBcS/KqpmATZajSFzF1jiyCdlbRGWf BQYBXKHOk7IkMPF6jIeY1cVPZF5BuUoQ2EleRbmbmAf5IDL7y+5Pa87SEG0hUQFlJbQg+qm09u0Fs0k2UyTidpH/K2yAYxFkOcLJOf88KpfgtlIIRZlta02IInrQxejeZNwBrUBlY4Y2mhwrDY9nZeyVdMClk6z4d96enfHVuoQmirnCt54nW4mevg/3Kzhsp3i622dUNo1fVDZWMkOdn9DVvr2UjTsgDlNc8q1Ro6L/gHR2xCdnPl2+J0f5IdTN582R8ffRjs2BUvxEvxWmTirTgSx+JETIWK9qIseh8dxkl8EH+MP12XxtHQ81z8E/Hxb35FyC0=</latexit>

Standard arguments yield bounds on the distance between trajectories of the
true system and those of the system driven by the estimated interaction kernel.

quantity controlled by learning theoremdistances between trajectories



Example: 2nd order systems

one kernel for each
pair of interacting
agent types

<latexit sha1_base64="muRFygvBj1NFWk+bsO0XQ2/PECY="></latexit>

simple environment
(food, light, ...)

<latexit sha1_base64="VkiAtgHk9PNZgM13YMz164pVkX0=">AAACI3icbVDLSgMxFM34rOOr6tJNsAgVZJgRwceq4MZlBatCO5RM5k4bzCRDkhHK0H9x46+4caEUNy78FzNtwUc9EDicc+/NvSfKONPG9z+cufmFxaXlyoq7ura+sVnd2r7RMlcUWlRyqe4iooEzAS3DDIe7TAFJIw630f1F6d8+gNJMimszyCBMSU+whFFirNStnneEZCIGYbBmacYBg3hgSorUSq777dYTKeNDzFmvbw6x53 kH3WrN9/wx8CwJpqSGpmh2q6NOLGleTqacaN0O/MyEBVGGUQ5Dt5NryAi9Jz1oWypICjosxjcO8b5VYpxIZZ9dZ6z+7ChIqvUgjWxlSkxf//VK8T+vnZvkNCyYyHIDgk4+SnKOjcRlYDhmCqjhA0sIVczuimmfKEKNjdW1IQR/T54lN0decOydXR3VGv40jgraRXuojgJ0ghroEjVRC1H0iJ7RK3pznpwXZ+S8T0rnnGnPDvoF5/MLPcijQw==</latexit>

energy and alignment
interactions

<latexit sha1_base64="5g8RnNVusad3CMzqWjvqPR9pSSE=">AAACH3icbVDLSgMxFM3UVx1foy7dBIvgqswU8bEruHFZwT6gLSWTuW1DM8mQZIRS+idu/BU3LhQRd/0bM+2A2nogcDjn3pt7T5hwpo3vz5zC2vrG5lZx293Z3ds/8A6PGlqmikKdSi5VKyQaOBNQN8xwaCUKSBxyaIaj28xvPoLSTIoHM06gG5OBYH1GibFSz7vsCMlEBMJgEKAGY0xEhAlnAxFb0XV/fCYMKEKzPt3zSn7ZnwOvkiAnJZSj1vO+OpGkaTaTcqJ1O/AT050QZRjlMHU7qYaE0BEZQNtSQWLQ3cn8vik+s0qE+1LZZxeZq787JiTWehyHtjImZqiXvUz8z2unpn/dnTCRpAYEXXzUTzk2Emdh4YgpoIaPLSFUMbsrpkOShWAjdW0IwfLJq6RRKQcX5Zv7Sqnq53EU0Qk6RecoQFeoiu5QDdURRU/oBb2hd+fZeXU+nM9FacHJe47RHzizb67wo1g=</latexit>

Example 2nd order Prey-Predator system. Left: the interaction kernels and
⇢TL’s. Right: trajectories of the true system (left col.) and learned system (right
col.) with an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)
<latexit sha1_base64="O/OUn6PUTHBpe9s35DhhHb7o4PU="></latexit>

�E
kiki0

vs. �̂E
kiki0

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)

<latexit sha1_base64="+OoJN4xYddTsf/EfPtiQHFKPeYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rmFZoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhP9GFLDpVDcR4GSP6aa0ziUvBtObud+94lrIxL1gNOUBzEdKREJRtFKPmoq1KBac+vuAmSdeAWpQYH2oPrVHyYsi7lCJqkxPc9NMcipRsEkn1X6meEpZRM64j1LFY25CfLFsTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6CXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/XlddJp1L2revO+UWs1izjKcAbncAkeXEML7qANPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3A+fwD8A47D</latexit>

tr
ai
n

<latexit sha1_base64="eH79CoheFxuWNCSt45uaOq1MMC4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsJ+3SzSbsboQS+he8eFDEq3/Im//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqMaAaBZfYMdwIfEwU0igQ2Aumtwu/94RK81g+mFmCfkTHkoecUZNLqM2wWnPrbg6yTryC1KBAe1j9GoxilkYoDRNU677nJsbPqDKcCZxXBqnGhLIpHWPfUkkj1H6W3zonF1YZkTBWtqQhufp7IqOR1rMosJ0RNRO96i3E/7x+asIbP+MySQ1KtlwUpoKYmCweJyOukBkxs4Qyxe2thE2ooszYeCo2BG/15XXSbdS9q3rzvlFrNYs4ynAG53AJHlxDC+6gDR1gMIFneIU3J3JenHfnY9lacoqZU/gD5/MHRumOWw==</latexit>

te
st



Trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="FYn/Hp7vB4lM/aDS1bWyWkdoD+s=">AAACiXicbVHbahRBEO0ZNcaNl1UffSlchA3IMBO8RPEhkBcfI2STwO6y1PTU7LTpy9BdY1iW/Ivf5Jt/Y+9F0cSCgsM5daFOla1WgfP8Z5LeuXtv5/7ug97ew0ePn/SfPjsLrvOSRtJp5y9KDKSVpREr1nTRekJTajovL49X+vk38kE5e8qLlqYG51bVSiJHatb/PrFO2Yosw6nHryTZeUUBXA3cELDvCMIiMBkYaqoZ4spsH9 BWoAm9peqP7NW8+a1fKW5iESirWKGOrK3UaiPU3pk4FqNi51AhIwzZtZuRCJauwFmCYemYndnPZv1BnuXrgNug2IKB2MbJrP9jUjnZmXiS1BjCuMhbni7Rs5KarnuTLlCL8hLnNI7QoqEwXa6dvIZXkamgdj6mXR/j/N8dSzQhLEwZKw1yE25qK/J/2rjj+nC6VLbtmKzcLKo7Dexg9RaolI/e60UEKH20SoJs0KPk+LxeNKG4efJtcHaQFW+yD18OBkeftnbsihfipRiKQrwXR+KzOBEjIZOd5HXyNnmX7qVFeph+3JSmybbnufgn0uNfMmjC8Q==</latexit>

Examples: prey-predator systems

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Examples: prey-predator systems

Trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="FYn/Hp7vB4lM/aDS1bWyWkdoD+s=">AAACiXicbVHbahRBEO0ZNcaNl1UffSlchA3IMBO8RPEhkBcfI2STwO6y1PTU7LTpy9BdY1iW/Ivf5Jt/Y+9F0cSCgsM5daFOla1WgfP8Z5LeuXtv5/7ug97ew0ePn/SfPjsLrvOSRtJp5y9KDKSVpREr1nTRekJTajovL49X+vk38kE5e8qLlqYG51bVSiJHatb/PrFO2Yosw6nHryTZeUUBXA3cELDvCMIiMBkYaqoZ4spsH9 BWoAm9peqP7NW8+a1fKW5iESirWKGOrK3UaiPU3pk4FqNi51AhIwzZtZuRCJauwFmCYemYndnPZv1BnuXrgNug2IKB2MbJrP9jUjnZmXiS1BjCuMhbni7Rs5KarnuTLlCL8hLnNI7QoqEwXa6dvIZXkamgdj6mXR/j/N8dSzQhLEwZKw1yE25qK/J/2rjj+nC6VLbtmKzcLKo7Dexg9RaolI/e60UEKH20SoJs0KPk+LxeNKG4efJtcHaQFW+yD18OBkeftnbsihfipRiKQrwXR+KzOBEjIZOd5HXyNnmX7qVFeph+3JSmybbnufgn0uNfMmjC8Q==</latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Emerging behaviors
Organized collecting stable patterns at large spatial/temporal scale.

Simple, local interaction kernels can learn to complex, organized behavior.

Most of the above is ill-defined, and quotes needed a.e.

Examples include flocking of bird, milling of fish, synchronization in systems of

oscillators (neurons, frogs, ...), etc...
<latexit sha1_base64="rvZNSTGr0gh2/B8wi1PrIE5JQFA=">AAADW3icbVLfaxNBEL4kamOsmio++TJYhArxTOKDPvhQEMEXsaJpC0kIc3tzyZK93evOXmgM/Sd90gf/FXEuDWpaB5b7+Gbmmx83SWE0h273R63euHHz1k7zduvO7t1799t7D47ZlV7RQDnj/GmCTEZbGgQdDJ0WnjBPDJ0k87eV/2RBnrWzX8KyoHGOU6szrTAINdmrnY2s0zYlG+Cjn6LVXykF0TWkgrZT4ICiBQWGQN4yYA CDfkrAQmk0LwLlhfNogBUailutv4KfdV4Y6oBx4gJtRQFVVRfmokWGQaEFQ+gtBCdVq/DzDrg/jSQ0w4V2fkv2g+MALoMwI8DELQg0gzbmeUqZrCHtANoUzkoXiMESpSKE8XZr786xKiZ5VpkyJcikyXk1sAgn2otILpIbItM86wAvrZp5J52tlyepQrHMz1WMYyUJGJxnOLBUSiB3IPNuKp84jp91gIISMGnvd+Pu2uA66G3AfrSxo0n72yh1qsylb2WQedjrFmG8Qh+0MnTRGpVMBao5Tmko0GJOPF6tb+MCngqTQua8PJl7zf6bscKceZknEpljmPFVX0X+zzcsQ/Z6vNK2KANZdVkoK031I6tDg1R7OSGzFIDKa+kV1AyrA5BzbMkSeldHvg6O+3HvZdz/1N8/fLNZRzN6HD2JDqJe9Co6jN5HR9EgUrXvtV/1nXqz/rPRaLQau5eh9dom52G0ZY1HvwFIOxBR</latexit>

In general di�cult to characterize and predict; however if robust, we may hope
to recover them with systems driven by estimated interaction kernels.

