HA USDORFF DIMENSION IN STOCHASTIC DISPERSION.
D. DOLGOPY AT, V. KALOSHIN AND L. KORALOV

Abstra ct. We considerthe ewolution of a connectedsetin Euclidean space
carried by a periodic incompressiblestochastic o w. While for almost every
reaIizatioB of the random o w at time t most of the particles are at a distance
of order * t away from the origin [DKK1], there is an uncourtable set of
measurezero of points, which escape to in nit y at the linear rate [CSS]. In
this paper we prove that this set of linear escape points has full Hausdor
dimension.

Dedicated to our teacher Yakov Sinai on occasion of his 65th birthday.

1. Intr oduction.

Oneof the greatestachievemerts in mathematicsof the secondhalf of the last
certury was creation of the theory of hyperbolic dynamical systemsin works of
Anoso/, Bowen, Ruelle, Sinai, Smaleand many others. The importance of this
theory is not somuch in that it allows oneto get newinformation about a large
classof ordinary di erential equationsbut in that it providesa paradigmfor un-
derstandingirregular behavior in a large classof natural phenomena.From the
mathematical point of view it meansthat the theory should be usefulin many
branchesof mathematicsbeyond the study of nite-dimensional dynamical sys-
tems. The aim of this note is to illustrate this on a simple example. Namely
we shov how the theory of nonuniformly hyperbolic systems,i.e. systemswith
non-zeroLyapunov exponerts, can explain ballistic behavior in a problem of
passi\e transport in random media.

This paper concernsthe long time behavior of a passive substance(say an
oil spill) carried by a stochastic ow. Various aspects of suc behavior have
beena subject of a number of recent papers(see[Cm, CC, CGXM, CS, CSS]
CSS2 DKK1, DKK2, LS, SS,ZC1, ZC2] etc.) Consideran oil spill at the initial
time concefrated in adomain . Let ewlvein time alongtrajectoriesof the
stochastic ow and  beits imageat time t. The papers mertioned study the
rate of stretching of the boundary @ , growth of the diameter and the \shape"
of ¢, distribution of massof , and many other related questions. In this

D.D. was partially supported by NSF and Sloan Foundation, V. K. was partially sup-
ported by American Institute of Mathematics Fellowship and Courant Institute, and L. K.
was partially supported by NSF postdoctoral fellowship.
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paper we model the stochastic ow by a stochastic di erential equationdriven

by a nite-dimensional Brownian motion f (t) = ( 1(t);:::; 4(t)) 2 R o
xd

Q) dx; = Xo(x¢)dt + Xi(xt) dg(t) x2 RN
k=1

where f X gl_, are C! -smooth spaceperiodic divergencefree vector elds on
RN. Alternatively one can regard this systemasa ow on TN = RN=zN,
Below we imposecertain nondegeneracyassumptionson vector elds f X gf_,
from [DKK1]. These assumptionshold on an denseopen set of C! -smaoth
divergencefree vector elds on TN or satis ed generically

An interesting feature of the ow (1) is the dichotomy betweengrowth of the
massand shape of the spill On one hand, most of the points of the tracer

« move at distanceof order 't at time t. More precisely let be a smooth
metric on TN, naturally lifted to RN and be a measureof a nite energy i.e.
for somepositive p we have

d ()d () _
P(X;Y)
In particular, canbe the Lebesgueprobability measuresupported on an open

set , which also supports the initial oil spill. Let ; be its image under the
ow (1) and Bg rescalingof ¢, de ned by asfollows: for a Borel set RN

put () = «( t).
Theorem 1. ([DKK1]) For almost every realization of the Brownian motion

f (t)g: o the measure ; weakly convelgesto a Gaussian measure on RN as
t!l 1.

1:

Remark 1. Notice that this is the Central Limit Theoremwith respectto ran-
domnessin initial conditions, not with respect to randomnessof the Brownian
motion f (t)g; o.

On the other hand, there are many points with linear growth. Fix arealization
of the Brownian motion f (t)g; o. Let L denotethe random set of points with
a linear esca

L = x2RY:lm inf 2450
t +1 t
The following result is a special caseof [S] (seealso[CSS]).

Theorem 2. Let S be a connected set containing at least two points. yThen
for almost everyrealization of the Brownian motion f (t)g; o thesetL  Sis
unoountable.

In fact in dimension2 there is a limiting shape of the rescaledcontaminated
area. Namely, let be aboundedopenset, ; beits imageunderthe ow (1)
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S
andG = , ., s Inotherwords,we call apoint x contaminated by the time
t if there is a trajectory from our curve which haspassedhrough x beforetime
t.
The Shape Theorem. ([DKK2]) If N = 2, then there exists a convex
compact set B R? suchthat for almost every realization of the Brownian
motion f (t)g; ¢ andany > OthereexistsT = T( ) suchthatfor allt> T

1 )B % 1+ )B:

Remark 2. The\shape"B R?isindependert of the initial spill . Moreover,
an openset canbe replacedby a smooth curve for the Shape Theoremto
hold true.

In view of Theoremsl, 2, and the Shape Theoremit is interesting to seehow
large is the set of points with linear growth. In this paper we rst prove the
following

Theorem 3. Let beasmath curveon R?. Ther-for almosteveryrealization
of the Brownian motion f (t)g; o we haveHD(L )= 1

Then in Section8 using this Theoremwe derive the following main result of
the paper

Theorem 4. (Main Result) For almost every realization of the Brownian
motion f (t)g: o wehavethat points of the ow (1) with linear es@pe to in nity
L form a densesetof full Hausdor dimensionHD(L ) = N:

p_By Theorem 1 for most points xo, = x in RN its trajectory x; is of order

t away from the origin at time t. Also, the Law of Iterated Logarithm for
functionals of di usion processesand Fubini Theorem imply that the set of
points L with linear escag has measurezero. This Corollary says that L is
the \ric hest" possibleset of measurezeroin RN, namely, is of full Hausdor
dimensionN .

