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Why is BEC in atomic gases is inferesting?

, poc - .
,d'\mer\s\o““\ r.e,d'\c’ﬂor\.‘:
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HyUn(t, &) =i0Un(t,E), &= (z1,...,2N)

Ay =S -0+ Vi) + S Vi) (h=2m=1)

g=1 j<li Usually short-ranged, repulsive, symmetric,
V=V(lz; —zl)
* What macroscopic description, mean field limit, emerges, and in

what sense, in 3 dimensions as N—>w ?

* What corrections exist beyond this limit for large but finite N,
in a controllable ""PDE sense”?



Digression: Second quantization: Bosonic Fock space [

e Elements of ' (space with indefinite number of Bosons):
7 ={Z™}, 5o where Z(9): complex number, Z(™ ¢ L2(R3"). Inner product:

(Z,V)F = ano fR3n AL (x)\lj(n)*(@dx- adljint
e Annihilation & creation operators for 1-part. state ® are ag,a3 : F — F.

(afI)Z)(”)(a_:’n) = _1/22(13 (n 1) a:l,...,a:j_l,a:j+1,...,a:n) ,
(aa2)"(F,) = Vn+ 1/ dzo ®*(20) 2" (w0, Tn) , T 1= (21,... ,Tn)
R3
Commutation relation: [ag,a}] = agal — ahas = || P]|7-.
e Periodic bc’s: Momentum creation and annihilation operators:
ai and ay, for ®(x) = (1/,/|9])e*2.

[ak, ak,] = 5k,k’

e Vacuum (no particles): |vac) ={1,0,0,...}. ag|vac) =0, a}|vac) = |P)



Weakly interacting Bosons in a periodic box ), T=0: Statics
PDE Hamlltoman [Bogoliubov, 1947; Lee, Huang, Yang, 1957]
N

Hy =) (-A + V(zgj—z) (h=2m=1)
j=1 ajl#ll . _4 Compactly supported, smooth k2 -9

This is replaced by Hamiltonian in Fock space:

H= ZkQ ka’k—i_ [_V/ Z ak1+qa’k2 —q (q) Ay Ay kl/\k2

k Operator for number k1,k2,q

of Bosons at mom. k lume V(q) = / V(:I:) e T dp
Q

In a dilute gas, the actual form of V is not important. What matters is an

effective potential that reproduces the correct low-energy behavior in the far field.

Low-energy scattering length

) = V' = 8mad(x; — xj)@r--rij’ ri; = |T; — ;]
ij

Lee, Huang, and Yang set: V(z; — |E 8mad(z;
ermi pseudopotentia

Length a comes from solving: —Aw + (1/2)V(z)w = 0, |$l|iinoow =1 pefinition
a
In particular, w(zx) ~1— m as |z| — oo of a

[Blatt, Weiskopf, 1952]



Weakly interacting Bosons in a periodic box QQ, T=0 (cont.)
V'is replaced by 8mad(x; — x;)

H = E k> ayay + ]Q\_lllﬂa g a}';lJrqaZQ_qaklakg pair excitation
k \ kl’k27q } A \
S agpagaoao + Z(4a§a,’;aoak + ara* papag + ajasara—_g)
S k#O\ Y
| N2 ki =0,ky=k,q=0
) * 2 _ . * ~ N2 _ *
(agap)” = (N Zakak> N 2N2akak hy =k by = 0,q =0

k#0 k#0
kﬁ ::O,ka ::k,QZZZk

Many-body state vec. ki=Fk, ke =0,q=—Fk
In Fock ssace

N = (¥, (a5ao)¥) + (¥, Y ajar | W), or N =ajao+ » aja

o (YN : | K0 , k0
o) )
o
= M ~ dmapoN+> (K> +8mapo)ajar+imapg Z(aka_wa;ﬁaikﬁ po = N/|Q|
) k0 k=0 ,
' \ ]

OW) O(N/poa?)