<latexit sha1_base64="QVo14/EGvNGK7/ItHC5slFu9Gjg=">AAACinicbVFNixNBEO0ZP3aNq0Y9eikMggcNMxFcZT0s6EFvK5jdhSSEnp6apEl/DN01G8awP8a/5M1/Y002oO5a0PB49apf9euiNjpSlv1K0lu379zd27/Xu3/w4OGj/uMnp9E3QeFYeePDeSEjGu1wTJoMntcBpS0MnhWrj13/7AJD1N59o7bGmZULpyutJDE17/+YOq9diY7gi4MFOgzSQKkrljSGgDyopQxSEQb9HUG6Et ig1IqOYOnXyJeDrgCCL5pIr2CNYGXLrRq74YDKdxJaooW1piXENhLaCGXQF+igaAEjaSsJS9CObdiLV4MVBocmDuf9QTbMtgU3Qb4DA7Grk3n/57T0qrH8JmVkjJM8q2m2kYG0MnjZmzYRa6lWcoEThk5ajLPNNspLeMFMCZUPfDiTLfv3xEbaGFtbsJJXXsbrvY78X2/SUPVuttGubgidujKqGtNl1P0LR85RkWkZSBU07/on+NjjEPLrT74JTkfD/M1w9HU0OP6wi2NfPBPPxUuRi0NxLD6LEzEWKtlLXidvk8P0IB2l79OjK2ma7Gaein8q/fQbVBLF3g==</latexit>

BBC Blue PlanetFelix Munoz, https://www.youtube.com/watch?v=OxYn3e_imhA

Ming Zhong, 
Jason Miller

<latexit sha1_base64="pLDitNLc4xwe9XLqdipBM9XsuEs=">AAACh3icbVFNb9NAEF2bAm34aIAjlxEREkJVcMpXDxyKuHBCRSJtpSSKxutxvOp619odt4qi/hV+FDf+DZPEB2iZ0+i9efN23uaNNZGz7HeS3tm5e+/+7l7vwcNHj/f7T56eRt8GTWPtrQ/nOUayxtGYDVs6bwJhnVs6yy++rPmzSwrRePeDlw3Nalw4UxqNLNC8/3PqvHEFOYZvnsE7u4QrAgwEvmRygLIJ2EMg7WURcEU1GA cLchTQHkDeMtClTIpvYTRvJ7QPomDZVvoAhLoSkWGDVihXmLX7AVwZrmDhfSFin2NurOGlGENstaYYh/P+IBtmm4LbzahrBqqrk3n/17Twuq3lIG0xxskoa3i2wsBGW7ruTdtIDeoLXNBEWoc1xdlqk+M1vBSk2Dy49BLIBv1bscI6xmWdy2SNXMWb3Br8HzdpuTyarYxrWolUb43K1q5zXX8KFKYLqzCog4SjQVcYULN8XU9CGN08+XZzejgcvR9m3w8Hx5+6OHbVc/VCvVIj9VEdq6/qRI2VTnaS18nb5F26l75JP6RH29E06TTP1D+Vfv4DRILD9g==</latexit>

Not only we are often able to recover them in general, but even predict them
correctly for each initial condition, with good probability of success.

https://www.youtube.com/watch?v=15B8qN9dre4


Emerging behaviors: flocking (*) F. Cucker, J. G. Dong,
Avoiding collisions in flocks,
IEEE Transactions on
Automatic Control, 2010.

<latexit sha1_base64="PoOe9utUW21xkDXZcHGsz/dOMmM="></latexit>

<latexit sha1_base64="JAZkw9TKS7Q6Xyg4d4agPcR8Cps=">AAAEHHicbVNLb9NAEHYdHiW8WjhyGRGjOjSO4goJVKhUqRxyQkW0tFKcROv1OlnV3jXeXUTk+H9w4a9w4QAS4sIBiX/DOA2QNF3J0uw8vvHM922YJVzpTuf3ml27cvXa9fUb9Zu3bt+5u7F5762SJqfsmMpE5qchUSzhgh1rrhN2muWMpGHCTsKzgyp+8p7liktxpCcZ66dkJHjMKdHoGm7afiAkFxETGo7GDEYSswUXI2DvzC </latexit>

The governing equations of Cucker-Smale-Dong (*) dynamics,

ẍi = �bi(t)ẋi +

NX

i0=1

⇥
ai,i0(x)(ẋi0 � ẋi) + f(||xi � xi0 ||2)(xi0 � xi)

⇤
.

Here ai,i0(x) = H(1 + ||xi0 � xi||2)��
; bi : [0,1) ! [0,1) is a bounded and

uniformly continuous damping function, and f : (�,1) ! [0,1) is a non-

increasing C1
repulsion function integrable at +1.

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)

<latexit sha1_base64="+OoJN4xYddTsf/EfPtiQHFKPeYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rmFZoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhP9GFLDpVDcR4GSP6aa0ziUvBtObud+94lrIxL1gNOUBzEdKREJRtFKPmoq1KBac+vuAmSdeAWpQYH2oPrVHyYsi7lCJqkxPc9NMcipRsEkn1X6meEpZRM64j1LFY25CfLFsTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6CXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/XlddJp1L2revO+UWs1izjKcAbncAkeXEML7qANPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3A+fwD8A47D</latexit>

tr
ai
n

<latexit sha1_base64="eH79CoheFxuWNCSt45uaOq1MMC4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsJ+3SzSbsboQS+he8eFDEq3/Im//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqMaAaBZfYMdwIfEwU0igQ2Aumtwu/94RK81g+mFmCfkTHkoecUZNLqM2wWnPrbg6yTryC1KBAe1j9GoxilkYoDRNU677nJsbPqDKcCZxXBqnGhLIpHWPfUkkj1H6W3zonF1YZkTBWtqQhufp7IqOR1rMosJ0RNRO96i3E/7x+asIbP+MySQ1KtlwUpoKYmCweJyOukBkxs4Qyxe2thE2ooszYeCo2BG/15XXSbdS9q3rzvlFrNYs4ynAG53AJHlxDC+6gDR1gMIFneIU3J3JenHfnY9lacoqZU/gD5/MHRumOWw==</latexit>

te
st



Emerging behaviors: anticipation & flocking
(*) R. Shu and E. Tadmor,
Anticipation breeds alignment.
arXiv:1905.00633

<latexit sha1_base64="bmf5II5dssO9I3ftLUoP+R7KTL4="></latexit>

ẍi =
1

N

NX

i0=1,i0 6=i

⌧U 0(||xi0 � xi||)
||xi0 � xi||

(ẋi0 � ẋi)

+
1

N

NX

i0=1,i0 6=i

n�⌧U 0(||xi0 � xi||)(xi0 � xi) · (ẋi0 � ẋi)

||xi0 � xi||3

+
⌧U 00(||xi0 � xi||)(xi0 � xi) · (ẋi0 � ẋi)

||xi0 � xi||2
+

U 0(||xi0 � xi||)
||xi0 � xi||

o
(xi0 � xi).

<latexit sha1_base64="H+s4Izuu+gzY16ZyaSa9o4MzYFM="></latexit>

U(r) = r1.5/1.5

<latexit sha1_base64="bnRq9ibWI4F75oBAlvlCFmpFBVY="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)

<latexit sha1_base64="+OoJN4xYddTsf/EfPtiQHFKPeYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rmFZoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhP9GFLDpVDcR4GSP6aa0ziUvBtObud+94lrIxL1gNOUBzEdKREJRtFKPmoq1KBac+vuAmSdeAWpQYH2oPrVHyYsi7lCJqkxPc9NMcipRsEkn1X6meEpZRM64j1LFY25CfLFsTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6CXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/XlddJp1L2revO+UWs1izjKcAbncAkeXEML7qANPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3A+fwD8A47D</latexit>

tr
ai
n

<latexit sha1_base64="eH79CoheFxuWNCSt45uaOq1MMC4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsJ+3SzSbsboQS+he8eFDEq3/Im//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqMaAaBZfYMdwIfEwU0igQ2Aumtwu/94RK81g+mFmCfkTHkoecUZNLqM2wWnPrbg6yTryC1KBAe1j9GoxilkYoDRNU677nJsbPqDKcCZxXBqnGhLIpHWPfUkkj1H6W3zonF1YZkTBWtqQhufp7IqOR1rMosJ0RNRO96i3E/7x+asIbP+MySQ1KtlwUpoKYmCweJyOukBkxs4Qyxe2thE2ooszYeCo2BG/15XXSbdS9q3rzvlFrNYs4ynAG53AJHlxDC+6gDR1gMIFneIU3J3JenHfnY9lacoqZU/gD5/MHRumOWw==</latexit>

te
st



Emerging behaviors: Fish mill patterns
(*) Y. Li Chuang, M. R. D’Orsogna,

D. Marthaler, A. L. Bertozzi, L. S.

Chayes, Physica D: Nonlinear Phe-

nomena 232 (2007)
<latexit sha1_base64="MWbgJViP+MoRi1wOdzvoErF1cn8="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)

<latexit sha1_base64="eVCa6PS4qBGU2B32vEUJyGKY1LY=">AAAD53icnVNNb9QwEE13+Sjhoy0cuYxoELvQLrsrBBUSUqVeOBbUbSvVu5HjOBurjhNsB1g5+QNcOIAQV/4SN34MEnZ2Qd0WLswhmrx5M555Y0cFZ0r3+z9WWu1Ll69cXb3mX79x89ba+sbtQ5WXktARyXkujyOsKGeCjjTTnB4XkuIs4vQoOt1z8aO3VCqWiwM9K+g4w1PBEkawtlC4sfITiZyJmAoNBymFaW7Zgokp0Ddlw1 </latexit>

The governing equations of fish milling dynamics in R2 of (*) are

miẍi = ↵ẋi � �||ẋi||2ẋi �
X

i0
r2U(xi,xi0) ,

with U(xi, ·) is a potential for the interaction of the ith agent with the other
agents: U(xi,xi0) = (�Cae�||xi�xi0 ||/`a + Cre�||xi�xi0 ||/`r ).

