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Abstract We study large deviations in the Langevin dynamics, with damping of order €~
and noise of order 1, as € | 0. The damping coefficient is assumed to be state dependent. We
proceed first with a change of time and then we use a weak convergence approach to large
deviations and its equivalent formulation in terms of the Laplace principle, to determine the
good action functional. Some applications of these results to the exit problem from a domain
and to the wave front propagation for a suitable class of reaction diffusion equations are
considered.

Keywords Large deviations - Laplace principle - Over damped stochastic differential
equations

1 Introduction

For every € > 0, let us consider the Langevin equation

G =bq @) - @q%) + 0 (g 1)) B(1),

(1.1)
¢(0)=qge R 40)=peRL

Here B(t) is a r-dimensional standard Wiener process, defined on some complete stochastic
basis (2, F, {#;}, P). In what follows, we shall assume that b is Lipschitz continuous and
« and o are bounded and continuously differentiable, with bounded derivative. Moreover, o
is invertible and there exist two constants 0 < «p < o such that ag < a(g) < 1, for all
g € RY. Equation (1.1) can be rewritten as the following system in R>?
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q€(t) = pc(1), ¢€(0) =g € RY,
N _ € 0‘(‘16(1)) € € ki € - d
pe(t) = b(q (t))—fp @) +o(q @)B@), p0)=peR",

and, due to our assumptions on the coefficients, for any € > 0, T > 0 and k > 1, the system
above admits a unique solution z¢ = (¢€, p¢) € LK, C([0, T]; R®*?)), which is a Markov
process.
Now, if we do a change of time and define g () := ¢€(t/€), t > 0, we have
2 . _ . .
€°ge(1) = b(ge(1)) — a(qe(t);QE(l) + Ve o (ge())w(t), 12
g0 =g € R, G(0)=_€R, '

where w(t) = /€B(t/€), t > 0, is another R”-valued Wiener process, defined on the same
stochastic basis (2, F, {F;}, P).

In the present paper, we are interested in studying the large deviation principle for Eq.
(1.2), as € | 0. Namely, we want to prove that the family {g.}.~0 satisfies a large deviation
principle in C ([0, T']; ]Rd), with the same action functional / and the same normalizing factor
€ that describe the large deviation principle for the first order equation

bge()  —olge() . .
_ 28e) | e 08Ny e (0) =g e RY 1.3
2 TV agny P O =a¢ (1.3)

In particular, as shown in Sect. 4, this implies that the asymptotic behavior of the exit time
from a basin of attraction for the over damped Langevin dynamics (1.1) can be described by
the quasi potential V associated with 7, as well as the asymptotic behavior of the solutions
of the degenerate parabolic and elliptic problems associated with the Langevin dynamics.

Moreover, in Sect. 4, we will show how these results allow to prove that in reaction—
diffusion equations with non-linearities of KPP type, where the transport is described by the
Langevin dynamics itself, the interface separating the areas where u€ is close to 1 and to 0, as
€ | 0, is given in terms of the action functional /, as in the classical case, when the vanishing
mass approximation is considered.

In [3,8], the system

ge(t)

[ Mq;'/:,e @) = b(q;t,e(t)) - Ol(qu,s(t))qli,s(t) + «/EG(qu,e(f))lb(l), (1.4)

. 14
Gue©) =g e R g0 = c€ RY,

for0 < u, € << 1,hasbeen studied, under the crucial assumption that the friction coefficient
« is independent of ¢.

It has been proven that, in this case, the so-called Kramers—Smoluchowski approxi-
mation holds, that is for any fixed € > 0 the solution g, ¢ of system (1.4) converges in
L2(Q; C([0, T1; RY)), as n | 0, to ge, the solution of the first order equation (1.3). More-
over, it has been proven that, if V), (g, p) is the quasi-potential associated with the family
{q).e}e0, for u > 0 fixed, then

lim inf V,(q, p) = V(g),
n—>0 peRd

where V is the quasi-potential associated with the action-functional /.
In [9] and Eq. 1.4 with non constant friction « has been considered and it has been shown
that in this case the situation is considerably more delicate. Actually, in [9] the limit of g, ¢
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to ge has only been proven via a previous regularization of the noise, which has led to the
convergence of g;, . to the solution g, of the first order equation with Stratonovich integral.
Moreover, in [12] it is shown that g, . converges, as 1 goes to zero, to the solution of a first
order equation of the same type as Eq. (1.3), where an extra drift term is added.

