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Why is BEC in atomic gases is interesting? 

ĤNªN(t; ~x) = i@tªN(t; ~x); ~x = (x1; : : : ; xN)

ĤN =

NX

j=1

[¡¢j + Ve(xj)] +
X

j<l

V(xj; xl) (¹h = 2m = 1)

• What macroscopic description, mean field limit, emerges, and in  
 what sense, in 3 dimensions as N→∞ ? 

• What corrections exist beyond this limit for large but finite N,  
                                                                       in a controllable ``PDE sense’’? 

Usually short-ranged, repulsive, symmetric, 
V = V (jxj ¡xlj)



Digression: Second quantization: Bosonic Fock space 
² Elements of F (space with inde¯nite number of Bosons):

Z = fZ(n)gn¸0 where Z(0): complex number, Z(n) 2 L2
s(R

3n). Inner product:

hZ;ªiF =
P

n¸0
R
R3n Z

(n)(x)ª(n)¤(x)dx.

² Annihilation & creation operators for 1-part. state © are a©; a
¤
© : F ! F.

(a¤©Z)
(n)(~xn) = n¡1=2

nX

j=1

©(xj)Z
(n¡1)(x1; : : : ; xj¡1; xj+1; : : : ; xn) ;

(a©Z)
(n)(~xn) =

p
n+ 1

Z

R3
dx0 ©

¤(x0)Z
(n+1)(x0; ~xn) ; ~xn := (x1; : : : ; xn)

Commutation relation: [a©; a
¤
©] = a©a

¤
© ¡ a¤©a© = k©k2

L2
.

² Periodic bc's: Momentum creation and annihilation operators:

a¤k and ak, for ©(x) = (1=
p
j­j)eik¢x.
[ak; a

¤
k0] = ±k;k0

²Vacuum (no particles): jvaci= f1;0;0; : : :g. a©jvaci = 0, a¤©jvaci = j©i

adjoint 

F



Weakly interacting Bosons in a periodic box Ω, T=0: Statics 
[Bogoliubov, 1947; Lee, Huang, Yang, 1957]  

ĤN =

NX

j=1

(¡¢j) +
1

2

NX

j;l=1
j 6=l

V(xj ¡ xl) (¹h = 2m = 1)

PDE Hamiltonian: 

In a dilute gas, the actual form of  V  is not important. What matters is an 

effective potential that reproduces the correct low-energy behavior in the far field. 

Lee, Huang, and Yang set: V(xi ¡ xj)!V0 = 8¼a±(xi ¡ xj)
@

@rij
rij; rij = jxi ¡ xjj

Low-energy scattering length 

Fermi pseudopotential 

   This is replaced by Hamiltonian in Fock space: 

H =
X

k

k2 a¤kak +
1

2j­j
X

k1;k2;q

a¤k1+qa
¤
k2¡q

~V(q)ak1ak2

~V(q) =
Z

­

V(x) e¡iq¢x dx
Operator for number 
of Bosons at mom. k 

k1
k2

k1 +q

k2 ¡q

~V(q)

volume 

Compactly supported, smooth 

Length a comes from solving: ¡¢w+ (1=2)V(x)w = 0; lim
jxj!1

w = 1

In particular,  w(x) » 1¡ a

jxj as jxj !1
Definition 
  of a 

[Blatt, Weiskopf, 1952] 



Weakly interacting Bosons in a periodic box Ω, T=0 (cont.) 
V  ‘ is replaced by  8¼a±(xi ¡ xj)

H0 =
X

k

k2 a¤kak + j­j¡14¼a
X

k1;k2;q

a¤k1+qa
¤
k2¡qak1ak2

» a¤0a
¤
0a0a0 +

X

k 6=0
(4a¤0a

¤
ka0ak + a¤ka

¤
¡ka0a0 + a¤0a

¤
0aka¡k)

k1 = 0; k2 = k; q = 0

k1 = k; k2 = 0; q = 0

k1 = 0; k2 = k; q = k

k1 = k; k2 = 0; q =¡k

pair excitation 

N = hª ; (a¤0a0)ª i+ hª ;

0
@X

k 6=0
a¤kak

1
Aª i; or N = a¤0a0 +

X

k 6=0
a¤kak

O(N)
o(N)

» (a¤0a0)
2 =

µ
N ¡

X

k 6=0
a¤kak

¶2

» N2 ¡ 2N
X

k 6=0
a¤kak

) H0 » 4¼a½0N+
X

k 6=0
(k2+8¼a½0)a

¤
kak+4¼a½0

X

k 6=0
(aka¡k+a

¤
ka
¤
¡k); ½0 = N=j­j

O(N) O(N
p
½0a3)

+o(N
p

½0a
3)

Many-body state vec. 
In Fock space 



Happ = 4¼a½0N +2
X

0(k2 +8¼a½0)[
1
2
(a¤kak + a¤¡ka¡k) + ³k(aka¡k + a¤ka

¤
¡k)]

Weakly interacting Bosons in a periodic box Ω, T=0 (cont.) 