2. Nondegenera cy assumptions.

In this sectionwe formulate a set of assumptionson the vector elds, which
in particular imply the Certral Limit Theoremfor measuresthe estimateson
the behavior of the characteristic function of a measurecarried by the ow
(see[DKKL1]), and large deviations estimates (see[BS]). Sud estimatesare

be C! -smaoth, periodic and divergencefree.
(A) (hypoellipticity for x,) For all x 2 RN we have
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Denotethe diagonalin TN~ TN by
=f(x5x)) 2RV RV : x!t=x2 (mod 1)g:

(B) (hypoellipticity for the two{point motion) The generatorof the two{p oint
motion f (x};x?) : t > Og is nondegenerateaway from the diagonal , mean-

generateRN RN,

To formulate the next assumptionwe needadditional notations. Let Dx; :
T, RN ! T,,RN bethe linearization of x, at t. We needthe hypoellipticity of
the processf (x¢;Dx;) : t > 0g. Denote by TXy the derivative of the vector
eld X, thought asthe map on TR? and by SRN = fv2 TRN : jvj = 1g the
unit tangert bundle on RN. If we denote by X (v) the projection of TX (V)
onto T,SRN, then the stochastic ow (1) on RN inducesa stochastic ow on
the unit tangert bundle SRN, de ned by the following equation:

xd
dx; = Xi(®) d () + Xo(x)dt:
k=1

With thesenotations we have condition
(C) (hypoellipticity for (x¢;Dx.)) For all v2 SRN we have

nerts 1;:::; n exist by multiplicative ergadic theorem for stachastic ows of
di eon]prphisms (see[Cv], Thm. 2.1). Moreover, the sum of Lyapunov expo-
nerts szl j should be zero (seee.g. [BS]). Under conditions (A){(C) the

leading Lyapunov exponert is positive

im 10919 (O |
t11 t

(2 1=

whered' ((x) is the linearization matrix of the ow (1) integrated from O to t
at the point x. Indeed, Theorem6.8 of [Bx] statesthat under condition (A) the
maximal Lyapunov exponert 1 canbe zeroonly if for almost every realization
of the ow (1) one of the following two conditions is satis ed

(a) there is a Riemannianmetric %on TN, invariant with respect to the ow
(1) or

(b) thereis adirection eld v(x) on TN invariant with respectto the ow ().

Howewer (a) cortradicts condition (B). Indeed, (a) implies that all the Lie
brackets of f (X (x1); Xk(x?))gl., aretangert to the leavesof the foliation

f(xhx) 2T TV 9x';x?) = Constg
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and don't form the whole tangert space. On the other hand (b) cortradicts
condition (C), since (b) implies that all the Lie bradkets are tangert to the
graph of v. This positivity of ; is crucial for our approad.

Remark 3. Let usmertion animportant di erence betweendeterministic and
stochastic dynamics. Most of the results dealing with statistical properties of
deterministic systemsassumethat all Lyapunos exponerts are non-zero. By
cortrast we needonly one positive exponert. This is becausein the random
situation hypoellipticity condition (C) implies that growth rate of any deter-
ministic vector is given by the largestexponen (seeequation(19). This allows
usto get our results without assumingthat all the exponerts are non-zero.

We further requirethat the ow hasno deterministic drift, which is expressed
by the following condition

(E) (zem drift)
Z xd I

Lx Xk+ Xo (X)dx=0;
T2 k=1

\ghere Lx, Xk(x) is the derivative of X along Xy at the point x. Notice that
k=1 kaxk + Xy Is the deterministic componerts of the stochastic ow (1)
rewritten in Ito's form.
The Cerral Limit Theorem for measureswas formulated in [DKK1] under
an additional assumption
Z
(3) Xx(xX)dx=0; k= 1;:::;d:
T2
This assumptionis not neededfor the proof of Theorem 3 and asthe result for
the proof of the Main Theorem. Howeer, in order to simplify the proof, i.e.
usethe results of [DKK1] without technical modi cations, we shall assume(3)
to hold.

3. Idea of the pr oof.

3.1. A Mo del Example. Belov we de ne a random dynamical systemon R
which models the motion of the projection of the spill  onto a xed line
| RN,

Introducenotations: | (b;a) = [b a=2;b+ a=2]| the segmehon R certered
at boflength a; s 2 f0; 1g%* a semiin nite sequencef0'sand1's,s, 2 f0; 1g¥
asetof k numbersOor 1, ff s (t)gg, 2 019« Gk2z, courtable number of standard
i.i.d. Brownian motions on R indexed by binary sequencesLet be positive.

The random dynamical systemis de ned asfollows. Let I = 1(0;1). Then

o -1’1 R stretchesl - uniformly by 2 aroundits certer and shifts it randomly
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by .( ). Divide ,(I') in two equalparts 1?and|?

(4) o) =120 11 =1(() 1=21)[ 1(,()+1=2;1).
Now , actson ead fl'gi-.; independerily by stretching ead |''s uniformly
by 2 around its certer and shifting by o( ) and {( ) respectively.

L) = (NI =
6) 1[:() 1=2]+[o() 21=2k[ ([ () 121+ [1()+ 1=2[1)
[ 1)+ 1=2]+ [o() 1=2ED[ 1([ () + 1221+ [1( ) + 1=2];1);

and soon.
Let n 2 Z.. Then at the n-th stage\after time n " the image of the initial
unit interval I = [ 1=2;1=2] consistsof 2" unit intervals. The preimage of

eat of those unit intervals is an interval of length 2 " uniformly cortracted.
Let's give a di erent de nition of the random dynamical system(4)-(5).

Consideran isomorphismof the dynamical systemon the unit interval | =
|+ 1=2=[0;1] givenby :x 7! 2x (mod 1) and the one sided Bernoulli shift
on two symbols, say 0 and 1. Sud an isomorphismis givenby s : x 7! s(x) =
fsc(X)gi-, 2 f0; 19 ,(wherefor eah k2 Z,

sk(x)=0 if "(x)< 1=2
sk(X) = 1 otherwise

(6)

Let h(x) = #fk n:s¢(x)= 1g. Notice now that

X
7w oaa o) = () (¥ (n+1)=2)=2

k=0
where ¢ ( )'s arei.i.d. Brownian motions. Dene  (x) = liminf,;  ,(x)=n.
Then for almostall pointsx 2 | wehave (x) = limp; o (X)=n= 1=2. Let us
shov however that there is full Hausdor dimensionset of points in the interval
| sudh that freqyencyof O'sis lessthan frequencyof 1's,i.e. HDfx 2 | © (x) >
1=2g= 1. Since ,_, s/( )=n! O0almostsurelythis would imply that the set
of points in | ' with a nonzerodrift for the random dynamical system, de ned
by (4)-(5), hasfull Hausdor dimensionalmost surely, but is of measurezero.