Finally, we would like to mention that in the recent paper [13], by Lyv and Roberts, an
analogous problem has been studied for the stochastic damped wave equation in a bounded
regular domain D C RY, withd = 1,2, 3,

82 f, d t, 9 t,
% = Au(t,x) + f(u,x)) — “(at x) g w;t x)
u(0, x)
ut,x) =0, xe€ 9D, u(0,x)=uy(x), W (x),
where € > 0 is a small parameter, the friction coefficient is constant (¢« = 1), w(z, x)

is a smooth cylindrical Wiener process and f is a cubic non-linearity. By using the weak
convergence approach, the authors show that the family {u}c~¢ satisfies a large deviation
principle in C([0, T']; L2(D)), with normalizing factor €2? and the same action functional
that describes the large deviation principle for the stochastic parabolic equation.

As mentioned above, in the present paper we are dealing with the case of non-constant
friction & and u = €2. Dealing with a non-constant friction coefficient turns out to be
important in applications, as it allows to describes new effects in reaction—diffusion equations
and exit problems (see Sect. 4). Here, we will study the large deviation principle for Eq. (1.2)
by using the approach of weak convergence (see [1,2]) and we will show the validity of the
Laplace principle, which, together with the compactness of level sets, is equivalent to the
large deviation principle.

At this point, it is worth mentioning that one major difficulty here is handling the integral

t t
/OGXP (—/ Ot(qe(r))dr) 0 (ge(s)) dw(s),

and proving that it converges to zero, as € | 0, in L! (2, C([0, T]; ]Rd)). Actually, as « is
non-constant, the integral above cannot be interpreted as an It6’s integral and in our estimates
we cannot use Itd’s isometry. Nevertheless, due to the regularity of g.(¢), we can consider
the integral above as a pathwise integral, and with appropriate integrations by parts, we can
get the estimates required to prove the Laplace principle.

2 The Problem and the Method

We are dealing here with the equation

€2Gc (1) = b(ge(1)) — a(qe(1))Ge (1) + e o (ge ()i (1), @D
e®=geR, G.0==cr" :
Here w(t),t > 0, is a r-dimensional Brownian motion and the coefficients b, o and « satisfy

the following conditions.

Hypothesis 1 1. The mapping b : R? — R is Lipschitz-continuous and the mapping o :
RY — L(R", R?) is continuously differentiable and bounded, together with its derivative.
Moreover, the matrix o (q) is invertible, for any ¢ € RY ando! i RY — LR, RY) is
bounded.
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2. The mapping & : R? — R belongs to C}(RY) and
inf a(x) =:ay > 0. 2.2)

xeRd
In view of the conditions on the coefficients «, b and o assumed in Hypothesis 1, for every
fixed € > 0, Eq. (2.6) admits a unique solution z¢ = (ge, pe) € L*¥(0, T; R?), with T > 0
and k > 1.
Now, for any predictable process u taking values in L%((0, T); R"), we introduce the
problem

b)) | (g (1)
80 =@y g ”

The existence and uniqueness of a pathwise solution g" to Problem (2.3) in C([0, T']; RY)
is an immediate consequence of the conditions on the coefficients b, o and « that we have
assumed in Hypothesis 1.

In what follows, we shall denote by G the mapping

1), £'0)=gqe R (2.3)

G:L*(0.T:R) — C(I0, TR, u+> Gu) =g"
Moreover, for any f € C([0, T]; R4 ) we shall define

T
1) = %inf[/ WOPdt : f = Gw), ue L0, T); K ]
0

with the usual convention inf § = +o00. This means that

1T . s BUON [
I(f)= 5/0 a(f(s)o™ (f(s)) (f(S)— a(f(s))) ds, 24
forall f € W2(0, T; RY).
If we denote by g, the solution of the stochastic equation
b € € .
Gty = 28D D)y g =g e R, @5)

= € w
a(ge(1)) a(ge(1))

we have that 7 is the large deviation action functional for the family {g¢}¢~0 in the space of
continuous trajectories C ([0, T']; RY) (for a proof see e.g. [11]). This means that the level
sets {I(f) < c} are compact in C([0, T]; RY), for any ¢ > 0, and for any closed subset
F C C([0, T]; RY) and any open set G C C([0, T]; RY) it holds

limsupelogP(ge € F) < —I(F),
e—0t

liminf € logP(ge € G) > —I1(G),
e—071

where, for any subset A C C([0, T']; Rd), we have denoted

1(A) = inf 1(/).

The main result of the present paper is to prove that in fact the family of solutions g. of

Eq. (1.2) satisfies a large deviation principle with the same action functional / that describes

the large deviation principle for the family of solutions g. of Eq. (2.5). And, due to the fact

that g€ (t) = gc(e1),t > 0, this allows to describe the behavior of the over damped Langevin
dynamics (1.1) (see Sect. 4 for all details).
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Theorem 2.1 Under Hypothesis 1, the family of probability measures {L£(q¢)}e=0, in the
space of continuous paths C([0, T1; RY), satisfies a large deviation principle with action
functional 1.

