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D. DOLGOPYAT, C. DONG, A. KANIGOWSKI, AND P. NANDORI

1. INTRODUCTION

In [1I], Bjorklund and Gorodnik proved Central Limit Theorem for exponentially
mixing actions of groups with subexponential growth. In this note we review the proof
of this remarkable result in the case where the group is an abelian Lie group (which is
thus isomorphic to R% x Z4) and point out two useful extensions of the main result of
[1]: the Central Limit Theorem for arrays (Theorem and Functional Central Limit
Theorem (Theorem [5.2). We follow the main ideas of the proof from [I], however,
to make the text more self contained we use the method of moments rather than the
method of cumulants.

2. THE RESULT.

Let H = R% x Z%, M be a compact manifold and G : H x M — M be an C! action
of H preserving a measure p. We denote d = d; + ds.

Definition 2.1. We say that G is exponentially mixing of all orders if for each p € N
there exist constants C,, ¢, > 0 such that

0 (H Aj(thy)> - HM(AJ‘)

where A(ty,...,t,) is the gap

p
< Cpe 0 TT 14l

J=1

(2.1)

A = min |it; — ;]|

We shall assume throughout this note that G = G, is exponentially mixing of all
orders and that the action G satisfies

(2.2) |Giller < C K
for some C, K > 0.
Remark 2.2. We note that (2.2)) is always satisfied if M is compact and the map

(t,z) — D,G(z) is continuous. Indeed, in this case, we choose K = }{nﬁ(q |Gyl o
te H,||t]|<

and use the fact that that for ¢t = (¢4, ...,t4), Gy = HGL';”G(Q,M)&, where e; is the
unit vector in the ¢th coordinate direction.

In the statement below we regard H as a subset of R
1
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Theorem 2.3. Let {mr} be a family of finite measures on R? and let {A; 7 }ienrer
be a family of real valued functions on M such that || A r||c1(ar) is uniformly bounded
and p(Ayr) = 0. Set Sp(z) = [ga Avr(Gix)dmy(t). Suppose that

(a) Tlim |mz|| = oo where ||mr|| = m(R?)
—00
(b) For each r € N, r > 3 and for each K > 0,

lim [ mi L (B(E K In|jme]]))dmp(t) = 0,

T—o00

where B(t,u) C R? denotes a ball centered at ¢ € R? with radius u > 0;
(c) Tlim Vr = o® where
—00

V= [ St@)nte) = [[ [ Awr(Gun) A Gyt mr e du(o).

Then Sy converges as T — oo to normal distribution with zero mean and variance .
This theorem is proven in [I] in case A; 1 does not depend on ¢,T however the proof
does not use this assumption, see Section [4
3. PRELIMINARY ESTIMATES

3.1. Correlations with lonely terms. We start with the following useful consequence
of ([£1).

Lemma 3.1. For each p € N there exist constants C,, ¢, > 0 such that if u(A4;) =0
for all 1 < 7 < p then

p p

(3.1) [ (H Aj(thy)> < Cpem ) TT 145 o,
j=1 Jj=1

where (¢, ...,t,) is the loneliness index

[ = maxmin |t; — t;].
i A

Proof. We use induction on p. If p =1 then the result is clear since A; has zero mean.
If p = 2 then and (3.1]) are equivalent.

Next suppose that s known for p < py where py > 2, and let us show that it
holds for p = py. Fix a small k > 0 and consider two cases:

(a) A(ty,...,ty,) > Kl(t1,...t,). In this case follows from provided that
Cpo < KCpy-

(b) A(tl, R ’tpo) = ||t2‘0 — thH S Ii[(tl, .. .tp0>. Write

Aio (Gtio y)Ajo (tho y) = A(Gtio y)

where fl(y) = Aiy(¥)Ajo(Gt;,—t,,y)- We now decompose fl(y) = u(;l) + [A — M(A)] and

apply (3.1]) with p = pg—2 and p = py— 1 respectively. In the case of /L(/Nl), we apply the
inductive hypothesis to {ti, ...ty } \{ti, t;, }. Clearly, ||(A)|lcr < [|Aipllcol|Aj,llco and
our assumption A(ty,...,ty) = ||ty — toll < Kl(t1,...1p,) implies that the maximum



NOTES ON BJORKLUND-GORODNIK CLT 3

in the definition of [ is achieved for ¢ & {ig, jo} and so removing those points does not
decrease the loneliness index.