We shall justify the fact that HDfx 2 | : (x) > 1=2g= 1.

3.2. Points with a nonzero drift. Fix an arbitrary small positive ". The
goalis to nd a fractal set of points I, | and a probability measure ;
supported on I; sud that ; -a.e. point x 2 I; hasa nonzerodrift to the
right, i.e. liminf,; o(X)=n> 0. Moreover, HD( ; ) tendsto 1 as"
tendsto O.

Construction of the setl; and of the measure ; isinductive. |, is de ned
asa courtable intersectionof a nestedsequencef compactsetsand ; isgiven

n
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asa weaklimit of Lebesguemeasuressupported on those sets. We descrike the
baseof the induction and the inductive steps.

Forn = 1wehave (') isasegmeh of length 2 or union of two segmets
19 and I * of length 1 ead. Cut o the bottom "-segmen from ead segmen
This correspnds to cutting o "-segmets [ 1=2; 1=2+ "] and [0;"] from

| . Denotethe surgeryresult by o | and by , the Lebesgueprobability
measuresupported on whole | . Notice that
(8) of X2 1g: ;(X)=19> ofx21p: ;(x)= 0g

createsa nonzerodrift up, sincefrequencyof 1's exceeddrequencyof 0's.
Supposel,, 1 and , ; are constructed. To construct |, and |, consider

the image ,(I, 1). It consistsof 2" segmets of equallength closeto 1. Cut o
the bottom "-segmen from ead. This correspndsto cutting o 2" segmets
of length 2 " from I, ; |'. The result of the surgeryis denotedby I, and
by . we denotethe Lebesgueprobability measuresupported on the wholel ,.
Again the surgery increasesprobability of s,(x) being 1 over s,(x) being 0.
Thus, this createsa positive drift.

The intersectionl; = \ ,l, is a fractal set and the weak limit measure

1 = lim |, has Hausdor dimensionapproading 1 as" tends to zero. It
follows from the construction that for ; -almost ewery point  (x) = ofx 2
lo: 1(X)= 19> 1=2.

3.3. Diculties in extending of the Mo del Example to the case of the
ow. Let RN be a smomoth curve,| 2 RN bealine,and ;:RN ! | bean
orthogonal projection onto |. Supposeat the initial momert of time () = I
is the unit interval. If not, then rescaleit and shift it to the origin.

The most subtle elemen in extending the Model Example is de ning the
stopping (stretching) time  or deciding whento stop ; and how to cut o
someparts of . in order to create a nonzerodrift asin (8). Sud a stopping
time needsto have seeral important features.

1. Stretching property of the stoppingtime: It is not dicult to show that if
j 1( 0)j = 1, then the stopping time

(9) =infft  0:j . ()i=29

has nite expectation and exponertial momerts uniformly bounded over all
compactcurveswith projection of length 1 (seee.g. [CSS]).

The analogybetweenthis  andthe model is clear. Howewer, the geometry
of in RN might becomequite complicated(  might spin, bend, fold, and
soon seecomputer simulations in [CC]) soit is not reasonableto stop all parts
of the curve simultaneously and perform the surgery (cut o of \b ottom"
parts asin the passagepreceding(8)). For this reasonat the rst stageof a

1in the Model Example is a constart
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partition/cut o processwe split not in two parts asin the Model Example,
but in a number (may be courtable) of randomparts = [ ;,; ; andead part
i will have its own stoppingtime ;.

2. A countablePartition of : We shall partition into at most courtable
number of segmets = [j2; ; (seeSection5). Each ; hasits own stopping
time ; sothat theimage' ;, ; underthe ow (1) is not too folded (seecondition
(b) of Theorem5). Moreover, sut a stoppingtime ; still has nite expectation
and exponertial momerts (seecondition (e) of Theorem5).

Now if we have that the image' ; ; is\regular” it doesnot re ect dynamics
on ;. In orderto imitate the Model Example's cut o construction we need
to stop ' ; at the momert when' ;j ; is more or lessuniformly expandingon
; forward in time or (' ) 'j-, is uniformly cortracting on'; badkward in
time (seeconditions (a), (c), and (d) of Theorem5). For example,if there is no
badkward cortraction by dynamicsof"’ jl on' , i, thenif wecuto an"-part
of ', ; its preimagein ; might not be small compareto length of ;. As
we explain in more details belov we needthis smallnessto estimate Hausdor
dimension of remaining points in j after the surgery The property of
uniformnessof distortion of a dynamical systemis usually called:

3. A boundal distortion property: In the Model Example, Section3.1we have
uniform badkward cortraction of intervals: at stagen (after time n) by afactor
2 ". So,whenwe cut o an "-part of an interval at stagen, it correspndsto
2 ""-part of the initial segmen| . This remark makesan estimate of Hausdor
dimensionof the setl; or of the measure ; supported onl, trivial, because
the setsfl,gn,z, have selfsimilar structure. Certainly, this is no longer true
for the ewlution of underthe ow (1). Someparts of expandedby ' ,j
expandedmore than others. Condition (c) of Theorem5 makessurethat there
is a badkward cortraction in time and condition (d) of the sametheorem says
that rate of badkward cortraction Holder regularly depends on a point on a
shortinterval ;. Thus, badkward cortraction is su cien tly uniform on ;'s.

In the theory of deterministic dynamical systemswith non-zeroLyapunors ex-
ponerts the setof points satisfying uniform estimatesfor forward and badward
expansion(as well asuniform estimatesfor anglesbetweenstable and unstable
manifolds) are called Pesin setsand times when an orbit visits given Pesin set
are called hyperholic times. The existenceof Pesin sets follows from abstract
ergadic theory (see[P1]). Understandingthe geometryof thesesetsin concrete
examplesis an important but often di cult task. In this paper we descrike
someproperties of Pesin setsfor stochastic ows. This description plays a key
role in the proof of Theorem3 and we alsothink it canbe usefulin many other
guestionsabout stochastic o ws.



HAUSDORFF DIMENSION IN STOCHASTIC DISPERSION. 9

In particular let us mertion that the estimatessimilar to onesgivenin Section
4 play important role in many other questionsin the theory of deterministic sys-
temssud asperiodic orbit estimates[K] and constructionsof maximal measures
[N], etc.

