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Abstract�— One of the most intriguing questions related to 
cancer is why approximately two out of three people never 
develop cancer? It has been proposed that this variability in 
cancer resistance may be due to differences in the efficiency of 
certain protective mechanisms, which are known to inhibit the 
growth of neoplastic cells. Here we focus on the mechanism 
known as microenvironmental control. There is a large 
amount of evidence that a majority of disseminated tumor cells 
present in the human body never develop into clinical tumors, 
and that the direct physical contact between normal and tu-
moral cells appears to be a necessary condition for such resis-
tance to cancer. By using a system of ordinary differential 
equations, we model contact-controlled tumor growth and are 
able to simulate the three expected modes of growth:  expan-
sive, contractive and stable, thus mathematically supporting 
the feasibility of microenvironmental control. 
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I.   INTRODUCTION  

It is known that the majority of the tumors are mono-
clonal [1], that is, cancer generally develops starting from a 
single cell that has undergone some specific kind of muta-
tion.  However it is calculated that 3 mutations occur on 
average every time the cell�’s DNA base pairs are dupli-
cated, an event that occurs 1016  time in the life of a person 
[2].  Furthermore, there are a lot of genetic and epigenetic 
changes that can promote cancer [3].  This raises one of the 
most challenging questions related in cancer studies: why 
do approximately two out of three people never develop 
cancer?  Furthermore, why does it appear that at least for 
some types of tumors, the disease progresses for some pa-
tients while remains latent in others?  

It is a striking fact, supported by a large amount of evi-
dence, that the majority of disseminated tumor cells present 
in the human body never develop into clinical tumors. Some 
examples are the cancerous cells found in the prostate, the 
mammary gland, and the epithelium [4-6].  Based on recent 
data it has been proposed that one possible explanation may 
be the variability in the efficiency of certain protective 
mechanisms, which are known to inhibit the growth of neo-
plastic cells.  

In a timely PNAS article [4], Klein lists some of the 
mechanisms that cause resistance to cancer: immunological 
(T cells targeting non-self proteins), genetic (genes that 
control the fidelity of DNA replication), epigenetic (lack of 
impairment of normal parental epigenetic imprinting), in-
tracellular (triggering of apoptosis in cells with DNA dam-
age or illegitimate activation of oncogenes) and intercellu-
lar (healthy neighboring cells inhibiting neoplastic growth). 
It is on this last mechanism, also known as �“microenviron-
mental control�” that we would like to focus our attention. 

The first evidence of such an inhibition mechanism acti-
vated by normal cell was given in a paper by Stoker et al. in 
1966 [7]. There it was shown that the inhibition was work-
ing by direct contact between the healthy and neoplastic 
cells. Further evidence in this direction was given, for ex-
ample, by [8-9] for the case of the epithelium and stroma. 
Other types of contactual interactions may play a relevant 
role. One known example is that of the adherence junctions: 
e-cadherin, which is a major component of such junctions, 
is down regulated in most epithelial tumors [4].  It is impor-
tant to note that the direct physical contact between normal 
and tumoral cells appears to be a necessary condition for the 
microenvironmental control to be functional (see [10]). This 
type of mechanism is what we would like to model. 

While there are a number of mathematical models focus-
ing on the immunological mechanism of resistance to can-
cer (see for example [11-12] and the references therein), 
environmental control has not been the focus of mathemati-
cal studies. We would like to mention a few. For example, 
in 1980 Cox et al. [13] presented a model where the size of 
the reproducing tumor population is proportional to the 
number of unoccupied receptors for inhibitors. Chaplain et 
al. [14] instead have included in their model a variable for 
the diffusion of inhibitors. Finally, Bajzer et al. [15] consid-
ered the contribution of paracrine interactions as a regula-
tory feedback in cell-cell interaction.  

We would like to model resistance to cancer due to mi-
croenvironmental control. We will take the simplest point of 
view, that is, we will not assume (and thus include) any 
specific role of nutrients, growth factors, and so forth. We 
will only consider direct physical contact, and show that this 
is a sufficient mechanism for explaining the observed  
dynamics. 
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II.   A MATHEMATICAL MODEL 

A.   Derivation 

To derive our model for microenvironmental control of a 
solid tumor, we begin by assuming that the tumor is spheri-
cal with radius R and is composed of approximately spheri-
cal cells of radius r (consult Figure 1).  Hence, the volume 
of the tumor is given by 

VT = 4
3

! R3 ,                               (1) 

and the volume of a cancer cell is  

VC = 4
3

!r3 .                               (2) 

Assuming a packing factor of ¾, we can determine that the 
total number of cancer cells, T , is given by the volume of 
the tumor, equation (1), divided by the volume of a single 
cell: 

T = 3
4

R
r

3

.                               (3) 

In tumor spheroids, the majority of the proliferating cancer 
cells are located in the outer three to five cell layers [16].  
For the sake of simplicity, we assume that only the outer 
layer of tumor cells is capable of proliferating; we denote 
this population of proliferating cancer cells on the rim of the 
tumor by S.  To allow for microenvironmental control by 
physical contact, we allow normal cells, denoted by N, to 
interact with the cancer cells on the surface of the tumor.  
Upon interaction of one normal cell and one cancer cell, we 
allow for the formation of a two-cell complex which can 
either dissociate or result in the death of the cancer cell.  We 
denote the population of complexes by X.  When a cancer 
cell is in a complex with a normal cell, we do not allow the 
cancer cell to proliferate.  These cell populations in and 
around our spherical tumor model are illustrated in Figure 1.  
The volume of the cancer cells in the non-proliferating core 
of the tumor is quantified by 