In the case of A—p(A), we apply the inductive hypothesis to {t1,...%,,} \{t;, }. Note
that

1A = p(A)ller < [Allco + VA o
(3.2) < J1Aiglleoll Agolloo + (1 + CE Mo~ tall | Ay [lex [| gyl

by (2.2)). Thus

(H HAz-Hol> A=Al < (oK) [T A flr < 2060 tn H 4iller
i#io i=1

This proves (3.1) with ¢,, = min{¢,,_2,¢y,—1 — £In K} provided that ¢,, is positive
which can be ensured by choosing k = ¢,,-1/(21n K). O

3.2. Well separated clusters. Fix a positive integer m and a partition P = P, of
the set {1,2,...,m}. For some R, T > 1and (t1,....,t,,) € R™ let G = G(R, T, t1, ..., tm)
be the graph on {1,2,...,m} where i and j are connected by an edge if and only if
We say that (tq,...,t,) is in €(P, R, T') if the set of connected components of G is P.
We say that (¢, ...,t,) € W(P,R,T) if (t1,....,t,n) € €(P,R,T) and for any i, j not in
the same atom of P, ||t; — ¢;]] > R*InT.
Here € stands for clusters and 20 is stands for well separated clusters.

Lemma 3.2. For every positive integer m there is Ry(m) so that for all R > Rg(m)
and for any partition P = { P, ..., Ps} of the set {1,...,m},

() (1)

JEPy

(3.3) sup <ortom,

(t15e-s, tm)EW(P,R,T)

Proof. 1t is clearly enough to prove the lemma for a fixed partition P. Denote B}, =
Hjepk Aj(thfc) and B = By, — ,U(Bk). Then we have

" (H Atj<thx>> — (H Bk@c)) — (H [Bi(a) + u(Bm)

k=1

S>3 B | D u(an@)) ::;QJ

J o \ke{l,..s)\J keJ

where the sum is over all subsets J of {1,...,s}.

If J =0, then @, is the second term on the left hand side of (3.3)). If J = {k}, then
p(By) = 0 and so Q; = 0. Let us now fix J with |J| > 2. Then, as in (3.2)), we have
| Bellcr < CKEmInT | Since |.J| > 2 and the clusters are well separated, the exponential
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mixing of all orders implies

" (H Bk(x)) -0 (6—531%2 InTKlenT> ‘

keJ

We conclude

Z O (6—65R2 lnTKlenT> _ O <2m6—65R2 lnTKlenT> _ O(T—l()m)’

Ji|J|>2

where the last equation holds for R > Ry(m) sufficiently large. O

3.3. Enforcing the separation. We need some notations. Let 93, be the set of all
partitions of {1,...,m} and let us write Q@ < P for P, Q € B,, if for all P € P there is
Q € Q with P C Q. As usual, @ < P means that @ <P and Q # P. Thus if Q < P,
then Q is coarser than P in the sense that all atoms in Q are unions of some atoms of
P and at least one union is non-trivial, i.e. @ # P. In particular if @ < P then the
number of atoms in Q is smaller than the number of atoms in P.

Let us also write ¢ = (t1, ..., ).

Lemma 3.3. Given £ € R™ we can find a unique non-negative integer L = L(t) < m
and a sequence of partitions P = Py > P, > ... > Py so that £ € €(P,, R¥,T) \
(P, R, T) for all £ =0,..., L — land t € 20(P., R*",T).