Our argumerts in this paper are quite similar to [D1], [KM] ewen though
the cortrol of the geometry of imagesof curvesis much more complicatedin
our case.Someinteresting formulas for dimensionsof nontypical points can be
found in [BaSc]. We alsorefer the readersto the survey [Sz]and the book [P3]
for more results about dimensionsof dynamically de ned sets.

The rest of the paper is organizedas follows. In Section4 in Theorem5 we
de ne astoppingtime and provethat it has nite expectation and exponertial
momens. In Section4.1 we investigate expansionproperties of the ow (1) at
the stoppingtime and completethe proof of Theorem5. Recallthat section3.2
above was dewted to the construction of points with a nonzerodrift. Namely,
we needto constructa Cantor setl; andameasure ; supportedonl; sothat

1 -a.e. point has a nonzerodrift. First, in Section5 we presen an algorithm
of construction of a random Cantor set | inside the initial curve . Then, in
Section 6 we de ne a probability measure supported on | with almost sure
nonzerodrift. Hausdor dimensionof sud a measureis estimatedin Section
7. Main Result (Theorem 4) is derived from Theorem3 in Section8. Auxiliary
lemmasare in the Appendix at the end of the paper.

4. Hyperbolic moments. Contr ol of the smoothness.

Introduce notations. Denote by ' 1,1, a di eomorphism of TN, obtained by
solving (1) on the time interval [t;;t,], and by ' ; the di eomorphism ' ¢: The
ow (1) can also be thought as the product of independen di eomorphisms
f' n;n+1 :TN ! TN On2z, -

Given positive numbersK and we say that acurve is(K; )-smaothif in
the arclength parameterizationthe following inequality holds

d d . .
i@ S1) £(sz) K (sp;51) for eadh pair of points s;; s, 2

In all the inequalities which appear belown the distance betweenthe points
on or its images' ; 's is measuredin the arclength metric inducedon or
'+ from the ambient space. In order to do not overload notations we omit
dependenceon or'; whenit is clearfrom the context which curve we use.

The goal of this sectionis to shawv that for a suciently small and a suf-
ciently large K; starting with an arbitrary point x on a (K; )-smooth curve

, the part of image of this curve in a small neighborhood of the image of x is
often smooth. More precisely we prove the following statemen. Let ; bethe
largest Lyapunov exponert of the ow (1) which is positive see(2).
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Theorem 5. For any 0 < 9 < ; there exist suciently smal r > 0; 2
(0;1), and su ciently largeK > 0 and ng 2 Z, with the following properties:

For any (K; )-smooth of lengthbetwesn ;75 and 100 and each point x 2

there is a stoppingtime = (x), divisible by ng, suchthat
(@) kd'" jT (x)k> 100and lengthof the correspnding curvel(" ) r;
Denote by , a curveinside' of radius r with respect to induced in '

lengthcentered at *  (x): Then

(b) | is (K; )-smamth

and for each pair of points y;;y, 2  the following holds
(c) for eachinteger0 k - wehave

(" knoYn ' : knoY2) € o (v yo):;

(d) jinkd" 4T (k(y:) Inkd 4T (k(y2)i Const (y1;Y2);

Moreover, for sucha stoppingtime (x) we have
() E (x) Co Pf (xX)>Tg Cie C2T foranyT > 0,

All the alove constants degend only on vector elds kagﬁ'=0 and 4, but
independentof the curve .

Remark 4. Choosingintegerng is only for our corvenience.Requiremen that

is divisible by ng will be usedfor construction of partition of in Sectionb5.
This is alsoindication of exibilit y in choice of both constarts. The choice of
constarts 100, 1000, etc. in this paper is more or lessarbitrary. Any constart
greaterthan 1 would su ce.

Proof. The leading idea of the proof is that with probability closeto 1 for a
su ciently large ng the di eomorphism ' ¢+, : TN I TN getscloseto its as-
ymptotic behavior. In particular, the norm of the linearization kd' ¢+ n,(x)k as
the matrix is  exp( 1no+ 0(Nng)) asthe top Lyapunor exponert predicts. More-
over, the linearization dominateshigher orderterms of ' . n,(X) and, therefore,
determineslocal dynamicsin a neighborhood of x. Thus, to someextend for
large periods of time the ow (1) beharessimilarly to uniformly hyperbolic sys-
tem, for which properties of the Theorem are easyto verify. Now we start the
proof.

First we construct a stopping time asa rst momerns satisfying a certain
number of regularity inequalities(see(11){(15)). This inequalitieswould include
K; r; ng and someother parameters. Then we shawv that for any " > 0 these
parameterscan be adjusted sothat probability that the number of times ead
inequality is violated up to time T at least"T times decg exponertially in T:
This would guarartee condition (e). Finally, we shav that theseinequalities
imply conditions (a){(d) and asthe result prove the Theorem. In the Appendix
we obtain large deviation estimatesnecessaryfor the proof below.
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Our rst goalis to cortrol distortion of the unit tangert vector to images' ¢
of astime t ewlves. Considera collection of subsetsof indexedby |j

Brinog(X) = fy2 & (" nokli' nokX) re T MYforo k jg;

wherej variesfrom 1to T=ny. Wewould liketo nd anintegermomert of time
, divisible by ng, sud that

(10) "B . (x)is(Kel 1" ) smeooth forall j=0;:::;—:

The rest of this sectionis dewted to shaving that the set of those T, divisible
by ng for which (10) holdswith T = hasdensity closeto 1 if K is su cien tly

large. GivenT denoteby K; the -Holdernorm of' ;,,Br;n,(X): Wewould like
to derive an inductive in j formula relating K; and Kj.; sothat in T=n, steps
we get a required statement. Let z;;z, be two points on' j,,Br;jn,(X) andr is
su cien tly small, then

. , 1 . , .
CinogynoZe’ jnogrneZe) 5, Inf - kA gyl T K- (22522):
Ino Jno

Let d® jny:+1)n, b€ the Hessianmatrix consistingof secondderivatives of the
di eomorphism ' . +1)n,- Assuming now that for ead integerj < nT—O and
someR > 0 we have

(11) kd* jnog+nnck  Re (T 110
and that condition (10) holdstrue up foreadrj | . Then we get

(" no+1) noZ1s " jnoi( +1) noZ2)

