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Asymptotic formula for the condensate wave function of a trapped Bose gas
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An analytical property is pointed out for the universal differential equation first derived by Dalfovo,
Pitaevskii, and Stringari for the condensate wave function at the boundary of a trapped Bose gas. Specifically,
the constant multiplying the Airy function of the solution asymptotically outside the traf2 isAccordingly,
the Wentzel-Kramers-Brillouin approximation is determined in the case of a spherically symmetric harmonic
potential. This calculation is related to Josephson-type currents flowing between well-separated traps.

PACS numbefs): 03.75.Fi, 32.80.Pj, 05.20y

In an insightful paper[1], Dalfovo, Pitaevskii, and |p!(— O Epn(— )| <1,
Stringari give the condensate wave function at the boundary
of a boson gas with repulsive interactionslat O in terms of wheren=0,1,2 ..., and thesubscript denotes the order of
an ordinary differential equation of universal form; the focusiteration. Hence,
is on spherically symmetric traps. They proceed to compute .
the leading term of the kinetic energy per atom of the con- d(—O)=VE—%n(8), €>0, (6)
densate. This differential equation connects the so-called 3 6 o 1
Thomas-Fermi approximation, by neglect of {fié operator W(E)~dotdi& "+ da§ "+ dad "+ dyd
inside the trap, to the Wentzel-Kramers-Brillou{iVKB) +det 15 as f—tw @
formula, by neglect of the nonlinear term outside the trap. In > '
the notation of Ref[1], the equation is After some straightforward algebra,
@' (&)= ()%~ Ep(§)=0, (1) g 1 g 73 g 10657
0 o 1:_1 2:—1
with the boundary conditions 8 128 1024
£ oo Eos 32768 '’ 262144
Because of the first of these conditions, the nonlinear term in 14518450612 315
Eq. (1) can be neglected faf— + o, yielding Airy’s equa- ds=— 794300 (8)

tion. The solution to Eq(1) becomes
The ensuing expansions f@r(— ¢) and its derivative for

d(§)~CAI(§) as é—+x, ©) é—+x are
where Ai is the usual Airy functiofi2]. It is the purpose of 1 ., 73 ., 10657 .
this report to point out the beautiful formula H(— &)~ \E- gf - @E - M&
c=12, @ 13912277 _,,, 8045883943 .,
which has been known in relation to a boundary-value prob- 32768 262144
lem in plasma physicg3,4], and to outline its possible im- 14518 450612 315
plication for the physics of Bose-Einstein condensation. The - 1194304 g3 9
value for C signifies the effect of a boundary laygs]; its
importance lies in the fact that E(l) can be extended to a 5 803 181169
class of sufficiently smooth and slowly varying external po- ' (— ¢)~ — g 2_ 577/2_ T e18l2 T T T e—192
tentials, wheret expresses the local normal to the boundary 256 2048
[6,7]. In Ref.[6], Wu recognizes the solution(£) to be a 319982 371 233330634 347
special case of the second Painleranscendenii8—10. —— g’ 7312
In an attempt to verify Eq4) numerically, one may treat 65536 524288
(f)"(— §) as small foré— + o according to the schen[al] 508 145771431025
37/2
() 8 388608 & (10
nia(—O=VEN 1+ 2 —
ntt Epn(— &) The prime here denotes differentiation with respect to the
argument. A suitable number of terms of these expansions
¢0(—§)=\/E ~p(—§), (5) can be employed for the numerical calculation of the con-
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stantC introduced in formuld3). This program is carried out
by use of the routineIvPRK of the FORTRAN IMSL math-
ematical library.C is found to be

C=1.414213649795. (11)
It is remarkable that Eq4) is then implied with an accuracy
of seven decimal places.

In the following, the WKB solution is discussed briefly
for the spherically symmetric potentia,{ext:%mwérz, by

taking Eq.(4) seriously. With

A=(4a’N’mwy/h)Y  N=\2ulthw,, (12
NmeO 1/4 o o
rg(r)y= m) q(r), r=Vmwglhr, (13

the Gross-Pitaevskii equation employed in Héf. reduces
to
q(r)®
2

—q"(r)+r2q(r)+ A2~=—=\%q(r). (14)
r

u is the relevant chemical potential agidr) is the normal-
ized condensate wave functigiN~tfdr|y(r)|?=1]. For
comparison with Ref[6], note that

(15

E being the energy per particle of the condensate.
When A>1, A~($A?%) [12]. For r—a>\"3 the
WKB method yields

a(r) ~C(r2=2\3) =Y ~Lexp — (N 2)[(r/N) V(r/IN)2—1
—cosh 1(r/\)]}. (16)
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For fixed A, r has to be large. This new constahts inde-

pendent ofr. On the other hand, the neglect of the second
derivative in Eq.(14) furnishes

a(r)~(r/A)VAN2=T12, Osr<\, A—r>\"13
17

which is in accord with the approximation in Refl] and
connects smoothly to the leading term of expans@n For

A" M<r—\<\15, expressior(16) reduces to
q(r_)~2’1’4C)\’3’2(r_/)\ _ 1)—1/4
xexg — 22 4(r/xn—1)%%3]. (18)
This formula connects to expressi() via the replacements

(2)\4) 1/3
A

E=(2A\H¥(r/In-1), q(rn)= (&) (19

in Eq. (14) where r 2~\2+2\(r —\). By virtue of the
known large-argument approximation for the Airy function
and Eq.(4) for C,

15

C= o

(20

This equation enables an explicit analytical description for
the Josephson-type current flowing between two sufficiently
separated, spherically symmetric traps, in the spirit of Ref.

[1].
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