CHAPTER 5

m~-entropy

We define the m-entropy of T to be the infimum of entropies of
T#, over arrangements 3 in the m- equivalence class of a. Although
our earlier work has made it essentially obvious, we will show that
m-entropy is upper semi-continuous in m, and hence this infimum is
obtained on a dense (5 subset of the equivalence class F,, (). As in
earlier work [20, 36], the main goal of this section is to show that for
a fixed size m, either the m-entropy of T'® is zero, for all arrangements
a, or the m-entropy is the usual entropy for all arrangements a. We
will say that each size m is either entropy-free or entropy-preserving.

Let m be a fixed size. Let a be a G-arrangement. Recall that
E,.(a) = {B|la ~ 3} is the m-equivalence class of a.

DEFINITION 5.0.40. Define the m-entropy of T to be

hon(T) = inf{h(T?); B € E,.(a)}.

We first argue that this m-entropy is attained residually in E,,(«).
The following lemma tells us that if two arrangements are m-close
then they are, in fact, close in distribution.

LEMMA 5.0.41. For every ¢ > 0 there exists § > 0 such that if
m(a,3) <6
then, for any partition P,
(T2, P), (7%, P)|. <c.
PROOF. This follows rather easily from lemma 2.2.9 as if P(T;(z)) #
P(Tf(:z;)) then in particular o(z, Tf(:z:)) #g. O

COROLLARY 5.0.42. Fiz any G-arrangement o and partition P.
Let ¢ > 0. There exists § > 0 such that if m(a,38) < & (i.e. if
B € Bs(a)), then h(T?, P) < h(T?, P) + ¢.

PRrROOF. This is a direct consequence of Lemma 5.0.41 and Theo-
rem 3.0.24. U
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88 5. m-ENTROPY

THEOREM 5.0.43. The set of B € E,(a) with h(T?) = h,,(T?) is
a dense Gy in E,(a). As Fy(a) is Polish, this infimum is achieved
residually.

PRrooF. Fix a and P. Let
O.p={B€ Epn(a);h(T?, P) < hp(T*) + ¢}

If h(T?) = h,,(T?) then 3 € O, p for all € > 0 and finite partitions
P. On the other hand, letting { P;} be a countable family of partitions
labelled by finite subsets of N, dense in the =~ metric on partitions. s
h(T?, P) is continuous in the  metric,if 3 € O p for all and
then e ill ha e

R(TP, P)  hy,(T)

for all P and hence h(T?) = h,,(T*).

Il e need to see is that the sets O, p are open. his though is
ust upper semi continuity of entropy A( ) for in ariant and ergodic
measures on  p, our heorem .0.

O

Our goal no is to sho that if e er h,,(T%) < h(T?*), for some «a,
then for thissi e  and for G arrangement 3, eha eh,,(T”) = 0.
ote that this 3 need not be in the e ui alence class F,,(a) or e en
on the orbits of the same free and ergodic action. lthough our path
to this is some hat technical e gain a lot of insight into the relation
bet een a si e and its entropy along the ay.
First e sho that if entropy can be lo ered by mo ing to an
other m e ui alent arrangement, then relati e to a partition, it can be
lo ered by an element of the full group.

EMM 5.0.44. et >0. u ose for some a,
P (T) < h(T?)
et P e any artition. or any € > 0, there e ists  such that
(o, )< e and h(T* ,P) < h(T*)
PROOF. s the full group acts minimally on F,,(«) and preser es
entropy, those 8 € E, () ith
R(T?) < h(T™)
are a dense set. hus those # ith
R(T?, P) < h(T®)
are a dense and open set. On the other hand, those o  ith

(o, ) <€





