12 1 , , _
é kd ino;(j+1)ﬂoJT k( jnox) rRK e ( o 2)(T i) (21;22)2

We would like to prove that (10) holdstrue for j = j + 1. Assumealso that
for eath j < T=ng we have

kd' jno;(j+1) nojT k(' jnox)

(13) rRK e ( ng 2 )T jno)
4
then we get
: . Kd"j i +1ynod T K(' j noX)
(" § ot +1noZas’ j noi( +1)noZ2) el )rz L (21 20):

Let v, and v, be directions of the tangert vectorsto ' ; ,, at z; and z, respec-
tively, then

(A nos +1)no (ZDVe; ' | ngig +1) no(Z2)V2)
(d'j noiG +1no(ZD)Vai d' j ngi +1)no(21)V2)
+ (d'j ngig +1no(Z)Vard' j ngi +1) ne(Z2)V2):
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Denote the rst and the secondterms by | and Il respectively. If (11) holds,
then _
I Re 1M (z:2,):

Now sincev; and v, are closeT(' j », )(X) and z; is closeto ' j ,,x we have

d'j neig +nno(Z)Vi A ngg +nyne(Z)V2  Avd' j ngi +yne(X)(Ve Vo)t
Let us give more preciseestimates. Notice that if A is a linear map, then its
action on the projective spacesatis es
k (AV)? A vk kAk )

kAvk KAvVK’
where () is the orthogonal projection onto the direction Av and v is an
elemen of T,TyM.

Therefore,we canassumehat for a positiveintegerT=np andeatj < T=ng
the following inequality is satis ed
(Avy; Avy) kd' j no;j +1)nok .

(V1;V2) Kd' j no: +nnod T'j no K
for any linear map A sud that KA d'j 1, +yn,k  FRel 2o XT § o) gngd

for any pair (vi;v,) of tangert vectorssud that (vi;v,) Ke (1m0 XT i no):
Thus

kdA(v) vk =

(14)

kd' j neig +1)noK

[ 2K Z1.2 - :
: (2272) Kd" j noig +1nod T'j no K

Hence(11){(14) imply that

8Kj kd'j nog +ynok . 2Re (fno(@ ) XT j no)
K" j nosg +nynod T'j ne K KA ngig +1ynod T ne K
If T is chosensothat
(15) KA' | noig +ynof T'j g K ReT im0 %
then the last inequality becomes

8K kd' | no:j +1)noK
Kd' j nosg +nod T'j no K
Let us summarizewhat we have learnedsofar.

K] +1

(16) Kj +1 + 2R2%e ( fno(@ ) 2)T j no)

Lemma 1. For ng as alove supmsethat T is suchthat for everyj suchthat
jnog T estimates(11){(15) hold true and also the solution of

4KJ' kd' jnoi(j+1) nok

17 K.+ = : T +
(17) Pk e nal T jne K

+2R% Kyp=K

satis es
(18) K; KeT ino
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then inequality (10) holds.

Now we want to shav that the set of points where either (11){(15) or (18)
fail hasdensity lessthan "T excepton a set of exponertially small probability.
The result for (18) follows from Proposition 8 appliedto In K;: To seethat the
conditions of this proposition are satis ed if is su ciently smallit is enough
to verify that In K; hasuniform drift to the left.

By Carverhill's extensionof OseledetsTheorem[Cv] for every point x on M
and ewery unit vector v in TyM

(19) ni E Inkd' o, (X)VK!
0

uniformly asng! 1 and [BS] provides exponertial estimate for probabilities
of large deviations. Since

X
kd' ng(X)K kd' n,(X)V; kK

j=1

wherefy, gj'\'=1 is any orthonormal frame, the above mertioned results of [BS]
imply that

ni E Injkd" ,,(X)k! ;as ng! 1
0

with exponertial bound for large deviations. Thus Proposition 8 from the Ap-
pendix appliesto In K; for a large enoughny.

The fact that (11){(15) fail rarely if ng is su cien tly largeandr is su cien tly
small follows from Lemma 10.

4.1. Hyp erbolic moments. Control of expansion. Wenow de ne the stop-
ping time asthe rst momen when (10), (11), and (15) are satis ed as well
as

(20) kd" jT k(x) 1000
and for eat positive integerj =ny, and someconstart 0< 7; < 1 we have
(21) kd' . jnj T' ke "uno

Then the large deviations estimatesof [BS] guarartee that property (20) has
density closeto 1.

Lemma 2. Forany" > Oandany 0 < ~; < ; there exists a positive in-
teger ng suchthat with prokability exmnentially approachingto 1 the fraction
of integers , divisible by ng, with the linearization d' . ;,,jT' contracting
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expnentially backwad in time for all integerj between O and =n, tendsto 1.
More precisely,

)

#fS L:80 j S; =8Sng kd' . jn,jT" k e Tng L

P
L

decays expnentially in L:
Proof. We rst shav how to prove a wealer statement with \9"" instead of
\ 8"" (which is enoughto prove Theoremb5) and then explain brie y the changes

neededto prove the sharp result.
Let ; bethe rst momen suc that for ead integerj -

(22) kd' 151 jnojTI k e N

We claim that ; hasexponertial tail. Indeed,let

Yi=Yi( )= kd o T k(x)e Cine oo =g

and Z; = kd' ;n,jT k(x) e 1", Zy=1:

Then [BS] shows that if ng is suciently largeand"”; are suciently small,
then Y, is a submartingale. Thus the rst momert I sud that Z; > 10 has

exponertial tail. But there is at least one maximum j of Z; betweenO and I
Then | satis es (22).

Now de ne | inductively sothat .1 >  isthe rst momen sud that for
ewvery j 7“;0 K

kd' K+l 3 k+l J'nojTI k+1 k e "

Then 41 x have exponertial tails, soby Lemma9 there exists ¢ sud that
Pf & Cg decys exponertially in k: Howewer all | satisfy (22). This proves
the result with " = 1 é: To get the optimal result one should note that
Pf 1 =neg! lasng! 1 andapply the argumens of Lemma9. We leave
the details to the reader.