Proof. We have t € €(Py, R, T). If t € W(Py, R, T), then L = 0. If not, then there
are at least two connected components whose distance is less than R2InT. Thus ¢ €
€(P1, R?,T) with some P; < Py. If t € (P, R%T), then L = 1. We continue
this process until £ € 20(P., R?",T) holds. Since at each step we merge at least two
components, the process will finish in less than m steps. O

Given a sequence of partitions S = (Py, ..., Pr) with Py > P;... > Pr, we denote by
S(8) for the set of points t € R™ for which Lemma holds with the sequence S.
Thus

R™ =] |&(S),

where | | denotes disjoint union.

4. MULTIPLE EXPONENTIAL MIXING AND CLT. PROOF OF THEOREM [2.3]

We will use Lemmas to compute the asymptotics of moments of Sy. It suffices
to show that for each p € N

; 2r\ — 1\Ng2r
(4.1) TlggoE(ST) (2p — Dlo?,
and
(4.2) lim E (S77) =0.

T—o00
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To simplify the notation we suppose that ||mr|| = T. We also drop the subscript T in
A;r. We have

(4.3) E (ST = / / ( / Atl(thx)...Atm(Gtm:c)du(x)> dm (7).

We will discuss the contribution to (4.3)) of terms with different cluster combinatorics.
To further simplify notations, we write

a(t) =p (H Atj(thx)> :

Thus we have to prove that
(4.4) > / a(®)dm (1) = 1 is even(m — DNo™ + 07,00 (t).
5 Jies(s)

We say that a partition is pairing if all atoms have size 2. In fact, we prove the
following statement. For any sequence & = (Py, ..., Pr) of partitions in J,,

(45) [ a@dmz0) = 1o, g™ + o).
es(sS)

implies since in case m is even, there are (m — 1)!! pairings and if m is odd,
there are no pairings.

The proof of relies on an auxiliary statement. We claim that for any sequence
S = (P, ..., Pr) of partitions in B,, and for any Q > Py so that Q does not contain
singletons,

(4.6) | Bl () = Lo g™ + o)
tes(S)

where

ﬁQ({) = H K (H Atj(thx)> :
QeQ JjeQ
We will prove 4.6) by induction on m.
It is easy to Check | ) for m = 1,2. If m = 1, then the only possible sequence is
= ({{1}}) and since p Atjx =0 for all ¢;, . ) follows.
If m = 2, then there are three possible sequences:

= ({({1,2}}), §"= {11 {2}}, {{1,2}}), §" = ({{1}, {2}}).
Thus
S(S) = {(t1,t2) : |t1 — t2|| < RIn T},
S(S) = {(ti, ) : RInT < |[ti—ts|| < R2InT}, &(S") = {(t1,t2) : R*InT < |[t:—ts]}.
We see that
/ adm?(t) = adm?(t) = o + o(1)
&(S) R2d

where the first equality uses the exponential mixing while the second one holds by
assumption (c). Likewise fG(S,) la| + fe(s") |a| = o(1) by the exponential mixing.
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Next, is vacuous if m = 1 since a partition of a one point set should contain
singletons. If m = 2, the only non trivial case if when Q = P, = {1,2} in which case
reduces to .

Now assume that (4.5)), hold for 1,...,m — 1 with m > 3.

To prove (4.5)), (4.6)) for m, we first note that in the case when P, contains singletons,
the required estimate follows from Lemma . Namely (|4.5)) is a direct consequence of
Lemma , while is obtained by applying Lemm, to the atom of Q which
contains one of the singletons of Py.

Thus we assume henceforth that all atoms of Py (and so all atoms of P, for [ > 0)
have size at least 2. In particular, the only way P, can be pairing is when L = 0.

Now for the given m > 3, we proceed by induction on |P.|: the number of atoms
in Pr. If |Pr| = 1, then we need to prove that for all @ € RB,,, (4.6) holds (the case
Q = Py, gives (4.5). This is immediate from

/.. ﬂQ@dm;”@\ </

tes

[ANIZdmy (2)
()

< ||A||g;/ W (Bl mRInT)dwr (1) = of1),
t1ER

where we used assumption (b).