In order to prove Theorem 2.1, we follow the weak convergence approach, as developed in
[1], (see also [2]). To this purpose, we need to introduce some notations. We denote by Pr
the set of predictable processes in L3(Q2 x [0, T]; R™), and for any T > Oand y > 0, we
define the sets

T

Sy = [f e L*((0,T);RY) : / If () ds < yl
0

AL ={uePr:uec Sy, P-as}.

Next, for any predictable process u taking values in L2((0, T); R"), we denote by gl (t) the
solution of the problem

25 (1) = b(g! (1) — (g (1))g. (1) + Ve o (gl ()b (1) + o (g ()u(), >
') =qeRr!, 440 =Lerd (2:6)
€
As well known, for any fixed € > 0 and for any 7 > 0 and k > 1, this equation admits a
unique solution ¢* in L¥(Q; C([0, T]; RY)).
By proceeding as in the proof of [2, Theorem 4.3], the following result can be proven.

Theorem 2.2 Let {uc}e~o be a family of processes in S; that converge in distribution, as
€ | 0, to some u € S%, as random variables taking values in the space L2((0, T): RD),
endowed with the weak topology.

If the sequence {qe}e~o converges in distribution to g*, as € |, 0, in the space of contin-
uous paths C ([0, T1; RY), then the family {L£(qe¢)}e~0 satisfies a large deviation principle in
C([0, T1; RY), with action functional 1.

Actually, as shown in [2], the convergence of g¢¢ to g* implies the validity of the
Laplace principle with rate functional /. This means that, for any continuous mapping
A : C([0, T]; RY) — Rit holds

1
lim —e logE exp (—fA(qé)) = inf (AH+I()).
e—0 € feC([0,T];RY)
And, as the level sets of I are compact, this is equivalent to say that {£(gc)}e=0 satisfies a
large deviation principle in C([0, T]; Rd), with action functional /.

3 Proof of Theorem 2.1

As we have seen in the previous section, in order to prove Theorem 2.1, we have to show
that if {u}¢~ is a family of processes in S; that converge in distribution, as € | 0, to some
u e S;, as random variables taking values in the space L2((0, T); R?), endowed with the
weak topology, then the sequence {g¢*}¢=o converges in distribution to g“, as € |, 0, in the
space C([0, T]; Rd).

In view of the Skorohod representation theorem, we can rephrase such a condition in
the following way. On some probability space (Q, F, P), consider a Brownian motion w;,
t > 0, along with the corresponding natural filtration {F;};>¢. Moreover, consider a family
of {]-_',}—predictable processes {it¢, U}esq in LZ(S_Z x [0, T]; Rd), taking values in $¥, P-as.,
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such that the joint law of (it¢, it, w), under PP, coincides with the joint law of (u€, u, w), under
P, and such that

limi, =i, P—as. 3.1
e—>0
as L2((0, T): R9)-valued random variables, endowed with the weak topology. Let qg'zf be the
solution of a problem analogous to (2.6), with u and w replaced respectively by i, and w.
Then, we have to prove that

lim g = g, P—as.
e—0

in C([0, T]; Rd). In fact, we will prove more. Actually, we will show that

lim E sup |G (t) — g"(t)| = 0. (3.2)
e=>0  1e(0,7]

In order to prove (3.2), we will need some preliminary estimates. For any € > 0, we define
the process

t
Hé(t)=ﬁe_Af(t)/ e<Wa (gl (s)) dw(s), 1>0. (3.3)
0

where, for any 0 < s <t and ¢ > 0 we define

1 1
Ac(t,s) = 6—2/ algl(r)dr, Ad(t) = Ac(t, 0).

Lemma 3.1 Under Hypothesis 1, forany T > 0, k > 1 and y > 0, there exists €g > 0 such
that for any u € S; and € € (0, o]

k k k 3% kok koot
SupE [He (DF < ey (T (g* + 1pl + De? +crerr2e @ . (3.4)
s<t
Moreover, we have
E sup |He(t)| < Vec, (T)A+ gl +|p)). (3.5)

t€(0,7T]
Proof Equation (2.6) can be rewritten as the system

¢! =pi®), qf0)=gq
€ pL (1) = bgl (1)) — a(gl ) pl (1) + Ve o (gl )i (t) + o (gl ()u), pl0) = g

Thus, we have
u 1 —Ac(t) 1 ! —Ac(t,s) u
Pe(f)=g€ ¢ P+:2 e "V b(g.(s))ds
0

1 ! —Ac(t,s) u 1
+ 7/ e Vo (ge () uls)ds + — He(1). (3.6)
€ 0 €

Integrating with respect to 7, this yields
1 t 1 t N
gu() =g+ - / e pds + — / / e AODp(gt (1)) dr ds
€.Jo € Jo Jo