How can one diagonalize it? 

Digression: Toy Hamiltonian:  

Htoy =
1
2
(A¤A+B¤B)+³(AB+A¤B¤); [A;A¤] = 1 = [B;B¤]; [A;B] = 0 = [A¤;B]

Define: 

Ḩtoy ´ e¯ABHtoye
¡¯A¤B¤ =

¡
1
2
¡¯³)(A¤A+B¤B

¢
+³AB¡¯³+(³¡¯+¯2³)A¤B¤

Same eigenvalues as Htoy; eigenstates   e¯A
¤B¤ªtoy

= 4¼a½0(k
2 +8¼a½0)

¡1

Determine  b  so that  :  ³ ¡ ¯+ ¯2³ = 0

Harmonic-oscillator-type eliminate 

 Spectrum of  Htoy : ¸n1;n2 =¡1
2
+ 1

2
(1¡ 4³2)1=2(1+n1 +n2); n1;2 = 0; 1; : : :

Set 
X 0A= ak; B = a¡k; n1 = n2 = n= 0: Take 

Back to Happ : To obtain ground state energy : 

fall k 6= 0 : kz > 0g
Quadratic in a-k , ak           



Weakly interacting Bosons in a periodic box Ω, T=0 (cont.) 

Happ = 4¼a½0N + 2
X

k6=0
kz>0

(k2 + 8¼a½0)[
1
2
(a¤kak + a¤¡ka¡k) + ³k(aka¡k + a¤ka

¤
¡k)]

= 4¼a½0(k
2 +8¼a½0)

¡1

• Ground state energy : 

EN;0 = 4¼a½0N

·
1 +

128

15
p
¼

p
½0a3

¸
; ½0a

3 ¿ 1 (dilute gas)

Annihilates 2 particles from 0 momentum  state; 
and creates 2 particles at momenta k, -k ª0

0 = (N!)¡1=2a¤0
N jvaci

• Ground state vector: 

ªapp ¼N exp
£
¡ 1

2N

X

k 6=0
¯ka

¤
ka
¤
¡ka

2
0

¤
ª0
0

All particles at 
0 momentum 

Quadratic in ak , a-k   

Mean field 

Rigorously via variational approach in Fock sp. by Yau, Yin (2009). 



How can this approach be extended to  
    non-periodic, time-dependent  settings ? 

• The macroscopic 1-particle quantum state (condensate) 
is not known a priori; it must be determined. 

• There is no sense of opposite momenta in scattering of  
particles from condensate to other states. 

Lack of translation invariance: 



BEC in non-periodic setting: Mean field limit 
[Gross, 1961; Pitaevskii, 1961; Wu, 1961, 1998] 

Many-body wave function ≈ Tensor product of 1-particle states ? 

If ªN(0; ~xN) =

NY

j=1

©0(xj) (at t=0),  is it possible that  ªN (t; ~xN) ¼
NY

j=1

©(t; xj);

for some appropriate  F(t,xj), for t >0 ? (N!)¡1=2a¤©
N jvaci

HN =

NX

j=1

[¡¢j + Ve(xj)] + 4¼a
X

i6=j
±(xi ¡ xj) (¹h = 2m = 1)

Condensate 
wave function 

Answer: Yes. 
Heuristically: Gross [1961], Pitaevskii [1961], Wu [1961] 
Mean field PDE for Φ is nonlinear Schroedinger-type in 3D. 



BEC in non-periodic setting: Beyond MF: Pair excitation 
[Wu, 1961, 1998] 

ª0
N [©](t; ~xN) ´

NY

j=1

©(t; xj); ~xN = (x1; x2; : : : ; xN)

Pair Excitation Ansatz (beyond mean field limit): 

ªN(t; ~xN) ¼N(t) eB[K]ª0
N [©](t; ~xN)

• B[K] : Operator that describes scattering of particles from Φ to other  
states in pairs.           K=K(t,x,y): pair excitation kernel 

• ΨN looks roughly as  ©(t; x1)©(t; x2) ¢ ¢ ¢©(t; xN)
Y

i;j

f(t; xi; xj)

unknown unknown 

• Φ satisfies a nonlinear Schroedinger-type PDE; K satisfies nonlocal PDE 



Mean field limit  

i@t©(t; x) = [¡¢+8¼aj©j2+Ve(x)¡ 4¼a³(t)]©(t; x)

``Gross-Pitaevskii (GP) eq.’’ 