<latexit sha1_base64="+OoJN4xYddTsf/EfPtiQHFKPeYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rmFZoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhP9GFLDpVDcR4GSP6aa0ziUvBtObud+94lrIxL1gNOUBzEdKREJRtFKPmoq1KBac+vuAmSdeAWpQYH2oPrVHyYsi7lCJqkxPc9NMcipRsEkn1X6meEpZRM64j1LFY25CfLFsTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6CXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/XlddJp1L2revO+UWs1izjKcAbncAkeXEML7qANPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3A+fwD8A47D</latexit>

tr
ai
n

<latexit sha1_base64="eH79CoheFxuWNCSt45uaOq1MMC4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsJ+3SzSbsboQS+he8eFDEq3/Im//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqMaAaBZfYMdwIfEwU0igQ2Aumtwu/94RK81g+mFmCfkTHkoecUZNLqM2wWnPrbg6yTryC1KBAe1j9GoxilkYoDRNU677nJsbPqDKcCZxXBqnGhLIpHWPfUkkj1H6W3zonF1YZkTBWtqQhufp7IqOR1rMosJ0RNRO96i3E/7x+asIbP+MySQ1KtlwUpoKYmCweJyOukBkxs4Qyxe2thE2ooszYeCo2BG/15XXSbdS9q3rzvlFrNYs4ynAG53AJHlxDC+6gDR1gMIFneIU3J3JenHfnY9lacoqZU/gD5/MHRumOWw==</latexit>

te
st



Interacting particles on manifolds
<latexit sha1_base64="IcDacmCh/VEjWROcM60ZMtBdKyQ=">AAADwHicbVLbbtNAELUbLiXcWuCNlxUxoiA12H2gCFWoXFR4QRTRtJXiKFqvx8mqu16zu6Eka38FX8ArfBF/wzhNaZp2JUvjc2b2nNmZpBDc2DD86y81rly9dn35RvPmrdt37q6s3ts3aqQZdJgSSh8m1IDgOXQstwIOCw1UJgIOkqN3NX/wHbThKt+z4wJ6kg5ynnFGLUL9Vf9BnCuep5Bb8gFy0FTwyZQjVhFJMVeJ1Lwicd </latexit>

Generalization to manifolds:

· distances ! geodesic distances

· (xi0 � xi)/||xi0 � xi|| !
direction of tangent to geodesic
from xi to xi0 at xi.

<latexit sha1_base64="D7vab39rMrq413b8AI5Ykz712Zs="></latexit>

Prey-predator system on...

<latexit sha1_base64="XnIAjL9IZzgRDvJ7gBDzv3pvZ5E="></latexit>

S2

<latexit sha1_base64="CY2+byFiKO777L21uIxJ3s3paJc="></latexit> P
oi
n
ca
ré

d
is
k

<latexit sha1_base64="DDNsm4GCrVyVppTmoNQOWxqWOv8="></latexit>

MM, J. Miller, H. Qiu, M. Zhong,

Learning Interaction Kernels for Agent
Systems on Riemannian Manifolds,
ICML 2021



The Stochastic case

<latexit sha1_base64="GFgTmvk74Vr+a2fMICpDRxyik5k=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZmpoC4LblxWsA/oDCWTybShmSQkGbGULt34K25cKOLWT3Dn35hOZ6GtBwKHc+69ufdEklFtPO/bKa2srq1vlDcrW9s7u3vu/kFbi0xh0sKCCdWNkCaMctIy1DDSlYqgNGKkE42uZ37nnihNBb8zY0nCFA04TShGxkp99zjggvKYcAORlEo80DR3ggASpYTqu1Wv5uWAy8QvSBUUaPbdryAWOEvtRMyQ1j3fkyacIGUoZmRaCTJNJMIjNCA9SzlKiQ4n+SFTeGqVGCZC2Wc3ytXfHROUaj1OI1tp1xzqRW8m/uf1MpNchRPKZWYIx/OPkoxBI+AsFRhTRbBhY0sQVtTuCvEQKYSNza5iQ/AXT14m7XrNv6id39arDa+IowyOwAk4Az64BA1wA5qgBTB4BM/gFbw5T86L8+58zEtLTtFzCP7A+fwBhiSaPQ==</latexit>

approximation
error

<latexit sha1_base64="7u2/CJ49QvSN12moR7Xfc76ewDg=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclZkK6rLgxmUF+4DOUDKZO21oJhmSjFBKV278FTcuFHHrN7jzb0zbWWjrgcDhnHtv7j1Rxpk2nvftrKyurW9slrbK2zu7e/vuwWFLy1xRaFLJpepERANnApqGGQ6dTAFJIw7taHgz9dsPoDST4t6MMghT0hcsYZQYK/Xck0BIJmIQBmtjNW2sxYMAg1JS9dyKV/VmwMvEL0gFFWj03K8gljRP7TzKidZd38tMOCbKjuUwKQe5hozQIelD11JBUtDheHbGBJ9ZJcaJVPbZfWbq744xSbUepZGtTIkZ6EVvKv7ndXOTXIdjJrLcgKDzj5KcYyPxNBMcMwXU8JElhCpmd8V0QBShxiZXtiH4iycvk1at6l9WL+5qlbpXxFFCx+gUnSMfXaE6ukUN1EQUPaJn9IrenCfnxXl3PualK07Rc4T+wPn8AcaHmUM=</latexit>

statistical
error

<latexit sha1_base64="mBR7SIaaJ4vg8YmZdMqnQSm8DbI=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuykwFdVlw47KCfUCnlEzmThuaSYYkI9TSrRt/xY0LRdz6B+78G9PpLLT1QOBwzr03954w5Uwbz/t2VlbX1jc2S1vl7Z3dvX334LClZaYoNKnkUnVCooEzAU3DDIdOqoAkIYd2OLqe+e17UJpJcWfGKfQSMhAsZpQYK/VdHAjJRATC4IhpqsCwh9wKAgxKSdV3K17Vy4GXiV+QCirQ6LtfQSRpltiRlBOtu76Xmt6EKMMoh2k5yDSkhI7IALqWCpKA7k3yS6b41CoRjqWyz66Uq787JiTRepyEtjIhZqgXvZn4n9fNTHzVmzCRZgYEnX8UZxwbiWex2OMVUMPHlhCqmN0V0yFRhBobXtmG4C+evExatap/UT2/rVXqXhFHCR2jE3SGfHSJ6ugGNVATUfSIntErenOenBfn3fmYl644Rc8R+gPn8wdKQZqo</latexit>

discretization
error

<latexit sha1_base64="H7b/He8thckj3WCvBB16w65KgBE="></latexit>

We have also generalized these results to the stochastic case

dxi,t =
1

N

NX

i0=1

�(kxi0,t � xi,tk)(xi0,t � xi,t)dt+ �dBi,t .

Joint work with F. Lu and S. Tang, Learning interaction kernels in stochastic
systems of interacting particles from multiple trajectories, FOCM, 2021.

<latexit sha1_base64="+hO5h+hJdAXQv2lEQ32rFZcE7nc="></latexit>

Note that in the stochastic case we do not (cannot!) observe velocities, but only
positions. We have studied carefully the dependence on the observation time
gap �t := tl+1 � tl = T/L:

||�̂L,T,M,H � �||L2(⇢T )  ||�̂T,1,H � �||L2(⇢T ) + C

 r
n

M
+

r
T

L

!
,

where �̂T,1,H is the projection of the true kernel � onto H.