Now we warnt to verify conditions (b), (c), and (d) of Theorem 5 with
replacedby * = ' B . (x): Oncewe prove this we get from (c) that the main
restriction on B . (x) isfor k = sothat , = ~ and then (a) will also be

true. Now (b) is true by Lemma 1. We will establish(c) and (d) by induction.
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Namely we supposethat (c) is true for kK Kkq: Then for everyy 2 ~
In kd' : (k0+1)n0jTAk(X) In kd'  (ko+1) anTAk(y)

Yo

In kd' mno; (M+1) anTAk(X) In kd' mno; (M+1) nojTAk(y)
m=0
Mo

In kd' mno; (m+1) anT’\k(X) In kd' mng; (m+1) anT"k(y) +
m=0
Yo

In kd' mno; (mM+1) anT"k(y) In kd' mng; (m+1) nojTAk(y) :
m=0

Denote the left term by | and the right term by Il respectively. Now by (10)
and (11)

Mo
| Re™Ke™ ( CmnoXs mnOY)
2 m=0
(23) o O
KRe (1Mo 2)m (y-v) Constr :
m=0

On the other hand

XO deI mno; (m+1) nok ' s
[ Kd K ( mn o X; mnoY)
24) m=0 mno;  (M+1)no
( o O
R2e (1Mo 2)M (x-y)  Constr:
m=0

Hence(11) and (15)
(25) Inkd" ; (o+yno) TAK(X) Inkd' ;e nod TMK(Y)  C(R) (y1;¥2):
Thus for all y

(26) kd' (ko+1) no; jTI (ko+1) no k(y) exp ~1kn0 C(R)r eXp( gkno)

if 7y 2 C(R)r: (26) implies that (c) is valid for k,  1: Thus, we obtain
(c) for all k: Now repeating the proof of (25) with x and y replacedby y; and
Y, (and using (26) instead of (21)) we obtain (d). This completesthe proof of
Theorem5.

Remark 5. The term hyperlolic time was introduced in [A] but the notion
itself was usedbefore,e.g. in [P1, P2, J, Y]. Considerationsof this sectionare
similar to [ABV, D2] but the additional di cult y is that in those papers the
analogueof (10) wastrue by the generaltheory of partially hyperbolic systems
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[HPS] whereashere additional argumerts in spirit of [P1, P2] were neededto
establishit.

Oneinteresting questionis how largecan be sothat Theorem5 still holds.
Wenotethat appearsin (16) twice. Sowewant to beaslargeaspossibleto
cortrol the rst part andwewant to be smallto cortrol the secondterm. In
general,the optimal choiceof shoulddependonthe ratio of leadingexponens.
We referto [CL, L, PSW, JPL] for the discussionof this question.

5. Constr uction of the par tition.

We are now ready to descrite a partition = SjZL (j): 1t will be de ned
inductively. Each of (j)'s is a nite union of intervals. Asj tendsto innit y
size of intervals tends to zeroand they Il up . To simplify the notation we
assumethat Theorem5 is true with ng = 1. This can be acieved by rescaling
the time. Fix an orientation from left to right on

Suppose (1); (2);:::; (m) are already de ned in an F,-measurableway.
Let
(27) Kmst =fx2 © (X)=m+ 1g:

By de nition K,+1 is a nite union of intervals. Let Um+1S: "mi1 Kme1: We
call an obstacleany point on the boundary of either K 1,41 ; jm:1 (j) or :Fix
r satisfying Theorem5. Let C be a connectedcomponert of U,,+; and a and
b be its left and right endpoints with respect to left-right orientation induced
by ' n+1. If distancefrom bto the closestimage of an obstacleto the right on
' m+1 () islessthan 5 and B is this image, then put 5= 1. Otherwiselet? bea

point at distanceﬁ from b:De ne a similarly. Considerthe setWy,,; = . al
Divide Wy, into the segmets of lengths between 175 and z; and denote this
partition by Vy+1. Now we de ne partition of a subsetof n jmzl (J) by
pulling back along' .}, the partition Vi1

(28) (m+1)=" ml+1Vm+1:

To justify that this algorithm producesa partition which covers all of K 41
we needto ched that length of eadr componert is at least 355: To do this we
argueby cortradiction. Otherwise, there would be two obstaclesx® x®°neither
of which is from Kp.1 sud that (' max%' max%) 15 and a point from
Ym+1 betweenthem. At least one of the obstacleswould have to come from

jmzl (j): Let x° be such an obstacle. Since both points are closeto Uy, for
eahn m+ 1we have
1 0 0 r 9(m n).
X5 nX — e 1 ;
( n n 9 100
But in this casethe interval [x%x%] in  with endpoints x° and x®°would be

addedto our partition at a previousstep of the algorithm.
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S . L .
Denoteby = ,,, ; the partition which is made out of the partition
= 2z (j) by renumerating intervals of this partition in length decreasing
order. Let us summarizethe outcome.

Prop osition 6. We can partiton = Sj22+ i in sucha way that

(@) there exists a positive integer n; suchthat kd'  jT k 100 and length
ICn 1) 1000

(b) fJorJ eacﬁ?gositive integerm  n; and lengthsof the correspnding curveswe
havel(' m ;) 1( o j)e 1™ ™;

(€ Inkd T k(x9 Inkd njT k(x%  Const (' x%" n,x% for every
pair x%x%2 ;;

(d) for some > 0 and each pair x%x%2 ; we havejv(x%n;) v(x%n;)j
Const (' n,X%' n,x% , whee v(x; n) denotethe unit tangentvector to * ,, at
" n(X);

(e) Letj(x) besuchthat x 2 : Then E nj, Const and Pfnj, > Tg
C.e ©2T for somepositive C1;C, andany T > 0;

This Proposition is designedto allow application of Theorem 5 so that we
can useregularity and geometricproperties of ;'s at stoppingtimes ;'s.

6. Constr uction of the measure with almost sure nonzer o drift.

Now we construct a random Cantor set | and a probability measure

supported on | sud that {almost all points have a nonzerodrift. This
construction goes along the sameline with the construction in Section 3.2 of
the Cantor setl; in the unit interval and a probability measure ; onl sud
that ; {almost all points have nonzerodrift.

Choose a direction € 2 RN: Let be a small parameter which we let to
zeroin the next section. We sa that a curve is e&monotoneif its projection
to € is monotone. Now we descrike construction of a Cantor set | and
a probability measure on | by induction. This Cantor setl| at k-th step of
induction consistsof courtable number of segmets numerated by k-tuples of
positive integers.

Denote k-tuples (j1; P k) 2 ZX and (n; ;n) 2 ZX by J and Ny
respectively. Let jNj = ., nj.