Now assume that (4.5)), (4.6) hold for all sequences S so that |Pr| < k and fix a
sequence S with |P,| = k. First we prove (4.5). Note that by Lemma 3.2

an [ a@dnp = [ o ®dmp®) + o) = I+ of0).
tes(S) tes(S)

Since now the integrand is a product over variables in P € P, we wish to replace the
integration domain with such a product domain as well. Thus we approximate I; by

L= [ @iy
fee'(S)
where for § = (P, ..., Pr), &'(S) is defined as

S'(S)={t:VPe P,V =0,.. L:(t,jeP)eec{QeP,:QCP}R"T))}

In other words, &'(S) is obtained from &(S) by waiving all restrictions in & which
come from different atoms of Pr. Hence &'(S) is a product &'(S) = H S(Sp) where

PePr,

Sp = <RQ,...RL*> WithRg:Rg(P) :{QG'PgZQgP} and
L*=L"(P)=LAnf{{=0,..L —1:Ry=Re1}.
Thus

L= 1] /6(8 " (H Atj(thx)> [T dme(t).

PePy, JEP JEP
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Note that Py is pairing iff (P, is pairing and L = 0) iff for all P, Sp has a single
partition which is the pairing of a set of two elements. Therefore by the inductive
hypothesis (namely, (4.5)) for smaller m)

-[2 = :H-'PL is pairingam + 0(1)
It remains to verify that |I; — Io| = o(1). To this end, we note that &(S) C &'(S) and

|Pol—1
&'(S)\&(S8) = || | | S((Py, ..., PL)).
L'=L Po>Py>..>P)

Ve=0,....L:P}<Py, Pt , <Py

Now the inductive hypothesis, namely applied with §" = (P, ..., P;,) as in the
previous display and with @ = Py, implies that |I; — 5| = o(1) (indeed, since Py does
not contain singletons, P, does not contain singletons either and since P}, has strictly
less atoms than Py, it follows that P}, cannot be pairing). We have verified .

The proof of is similar. Consider first the case where Py, is pairing. In this case
Q = P, since Q does not contain singletons and so the left hand side of is 1.
Thus follows as above.

Next, consider the case where Py, is not pairing. We need to show that
I_2 :O(]_), ]_1—]_220(1)
where

. / Bo(Ddmir(D), T, = / Bo(B)dm (F)
€6(S) te6’(S)

(note that the difference between I; and I; is that Py, is replaced by Q). To bound I,

we write it as
H/ J,]GP Hme

PePy, jeEP
where Q(P) denotes the restriction of @ to P and apply the inductive hypothesis
(noting that at least one atom of Py, has size greater than 2 and so the corresponding
integral is in o(1), while all other integrals are (at least) bounded).
The estimate I; — I, = o(1) is proven similarly using the fact that Q > P > Pj,.
This completes the proof.

5. FuncrtioNnaL CLT
5.1. Multidimensional observables.

Corollary 5.1. Theorem remains valid if A;y are R? valued functions for some
p > 1, provided that condition (c) is updated to require that the matrix Vr with
components

(Ve)os = / (S1)(oy (2)(S1) ) () ()

satisfies lim Vi = 0% and the conclusion is convergence to the p-dimensional Gaussian
T—o00
2

law with covariance matrix o-.
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Proof. By the Cramér-Wold Theorem, it suffices to show that for each £ € (RP)* the
product (£, St) converges to a centered normal random variable with variance

ag = (0%¢, ). This follows, since for each ¢ the assumptions of Theorem [2.3|are satisfied

for Ay 1 = (€, Ay r) with the asymptotic variance crg. O

5.2. Fglner sets.

Theorem 5.2. Let Sp = fDT A(Gyz)dt where Dy C R? is an increasing (D, C D, for
Ty < T5,) Folner sequence, such that Vol(Dr) = T and u(A) = 0. Then (Wr(uT))y>0 =

1
(—SuT converges weakly to a Brownian Motion with asymptotic variance
\/T u>0
(5.1) o’ = / w(A(x)A(Gyx))dt.
Rd

Proof. STEP I. The fact that 5—% converges to normal distribution is proven in [I]. We

repeat the ament since it will be used at steps II and III. We verify the assumptions
2.