³(t) = N¡1
Z

R3
j©(t; x)j4 dx; N¡1

Z
j©(t; x)j2 dx = 1

3D 



Digression: Second quantization: Boson field operators 

a¤©(t) = N¡1=2
Z
dx©(t; x)Ã¤(x) ; a©(t) = N¡1=2

Z
dx©¤(t; x)Ã(x)

Operator-valued distributions, ψ *(x) and ψ(x) in Fock space: 

Canonical commutation relations: 
[Ã(x); Ã¤(y)] = ±(x¡ y) ; [Ã¤(x); Ã¤(y)] = [Ã(x);Ã(y)] = 0

N¡1=2a©(t) ©(t; x)

N¡1=2
1X

j=1

a'j (t) 'j ; 'j ? ©

H =

Z
dxÃ¤(x)[¡¢x + Ve(x)]Ã(x) +

1

2

Z
dxdy Ã¤(x)Ã¤(y)V(x; y)Ã(y)Ã(x)

Hamiltonian in Fock space: 

• Field operator splitting: 

Ã(x) = Ã0(t; x) +Ã1(t; x)



B[K] = (2N)¡1
Z
dxdy Ã¤1(t; x)Ã

¤
1(t; y)K(t; x; y)a2©

   Pair excitation operator [Wu, 1961]: 

Difficulty for rigorous treatment:  

 

This operator does not have any ``nice’’ properties; errors 

estimates become too hard. 

Annihilates 
2 particles 
from F 

Creates 2 particles 
at states ⊥ F 



BEC in non-periodic setting: Pair excitation  
[Wu, 1961, 1998] 

Pair Excitation Ansatz: 

ªN(t; ~xN) ¼N(t) eB[K]ª0
N [©](t; ~xN)

[i@t ¡E(t)]K(t; x; y)

= fL[©](t; x) + L[©](t; y) + 8¼a[j©(t; x)j2 + j©(t; y)j2]gK(t; x; y)

+8¼a©(t; x)2±(x¡ y) + 8¼a

Z

R3
dz©¤(t; z)2K(t; x; z)K(t; y; z)

L[©](t; x) =¡¢x +Ve(x) + 8¼aj©(t; x)j2¡ ¹³(t)¡ 8¼a³(t)¡ ³e(t)

³(t) = N¡1
Z
j©(t; x)j4 dx; ¹³(t) = N¡1

Z
jr©j2 dx; ³e(t) = N¡1

Z
Ve(x) j©(t; x)j2 dx

E(t) = iN¡1
Z
f@t©(t; x)g©¤(t; x) dx



Some recent rigorous results: 
The time evolution problem 



If ªN(0; ~xN) =

NY

j=1

©0(xj) (at t=0),  is it possible that  ªN (t; ~xN) ¼
NY

j=1

©(t; xj);

for some appropriate  F(t,xj), for t >0, large N ? 
(N!)¡1=2a¤©

N jvaci

ĤNªN(t; ~x) = i@tªN(t; ~x)

ĤN =

NX

j=1

[¡¢j ] + (2N)¡1
NX

j;l=1
j 6=l

N3®À(N®(xj ¡ xl))

PDE Hamiltonian 0 · ® · 1; À > 0

Mean Field: Mathematical theme 



i@t©(t; x) =¡¢©+ q®(j©j2)©; ©(0; x) = ©0(x)

Mean field PDE  

q0 = À ? j©j2| {z }
Hartree evol:

; q® = (

Z
À)j©j2

| {z }
NLS evol:

; 0 < ® < 1; q1 = 8¼aj©j2:| {z }
Gross¡Pitaevskii evol;

a: sc: length

² ESY [06-07]: For 0 < ® · 1, PDE is justi¯ed in the sense that

k°(1)N ¡©­©¤k2HS =

ZZ
dxdx0 j°(1)N (t; x; x0)¡©(t; x)©¤(t; x0)j2 ! 0 as N !1

via coupled PDEs (\BBGKY hierarchies") for marginal densities °
(k)

N (k ¸ 1);

°
(k)

N (t; ~xk; ~x
0
k) =

R
d~yN¡k ª

¤
N (t; ~xk; ~yN¡k)ªN (t; ~x

0
k; ~yN¡k) [k-part.marg. dens.]

² Rodnianski, Schlein [2009]: Rate of convergence for ® = 0 via Fock space:

k°(1)N ¡ ©­ ©¤kHS · ect=N for large N



Note: On the hierarchy approach by Yau et al 

Can one rigorously study  effects  beyond  MF? Issues…  

What is a good norm for N-particle product quantum state? 

L2-norm is preserved by the N-body Hamlt. flow. BUT it is too strong. 