The rst stepofinduction goesasfollows. Let j; n; bethe sequencef pairs:
a curve and an integer, descrited in Proposition 6. Let be a small positive
number. If ', ; is e&monotoneput (j) equal’' , ; without the segmen
of length r, which we cut o from the e-bottom point of ' o Otherwise

(i)="n jwthnocuto. Let (Ji)=",* (i) andNs(J1) = n; for J; = j

Supposea collection of disjoint segmets f (Jk)g;, 2 is de ned asabove

and multiindices Ny (resp. Jx) arede ned asthe correspnding setof hyperbolic



18 D. DOLGOPY AT, V. KALOSHIN AND L. KORALOV

times multindexed by Jx segmets. Then
(29) e = [ Ji22z% (J) Tk 1 I

is the k-th order of construction of the random Cantor setl (cf. with an open
setly from Section3.2).

The (k + 1)-st step goesas follows. Pick a segmeh (Ji) of partition (29).
Considerthe partition of the curve

[
(30) "ing g (Ji) = ~(JiiJk+1)

Jk+12Z+

de ned in Section5 and let ny ;,,, be the correspnding hyperbolic times
for ~(Ji;jk+1) from Proposition 6. For brevity denote jNy(Jy)j by n® and
INK(JK)] + NGy by KD If the curve ' wo neen ~3,y) 1S €Monotone
welet (J;jk+1) b€ noonmen ~a.j.) With cut o of the segmen of length
starting from the e-bottom. Otherwise, (Ji;jk+1) equal’ w.qkn ~(Ji;jk+1)
with no cut o. Then a segmen

(31) i) =" odeny (Qidien)

with jke1 2 Z. this de nesthe (k+ 1)-st order partition f (Ji+1)9;, 27K+
and the k-order setl 4+, = [Jkﬂzzm (Jk+1)
We now descrile a sequenceof measures 's on |y with k 2 Z, re-

spectively. Let , be the arclength on : Suppose  is already de ned on
lx. Consider f (Jk+1)gjk+1225+1: If ' w2 (Jk+1) IS NOt €-monotone we let

ko] Qi) = K @) Otherwise, i @) = jk ki @Gy )s Where ji is
a normalizing constart.

Lemma 3. Let k be an integer. If r is su ciently smal and RN is (K; )-

smamth asin Theorem 5, then if we consider partition of up to order k + 1,

then for each multiindex J, 2 Z¥ the correspnding k-th order curve (Jy)

satisfy the property: for any positive integer jy+; the (k + 1)-st order curve
(Jk+1)  (J¢) hase-monotonewith positive prokability, i.e.

Pf' ey (Jks1) iS € monotonej F w .k g> C
for somepositive ¢ and c is uniform for all (K; )-smaoth curves.

Proof. Pick a point x 2 (Jk+1). By assumption(D) of hypoellipticity on the
unit tangert bundle SM for the ow (1) probability that the angle betweene
and T' \«a (X) makeslessthan 1 is positive. By de nition ' [« (Jk+1) IS
(K; )-smooth. Thus if r is small enough,then the tangert vectorsto '
are closeto T' k=1 (x) with large probability, wherex is a point on  (Jg+1).
This completesthe proof.
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Recallthat > Oisafraction of' , ; wecuto from' , ; onthej-th step,
provided' , ; ise-monotone.Let = () denotethe weaklimit of \'s
- kl!li[n ke
Lemma 4. For almost everyrealization of the Brownian motion f (t)g; o and
{almost everyx

X el
lim inf —— > O

til
Proof. The rst stepis to shaw that for any s for almost all realizations of the

Brownian motion f (t)g; o

(K) . o

(32) fim inf 0 ® o
a1 nk

Applying Proposition 6 (e) and Lemma 9 we get that there exists a constart
C > 0 sud that

. n(k
limsup— < C
k1L K
almost surely. Therefore,to prove (32) it su ces to shawv that
h>((k) ‘g
(33) lim inf ' s 0

However by Lemma 3 there exists ¢ suc that Ehxﬁk(:i)) xﬁl'j)k) ;& > cuniformly

in k;s: (This is becauseEx).,,  x{));ei = 0and
(K) .4 (K) .
X ey s81 XCG ;€0 0
with strict inequality having positive probability by Lemma 3.) Hence (33)

follows by Lemma9. Therefore (32) is established.
Now we apply the following estimate.

Lemma 5. ([CSS2] Theorem 1) Let
— H H ~ — S;t
st SSUthX Xsh: st max(1;t s)
then there existsa constant C(suchthat for all Si and t

~2
E exp = < C:
max(L; In® ~gy)

Combining this lemmawith Proposition 6 (e) we obtain that there are positive
constarts and D sud that

E exp sup X (8) Xpw]) < D:
n(K)< <n (k+1)



20 D. DOLGOPY AT, V. KALOSHIN AND L. KORALOV

Using Borel-Cartelli's lemmawe derive from this that almost surely
lim sup 2Ph®< <n(on JX (8 Xnwl g .
ki1 Ink

Therefore for any s and for almost all realizations of the Brownian motion
f (t)g o we have

im inf x (s

By Fubini Theoremwe have tHat for almost ewery realization of the Brownian
motion f (t)g; o the set

hx (s); el

s: liminf >0
11

has full measure.

7. Hausdorff dimension of

In this sectionwe completethe proof of Theorem3 by establishingthe follow-
ing fact. Recallthat > Oisafraction of' , ; wecuto from' , ; onthej-th
step, provided ' ,, ; is &monotone. Considerthe measure we constructedin
the previous Section.

Prop osition 7. With notations alovewe havethat as ! 0 Hausdor dimen-
sion of themeasure = () tendsto 1. HD( ( ))! L

Let us recall the following standard principle.

Lemma 6 (Mass distribution principle). Let S be a compact subsetof a Eu-
clidean (or metric) space suchthat there existsa prokability measure  suchthat

(S) = 1 and for each x we have (B(x;r)) Crs for somepositive C and s.
Then HD(S) s:

Proposition 7 is a direct consequencef the following statemerts.