L s 1
+—2/ / e*AfW)a(qg(r))u(r)drds+—2/ He(s)ds. (3.7
€ Jo Jo € Jo
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Thanks to the Young inequality, this implies that for any r € [0, T']
t t 1 t
mﬂm|sM|+emw+c/<r+Mﬂnnds+c/‘W@Nds+g5/|H4muh
0 0 0

1 t t
<y (Mgl +e€lpl+ 1)+ :2/ |He(s)| ds +C/ lg¢ ()] ds,
0 0
and from the Gronwall lemma we can conclude that
1 t
g (1)] < cy(r)(1.+|q|_%|p|>4.c(T);5u/’|;4(s)|ds,
0

This implies that for any k > 1

t
|ﬂmﬁ5%ﬂnmﬁ+wﬁ+n+%ﬂn€%A|muww,eemJL(w)

Now, due to (3.6), we have

aqg(t—s)

u 1 70{701‘ c ! - u
el s s Eipie 5 [T (gt ds
€ € 0
c L aglt—s) 1
+5 [T wolds + il
€ 0 €
so that, thanks to (3.8), for any € € (0, 1] we get
wepf < L%
[pe ()] < L Ipl+ ¢y (T)(gl + Ipl+ 1)
c t 7010(,,” l
+—= [ e ¢ |u)lds+c(T)—|He@)]. (3.9
e Jy €2

As well known, if f € c'([0, ¢]) and g € C([0, t]), then the Stiltjies integral

t
/f(s)dg(s), t>0,
0

is well defined and, if g(0) = 0, the following integration by parts formula holds

t t
/0 Fs)dg(s) =/0 (g(t) —g()) f(s)ds + g@®) f(0), ¢>0. (3.10)
Now, the mapping
[0, +00) — LR, RY), 5> A Do (g (s)),

is differentiable, P-a.s., so that the stochastic integral in (3.3) is in fact a pathwise integral.
In particular, we can apply formula (3.10), with

fs) = e Wa(gl(s)), gls) = w(s).
and we get
! _A a(gh(s))
H (1) = ﬁ/ (w(t) — w(s)) e A5 (;72 +o (qé‘(s))p?(s)) ds
0

+ew()e D (g). (3.11)
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Thanks to (3.9), this yields for any € € (0, 1]
_ ag(t—s)

apt

12 2
|He(1)] < cﬁ/o () = w(s)| —5— (1 +[pE)]) ds +c /e lwDle”

< ¢, () (1ql + pl + 1%/0:2 w(6) — w(t — e25)]e= ds

ot

+ﬁcy(T>/Z [w(t)—w(t—€>s)|e ™| He(t—€>5) | ds + ¢ /e [wD)]e”
0

and hence, for any k > 1, we have

t

)
|He(z>|"sck,y<T)(|q|"+|p|’<+1>e%/ lw(t) — w(t — €%s)[Fe ™0 ds
0

1
=2
+et e, (T) / lw(t) — w(t — €%s)[e | H (t — *s)[* ds
0
k k _ kagt
+cre? lw)|*e .
By taking the expectation, due to the independence of |w(t) —w(t — €2s)| with | He (t — €25)|
this implies that for any € € (0, 1]

I

* [ ko
E|H (0" < ck,y(T)(|q|k_|_|p|k+1)67/ §5 om0 g
0

k kagt

1
3k &2 kK ok —
+e7 ck,y(T)/e STe SE|Ho (1 — €25)[Fds +cre2 tie &
0

kagt

k k 3k £k ——F 3k k
Sy (MUgl" +1pI" +1)e2 +cre2t2e ¢ +e2cpyy(T)supE|He(s)| .
§<t

Therefore, if we pick €g € (0, 1] such that
3k
€y Cry(T) < 3
we get (3.4).
Now, let us prove (3.5). From (3.11), we have

)
|He(t)] < ec sup Iw(t)l(l-lr/o e & IP?(S)IdS)

te[0,T]
i 3
< Jec sup |w<z)|(1+e(/ |pz<s>|2ds) )
1€[0,T] 0

1

T
E sup |He(n)| < /ee(T) 1+e(E/ |p?(s>|2ds)2
0

te[0,T]

and hence

Thanks to (3.9), as a consequence of the Young inequality, we get
! 2 2 2 1 ! 2
/0 [P ()I7ds < ¢y (TY(A + Ig1” + [pI7) + g C(T)/O |He(s)I"ds,  (3.12)
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so that
1

1 ' 2
E sup IHe(l)IEx/gcy(T)(l+Iq|+lpl)+fC(T)(/ E|H€(s)|2ds)
Ve 0

1e[0,T]
Therefore, (3.5) follows from (3.4). O

Lemma 3.2 Under Hypothesis 1, forany T > 0, k > 1 and y > O there exists €y > 0 such
that for any u € S; and € € (0, €9) we have

u k k k _k 23k
E sup |g (O <cry(Mql" +1Ipl" + 1D €72 +cpy(T)e™™ 2. (3.13)
te[0,7]
Proof Estimate (3.13) follows by combining together (3.4) and (3.8). O

Now, we are ready to prove (3.2), that, in view of Theorem 2.2, implies Theorem 2.1.