�

<latexit sha1_base64="kZYWSV5YJ1IH8FYTjcWh+pDGquo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRQuLgI1lBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jXvJFZr4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLnN/M4TVZpJ8WCmMfUjPBIsZAQbK7Wr/XjMqoNyxa25c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXztDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibLX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf88ipp12veRe3yvl5p3ORxFOEETuEcPLiCBtxBE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPzPmOmw==</latexit>

�

<latexit sha1_base64="kZYWSV5YJ1IH8FYTjcWh+pDGquo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRQuLgI1lBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jXvJFZr4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLnN/M4TVZpJ8WCmMfUjPBIsZAQbK7Wr/XjMqoNyxa25c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXztDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibLX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf88ipp12veRe3yvl5p3ORxFOEETuEcPLiCBtxBE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPzPmOmw==</latexit>

�̂

<latexit sha1_base64="17bsBR0Ki18lQ2beOHaiTNFSXPQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKogcPBS8eK9gPbELZbDfN0s0m7E6EUvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCAVXKPjfFuFtfWNza3idmlnd2//oHx41NZJpihr0UQkqhsQzQSXrIUcBeumipE4EKwTjG5nfueJKc0T+YDjlPkxGUoeckrQSI9VLyLopRGv9ssVp+bMYa8SNycVyNHsl7+8QUKzmEmkgmjdc50U/QlRyKlg05KXaZYSOiJD1jNUkphpfzK/eGqfGWVgh4kyJdGeq78nJiTWehwHpjMmGOllbyb+5/UyDK/9CZdphkzSxaIwEzYm9ux9e8AVoyjGhhCquLnVphFRhKIJqWRCcJdfXiXtes29qF3e1yuNmzyOIpzAKZyDC1fQgDtoQgsoSHiGV3iztPVivVsfi9aClc8cwx9Ynz/XoJBc</latexit>

Stochastic opinion dynamics
�̂

<latexit sha1_base64="17bsBR0Ki18lQ2beOHaiTNFSXPQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKogcPBS8eK9gPbELZbDfN0s0m7E6EUvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCAVXKPjfFuFtfWNza3idmlnd2//oHx41NZJpihr0UQkqhsQzQSXrIUcBeumipE4EKwTjG5nfueJKc0T+YDjlPkxGUoeckrQSI9VLyLopRGv9ssVp+bMYa8SNycVyNHsl7+8QUKzmEmkgmjdc50U/QlRyKlg05KXaZYSOiJD1jNUkphpfzK/eGqfGWVgh4kyJdGeq78nJiTWehwHpjMmGOllbyb+5/UyDK/9CZdphkzSxaIwEzYm9ux9e8AVoyjGhhCquLnVphFRhKIJqWRCcJdfXiXtes29qF3e1yuNmzyOIpzAKZyDC1fQgDtoQgsoSHiGV3iztPVivVsfi9aClc8cwx9Ynz/XoJBc</latexit>

<latexit sha1_base64="nUC0aIAx75U61gvVOzMD2UXYSNA=">AAAB8nicbVA9SwNBEJ3zM8avqKXNYhCswl0KtQyk0S6C+YDkCHubTbJkb/fYnRPCkZ9hY6GIrb/Gzn/jJrlCEx8MPN6bYWZelEhh0fe/vY3Nre2d3cJecf/g8Oi4dHLasjo1jDeZltp0Imq5FIo3UaDkncRwGkeSt6NJfe63n7ixQqtHnCY8jOlIiaFgFJ3U1YqgoUKR+3q/VPYr/gJknQQ5KUOORr/01RtolsZcIZPU2m7gJxhm1KBgks+KvdTyhLIJHfGuo4rG3IbZ4uQZuXTKgAy1caWQLNTfExmNrZ3GkeuMKY7tqjcX//O6KQ5vw0yoJEWu2HLRMJUENZn/TwbCcIZy6ghlRrhbCRtTQxm6lIouhGD15XXSqlaC64r/UC3XqnkcBTiHC7iCAG6gBnfQgCYw0PAMr/DmoffivXsfy9YNL585gz/wPn8AbD6Qog==</latexit>

on
tr
ai
n
IC

<latexit sha1_base64="gsIDDYy6sB/L/syZUoJSFrzHNlo=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFoNgFe5SqGUgjXYRzAcmR9jbzCVL9vaO3TkhHPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSKGghQIldBMNLAokdIJJY+53nkAbEasHnCbgR2ykRCg4Qys9xooiGKR3jUG54lbdBeg68XJSITmag/JXfxjzNAKFXDJjep6boJ8xjYJLmJX6qYGE8QkbQc9SxSIwfra4eEYvrDKkYaxtKaQL9fdExiJjplFgOyOGY7PqzcX/vF6K4Y2fCZWkCIovF4WppBjT+ft0KDRwlFNLGNfC3kr5mGnG0YZUsiF4qy+vk3at6l1V3ftapV7L4yiSM3JOLolHrkmd3JImaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7A+fwBtPKQOg==</latexit>

on
te
st

IC

<latexit sha1_base64="zC5ApmJsHdUN1EE/a96DoACYkZ0=">AAAB/HicbVBNTwIxFHyLX4hfqxy9NIKJJ7LLQT2SePGIiYAJbEi3dKGh7W7arslmg3/FiweN8eoP8ea/scAeFJykyWTmTd7rhAln2njet1Pa2Nza3invVvb2Dw6P3OOTro5TRWiHxDxWDyHWlDNJO4YZTh8SRbEIOe2F05u533ukSrNY3pssoYHAY8kiRrCx0tCt1geajQWuIyaJDWomx0O35jW8BdA68QtSgwLtofs1GMUkFVQawrHWfd9LTJBjZRjhdFYZpJommEzxmPYtlVhQHeSL42fo3CojFMXKPmnQQv2dyLHQOhOhnRTYTPSqNxf/8/qpia6DnMkkNVSS5aIo5cjEaN4EGjFFieGZJZgoZm9FZIIVJsb2VbEl+KtfXifdZsO/bHh3zVqrWdRRhlM4gwvw4QpacAtt6ACBDJ7hFd6cJ+fFeXc+lqMlp8hU4Q+czx8JwpRU</latexit>

� increasing

<latexit sha1_base64="s2JSPVM+T+k6z66YvZnlrKZDtYU=">AAAB9XicbVC7SgNBFL0bXzG+opY2g4lgFXZTqGXAxkaIYB6QrGF2cjcZMju7zMwqIeQ/bCwUsfVf7PwbJ8kWmnhg4HDOPdw7J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3zW4+oNI/lvRkn6Ed0IHnIGTVWeijflgmXzCY0l4NeseRW3DnIKvEyUoIM9V7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn86un5MwqfRLGyj5pyFz9nZjQSOtxFNjJiJqhXvZm4n9eJzXhlT/hMkkNSrZYFKaCmJjMKiB9rpAZMbaEMsXtrYQNqaLM2KIKtgRv+curpFmteBcV965aqlWzOvJwAqdwDh5cQg1uoA4NYKDgGV7hzXlyXpx352MxmnOyzDH8gfP5A396kdE=</latexit> M
in
cr
ea
si
n
g



�

<latexit sha1_base64="kZYWSV5YJ1IH8FYTjcWh+pDGquo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRQuLgI1lBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jXvJFZr4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLnN/M4TVZpJ8WCmMfUjPBIsZAQbK7Wr/XjMqoNyxa25c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXztDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibLX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf88ipp12veRe3yvl5p3ORxFOEETuEcPLiCBtxBE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPzPmOmw==</latexit>

�

<latexit sha1_base64="kZYWSV5YJ1IH8FYTjcWh+pDGquo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRQuLgI1lBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jXvJFZr4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLnN/M4TVZpJ8WCmMfUjPBIsZAQbK7Wr/XjMqoNyxa25c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXztDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibLX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf88ipp12veRe3yvl5p3ORxFOEETuEcPLiCBtxBE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPzPmOmw==</latexit>

�̂

<latexit sha1_base64="17bsBR0Ki18lQ2beOHaiTNFSXPQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKogcPBS8eK9gPbELZbDfN0s0m7E6EUvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCAVXKPjfFuFtfWNza3idmlnd2//oHx41NZJpihr0UQkqhsQzQSXrIUcBeumipE4EKwTjG5nfueJKc0T+YDjlPkxGUoeckrQSI9VLyLopRGv9ssVp+bMYa8SNycVyNHsl7+8QUKzmEmkgmjdc50U/QlRyKlg05KXaZYSOiJD1jNUkphpfzK/eGqfGWVgh4kyJdGeq78nJiTWehwHpjMmGOllbyb+5/UyDK/9CZdphkzSxaIwEzYm9ux9e8AVoyjGhhCquLnVphFRhKIJqWRCcJdfXiXtes29qF3e1yuNmzyOIpzAKZyDC1fQgDtoQgsoSHiGV3iztPVivVsfi9aClc8cwx9Ynz/XoJBc</latexit>

Stochastic Lennard-Jones
�̂

<latexit sha1_base64="17bsBR0Ki18lQ2beOHaiTNFSXPQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKogcPBS8eK9gPbELZbDfN0s0m7E6EUvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCAVXKPjfFuFtfWNza3idmlnd2//oHx41NZJpihr0UQkqhsQzQSXrIUcBeumipE4EKwTjG5nfueJKc0T+YDjlPkxGUoeckrQSI9VLyLopRGv9ssVp+bMYa8SNycVyNHsl7+8QUKzmEmkgmjdc50U/QlRyKlg05KXaZYSOiJD1jNUkphpfzK/eGqfGWVgh4kyJdGeq78nJiTWehwHpjMmGOllbyb+5/UyDK/9CZdphkzSxaIwEzYm9ux9e8AVoyjGhhCquLnVphFRhKIJqWRCcJdfXiXtes29qF3e1yuNmzyOIpzAKZyDC1fQgDtoQgsoSHiGV3iztPVivVsfi9aClc8cwx9Ynz/XoJBc</latexit>

