
MATH 674 (AMSC 674): Partial Differential Equations II
Department of Mathematics, UMCP Spring 2010
Homework 1 Handed out: Tuesday, 02/02/10

Due: Thursday, 02/25/10

Do ALL Problems 1-5 for full credit. Each main problem (1-5) is worth the same number of
points; the point total for each problem is divided equally among subproblems. Explain your steps
carefully. If you invoke a “well known” theorem, make clear precisely which theorem you are using
and justify its use.

1. (Basic functional analysis)

(a.i) Do Prob. 1 of Sec. 5.10, p. 289 from Evans.

(a.ii) Do Prob. 3 of Sec. 5.10, p. 290 from Evans.

(b.i) Show that the closed unit ball in the Hilbert space H = L2([0, 1], R) is not compact.

(b.ii) Suppose that g : [0, 1] → R is a continuous function and define the operator T : H → H

by Tu(x) = g(x)u(x) for x ∈ [0, 1], u ∈ H. Prove that T is a compact operator if and only if g

is identically 0.

2. (A simple function and basic properties of Sobolev spaces)

(a) Let U be a region of R
n that contains the origin (U ⊂ R

n, {0} ∈ U). Show that u(x) = |x|−α

belongs to W k,1(U) if α+k < n, where α > 0, k ≥ 1 and n ≥ 2. Note: For full credit, you must
consider carefully the weak derivatives of u by including the origin, not only the usual-calculus
derivatives (away from the origin).

(b) Do Prob. 5 of Sec. 5.10, p. 290 from Evans.

(c) Do Prob. 6 of Sec. 5.10, p. 290 from Evans.

(d) Do Prob. 10 of Sec. 5.10, p. 291 from Evans. (You may not use Poincaré’s inequality here
since the proof of Poincaré’s inequality assumes what needs to be shown.)

3. (Trace Theorem)

(a) Let Ω = {(x, y) ∈ R
n−1 × R : |x| 6 1 and 0 6 y 6 1}. Let Γ = {x ∈ R

n−1 : |x| 6 1}. Show
that there is a constant C > 0 such that ‖u‖L2(Γ) 6 C ‖u‖H1(Ω) , ∀u ∈ H1(Ω).

(b.i) Let D be the open unit disc of R
2, ∂D its boundary. Prove directly that there is a constant

C > 0 such that ‖u‖2
L2(∂D) 6 C(‖u‖2

L2(D) + ‖u‖L2(D)

∥

∥

∂u
∂r

∥

∥

L2(D)
), ∀u ∈ C∞(D).

(b.ii) Use (b.i) to prove that the trace operator T : H1(D) → L2(∂D) is compact.

4. (Gagliardo-Nirenberg inequalities)

(a) Do Prob. 8 of Sec. 5.10, p. 290 from Evans.

(b) Do Prob. 9 of Sec. 5.10, p. 291 from Evans.
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(c) Bonus Problem: Prove the one dimensional Gagliardo-Nirenberg-Tadmor inequality:

‖Du‖L2(R) 6 C ‖u‖
1

2

L2(R)

∥

∥(D2u)+

∥

∥

1

2

L2(R)
,

where (x)+ denotes the positive part of x, and D2f is the Hessian matrix of f . Note: Extra
credit will be given if you solve this problem correctly. You won’t lose any points if you don’t
solve it.

5. (Poincaré’s inequalities)

(a) Do Prob. 15 of Sec. 5.10, p. 291 from Evans.

(b) Let B be the open ball of R
n, ∂B its boundary. Show that there is a constant C > 0 such

that ‖u‖2
L2(B) 6 C(‖Tu‖2

L2(∂B) + ‖Du‖2
L2(B)), ∀u ∈ H1(B), where T is the trace operator.

(c) Prove Poincaré’s inequality:

‖u‖L2(U) 6 C1 ‖Du‖L2(U) 6 C2

∥

∥D2u
∥

∥

L2(U)
= C2 ‖△u‖L2(U) , ∀u ∈ H2

0 (U) .

(Note: It is true that ‖D2u‖Lp(Rn) 6 C ‖△u‖Lp(Rn) where C only depends on n and p. The
main reason is the Riesz transform, but you do not need this in order to solve the problem. In
H2

0(U), ‖D2u‖L2(U) and ‖△u‖L2(U) are exactly equal. For a discussion on the Riesz transform,
see Stein, Singular Integrals and Differentiability of Functions, Princeton University Press,
1972.)
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