of Theorem [2.3] Let mp = Li];ET Then (a) is evident. To check (b), note that for each

K.t mp(t, KInT) < C(K)2Z 5o
r—1

1 . Vol(Dr) (O(K) In? T)
— P KInT)dt < ——— x | ——2—— -0
T Jp, T RS O TR

as r > 2. To check (c), we note that

Denote p(t) = [ A(z)A(Gx)du(x). Fix a large R and split this integral into two parts.
(i) The 1ntegral over Ht1 — t5]| > R is bounded by

1
—/ (/ |p(t2 — t1)|dt2) dtl S CG_CR
T Jp, \Jra\B(t1,R)

by the exponential mixing.
(ii) The integral over |[t; — t2|| < R is equal to

1
f/ (/ p(tg — tl)dt2> dtl + ERT-
Dr B(tl,R)

The first term equals to

while the error term is bounded by

1
lerr| < ||A||200 X —/ Vol(Dr \ (D7 + u))du — 0
T Jpo.r)

since Dr is a Fglner sequence.
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V(St)
T

Taking R to infinity we obtain that Ylirn

—00

:/ p(t)dt proving (5.1]).
Rd

STEP II. CONVERGENCE OF FINITE DIMENSIONAL DISTRIBUTIONS. We need to
show that for each u; < us < ...y

SulT SugT - SulT S’ukT - Suk,lT

are asymptotically independent Gaussian random variables. By Step I and by the
properties of the multivariate Gaussian law, it is sufficient to check that for each

Su,7—Su Su, 17— Sy .
0 < up < uy < ug < uy, 228 T 1T and 24t = sT are asymptotically uncorrelated.
Notice that for uq, us, us, uy as above, we have
1 1

TM((SMT - SmT)(SMT - SU3T)) =

T / p(tQ — tl)dtldtg
(Du4T\Du3T)><(Du2T\Du1T)

Splitting this integral as in Step I and using that the terms with ||t —¢;|| < R contribute
at most

Al Z0
e VOI(B(tl, R) \ DuQT)dtl,
T Jp

which tends to zero due to the Fglner condition, we conclude the proof.

ugT

STEP III. TIGHTNESS. By a standard argument, it is enough to verify tightness for
u € [0, 1]. Denote

A, ={W:[0,1] = R : Vuy,us € [0,1] [W(u2) —W(u1)| < Klug — |}
We shall show that if v < 1—11, then for every € > 0 there is K such that for large T,
P(WT ¢ AK,’y) < e.

We say that [t1,to] is a diadic interval, if t; = 2%, ty = giml for some m € N and
7 €0,...,2™ — 1. It suffices to prove that with probability 1 — ¢ it holds that for each
diadic interval

(52) |WT(’LL2) — WT(Ul)’ S [_(|U2 — Ulp

since in this case Wr(-) € Ak, for a sufficiently large K > K as can be seen by
decomposing an arbitrary interval into diadic intervals. Let L = |ug — uy|T.
We claim that

(5.3) E ((Suyr — Sur)?) < CL%.

To prove this claim, denote A = S,,r — Sy, 7. In the proof of (4.1)) in Section |4 we saw
that
E (A*) = 3(E(A%)*(1 + o(1)).

In the present situation we do not need precise asymptotics of E(A?) in case L < T,
instead, we use the upper bound

E(A2) < / / plts — t1)dm(ty)dm(ts) < CVol(Dor \ Dyr) = CL
Dy \Duy 7 J R

which proves (5.3))
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Next, ((5.3) and the Markov inequality implies

1 ' _
e (g ) - (a) |22

2(47 1)m

P(3j<2m~

<3 B (|8 8 4| 2 R2mvT) <2
=0

Summing over m > 1 and then choosing K = K (), we obtain that (5.2)) holds for all
dyadic intervals with probability 1 — . The tightness follows. 0

Remark 5.3. The condition that v < i was imposed since we use the fourth moment
in the argument above. Considering higher moments one can make ~ arbitrarily close to
1/2 which is an optimal result. Namely, using the estimate E(A*) < C'L” one obtains
the bound

j+1 j _ om(1+p(2y—1))
P(d; <2™ |W —Wr|l=)|>2K27" )| < ——«r——
(e | (57) v (35) |2 o) <57
which decays exponentially in m if p is sufficiently large and v < 1/2. However, taking
v < 1/4 is sufficient for proving tightness.