<latexit sha1_base64="nUC0aIAx75U61gvVOzMD2UXYSNA=">AAAB8nicbVA9SwNBEJ3zM8avqKXNYhCswl0KtQyk0S6C+YDkCHubTbJkb/fYnRPCkZ9hY6GIrb/Gzn/jJrlCEx8MPN6bYWZelEhh0fe/vY3Nre2d3cJecf/g8Oi4dHLasjo1jDeZltp0Imq5FIo3UaDkncRwGkeSt6NJfe63n7ixQqtHnCY8jOlIiaFgFJ3U1YqgoUKR+3q/VPYr/gJknQQ5KUOORr/01RtolsZcIZPU2m7gJxhm1KBgks+KvdTyhLIJHfGuo4rG3IbZ4uQZuXTKgAy1caWQLNTfExmNrZ3GkeuMKY7tqjcX//O6KQ5vw0yoJEWu2HLRMJUENZn/TwbCcIZy6ghlRrhbCRtTQxm6lIouhGD15XXSqlaC64r/UC3XqnkcBTiHC7iCAG6gBnfQgCYw0PAMr/DmoffivXsfy9YNL585gz/wPn8AbD6Qog==</latexit>

on
tr
ai
n
IC

<latexit sha1_base64="gsIDDYy6sB/L/syZUoJSFrzHNlo=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFoNgFe5SqGUgjXYRzAcmR9jbzCVL9vaO3TkhHPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSKGghQIldBMNLAokdIJJY+53nkAbEasHnCbgR2ykRCg4Qys9xooiGKR3jUG54lbdBeg68XJSITmag/JXfxjzNAKFXDJjep6boJ8xjYJLmJX6qYGE8QkbQc9SxSIwfra4eEYvrDKkYaxtKaQL9fdExiJjplFgOyOGY7PqzcX/vF6K4Y2fCZWkCIovF4WppBjT+ft0KDRwlFNLGNfC3kr5mGnG0YZUsiF4qy+vk3at6l1V3ftapV7L4yiSM3JOLolHrkmd3JImaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7A+fwBtPKQOg==</latexit>

on
te
st

IC

<latexit sha1_base64="zC5ApmJsHdUN1EE/a96DoACYkZ0=">AAAB/HicbVBNTwIxFHyLX4hfqxy9NIKJJ7LLQT2SePGIiYAJbEi3dKGh7W7arslmg3/FiweN8eoP8ea/scAeFJykyWTmTd7rhAln2njet1Pa2Nza3invVvb2Dw6P3OOTro5TRWiHxDxWDyHWlDNJO4YZTh8SRbEIOe2F05u533ukSrNY3pssoYHAY8kiRrCx0tCt1geajQWuIyaJDWomx0O35jW8BdA68QtSgwLtofs1GMUkFVQawrHWfd9LTJBjZRjhdFYZpJommEzxmPYtlVhQHeSL42fo3CojFMXKPmnQQv2dyLHQOhOhnRTYTPSqNxf/8/qpia6DnMkkNVSS5aIo5cjEaN4EGjFFieGZJZgoZm9FZIIVJsb2VbEl+KtfXifdZsO/bHh3zVqrWdRRhlM4gwvw4QpacAtt6ACBDJ7hFd6cJ+fFeXc+lqMlp8hU4Q+czx8JwpRU</latexit>

� increasing

<latexit sha1_base64="s2JSPVM+T+k6z66YvZnlrKZDtYU=">AAAB9XicbVC7SgNBFL0bXzG+opY2g4lgFXZTqGXAxkaIYB6QrGF2cjcZMju7zMwqIeQ/bCwUsfVf7PwbJ8kWmnhg4HDOPdw7J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3zW4+oNI/lvRkn6Ed0IHnIGTVWeijflgmXzCY0l4NeseRW3DnIKvEyUoIM9V7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn86un5MwqfRLGyj5pyFz9nZjQSOtxFNjJiJqhXvZm4n9eJzXhlT/hMkkNSrZYFKaCmJjMKiB9rpAZMbaEMsXtrYQNqaLM2KIKtgRv+curpFmteBcV965aqlWzOvJwAqdwDh5cQg1uoA4NYKDgGV7hzXlyXpx352MxmnOyzDH8gfP5A396kdE=</latexit> M
in
cr
ea
si
n
g



<latexit sha1_base64="jpwtigdeM2SU7ABbprB+zvpSqx8="></latexit>

Want to estimate both a 2 [0, 1]N⇥N and � : Rd ! Rd.

<latexit sha1_base64="Pb4K/6ep0HoeWuyDFlUX829/1T8="></latexit>

Sa,� : dXi
t =

X

j 6=i

aij�(X
j
t �Xi

t)dt+ �dW i
t , i = 1, . . . , N

Interacting Particle  
Systems on Networks

<latexit sha1_base64="l2LWMBiutxVGnBHlCD0KTGHz/lM=">AAADL3icbVJNb9NAELXNVwkfTeHIZUSMlEpWZPdQEKKoCEVwigoiH1KcROv1ON7W3rW8ayCy/I+48Fd6QQiEuPIv2LiuQltGsjSeeW/fm9kNsoRJ5brfTeva9Rs3b23dbt25e+/+dnvnwUiKIqc4pCIR+SQgEhPGcaiYSnCS5UjSIMFxcPJ63R9/xFwywT+oVYazlCw5ixglSpcWO2bf54LxELmCMQIVXLIQcyAQo8JcLJGjKC SEK05SzUpArqTCFD4xFYM9sIFxjSNUMb6EjOSK0QQlCK6PWOYki5+D/eagO3Kg74CfEhUHUUmqXfu874C9KR9Ad/OzKNlxteszDlPX8WbzcuArlurDB5V9gVUDX7raSxSB3WXOcc3q271WazPeKwVIaAx6HQo/g800xi89xw+Fks7Ar2xQMeYITGpv56OAPVmoeY2t9YLyfTUPtX69gGYtctHuuD23DriaeE3SMZo4WrRPtSwtUm2MJkTKqedmalY2olXLLyRmhJ6QJU51qlVQzsr6vit4oishRCLXnx6srv7LKEkq5SoNNHLtWV7urYv/600LFT2blYxnhUJOz4SiIgElYP14IGQ5UpWsdEJozrRXoDFZ375+Yi29BO/yyFeT0V7P2+/tv9vrHL5o1rFlPDIeG13DM54ah8Zb48gYGtT8Yp6aP8yf1lfrm/XL+n0GtcyG89C4ENafv3IQAHM=</latexit>

We consider a heterogeneous dynamical system with N interacting particles on
a graph: G = (V,E,a) a graph, a = (aij) 2 [0, 1]N⇥N , aij > 0 i↵ (i, j) 2 E.
At each vertex i 2 {1, . . . , N} there is a particle Xi

t 2 Rd, with dynamics

   F. Lu       X. Wang    Q. Lang

<latexit sha1_base64="NxFoseqMPpvM0iueorsxaoEW0YA="></latexit>

Observations: {X(m)
tl }l2[L],m2[M ] + noise, where X = (Xi)i2[N ] 2 RN⇥d

.



<latexit sha1_base64="QiuTshDkT6mxjnSRn2NKtqx8wjw="></latexit>

M N p L T � �obs

103 6 10 50 5 · 10�3 10�3 10�3

Lennard-Jones interactions on a network
<latexit sha1_base64="/yJIt+L3IVhD6Pq3eVAh0Z2N0BU="></latexit>

�(x) = (� 1
3x

�9 + 4
3x

�3)1x�0.5 � 16010x<0.5



<latexit sha1_base64="jpwtigdeM2SU7ABbprB+zvpSqx8="></latexit>

Want to estimate both a 2 [0, 1]N⇥N and � : Rd ! Rd.

<latexit sha1_base64="Pb4K/6ep0HoeWuyDFlUX829/1T8="></latexit>

Sa,� : dXi
t =

X

j 6=i

aij�(X
j
t �Xi

t)dt+ �dW i
t , i = 1, . . . , N

<latexit sha1_base64="tMI32JrRXOhs5CY+ZNX7GEdptIw="></latexit>

(ba,bc) = argmin(a,c)EL,M (a, c)

Interacting Particle Systems on Networks
<latexit sha1_base64="l2LWMBiutxVGnBHlCD0KTGHz/lM=">AAADL3icbVJNb9NAELXNVwkfTeHIZUSMlEpWZPdQEKKoCEVwigoiH1KcROv1ON7W3rW8ayCy/I+48Fd6QQiEuPIv2LiuQltGsjSeeW/fm9kNsoRJ5brfTeva9Rs3b23dbt25e+/+dnvnwUiKIqc4pCIR+SQgEhPGcaiYSnCS5UjSIMFxcPJ63R9/xFwywT+oVYazlCw5ixglSpcWO2bf54LxELmCMQIVXLIQcyAQo8JcLJGjKC SEK05SzUpArqTCFD4xFYM9sIFxjSNUMb6EjOSK0QQlCK6PWOYki5+D/eagO3Kg74CfEhUHUUmqXfu874C9KR9Ad/OzKNlxteszDlPX8WbzcuArlurDB5V9gVUDX7raSxSB3WXOcc3q271WazPeKwVIaAx6HQo/g800xi89xw+Fks7Ar2xQMeYITGpv56OAPVmoeY2t9YLyfTUPtX69gGYtctHuuD23DriaeE3SMZo4WrRPtSwtUm2MJkTKqedmalY2olXLLyRmhJ6QJU51qlVQzsr6vit4oishRCLXnx6srv7LKEkq5SoNNHLtWV7urYv/600LFT2blYxnhUJOz4SiIgElYP14IGQ5UpWsdEJozrRXoDFZ375+Yi29BO/yyFeT0V7P2+/tv9vrHL5o1rFlPDIeG13DM54ah8Zb48gYGtT8Yp6aP8yf1lfrm/XL+n0GtcyG89C4ENafv3IQAHM=</latexit>