Theorem 3.3 Let {uc}e~0 be a family of predictable processes in S; that converge P-a.s.,
ase | 0, to someu € S, with respect to the weak topology of L*>(0, T'; R?). Then, we have

lim E sup |gf<(r) —g" ()| =0. (3.14)
e—0 te[0,T]

Proof Integrating by parts in (3.7), we obtain

, bg o) / (g (5)
¢ =q+ + Ue ds + R (1),
g0 =4q / @) P TSy aigie sy e R

where

Re() = B/te_A‘(s)ds / A (gl (s))ds+f/ AU
e a(q ) s

t ’ —Ae(s,r) u 1 .
+/0 (/0 € "b(g, (r))dr)m(va(qe (), pie(s)) ds

1 ro o
He) + | —————He(s) (Va(gl(s)), pie(s)) ds =: > IX().
i e / e () (Va(gl(s)), p¥<(s)) ds ;; ()

This implies that

, , T (g™ (5)) b(g“(s))} /f{a(qé’f(s)) a(g”(s))]
(1) — (1) = - d - (5)d
ge' 0~ g0 /0 [a(qé‘f(s» ag o) ] 1 Lo o) atgrey O

t u
n / TGS o)~ u(s)] ds + Re(1), (3.15)
o a(g"(s))

Due to the Lipschitz-continuity and the boundedness of the functions o and 1/«, we have
that o/« is bounded and Lipschitz continuous. Then, as u., u € S;, we obtain

lgte (1) — g" (1) *

2
OGO 6y — uis)] ds| + e IR ) +c(T)/ g4 (s) — g"(s)[* ds
0 a(g"()
+c(T>/0 |qz’€(s)—g"<s)|2ds( lue(s)* ds + sup Ig" (s)|)
AE
a(g (s)) 2 u 2
[ue(s) — u(s)] ds| +c|Re(t) +cy(T) Iq (8) — g" ()" ds.

0 a(g“()
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By the Gronwall lemma, this allows to conclude that

sup |gl< (1) — g" (1)
te[0,7]

<cy(T) sup
te[0,7]

/’ o(g"(s))
————[ue(s) —u(s)l ds| +c,(T) sup |Rc(t)]. (3.16)
0o a(g“(s)) 1€[0,T]

Now, for any € > 0, we define

o(g"(s))
Te(t) = Ue(s) — d
(1) / ) [ue(s) —u(s)] ds.

Forany 0 < s < ¢ we have
t u
Fe(r) — Te(s) :/ % [ue(r) —u(r)] dr.

so that, as u, and u are both in S;,

ITe(?) —Te(s)| < CyN/t —s, €> 0.

As T'¢(0) = 0, this implies that the family of continuous functions {I'¢}¢~¢ is equibounded
and equicontinuous, so that, by the Ascoli-Arzela theorem, there exists €, | 0 and v €
C([0, T1; R?) such that

lim sup |[¢,(t) —v(@®)| =0, P—as.
n=04c10,T]

On the other hand, as (3.1) holds, for any & € R4 we have
u .
o(g"()) n

_
a(g"(-)) L2(0,T;Rd)

lim (T¢(2), h) = lim <u€ —u,
—0 e—0

so that we can conclude that v = 0 and

lim E sup |Ie(t)| =0.

€=>0  se10,7]

Thanks to (3.16), this implies that

limsupE sup |g/<(r) — g" ()| <climsup E sup |R(1)l,
e—0 te[0,7T] € —0 te[0,7T]

so that (3.14) follows if we show that

lim E sup |R(t)] =0. (3.17)
e~>0  4e(0,7]

Thus, we have

t
1w =2 ‘/ e~ g
€ 0

I _ags
SC|P|€_1/ e < ds <c|ple. (3.18)
0

Moreover

1

t
200 = ———— e*A<<f=~*>b<q:f(s>> ds

t _ao(t—.s')
SC/ e T (I+]gl<s))ds < cé (1+ sup |61?‘(t)|)-
0

te[0,T
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Thanks to (3.13), this implies

E sup |I O] <,y (M)(Upl + gl + l)e% e e (0,1]. (3.19)
te[0,7T]

Next

E sup |I2(t)] =+/€E sup < ¢(T) ye. (3.20)

te[0,T] te0.T]