5.3. Brownian sheet. Recall that the Brownian sheet is a Gaussian process
{W(u1,ug, ..., uq)}u,er+ such that E(W (ui,us, ..., uqg)) =0 and

Cov(W (uly, uy, ... uly), W(uj,uy, ..., u))) =0c Hmm uj, )

1
Let WT(Sl, 89, ... Sd) = W/ [T (008,71 A(Guy)du
ue 0,s

Theorem 5.4. Wr converges weakly as 1" — oo to a Brownian sheet.

Proof. The proof of this result is similar to the proof of Theorem so we just sketch
the argument.
(I) Similar to step I in the proof of Theorem we obtain that Wr(sy, sa, ... Sq) is

d
asymptotically normal with zero mean and variance 7'~*Vol (H[O s;T ) (H s]> 2

j=1
where ¢ is given by (5.1]).
(II) Similarly to Step II in the proof of Theorem [5.2] we obtain that

le—r>r<>lo Cov(Wr(ul, ..., u)Wr(uf, .. Hmm w),uf)

(IIT) We say that [(uy,...uy), (uf,...uy)] is a diadic segment if there is £ € {1,...d}
and m € N such that u, = 5L, uj = LEL and for all i # ¢, u} = u! and 2™u] € N.
Similarly to Remark one can show that for each ¢ > 0 there exist K and v > 0
such that with probability 1 — ¢ , for each diadic segment

(W (uy, ... uly) — We(u),. .. ul)| < Klu) —u|”.
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Joining every two points by a union of diadic segments we see that with probability
1 — ¢ it holds that for each (u},...u}), (u],...u}) € [0,1]¢ we have

d
W, . ug) = Wy, oug)] < KOY - Juf — .
j=1

This shows that the family Wyp(-) is tight and completes the proof of the theorem. [
5.4. Limiting Gaussian field.

Lemma 5.5. Let €7 = [0,7]¢ and ¢ : € — R be a continuous function. Denote
we = / A(Gy(x))p(t/T)dt then W /T%? converges as T — 0o to a normal random
Cr

variable with zero mean and variance o?||¢||2, where o2 is given by (5.1)).

Proof. We verifty the conditions of Theorem with my = T-%2x the Lebesgue mea-
sure on € and A; = ¢(t)A. Condition (b) follows since m(B(¢t, RInT)) < C(R)l,}{%.
Condition (c) follows since

Ve = / HA(Gl ) A(Gr))b(t1/T)é(to/ T)dt1dt

:% e HAGLD)A(G))0(h [T)o (ks T)ddt, +o(1)
[tg —ta|<In2 T

1
ST ey

t]—to|<In2 T
1 2

(A(x)A(G4x)) ¢ (t)T)dtds + o(1) = o j ¢*(t)dt + o(1)

p(A(2)A(Gyy—y, )2 (t1/T)dt 1 dty + o(1)

1

B Td teCr,scRd
where the second and the fourth line follow by exponential mixing and the third line
follows by the uniform continuity of ¢. O

Corollary 5.6. The family {W;j}d)eced converges as T — oo to a Gaussian random
field W? on C?%(€;) with zero mean and covariance Cov(W? W¥) = (¢, 1)) 2.
Proof. The convergence of finite dimensional distributions holds because by Lemma 5.5

for any aq,...,ag, ¢1,... ¢k VVTZ 149 asymptotically normal with zero mean and

2
variance Z a;p;|| . To prove tightness we will show that for each ¢ there is a finite
J