We consider a heterogeneous dynamical system with N interacting particles on
a graph: G = (V,E,a) a graph, a = (aij) 2 [0, 1]N⇥N , aij > 0 i↵ (i, j) 2 E.
At each vertex i 2 {1, . . . , N} there is a particle Xi

t 2 Rd, with dynamics

<latexit sha1_base64="N2bAu1ZYTAW0LN9/Pr4VOPlkAaM="></latexit>

EL,M (a, c) :=
1

MT

L�1,MX

l=0,m=1

���Xm
tl � aB(Xm

tl )c�t
��2
F

<latexit sha1_base64="wHxR+XDFOH7f2ieR0bAGi2yNmP8=">AAACtnicbVFNb9NAEF2brxI+GuDIZUWCxAGiuEilaqlUiUuPQSJtURyi9WbsjLwf1u64UmT5J3Lhxr9h40QqtMxh9TRvZufNm6xS6Gk8/h3F9+4/ePho73HvydNnz/f7L15eeFs7CVNplXVXmfCg0MCUkBRcVQ6EzhRcZuWXDX95Dc6jNd9oXcFci8JgjlJQSC36P1Nj0SzBEJ8IJzSQQ8k9EKEpeG4d96iDEIm0PubDdLLCFE 2qBa2kUM15O3y/rbIaeIHXYHiOBgk+LFGD2cwViq/WlaUVePTcV0JC+Ojmh9MOO90EyrRpk1YeF03Zpm14w7BZNW+HJzz0m62A09TX+oaTi7JrKYejRX8wHo274HdBsgMDtovJov8rXVpZB6UklfB+lowrmjfCEUoFbS+tPQTBpShgFqAJBvl509ne8rchs+y2z23wr8v+3dEI7f1aZ6Fys6G/zW2S/+NmNeVH8wZNVRMYuR2U14qT5Zsb8iU6kKTWAQjpMGjlchWuJylcuhdMSG6vfBdcHIySw9Hh14PB2eedHXvsNXvD3rGEfWJn7JxN2JTJ6GP0PcoiGR/FP2KIi21pHO16XrF/Iq7+AIRR2ZM=</latexit>

Parametric setting for simplicity: � 2 H, for some given finite-dimensional
hypothesis space H = span{ k}k2[p]; then � =

P
k2[p] ck k.

<latexit sha1_base64="ZkdQ0gKvPCE1KltP3owtBb7qxRQ="></latexit>

where B(Xt)i :=
�
 k(X

j
t �Xi

t)
�
j,k

2 RN⇥1⇥d⇥p for each i 2 [N ].

<latexit sha1_base64="NxFoseqMPpvM0iueorsxaoEW0YA="></latexit>

Observations: {X(m)
tl }l2[L],m2[M ] + noise, where X = (Xi)i2[N ] 2 RN⇥d

.



<latexit sha1_base64="Pb4K/6ep0HoeWuyDFlUX829/1T8="></latexit>

Sa,� : dXi
t =

X

j 6=i

aij�(X
j
t �Xi

t)dt+ �dW i
t , i = 1, . . . , N

<latexit sha1_base64="tMI32JrRXOhs5CY+ZNX7GEdptIw="></latexit>

(ba,bc) = argmin(a,c)EL,M (a, c)

Interacting Particle Systems on Networks

<latexit sha1_base64="N2bAu1ZYTAW0LN9/Pr4VOPlkAaM="></latexit>

EL,M (a, c) :=
1

MT

L�1,MX

l=0,m=1

���Xm
tl � aB(Xm

tl )c�t
��2
F

<latexit sha1_base64="gGOAbfbzntQpmFJaKn7xzXLPx4E="></latexit>

Normalization: ||ai,·||2 = 1, defining the set M of admissible weights.

<latexit sha1_base64="wHxR+XDFOH7f2ieR0bAGi2yNmP8=">AAACtnicbVFNb9NAEF2brxI+GuDIZUWCxAGiuEilaqlUiUuPQSJtURyi9WbsjLwf1u64UmT5J3Lhxr9h40QqtMxh9TRvZufNm6xS6Gk8/h3F9+4/ePho73HvydNnz/f7L15eeFs7CVNplXVXmfCg0MCUkBRcVQ6EzhRcZuWXDX95Dc6jNd9oXcFci8JgjlJQSC36P1Nj0SzBEJ8IJzSQQ8k9EKEpeG4d96iDEIm0PubDdLLCFE 2qBa2kUM15O3y/rbIaeIHXYHiOBgk+LFGD2cwViq/WlaUVePTcV0JC+Ojmh9MOO90EyrRpk1YeF03Zpm14w7BZNW+HJzz0m62A09TX+oaTi7JrKYejRX8wHo274HdBsgMDtovJov8rXVpZB6UklfB+lowrmjfCEUoFbS+tPQTBpShgFqAJBvl509ne8rchs+y2z23wr8v+3dEI7f1aZ6Fys6G/zW2S/+NmNeVH8wZNVRMYuR2U14qT5Zsb8iU6kKTWAQjpMGjlchWuJylcuhdMSG6vfBdcHIySw9Hh14PB2eedHXvsNXvD3rGEfWJn7JxN2JTJ6GP0PcoiGR/FP2KIi21pHO16XrF/Iq7+AIRR2ZM=</latexit>

Parametric setting for simplicity: � 2 H, for some given finite-dimensional
hypothesis space H = span{ k}k2[p]; then � =

P
k2[p] ck k.

<latexit sha1_base64="gOtpobRbBbq1/fqwJ8kI41qLvBA="></latexit>

E nonlinear, non-convex, but separately convex in each of the two arguments.

<latexit sha1_base64="Ow9T3PywWstHWlqDspDeds2RCWA=">AAACd3icbVFbb9MwFHbCbSu3Am/jAYsW1ImpSiZx0TSkSbzwAGMgulVqQuQ4J6s124lsZ6iy8hf4cbzxP3jhjZO2QrBxJMufv3O+c3NeS2FdFP0IwitXr12/sbHZu3nr9p27/Xv3j23VGA4TXsnKTHNmQQoNEyechGltgKlcwkl+9qbzn5yDsaLSn92ihlSxUy1KwZlDKut/S3QldAHa0Q+5BXO+5O0eHSY+UczN89JP28y7TL Zf/Ehttwm+ZCL07F26Q1UH3qftkD6jmMjCDv06BwMo/yN+PZpmYjvzoos9TFu8Vs7cf8Kch4kTCiwtMMk46w+icbQ0ehnEazAgazvK+t+TouKNwgG4ZNbO4qh2qWfGCS6h7SWNhZrxM3YKM4SaYanUL/fW0ifIFLSsDB5cwJL9W+GZsnahcozsGrYXfR35P9+sceWr1AtdNw40XxUqG0ldRbtPoIUwwJ1cIGDcCOyV8jkzjDv8qh4uIb448mVwvDuOX4yff9wdHOyv17FBHpLHZERi8pIckLfkiEwIJz+DrWAQDINf4aPwaThahYbBWvOA/GNh/BsvWb93</latexit>

Observations: {X(m)
tl }l2[L],m2[M ] + noise, where X = (Xi)i2[N ] 2 RN⇥d

.



<latexit sha1_base64="PN5As7v1+z5niUOvWnOgIp2OkOw="></latexit>

2. Given a, estimate c by minimizing the loss function with fixed a by solving

AALS
a,M bc := [aB(Xm

tl )]l,mbc = [�Xm
tl ]l,m/�t ,

where AALS
a,M := [aB(Xm

tl )]l,m 2 RdLMN⇥p is again obtained by stacking in a

block-row fashion and AALS
a,M,i := [aB(Xm

tl )i]l,m.

Alternating Least Squares
<latexit sha1_base64="tMI32JrRXOhs5CY+ZNX7GEdptIw="></latexit>

(ba,bc) = argmin(a,c)EL,M (a, c)
<latexit sha1_base64="N2bAu1ZYTAW0LN9/Pr4VOPlkAaM="></latexit>

EL,M (a, c) :=
1

MT

L�1,MX

l=0,m=1

���Xm
tl � aB(Xm

tl )c�t
��2
F

<latexit sha1_base64="+A4BpCx05mdcSdhgM4Dcpd6dR1I="></latexit>

1. Given c, estimate a by directly solving the minimizer of the quadratic loss
function with c fixed, which solves

bai·AALS
c,M,i := bai·([B(Xm

tl )i]l,mc) = [(�Xm
tl )i]l,m/�t

with [B(Xm
tl )i]l,m 2 RN⇥(dLM)⇥p, AALS

c,M,i := [B(Xm
tl )i]l,mc 2 RN⇥(dLM) and

[�Xm
tl ]l,m 2 RN⇥dLMN obtained by multiplying appropriate tensor slices by c.



<latexit sha1_base64="FbIjtSQ6sAylxOQ4U6N4DO5EtfQ="></latexit>

Operator Regression. Consider {Zi = a>i,·c
> 2 R(N�1)⇥p}Ni=1 treated as vectors

zi 2 R(N�1)p⇥1; they solve

Ai,Mzi = [Ai]l,mzi := [(aB(Xm
tl )c�t)i]l,m = [(�Xm

tl )i]l,m , i 2 [N ],

where Ai,M = [Ai]l,m 2 RdML⇥(N�1)p, since the loss function can be written as
1

ML

PL,M,N
l,m,i=1

��[(�Xm)i]l,m � [Ai]l,mzi
��2.