Weakly interacting Bosons in a periodic box Q, T=0 (cont.)
Happ —47ra,p0N+QZ (k* + 8mapo) |5 (afar + a* La_y) + Ce(ana—y + afa* ;)]

L4 2 —1
{all k#0: k, >0} rapo(k* + 8mapy)
How can one diagonalize it?

Digression: Toy Hamiltonian:
Hioy = 2 (A*A+B*B)+((AB+A*B*);  [A, A =1=[B,B*], [4,B] =0=[A4*B]

Define: Harmonic- psallator type elirrxinate

Hioy = ¢ ABHyy e PAB — (L ﬁo(A*Aw* B)+(AB— ﬁc+(c 0182
Y

J

Same eigenvalues as H,,; eigenstates e’ ‘I’toy

Determine f so that : (— 0B+ 3°¢C=0

= Spectrum of Hygy: A, o, = —2 4+ 2(1—4¢H)V2(1 + i + o), ni2=0,1,...

Back to H.,, : To obtain ground state energy :

Set A=ar, B=a_p, n=ny=n=0. Take Z/

app




Weakly interacting Bosons in a periodic box QQ, T=0 (cont.)

Happ = dmapoN + 2 Z (k* + 8mapo)|2 (afar + a* ya_y) +

k£0
k>0

Quadratic in a,, a,
* Ground state energy :

Eno =4mapgN [ \/ p0a3] poa’ < 1 (dilute gas)

5\/7?

e Ground state vector:

~ * 2
Wopp =N exp 2N g ﬁkaka_ka\
k£0 ——— iR

Annihilates 2 particles from 0 momentum state;
and creates 2 particles at momenta k, -k

Cr(
-

ara_r +aza* )]

= dmapo(k* + 8mapg)

Mean field

= (N)72ag" |vac)
Y

Rigorously via variational approach in Fock sp. by Yau, Yin (2009).  Allparticlesat

0 momentum



How can this approach be extended to
non-periodic, time-dependent settings ?

Lack of translation invariance:

« The macroscopic 1-particle quantum state (condensate)
is not known a priori; it must be determined.

* There is no sense of opposite momenta in scattering of
particles from condensate to other states.



BEC in non-periodic setting: Mean field limit
[Gross, 1961; Pitaevskii, 1961; Wu, 1961, 1998]

N
Hy :Z[—Aj + Ve(x;)] +47m25(xz- — ;) (h=2m=1)
J=1 V7]
Many-body wave function = Tensor product of 1-particle states ?

Condensate
wave function

, N N/
f U (0,Zn) = | | ®o(z;) (att=0), isit possible that ¥ (¢, Zn) ~ H (t,z;), |
i j=1 Li=1 J
, Y :
;for some appropriate CI)(t,XJ-), fort>07? (N!)_1/2 x N|Vac>i

_______________________________________________________________________________________________________________________________

Answer: Yes.
Heuristically: Gross [1961], Pitaevskii [1961], Wu [1961]
Mean field PDE for @ is nonlinear Schroedinger-type in 3D.



BEC in non-periodic setting: Beyond MF: Pair excitation
[Wu, 1961, 1998]

N
oo [@ H (t,z5); N = (x1,T2,...,TN)

Pair Excitation Ansatz (beyond mean field limit):

Un(t, Zn) =~ N(t) B g0 ~N|P|(t, ZN)

nknown Llnknown

« JB[K] : Operator that describes scattering of particles from ® to other
states in pairs. K=K(t,x,y): pair excitation kernel

* W, looks roughly as q)(tjxl)cp(t,m)---@(t,xN)Hf(t,fEuﬂ?j)

* @ satisfies a nonlinear Schroedinger-type PDE; K 'satisfies nonlocal PDE



Mean field limit

3D

i0,0(t, &) = [ + 87a|®|% + Vi (2) — dmal (£)|®(¢, z)

“'Gross-Pitaevskii (GP) eq.”