Lemma 7. Let beasmathcurvein RN. Supmsethere exista nestal sequene
of partitions :

[
(34) (J1) (J)
J1271 J 22K S
gnd probability measures o; 1;:1; ;i osupprted on G550 (J1);ii
32z« (Ji); it respectively suchthat g is the normalized arclengthon  and
soon  is the normalized arclengthon 5 ,,« (J«). Thenif we have

(b) for all J, 2 Z¥ length of the correspnding interval (Jy) is boundel by
I( (Jx)) 100X
(b) for eachl > k wehave |( (J¢) = «( (J)):
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S
(©) %=t(x)  «(x) for everypoint x2 7, o, (Ji), whee < 1+
Let = limg;  in the senseof weak limit. Then HD( ) d( ), where
d)! 1as ! O

Lemma 8. For each > Othere exists > 0 suchthat the densitiesof ddL;l(x)
usal to de ne measures .1 knowing ¢ satisfy condition (c) of Lemma?7.

Proof of Lemma 7. We prove that for any segmen | we have (I)
Constjlj* ;where ! 0Oas ! O:Letk(l) = ’lr']“l‘(')'g and a and b be the
endpoints of | : Let & be the left endpoint of the k-th partition cortaining a and

b be the right endpoint of the k-th partition cortaining b: Then

35) (1) (&B)= «(&H) @+ ) offesB) 32+ )i 3jIj

where = ") Thus, | Oas ! 0: Application of the massdistribution

principle impliesthat HD( ) 1
Proof of Lemma8. Recall the notation of Section6. We needto show that

J n(}<+1) (Jk+1)j|

(36) sup—; , ; 0
I n(i) (Jk+1)]
By construction
J" nten noo (Jen)]
J (k)i r=100

Henceto prove (36) it is enoughto shaw that thereis a constart C independent
of j; k; | sud that for any interval | (Jk+1)

-y 1 .

J n_(k) I J JI J

] .
jl n-&) (Jk+1)j J (Jk+l)jl
]
To do soit is enoughto show that thereis a constart C sud that for every pair
Y1;¥22  (Jk+1)
kd' §iT (Jea)K(ya)
J
kd" I (ke )K(Y2)
J
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But by Proposition 6 there are constarts C,; C,; and Cz sud that

Inkd 5T (Gea)kyn)  Inkd LT (Je)k(y)
J J

n
X .
INkd' mynem of T ) K(' qnom Y1)
m=1
x |n kdI n(m):p(m l)jT ;(n(m)k(I n(k);n(m)(yZ))
Cy (" nonmY1 ' nonm(Y2))  Co 100™ 9 (yi;y2) Car :
m m

This completesthe proof.

8. Proof of Theorem 4.
Let G denotethe foliation of TN by curves
fxt=cix?=¢:::xN 1= g
By (35) foreatcr > Oandead leaf . of Galmostsurelytheregxistsa measure
con csudthat (1) 3jIj* and (L )= 1 Let = cdc: Then by
Fubini Theorem almost surely for any cube C of sider we have (C) 3rN

and (L ) = 1. The application of the massdistribution principle completesthe
proof.

Appendix A. Lar ge deviations.

Here we collect someestimatesusedthroughout the proof of Theorem 3.

Lemma 9. Let F; be a Itr ation of -algebasandf ;;g be a seguene of F;-
measurable random variablessuchthat
(a) there exist C;; suchthat for everyjsj we haveE(e® i+t jF;) Cy;
(b) there existsC, suchthat E( j.+1jF;) Ca:
Then for each > 0 the prokability
( X 1
P i (C2+ )N
j=0

)

decays exmnentially in N.

Proof. Consider

n(S) = exp i C,+=- n s
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Then (a) and (b) imply that ,(s) is a supermartingaleif s is su ciently small.
HenceE ,(s) E o(s) = 1; andso
) )
X ns
E exp i (Co+ )n s exp — ;
j=0
which provesthe lemma.

Lemma 10. Let F; be a Itr ation of -algebaes and f ;;g be a seuene of
F;-measurable random variablessuchthat there exists constant C; suchthat

(37) E(j«1jFj) C
then for every ;" > 0 thereis R > 0 suchthat
#fn N:; Re(Dforall0 j<ng L
N

tendsto zeo expnentially fastin N.

Proof. We say that a pair (j; n) is R-bad if
> Re®™ 1);

By (37)

(38) Pf (j; n) is R-badg %e (1)

Now given k let Bg(k) be the number of n > k sud that (k;n) is R-bad. By
(38)
. Ce
1
asR! 1 :Thusby Lemmag9 there existsR su<)h that
X
P Br(k) "N
k=1
decass exponentially in N. This completesthe proof of the lemma.

Prop osition 8. Let x; be (in geneal, non-hom@en®us) random walk on Z:
Supmsethat there exist constantsC,; C,; C3 suchthat
(a) there existm suchthat for everyx; > m wehaveE(Xj+«1  XjjX;) Cy;
(b) for everyx; and every < C, wehaveE(e *i-t X)jx;) Cs:

Fix > 0: Let F(M) denotethe setof j suchthat for all k < |

Xk  maxx;;m)+ M+ (j  Kk):
Then for every" > 0 there existsM > 0 suchthat
#fF(M) [IN]g
N

P 1 n
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decays exmpnentially in N:

Proof. Let ;< , < < ::: bethe consecutie returns of x; to fx mg:
Let
= ja g X =  max. X

Lemma 11. t; and X; haveexmnential tails.

Proof. It su ces to prove it for t; and X; and the assumptionthat x, m:
Clearly it su ces to condition on x; > m sinceotherwiset; = 1, X;  m: Then
(b) implies that for small"; ",

y = ety g
is a supermartingale. Thus
(39) Eyy, Eypr Ca«

On the other hand
Ey, Pf,>jgem"d;
Hence
Pf 1>jg Cse ™

whereCs = C,e "t™: Now
|
EeXt E e’ E€™ Pf,>kg C;, —
. . 1 e d
j=1 j=1 k=] j

This completesthe proof.
The rest of the proof of Proposition 8 is similar to the proof of Lemma 10.
We say that the pair (k;j) is bad if

Xk > max(x;;m)+ M+ (j  K):

If (k;j) is bad then

i k< Xk, m+ M :
Let B;(M) be the number of bad pairs (k;j) sud that | ; < k < |: By
the previouslemmaE B;(M) < 1 and soby dominated corvergencetheorem
EB(M)! OasM ! 1 :Henceby Lemma9 the number of bad pairs sud

that k < | islessthan "N excepton a set of exponertially small probability.
Since y N the proposition follows.
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