Operation Regression + ALS
<latexit sha1_base64="tMI32JrRXOhs5CY+ZNX7GEdptIw="></latexit>

(ba,bc) = argmin(a,c)EL,M (a, c)
<latexit sha1_base64="N2bAu1ZYTAW0LN9/Pr4VOPlkAaM="></latexit>

EL,M (a, c) :=
1

MT

L�1,MX

l=0,m=1

���Xm
tl � aB(Xm

tl )c�t
��2
F

<latexit sha1_base64="FA93EsmA6MbHixTVlysjtf0q298=">AAAD5HicbVNLb9NAEHYTHiW8WjhyGZEgtVKIkh4KqqhUxEMcKCrQl+gm0Xo9TpbaXmt33Sg1e+bCAYS48qO48Vc4MXbTpLTsJZNvvplvZvLFTyNpbLv9e65SvXT5ytX5a7XrN27eur2weGfXqEwL3BEqUnrf5wYjmeCOlTbC/VQjj/0I9/zDZ0V+7wi1kSrZtuMUuzEfJDKUgluC+otzf1iiZBJgYnOGMTxHizqWCSlLAU9fvw </latexit>

Deterministic ALS stage. The rows of a and the vector c are estimated via a
joint factorization of the matrices of the estimated vectors {bzi,M}, denoted by
bZi,M , with a shared vector c:

(baM ,bcM ) = argmina2M, c2RpE(a, c) :=
NX

i=1

���bZi,M � a>i,·c
>
���
2

F



Theoretical results
<latexit sha1_base64="b81DL8/CrYJ2DMqLYIZ/iKK15+w=">AAAEmHicdVPbbtNAEHWTAE24tIUXLi8rGqREbSPbUilCKqqEEEUKqKDepKxrrdfreNv12ng3LZHjF/6ST+AnEOM4LXFbVrI9OjPnzOx4xksEV9o0fy3U6o07d+8tNlv3Hzx8tLS88vhQxaOUsgMaizg99ohigkt2oLkW7DhJGYk8wY68s/eF/+icpYrHcl+PE+ZEZCh5wCnRALkrtZ9Yxlz6TGq0HzKkxkqzCClwq4AzhQjKsB </latexit>

The system satisfies a rank-2 joint coercivity condition on H if 9 cH > 0
s.t. 8�1,�2 2 H with h�1,�2iL2(⇢L) = 0, 8a(1),a(2) 2 M and 8 i 2 [N ]

1

L

L�1X

l=0

E
����

X

j 6=i

[a(1)ij �1(rij(tl))+a(2)ij �2(rij(tl))]

����
2�

� cH
h
|a(1)i· |

2
k�1k

2
⇢L

+ |a(2)i· |
2
k�2k

2
⇢L

i

<latexit sha1_base64="CqKuFr0Wld3sji7Pi+kVjyZ7mA8="></latexit>

uniqueness of the minimizer for M = 1,
solution of EL,1(a,�) = 0.

<latexit sha1_base64="cM2CRR4ycKU4Kx4F2phI0aA+SxI="></latexit>

matrices in the least squares
steps of ALS are well-conditioned.

<latexit sha1_base64="gX/T781rChWJcLfqmSbHNYJd3yI="></latexit>

The system satisfies an interaction kernel coercivity condition in H if
9c0,H 2 (0, 1) s.t. 8� 2 H and i 2 [N ] 1

L(N�1)

PL�1
l=0

P
j 6=i E[tr Cov(�(rij(tl)) |

F
i
l )] � c0,Hk�k2⇢L

where F
i
l is the �-algebra generated by (Xtl�1 , X

i
tl).

<latexit sha1_base64="4azruWXOOJHAP6lym+dka7KFs4k="></latexit>

ORALS yields consistent and

asymptotically normal estimator

<latexit sha1_base64="iAKO/Z1BWdQF9He/UmmnaDEnhmM="></latexit>

matrices in ORALS

are well-conditioned

<latexit sha1_base64="zFBad8q2yAQdRp1bl0JwKtKy+9g="></latexit>

rank-2 joint
coercivity
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Convergence for large M

<latexit sha1_base64="Jd6BETJDLgcQf7edKhN/w64TS3w="></latexit>

Convergence with sample sizeM increasing in 100 independent experiment runs.
The top row shows almost perfect rates ofM�1/2 for both algorithms for the case
of noiseless data and a well-specified basis. For the case of noisy observations,
the bottom row shows robust convergence with the errors decaying until they
reach 10�4, the variance of observation noise.



Convergence & sampling

<latexit sha1_base64="GRsVjm470bdrFMbk68XKlxyDNnA="></latexit>

Top: Estimation errors as a function of M (all other parameters fixed), for ALS and ORALS, for

a random Fourier interaction kernel with p = 16, N = 32, L = 2 (left) and L = 8 (right). In the

small and medium sample regime, between the two vertical bars, ALS significantly and consistently

outperforms ORALS; for large sample sizes, the two estimators have similar performance. Bottom:

The performance of the ALS estimator improves not only as M increases but also as L increases.
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Computational cost
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True Graph
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Lennard-Jones interactions on a network
<latexit sha1_base64="9PwVIWgVDfmyf16g4tTQFw4UwqU=">AAACVXicbVFbS8MwGE2rzjlvUx99CW7CRFdaL3OCwsAXHxXcBdY50izdgunFJJWO0j+5F/Gf+CKYdRPm5UDgcM75yJcTJ2RUSNN81/Sl5ZXcan6tsL6xubVd3NltiSDimDRxwALecZAgjPqkKalkpBNygjyHkbbzfDv126+ECxr4j3Ickp6Hhj51KUZSSf0iK9vhiFbiI3gDK1Xb5QgnVpqcpfFTUr1K4TGcaeff2ll6ZHtIjh xX5fpJDO0heYGmcZFWrZppnyyaJrSZMmN4nQXK/WLJNMwM8C+x5qQE5rjvFyf2IMCRR3yJGRKia5mh7CWIS4oZSQt2JEiI8DMakq6iPvKI6CVZKyk8VMoAugFXx5cwUxcnEuQJMfYclZzuLH57U/E/rxtJt95LqB9Gkvh4dpEbMSgDOK0YDignWLKxIghzqnaFeIRUi1J9REGVYP1+8l/SOjWsmlF7OC016vM68mAfHIAKsMAlaIA7cA+aAIMJ+NA0TdfetE99Wc/Noro2n9kDP6BvfwHz269Z</latexit>

�(x) = (� 1
3x

�9 + 4
3x

�3)1x�0.5 � 16010x<0.5

<latexit sha1_base64="cH1SQoloXeAIG6em7cU1qJu7hjY=">AAACuXicnVFdT9swFHUCg64bUNjjXiwKElJLlBRomSYkpL3wCNIKSHWIHNehJo4T2Q6isvIfEW/7N3Pais897UqWjs6591zfe+OCM6V9/4/jLi1/WlltfG5++bq2vtHa3LpUeSkJHZKc5/I6xopyJuhQM83pdSEpzmJOr+L0V61f3VOpWC5+62lBwwzfCpYwgrWlotbjzk4TGVQoFpmgk1bwBD7cmP0fFcqwnsSJCarIjHyvd5 R2fO+oCzuIiURPwwpZIT3xq5segoiUBYLPRocvRgf/Y/TiNJg7vfXowmebV9UHqNu0w0Sttu/5s4AfQbAAbbCI86j1hMY5KTMqNOFYqVHgFzo0WGpGOK2aqFS0wCTFt3RkocAZVaGZbb6Cu5YZwySX9gkNZ+zrCoMzpaZZbDPrEdR7rSb/pY1KnRyHhomi1FSQeaOk5FDnsD4jHDNJieZTCzCRzP4VkgmWmGh77HoJwfuRP4LLnhf0vf5Fr316vFhHA3wH22APBGAATsEZOAdDQJy+gxzqJO5PF7sT926e6jqLmm/gTbjqLxKWz0k=</latexit>

{ 1+k = x�91[0.25k+0.5,+1]}2k=0 [ { 4+k = x�31[0.25k+0.5,+1]}2k=0 [ { 7+k = 1[0,0.25k+0.5]}3k=0

<latexit sha1_base64="QiuTshDkT6mxjnSRn2NKtqx8wjw="></latexit>

M N p L T � �obs

103 6 10 50 5 · 10�3 10�3 10�3



<latexit sha1_base64="M6sA42tjTP9cSVQCnlwX57yHbYI="></latexit>

M N L T � �obs

8, 64, 512 10 100 1 · 10�1 10�4 10�3

<latexit sha1_base64="38eDIfDTIkK2Lq/BkTSrTwQZCFc=">AAACq3icbVHbahsxENVub4l7c9vHvAx1Ci64ZtcPTikUAnnJU3FpHZtaxsxq5ayIVlokbVKz7M/1E/LWv6nWXkpuA4Kjc2Y0Z0ZJIYV1UfQ3CB89fvL02d5+5/mLl69ed9+8PbO6NIxPmZbazBO0XArFp044yeeF4Zgnks+Si5NGn11yY4VWP92m4Mscz5VYC4bOU6vuH6q0UClXDg5pji5jKKvTGr7C9mbyyhaoaloBZdr2f3 8cALVC9Udb1FA7lGpnW+Lof5JHtD4cwFUmWAap5haUdsC0ciiUbzjJhJdRpbear2iRCfjygIUbBgdNsX99CKtuLxpG24D7IG5Bj7QxWXWvvV1W5n5oJtHaRRwVblmhcYJJXndoaXmB7ALP+cJDhTm3y2q76xo+eCaFtTb+qGYWz96sqDC3dpMnPrNxa+9qDfmQtijd+vOyEqooHVds12hdSnAamo+DVBjOnNx4gMwI7xVYhgaZ89/b8UuI7458H5yNhvF4OP4+6h2P23XskQPynvRJTI7IMTklEzIlLOgH34JZMA8/hT/CXyHdpYZBW/OO3IqQ/wPGDc3C</latexit>

H = span{cos(x), sin(2x), cos(2x), . . . , cos(7x), sin(7x)}, which does not contain
�, and H� := span{H,�}.