VT " S+X( ) = 4
3

! R " 2r( )3 .                        (4) 

Again assuming a packing factor of ¾, equation (4) can be 
used to determine the number of cells in the non-
proliferating region: 

T " S + X( )= 3
4

R " 2r( )2

r3 .                       (5) 

 

 

Fig. 1 A 2-D depiction of a 3-D spherical tumor of radius R composed of 
spherical cells of radius r.  The two-cell complexes, X, are shown shaded in 
blue.  The cancer cells and necrotic core, T, are shown with a wave pattern 
while the normal cells have no pattern 

Using equation (3) to solve for R in terms of T, a formula 
for the number of �“uncomplexed�” cancer cells on the sur-
face of spherical tumor, S, can be derived from Eqn. (5):   

S = 6
3
4

1
3

T
2
3 " 12

3
4

2
3

T
1
3 + 6 " X .             (6) 

Assuming the number of normal cells on the surface of the 
tumor, N, is greater than S and following a similar logic as 
above, we can derive an analogous expression for N: 

N = 3
4

4
3

T
1/3

+ 2

3

" T " X .                (7) 

This allows us to develop the dynamic equations for spheri-
cal tumor growth within a microenvironment.  Let C be 
cancer cells not in complexes, i.e., C=T - X.  We assume 
that the cancer cells in population S are the only cancer cells 
undergoing mitosis, at rate k.  Let h and k0 be the rate con-
stants for the formation and dissociation of complexes, 
respectively.  Hence, the dynamic equation for C(t) reads 

dC
dt

= kS " hSN + k0 X .                     (8) 



A Mathematical Model for Microenvironmental Control of Tumor Growth 215
 

  
 IFMBE Proceedings Vol. 32  

 

The dynamic equation for complexes X allows for the asso-
ciation and dissociation of complexes as well as the death of 
a cancer cell, resulting in the elimination of a complex (with 
rate k2): 

dX
dt

= hSN " k2 + k0( )X .                      (9) 

Note that since C+X=T, a dynamic expression for T can be 
derived from equations (8) and (9): 

dT
dt

= kS " k2 X .                            (10) 

Considering that S and N are functions of T and X, we have 
derived a nonlinear system of ODEs with two equations and 
two variables.   

B.   Analysis of the Model 

We can define the functions f (T) = S+X and g(T)=N+X 
to be the number of cancer cells and normal cells on the 
surface of the tumor, respectively.  It is important that if a 
steady state (X*,T*) exists, it must be such that X*  f (T*).  
Otherwise, the model would allow for the number of �“un-
complexed�” cancer cells on the surface of the tumor to be 
negative.  Noting that both f and g are always positive, it is 
easy to show that any solution to both nullclines &X = 0  and 
 &T = 0  satisfy this condition.  The two nullclines must cross, 
yielding a steady state; this must occur on the line given by  

 
N * =

k k0 + k2( )
hk2

, (11) 

which is a translation of g(T) to the left by exactly N*.  Ac-
cording to the value of N*, the steady state may be found 
numerically for large values of T.  In these cases, however, 
the steady state is outside of the feasible area for the model 
assumptions; tumors tend to undergo angiogenesis when 
they are approximately 1mm in diameter or 105 cells [16].  
Thus, depending on the value of the parameters and, hence, 
the value that N* takes, either the tumor will reach a steady 
state or will grow uncontrolled (due to the fact that the 
steady state is outside of the feasible region).  Of course, 
parameter values can also be selected to force the steady 
state to be approximately zero.   

III.   RESULTS AND DISCUSSION 

To assess the feasibility of our model, we must capture 
the three tumor growth modes:  controlled, suppressed, and 
uncontrolled.   Indeed, we were able to show that all three 
modes of interest can be obtained by varying the model 

parameters.   Each simulation was run in MATLAB using 
ode45 using the arbitrary initial condition of 700 cancer 
cells and 10 cells in complexes.   

In Figure 2, tumor stability is simulated. With the chosen 
parameters, it is noteworthy that the tumor continues to 
grow until a sufficient number of complexes are formed and 
then it contracts in size until reaching the steady state.  
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dT/dt = 0
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Fig. 2 Model simulation demonstrating tumor stability.  Parameter values 
used were k = 2, h = 0.01, k0=0.1, and k2=1 

In Figure 3, tumor suppression is simulated.  In this case, 
the parameters are such that the tumor barely grows before 
reaching the line for &X = 0 , at which point the complexes 
slowly suppress the tumor to a steady state of approximately 
zero.   
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Fig. 3 Model simulation demonstrating tumor suppression. Parameter 
values used were k = 2, h = 0.1, k0=0.1, and k2=1 

In Figure 4, the phenomenon of uncontrolled tumor 
growth can be seen.  In this case, it is noteworthy that the 
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line for  &X = 0  is to the left of the line  &T = 0 .   We know 
that these nullclines must intersect because of the dynamics 
of the system.  Hence, while not visible in the figure, a very 
large steady state does in fact exist.   
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Model
dT/dt = 0
dX/dt = 0
X = f(T)

 
Fig. 4 Model simulation demonstrating uncontrolled tumor growth.  Pa-
rameter values used were k = 1, h = 0.01, k0=8, and k2=0.1 

Note that it is not necessary to assume that the complexes 
are capable of killing cancer cells; this assumption can be 
relaxed to a situation where cancer cells in complexes are 
put into a quiescent state.  Since the focus of our paper has 
been on microenvironmental control, we have considered 
small tumors which have not yet undergone angiogenesis.  
As we have been able to capture each expected trend, we 
can conclude that our model supports the feasibility of con-
tact-based microenvironmental control.   
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