() =N [ |8t 2) de; N / Bt 2)|? de = 1
R3



Digression: Second quantization: Boson field operators

Operator-valued distributions, ¢ *(X) and ¢/(x) in Fock space:

ap(t) = N"/? / dz ®(t,z)yY*(z) ,  as(t)=N"1? / dz @*(t,z) ¢(z)
Canonical commutation relations:

W), " (y)] =z —y) , [ (), " (y)] = [(z),¥(y)] =0

Hamiltonian in Fock space:
H= [ daw @A, + Vi@lb(@) + 5 [ dedy (@) @)V 0 0o

* Field operator splitting: N—1/2 Za% () ¢;; ¢; L@
j=1

—
TP(CU) — ¢0(t7 aj) T wl (t7 aj)
S—

N1 2a45(t) ®(t, )



Pair excitation operator [Wu, 1961]:

Bl = (@N)™ [ dedy vi(t,2)vi(t.5) Kt )}

Annihilates
2 particles
from ©

Creates 2 particles
at states L ©

Ditliculty for tigerous treatment:

This eperator dees not have any **nice” propedties; evans
estimates became too hard.



BEC in non-periodic setting: Pair excitation

DAL-1961, 1998]
Pair Excitation Ansatz:

U (t, Zn) ~ N(E) LEIT [ (8, Zn)

10y — E(t)| K(t, z,y)
= {L[2](t,2) + L[](t,y) + 8ma[|D(t, 2)* + |2(t,y) P} K (¢, 2, y)

—]r'éﬂaCI)(t, )25 (x —y) + 87ra/ dz ®*(t,2)* K(t,z,2) K(t,y, 2)
R3

2[@](t,2) = — Ay + Va(w) + 8mal®(t, 2)]2 — C(t) — Smac(t) — ¢.(1)
B(t) = iN—! / [0,(L, )} * (1, ) da
ct) :N1/|<I>(t,:c)|4dx, C(t) = N- /|V<I>|2dx (1) / 2) |8t )2 da



Some recent rigorous results:
The time evolution problem



Mean Field: Mathematical theme

 HnUn(t, &) = i0,Un(t, ©)

N N
ﬁN — Z[—Aj] + (2]\7)_1 Z NBO‘U(NO‘(:L‘J- — 7))
j=1 j,1=1
PDE Hamiltonian 7 0- a- 1, v>0
o e g
TN (0, Zy) = H Oo(z;) (att=0), is it possible that Wy (t, Zy) ~ H ®(t, x;),
’ j=1 j=1

Efor some appropriate CD(t,xj), fort >0, large N ?



Mean field PDE

Z.atq)(tv CE) = —A® + Qa(’q)‘Z)(p; (I)(Oa x) — (I)O(m)

o= vx|®* ; o= (/U)ICI)|2, O<a<l q= gma|®d|?.

N N’
Hartree evol. Nt = s’ Gross—Pitaevskii evol;

NLS evol. a: sc. length

e ESY [06-07]: For 0 < o - 1, PDE is justified in the sense that
||’Y(1) PR P*|Hg = //d:td;v |fy (t,z,2") —®(t, 2)®*(t,2')|* = 0as N — oo

via, coupled PDEs (“BBGKY hierarchies” ) for marginal densities 'y( ) (k>1);
( )(t Ty, X)) = fdyN_k Uyt T, Un—k)UN(t, &, Yn—k) [k-part. marg. dens.]

e Rodnianski, Schlein [2009]: Rate of convergence for a = 0 via Fock space:

||7(1) d R D gs - e?/N for large N



Note: On the hierarchy approach by Yau et al

VVildal 1o d gUUU 1UITT TUT Iv=pdi LI product gudiituiil stalcq

[*>-norm is preserved by the N-body Hamlt. flow. BUT it is too strong.