Kuramoto interactions on a network
<latexit sha1_base64="T4hpsycf5tj8ev2Qy6p6LCKrPXM="></latexit>

dXi
t = 

X

j2Ni

aij sin(X
j
t �Xi

t)dt+ �dW i
t



<latexit sha1_base64="M6sA42tjTP9cSVQCnlwX57yHbYI="></latexit>

M N L T � �obs

8, 64, 512 10 100 1 · 10�1 10�4 10�3

<latexit sha1_base64="38eDIfDTIkK2Lq/BkTSrTwQZCFc=">AAACq3icbVHbahsxENVub4l7c9vHvAx1Ci64ZtcPTikUAnnJU3FpHZtaxsxq5ayIVlokbVKz7M/1E/LWv6nWXkpuA4Kjc2Y0Z0ZJIYV1UfQ3CB89fvL02d5+5/mLl69ed9+8PbO6NIxPmZbazBO0XArFp044yeeF4Zgnks+Si5NGn11yY4VWP92m4Mscz5VYC4bOU6vuH6q0UClXDg5pji5jKKvTGr7C9mbyyhaoaloBZdr2f3 8cALVC9Udb1FA7lGpnW+Lof5JHtD4cwFUmWAap5haUdsC0ciiUbzjJhJdRpbear2iRCfjygIUbBgdNsX99CKtuLxpG24D7IG5Bj7QxWXWvvV1W5n5oJtHaRRwVblmhcYJJXndoaXmB7ALP+cJDhTm3y2q76xo+eCaFtTb+qGYWz96sqDC3dpMnPrNxa+9qDfmQtijd+vOyEqooHVds12hdSnAamo+DVBjOnNx4gMwI7xVYhgaZ89/b8UuI7458H5yNhvF4OP4+6h2P23XskQPynvRJTI7IMTklEzIlLOgH34JZMA8/hT/CXyHdpYZBW/OO3IqQ/wPGDc3C</latexit>

H = span{cos(x), sin(2x), cos(2x), . . . , cos(7x), sin(7x)}, which does not contain
�, and H� := span{H,�}.

Kuramoto interactions on a network
<latexit sha1_base64="T4hpsycf5tj8ev2Qy6p6LCKrPXM="></latexit>

dXi
t = 

X

j2Ni

aij sin(X
j
t �Xi

t)dt+ �dW i
t



<latexit sha1_base64="M6sA42tjTP9cSVQCnlwX57yHbYI="></latexit>

M N L T � �obs

8, 64, 512 10 100 1 · 10�1 10�4 10�3

<latexit sha1_base64="38eDIfDTIkK2Lq/BkTSrTwQZCFc=">AAACq3icbVHbahsxENVub4l7c9vHvAx1Ci64ZtcPTikUAnnJU3FpHZtaxsxq5ayIVlokbVKz7M/1E/LWv6nWXkpuA4Kjc2Y0Z0ZJIYV1UfQ3CB89fvL02d5+5/mLl69ed9+8PbO6NIxPmZbazBO0XArFp044yeeF4Zgnks+Si5NGn11yY4VWP92m4Mscz5VYC4bOU6vuH6q0UClXDg5pji5jKKvTGr7C9mbyyhaoaloBZdr2f3 8cALVC9Udb1FA7lGpnW+Lof5JHtD4cwFUmWAap5haUdsC0ciiUbzjJhJdRpbear2iRCfjygIUbBgdNsX99CKtuLxpG24D7IG5Bj7QxWXWvvV1W5n5oJtHaRRwVblmhcYJJXndoaXmB7ALP+cJDhTm3y2q76xo+eCaFtTb+qGYWz96sqDC3dpMnPrNxa+9qDfmQtijd+vOyEqooHVds12hdSnAamo+DVBjOnNx4gMwI7xVYhgaZ89/b8UuI7458H5yNhvF4OP4+6h2P23XskQPynvRJTI7IMTklEzIlLOgH34JZMA8/hT/CXyHdpYZBW/OO3IqQ/wPGDc3C</latexit>

H = span{cos(x), sin(2x), cos(2x), . . . , cos(7x), sin(7x)}, which does not contain
�, and H� := span{H,�}.

Kuramoto interactions on a network
<latexit sha1_base64="T4hpsycf5tj8ev2Qy6p6LCKrPXM="></latexit>

dXi
t = 

X

j2Ni

aij sin(X
j
t �Xi

t)dt+ �dW i
t



Leader-follower network M=100
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<latexit sha1_base64="mT3dDBiQKUWkxdc64Fx7bY7pzjI="></latexit>

M N L T � �obs

15, 30, 100 20 100 1 0 0

Leader-follower opinion dynamics

<latexit sha1_base64="pjXIHQ80kZHMAZ5tGD47m4X6rLA="></latexit>

“Leaders”: consider the feature Li = ↵kai·k`1 + �ka·ik`1 , with ↵+ � = 1. With ↵ � �, clustering
yields the set of “leaders”.
“Followers”: we group them by assigning them to leaders based on a score eLk

j = ↵
P

i2Gk |aij | +
�
P

i2Gk |aji| from groups Gk of “followers” to “leaders”.

<latexit sha1_base64="aedT0ADJEkQaJ3TNvwOHOc85ln4=">AAACPXicbVBNT9tAEF0DLWn6lcKxl1VDJaqqkY1EmwtSJC4cUykhlmJjrdfrZMPu2t0dV4os/zEu/Adu3LhwACGuvXZtcqDQJ6309GbezM6Lc8ENuO6ls7a+8eLlZutV+/Wbt+/edz5sHZus0JSNaSYy7cfEMMEVGwMHwfxcMyJjwSbx6WFdn/xm2vBMjWCZs1CSmeIppwSsFHVGOwku/eqER4APMA5MIaNyESj2C/MqkATmcV qSKir5ogqGc77rnywi+ObXhi84AfzVevhMEmznTJo5O+2o03V7bgP8nHgr0kUrDKPORZBktJBMARXEmKnn5hCWRAOnglXtoDAsJ/SUzNjUUkUkM2HZXF/hz1ZJcJpp+xTgRn3sKIk0Zilj21nfY57WavF/tWkBaT8sucoLYIo+LEoLgSHDdZQ44ZpREEtLCNXc/hXTOdGEgg28DsF7evJzcrzX87739n/udQf9VRwt9BF9QrvIQz/QAB2hIRojis7QFbpBt865c+3cOfcPrWvOyrON/oHz5y9kTK13</latexit>
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with �(x) = � 1(x)� 0.1 2(x), where  1(x) = 1{x1},  2(x) = 1{1<x1.5}.
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Leader-follower opinion dynamics
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Estimated networks of leaders and followers, with training sample sizes M 2 {15, 30, 100}. When
M = 100, the estimated network is accurate. When M = 30, the leaders-follower network is
correctly identified, though the weight matrix is less accurate. When M = 15, the sample size is
too small for a meaningful inference; but the clustering is still reliable.
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“Leaders”: consider the feature Li = ↵kai·k`1 + �ka·ik`1 , with ↵+ � = 1. With ↵ � �, clustering
yields the set of “leaders”.
“Followers”: we group them by assigning them to leaders based on a score eLk

j = ↵
P

i2Gk |aij | +
�
P

i2Gk |aji| from groups Gk of “followers” to “leaders”.
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with �(x) = � 1(x)� 0.1 2(x), where  1(x) = 1{x1},  2(x) = 1{1<x1.5}.
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Sa,(�q)
Q
q=1,

: dXi
t =

X

j 6=i

aij�(i)(X
j
t �Xi

t)dt+ �dW i
t , i = 1, . . . , N
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�(i)(x) =
Pp

k=1 cki k(x)
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Ẋt = aB(Xt)c+ �Ẇ =
�
ai·B(Xt)ic·i

�
i2[N ]

+ �Ẇ
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ai·B(Xt)ic·i =
P

j 6=i aij
Pp

k=1  k(X
j
t �Xi

t)cki 2 Rd , i = 1, . . . , N
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We use 3-way ALS to solve this problem; to enforce that c is not just low rank, but
has only Q di↵erent columns, i.e. c·i = c·(i), perform K-means on the cols(c) at
every iteration.
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Writing c = uvT , with u 2 Rp⇥Q the coe�cient matrix, and v 2 RN⇥Q the type
matrix, both orthogonal, we relax the problem to

argmin(a,u,v)2M⇥Rp⇥Q⇥RN⇥Q

v>v=IQ

1

MT

L,MX

l=1,m=1

���Xm
tl � aB(Xm

tl )uv
>�t

��2
F

Particles of different types
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Estimation of two types of kernels: short range and long range. The first panel shows the error
decay with respect to iteration numbers. The algorithm using K-means decays faster and reaches
lower errors than the algorithm without K-means. The right two columns show the estimation
result of the two kernels. The classification is correct for both of the algorithms, and the one with
K-means yields more accurate estimators, particularly for the kernel Type 1.

Particles of different types: example
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 : [N ] ! [Q], with Q = 2, with �1 short-range, and �2 long-range.
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Estimated kernels in a misspecified case: estimating two types of kernel when data is generated

using a single kernel. Output consists of two types of kernels, but both are close to the true kernel.
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Qtrue = 1 Qtrue = 2
Estimated with Q = 1 1.2 ± 0.8 ⇥ 10�2 2.1± 0.7⇥ 10�1

Estimated with Q = 2 1.4± 0.7⇥ 10�2 1.1 ± 0.3 ⇥ 10�2

Particles of different types: model selection
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 : [N ] ! [Q], with Q 2 {1, 2} interaction kernels. Estimators are constructed, in either case, with
both Q = 1 and Q = 2. Their performance is evaluated with prediction error on long trajectories.
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· Learning interaction kernels in particle systems may be performed e�ciently,
nonparametrically, without curse of dimensionality of the state space...
· ...also on networks, with particles of di↵erent types, with interaction kernels,
networks and types all unknown.
· Generalizations: 1st- and 2nd-order, multi-type, stochastic; learning variables;
more general interaction kernels.