/’ o (gé(s)) dw(s)
a(ge(s))

Concerning / 4(1), we have

! 1
—Ac(s,r) Ue Ue Ue
/0 (/0 b(qc (r))dr) 2@ () (Va(gl<(s)). pt<(s)) ds

t
<éc (1 + sup Iqé“(t)l)/ |pee ()l ds,
1e[0,7] 0

so that, due to (3.13) we obtain

112()] =

E sup |I}(n)] <€ Cy(T)(|(I|+|p|+l)€7§( / |pee (s)] dS)

1e[0,T]

As a consequence of (3.4) and (3.12), this yields

E sup |I2()] <ecy(T)(g)* +Ipl* + 1), €€ (0,€l (3.21)
te[0,T]

Concerning / 65 (1), according to (3.5) we have

E sup [I[2()| <cE sup [He(t)| < ec,(T)(1+Ig| +|p)). (3.22)
te[0,T] 1€[0,T]

Finally, it remains to estimate If (t). We have

t
IHGIE ‘/ 2(q G ))He(S)(VOt(qZ‘(S)),PZ‘(S)) ds| = C/O |He ()| pee ()| ds,

so that

1

T T 2
E sup |I6(t)|<c(/ IElHE(s)|2ds/ E|pge(s)|2ds)
0 0

te[0,T]
By using (3.12), this gives
1

T
E sup |1 O <y (M)A + gl + 1pD (/ E|H€(s)|2d) +Q E|H,(s)[* ds,
1 [0,T] 0 0

so that, from (3.4) we get

E sup [I8(t)] < ec,(T)(1+ gl +|p]), €€ (0, €l
te[0,7]

This, together with (3.18), (3.19), (3.20), (3.21) and (3.22), implies (3.17) and (3.14) follows.
O
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4 Some Applications and Remarks

Let G be a bounded domain in R, with a smooth boundary dG. We consider here the exit
problem for the process g€ () defined as the solution of Eq. (1.1). Forevery e > 0, we define

€ :=min{t >0 : ¢°(t) ¢ G}, 1tc:=min{t >0 : qg.(t) ¢ G},
where g, (1) = ¢€(t/€) is the solution of Eq. (2.6). It is clear that

1
€= gféa qe(fe) = qe(Te).

In what follows, we shall assume that the dynamical system

G =b(g(®), >0, @.1)

satisfies the following conditions.

Hypothesis 2 The point O € G is asymptotically stable for the dynamical system (4.1) and
for any initial condition ¢ € R?

lim ¢(t) = O.
1—00
Moreover, we have

(b(g),v(g)) >0, ¢qedG,

where v(g) is the inward normal vector atg € 9G.

Now, we introduce the quasi-potential associated with the action functional / defined in
2.4)

Vig) =inf {1(f). f € CAO.TERD, fO)=0. f(T) =4, T > 0]

1 [ /T b(f(s)))
= —inf
2 0

a(f(s))
fO) =0, f[(T)=q, T > 0] .

2

)

a(f()No (f(s)) (f(s) -

It is easy to check that, under our assumptions on «(g), the quasi-potential V coincides with

1. ro_ . 2

5 inf [ /0 o716 (F5) = a(F DB N)|* ds, fO) = 0. f(T)=q. T >0
4.2)

Theorem 4.1 Under Hypotheses 1 and 2, foreachq € {qg € G : V(q) < Vo}and p € R?,
we have

lim € logE;, 7€ = lim € logE(y, pyte = Vo, 4.3)
e—0 e—0
and
lim elogt€ = lim e logt. = Vg, in probability, (4.4)
e—0 e—0
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where
Vo := min V(q).
qedG
Moreover, if the minimum of V on dG is achieved at a unique point ¢* € 3G, then
lim g€ (7€) = lim g¢(te) = g*. 4.5)
e—0 e—0

Proof First, note that g, (¢) is the first component of the 2d-dimensional Markov process
Z¢(t) = (qe(t), pe(t)). Because of the structure of the p-component of the drift of this
process and our assumptions on the vector field b, starting from (g, p) € R>?, the trajectory
of z¢(t) spends most of the time in a small neighborhood of the point ¢ = O and p = 0,
with probability close to 1, as 0 < € << 1. From time to time, the process z¢(¢) deviates
from this point and, as proven in Theorem 2.1, the deviations of g, (¢) are governed by the
large deviation principle with action functional I, defined in (2.4). This allows to prove the
validity of (4.3), (4.4) and (4.5) in the same way as Theorems 4.41, 4.42 and 4.2.1 from [11]
are proven. We omit the details. O

As an immediate consequence of (4.2) and [11, Theorem 4.3.1], we have the following
result.