Example 1 [Yau] Let kfkL2(R3) = k ~fkL2(R3) = 1, with

ªN := f(x1) ¢ ¢ ¢f(xN); ~ªN := ~f(x1) ¢ ¢ ¢ ~f(xN); kªNkL2(R3N) = k~ªNkL2 = 1:

) kªN ¡ ~ªNk2L2(R3N) = 2¡
³
hf; ~fi

´N
! 2 as N !1

Other norms seem ``hopeless’’ 

Example 2 [Yau] Let ªN = Symm[f ­
NN

j=2g] and
~ªN = Symm[ ~f ­

NN

j=2g]

hf; ~fi = 0

)kªN ¡ ~ªNk2L2(R3N) = kf ¡ ~fk2L2(R3) = 2
BUT: 

°
(1)

N (x; y) =N¡1[f(x)f¤(y) + (N ¡ 1)g(x)g¤(y)]) Tr
h
°
(1)

N ¡ ~°
(1)

N

i
= O(N¡1)
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² Coherent state in Fock space: De¯ne operators A(©); W(©):

W(©) = e¡
p
NA(©); A(©) = a© ¡ a¤©:

Coherent state at t = 0: ªcoh =W(©0) jvaci = (: : : ; cn

nY

j=1

©0(xj); : : :)

² \Pair excitation": De¯ne ªapp(t) =

unitaryz }| {
e¡B(K)

coherent at t>0z }| {
W(©(t))jvaci where

B(K) =

Z
dxdy fK¤(t; x; y)Ã(x)Ã(y)¡K(t; x; y)Ã¤(x)Ã¤(y)g; Kjt=0 = 0:

Task: Start with ªcoh at t = 0. We want to compare exact dynamics

ªex(t) = e¡itHªcoh to approximate dynamics ªapp(t).

Case α=0 (Hartree dynamics) [Grillakis, Machedon, DM, 2011, 12] 

State in Fock space 

Mean ¯eld corresponds to ªMF (t) =W(©(t))jvaci



Goal: We will show that kªex(t)¡ªapp(t)kF · C
p
1+ t=

p
N for large N.

² Notice that kªex(t)¡ªapp(t)kF = kªred(t)¡ jvacikF where

ªred(t) =W¤(©(t))eB(K(t))e¡itHNW(©0)jvaci ; ªred(0) = jvaci

² Compute \reduced Hamiltonian" Hred such that

µ
i
@

@t
¡Hred

¶
ªred = 0 ()

µ
i
@

@t
¡Hred

¶
ªerr = Hredjvaci

² Find PDEs for ©, K such that kHredjvacikF be small.

Abs. error 

Strategy: 

(ªerr(0) = 0)

ªerr



Elements of proof  

Hred =N e0+
p
NH1 +N0 H2+N¡1=2 H3 +N¡1 H4

Linear in Ã and Ã¤

Quadratic

Cubic Quartic

•  (Polynomial-type) Structure of ``reduced Hamiltonian’’: 

Absorbed 
in phase fac. 

Elimination 

leads  to mean field 

         Φ 

Tempted to 

Neglect 

² Show that PDE for K has global in time solution in appropriate space.

² Estimate error for ª from last two terms, P3 and P4.

Elimination of  ψ*
 ψ

*  

leads to integro-PDE  for  K 

()Ã¤Ã¤

+()Ã¤Ã

+()ÃÃ



In particular: Stationary mean field dynamics: 

H1 =

Z

R3
dx fh(x)Ã¤(x) + h¤(x)Ã(x)g

h(x) =¡¢x©+(À ? j©j2)©¡¸©

Elimination of H1 by h(x) = 0:

) Mean ¯eld Hartree dynamics as approximation

for N À 1



Note: operator algebra for  Hred

This involves computing

@

@t

µ
e
p
NA(t)eB(t)e¡itHe¡

p
NA(0)jvaci

¶

Note that µ
@

@t
eB(t)

¶
e¡B(t) = _B +

1

2!
[ _B;B] + : : :

In particular,

B = I(K); K =

µ
0 K¤

K 0

¶
:

µ
@

@t
eB(t)

¶
e¡B(t) = I

µµ
@

@t
eK(t)

¶
e¡K(t)

¶

Observation: This computation can be facilitated by using a nice one-to-one  
mapping from algebra of 2x2 matrices to that of Boson operators in Fock space  

M 7! I(M) 2 F
2x2 matrix ``Lie algebra isomorphism’’ 

Easy to compute 



Open questions 

• Error estimate for Gross-Pitaevskii dynamics (α=1)? 
Partial results by Grillakis, Machedon (2014) for 0<α<1/3. 
 
• Rigorous derivation with a trapping potential? 

 
 

• How can one go beyond the pair excitation ansatz?  
  Issues of timescale. 

 
• What is the corresponding pair-excitation formalism for finite 

temperatures below the phase transition? 
Emergence of quantum fluids: Navier-Stokes-type PDEs do not 
hold. 

 

Conjecture : kªN;ex(t)¡ªN;app(t)kF <
C(t)p
N
; N À 1