Example 1 [Yau] = Let || f||2®s) = HfHLQ(Rg) = 1, with

Uy = f(x1) - flan), Uno=f(21)--- flan);  1ON|L2@sv) = [[Unll2 = 1.
~ N
= [0y = Oy Zaory = 2= ((£/) =2 asN oo

Other norms seem " hopeless” . < f7 f> —

I

Example 2 [Yau] Let p = Symnl[f/(X) ®;V:29] and Uy = Symm|[f ® ®;V:29]

BUT: = H\IJN — \ijNH%Q(RBN) = ||f — fH%Q(Rff) —9
W(@y) = N @ @) + (V- Dg(a)g @) = Tr [ — 59| = ov )

Can one rigoronaly otudy offects beyond MIF? Seones. ..
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Case a=0 (Hartree dynamics) (crilakis, Machedon, DM, 2011, 12]
e Coherent state in Fock space: Define operators A(®), W(P):

W(P) = e VNA®)  A(®) = agp — al.

State in Fock space

Coherent state at t = 0: U, = W(Pg) |vac) = H
Mean field corresponds to ¥y p(t) = W(P(t))|vac) =

unltary coherent at t>0
e . ~

e “Pair excitation”: Define V() = _B () W( (t))|vac) where

B(K) = /dwdy U (8, y) (e )(y) — K(t 2, y)9™ (2)Y™(y) } Kli=o = 0.

Task: Start with ¥.,;, at t = 0. We want to compare exact dynamics
U, (t) = e V., to approximate dynamics U, ().



I Abs. error

Goal: We will show that H\Ifex(t) — W (t) ”1@“ . Cy/I+1t/V/N for large N.

-

STI"GTZQYI \Ijerr

e Notice that [|Ver(t) — Yapp(t)||r = || Vred(t) — |vac)||r where

U,eq(t) = WH (1)) eBEOD e HNW (B ) |vac) ; Weq(0) ={vac)
e Compute “reduced Hamiltonian” H,., such that

(Z% — HT‘Gd) Vieg =0 < (Zg_t — H?"(%d) (I;e'r'r — Hred‘vac>
(Perr(0) =0)
e I'ind PDEs for ®, K such that ||H,..q|vac)||lr be small.



Elements of proof

® (Polynomial-type) Structure of “‘reduced Hamiltonian’:

gﬁ . fWW¢ l//* l//* TM&&Z%
leadsTo ivogro-PDE for K Viegleet

Absorbed Quadratic
in phase fac. \

Hred — NeO _|_\/N~61 ‘[‘NO f)Q\
T (Yt

Linear in v and 9*
Eliminddion
ooy, To moan fickd U

O
e Show that PDE for K has global in time solution in appropriate space.

e [istimate error for ¥ from last two terms, ‘I’ and J34.



In particular: Stationary mean field dynamics:

o= [ do (b @)+ B @)
R3
hz) = —Ay® + (v |D?)D — AP
Elimination of $; by h(x) = 0:

= Mean field Hartree dynamics as approximation
for N > 1



Note: operator algebra for Hred

This involves computing

0 \/_ NA(t) B(t) ,~itH , \/NA(O)|VaC>
ot

Note that

9 B\ —B(t) _
(20— s

Observation: This computation can be facilitated by using a nice one-to-one
mapping from algebra of 2x2 matrices to that of Boson operators in Fock space

M — I(M) €F

2x2 matrix “Lie algebra isomorphism”

In particular,
Easy to compute

— _ (0 A 0 5 _ 0 win L
=7 R = ; —_ B B(t) _ T /(1) },—R()
B (%), ( K 0 ) ((‘%e )6 at “



Open questions

* Error estimate for Gross-Pitaevskii dynamics (a=1)?
Partial results by Grillakis, Machedon (2014) for O<a<1/3.

e Rigorous derivation with a trapping potential?

C(t)

— N>1
VN

Conjecture : ||Un cr(t) — YN app(t)|r <

* How can one go beyond the pair excitation ansatz?
Issues of timescale.

 What is the corresponding pair-excitation formalism for finite
temperatures below the phase transition?

Emergence of quantum fluids: Navier-Stokes-type PDEs do not
hold.