Theorem 4.2 Assume a(q) := o(q)o*(q) = I and a(q)b(q) = —VU(q) + I(g), for any
g € R4, for some smooth function U : R? — R having a unique critical point (a minimum,)
at O € R? and such that

(VU().1(@)) =0, qeR.
Then
V(g) =2U(q), qeR.

From Theorems 4.1 and 4.2, it is possible to get a number of results concerning the asymptotic
behavior, as € | 0, of the solutions of the degenerate parabolic and the elliptic problems
associated with the differential operator £L¢ defined by

. 1< 92u 1
Loulg.p) =7 2. a z/(q) (q p)+ (b(q) - ga(q)p) - Vpulq, p)
i,j=1
+p - Vqu(q, p).

Assume now that the dynamical system (4.1) has several asymptotically stable attractors.
Assume, for the sake of brevity, that all attractors are just stable equilibriums Oy, O3,...,0;.
Denote by £ the set of separatrices separating the basins of these attractors, and assume the
set £ to have dimension strictly less than d. Moreover, let each trajectory ¢(t), starting at
qo € RY \ &, be attracted to one of the stable equilibriums O;,i = 1,...,l,ast — oo.
Finally, assume that the projection of b(g) on the radius connecting the origin in R and
the point ¢ € R? is directed to the origin and its length is bounded from below by some
uniform constant & > 0 (this condition provides the positive recurrence of the process
2e(t) = (ge(t), pe(1)), t = 0).

In what follows, we shall denote

)

b(f(s))) 2

1 T .
Vigi. q2) = lnf/o a(f ()0~ (f(s) (f(S) O

fO) =q1, f(T)=q2, T >0}
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and
Vii=V(0;,0)), i jefl,... I}

In a generic case, the behavior of the process (¢€(¢), p€(¢)), on time intervals of order
exp(re 1), A > 0and 0 < € << 1, can be described by a hierarchy of cycles as in [6,11].
The cycles are defined by the numbers V;;. For (almost) each initial point g and a time scale
A, these numbers define also the metastable state O;+, i* = i*(¢q, 1), where g€ (¢) spends most
of the time during the time interval [0, exp(ke’l)]. Slow changes of the field b(q) and/or of
the damping coefficient «(¢g) can lead to stochastic resonance (compare with [7]).

Consider next the reaction diffusion equation in R

ou
u©,9)=g(q), geR’ 1>0.

Here L is a linear second order uniformly elliptic operator, with regular enough coefficients.
Let ¢(r) be the diffusion process in R? associated with the operator £. The Feynman—Kac
formula says that  can be seen as the solution of the problem

t
u(t,q) =Eq g(q(t))exp/o c(q(s), u(t —s,q(s))ds. .7

Reaction—diffusion equations describe the interaction between particle transport defined
by ¢ (t) and reaction which consists of multiplication (if c¢(g, #) > 0) and annihilation (if
c(q,u) < 0) of particles. In classical reaction—diffusion equations, the Langevin dynamics
which describes a diffusion with inertia is replaced by its vanishing mass approximation. If
the transport is described by the Langevin dynamics itself, Eq. (4.6) should be replaced by
an equation in R2¢. Assuming that the drift is equal to zero (b(g) = 0), and the damping is
of order ¢!, as e } 0, this equation has the form

u 1 92uc 1

5 G =5 ,»,,Z:“l ai,j(q)m(q, p) = ce@p - Vpu(q, p) + p- Vqu'(q. p)

+e(g u(t,q, pu(t,q.p), >0, (q,p)e R

u“0,q, p) = g(g) =0, (q,p) € R*.

4.8)

Now, we define

R(I,Q)=Sup[/0 c(f($),00ds = I;(f) - f(0)=q. f(t) € Goy.,

where
1 ! . .
I(f) =3 /0 (fNa ' (f))f(s)- f(s)ds,

and Go = supp{g(q), ¢ € R?}.

Definition 4.3 1. We say that Condition (N) is satisfied if R(#, x) can be characterized, for
anyt > 0andx € ¥, ={q € RY, R(t,q) =0}, as

t
SUP’/ c(f(s),0)ds—1:(f), f(0)=gq. f(1) € Go, R(t—s, f(5)) <0, 0= St].
0
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2. We say that the non-linear term f(q,u) = c(gq,u)u in Eq. (4.8) is of Kolmogorov—
Petrovskii—Piskunov (KPP) type if c(q, u) is Lipschitz-continuous, c¢(g, 0) > c(q, u) >
0,forany 0 <u < 1,c(g,1) =0and c(q, u) <O, for any u > 1.