L2
dimensional space V such that with probability 1 — ¢ for each ¢ € C?¥(€;) we have
d
‘Wj? — W}TV(@‘ < ¢l|¢||cza. For n € Z% denote e, (t) = exp (27riantj> . Using the
j=1

same argument as in Remark one can show that for each k > 0 there is Ny such
that with probability 1 — ¢ if n satisfies max; |n;| > Ny then |Wir| < n”. Take k < 1

and V' = span(e, : max|n;| < Np). Let ¢ = ¢ — my¢. Then ¢ = Zanen(t) where
J

nel
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7 includes the terms satisfying max; [n;| > Np. Note that ||a,| < CII72(n)||¢|| where
II(n) = H(]nj] + 1). It follows that with probability 1 — ¢
J

Wil =) a,We| <Y 1" 2(n
nel ne’l
The last sum is smaller than ¢ if Nj is large enough. U

6. APPLICATIONS.

1
We say that a function w : Z¢ — R is selfaveraging if the limit w = ~d Zw(n)
(9
exists where €y denotes the cube [0, N]<.

Theorem 6.1. Let w : Z% — R be a bounded function such that for each m the

map 10,,(n) = w(n)w(n + m) is selfaveraging. Let Sy = Z w(n)A(Gry). Then Nd/Q
neCy

converges as N — 0o to normal distribution with zero mean and varaince

(6.1) o’ = T, p(m)

mezZd

where p(m) = p(A(y) A(Gny)).-

1
Proof. We define my = N2 Z 0, Then property (a) is evident, (b) is shown at
n;€[0,N]
the first step of the proof of Theorem [5.2]
It remains to prove property (c). We have

VNd Nd Z Z (Gm))10m (N) 1y smeey dp(x) = Z p(m)h(m, N)

neln mezd meZd

1
where h(m,N) = Ni Z 10,,(N) 1, tmeey- Note that for each m, h(m, N) < |w|*
ne€y
and moreover ]&im h(m, N) = tvo,, because w,, are selfaveraging. Thus ([6.1]) follows by
— 00

Dominated Convergence Theorem. OJ

Corollary 6.2. Let f : Y — Y be exponentially mixing and p? be the square of the
Mobius function, that is p? is the indicator function of square free numbers. Then for

1
each smooth zero mean A, — 2(n)A(f™y) converges to a normal distribution.
mZ“ (MA(f"y) g

The corollary follows since n + p?(n)u?(n + m) is self averaging by [4].

Remark 6.3. The above results would also hold for the Mébius function p provided
it is self averaging. However this property is precisely Chowla’s conjecture [3] for w
for correlations of order 2 which is widely open. One can also consider logarithmic
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A(G,
averages, i.e. expressions of the form Sy = Z pn)Atany) () A(Gny)

nel0,N] \/ﬁ
SN

can be used to show that The W converges to the normal distribution with zero mean

. The above reasoning

1 2
and variance 0® = f1 - ji(A?), where 1 = lim Tog N Z H (n) Here we use the fact

N—o00

that the Mébius functions is logarithmically self averaging, i.e. for every m € Z \ {0},
1 Z p(n)p(n+m)
log N

n

— 0, as N — oo, which follows from [5], Theorem 1.3.

n€0,N]

Lemma 6.4. Let f : Y — Y be exponentially mixing and A be a smooth zero mean
function. Let Sy = Z A(fPy) where the sum is over primes. Then Tniow converges

p<N
as N — oo to a normal random variable with zero mean and variance v(A?).

In N
Proof. Let my = \/HT Z dp. Then (a) is evident. (b) follows because

p<N

CKIn**N
N

In N

To prove (c) note that Vy = Z -~ Q(m, N)p(m) where Q(m, N) is the number of

meZ
primes p less that N — m such that p 4+ m is a prime. Observe that m-th term in this

sum is O (6|m|). Therefore by Dominated Convergence Theorem it suffices to compute
In N Q(0, N)

my(B(n, KIn|myl)) < my(B(n, KInN)) <

the limit for each term. Now for m = 0, p(0) = u(A?) while A}im =1by
—00

InN Q(m, N)
N

the Prime Number Theorem, while for m # 0 A}im =0 by [2]. O
—00
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