Theorem 4.4 Let the non-linear term in (4.8) be of KPP type. Assume that Condition (N)
is satisfied and assume that the closure of Gy = supp{g(q), g € R%} coincides with the
closure of the interior of Go. Then,

lim u¢(t/e,q, p) =0, ifR(t,q) <O, 4.9)
e—>0
and

lim u®(t/€,q, p) =1, if R(t,q) >0, (4.10)
e—0

so that equation R(t, q) = 0 in R¥ defines the interface separating the area where u€, the
solution of (4.8), is close to 1 and to 0, as € |, 0.

Proof If we define u.(t, q, p) = u(t/e, q, p), the analog of (4.7) yields

1 t
ug(t,q,p)=1E<q,p>g(qe(t))exr>(g/0 C(qe(S),ue(t—s,qe(S),pe(S))dS), 4.11)

where z¢ (1) = (ge (), pe(s)) is the solution to Eq. (2.6). By taking into account our assump-
tions on c¢(q, u), we derive from (4.11)

1 t
ue(t, q, p) = Eq,p) 8(ge (1)) exp (g/o c(qe(s),0) dS)-

Theorem 2.1 and the Laplace formula imply that the right hand side of the above inequality
is logarithmically equivalent , as € | 0, to exp (%R(t, q)) and this implies (4.9).

In order to prove (4.10), first of all one should check that if R(z, g) = 0, then for each
>0

1
ue(t, q, p) > exp (—ga) , (4.12)

when € > 0 is small enough. This follows from (4.11) and Condition (N), if one takes into
account the continuity of c¢(g, u). The strong Markov property of the process (gc(t), pe())
and bound (4.12) imply (4.10) (compare with [5]). ]

Consider, as an example, the case c¢(q, 0) = ¢ = const. Then

R(t,q) = ct —inf {I,(f), f(0) =¢q, f(t) € Go}.

The infimum in the equality above coincides with

L 2q. Go)
2[/0 q,Gyp),

(see, for instance, [5] for a proof), where p(q1, q2), q1,q2 € RY, is the distance in the
Riemaniann metric

d
ds = a(q) Z a;, j(q)dqidq;.

i,j=1
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This implies that the interface moves according to the Huygens principle with the constant
speed V/2¢, if calculated in the Riemannian metric ds.

If a(g) = 0inadomain G| C R, the points of G| should be identified. The Riemaniann
metric in R? induces now, in a natural way, a new metric 4 in this space with identified points.
The motion of the interface, in this case, can be described by the Huygens principle with
constant velocity +/2¢ in the metric 0.

If c¢(gq, 0) is not constant, the motion of the interface, in general, cannot be described by a
Huygens principle. Actually, the motion can have jumps and other specific features (compare
with [5]).

Finally, if the Condition (N) is not satisfied, the function R(, ¢) should be replaced by
another one. Define

R(t, ) = sup [Omin (/O C(f(S),O)dS—Ia(f)) Cf0) =g, f(0) e Go]-

<a<t

The function R (t, q) is Lipschitz continuous and non-positive and if Condition (N) is satisfied,
then

R(t,q) = min {R(t, q), 0} .
By proceeding as in [6], it is possible to prove that
€li_r)I})ue(t/e,q, p) =0, ifR(t,q) <O,
and

lim u®(t/e, q, p) = 1,
e—>0

if (¢, ¢) is in the interior of the set {(t,q) : t > 0, g € RY, R(r, q) =0}.
Finally, we would like to mention a few generalizations.

1. The arguments that we we have used in the proof of Theorem 2.1, can be used to prove
the same result for the equation

; a(g @) . 1 :

G =blq ) — fqe(f) t3 o (g M))B(1),

9O =gqeR. §°0)=peR

for any f < 1/2. As a matter of fact, with the very same method we can show that also
in this case the family {g}¢~0 satisfies a large deviation principle in C ([0, T]; R?) with
action functional / and with normalizing factor ! =%,

2. The damping can be assumed to be anisotropic. This means that the coefficient «(g) can
be replaced by a matrix «(q), with all eigenvalues having negative real part.

3. Systems with strong non-linear damping can be considered. Namely, let (g€, p€) be the
time-inhomogeneous Markov process corresponding to the following initial-boundary
value problem for a degenerate quasi-linear equation on a bounded regular domain
G CR?

d
s, p.g) 1 *uc(t, q, p)
_— - ;2 _— b .V € [, s
9 2127101,](51) 3Piapj + b(q) pU (. q.p)

J
(q,uc(t,q, p))
——————————=p-Vpu‘(t,q,p)+ p-Veu(t,q, p).

€
u(0,9,p) =8(q@), u(t,q, Plyesc = V@),
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Existence and uniqueness of such degenerate problem, under some mild conditions,
follows from [4, Chap. 5]. The non-linearity of the damping leads to some pecularities
in the exit problem and in metastability. In particular, in the generic case, metastable
distributions can be distributions among several asymptotic attractors and the limiting
exit distributions may have a density (see [10]).
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