EDGEWORTH EXPANSION FOR INDEPENENT

BOUNDED INTEGER VALUED RANDOM VARIABLES.

DMITRY DOLGOPYAT AND YEOR HAFOUTA

ABSTRACT. We obtain asymptotic expansions for local probabil-
ities of partial sums for uniformly bounded independent but not
necessarily identically distributed integer-valued random variables.
The expansions involve products of polynomials and trigonometric
polynomials. Our results do not require any additional assump-
tions. As an application of our expansions we find necessary and
sufficient conditions for the classical Edgeworth expansion. It turns
out that there are two possible obstructions for the validity of the
Edgeworth expansion of order r. First, the distance between the
distribution of the underlying partial sums modulo some i € N and
the uniform distribution could fail to be o(op "), where oy is the
standard deviation of the partial sum. Second, this distribution
could have the required closeness but this closeness is unstable,
in the sense that it could be destroyed by removing finitely many
terms. In the first case, the expansion of order r fails. In the sec-
ond case it may or may not hold depending on the behavior of the
derivatives of the characteristic functions of the summands whose
removal causes the break-up of the uniform distribution. We also
show that a quantitative version of the classical Prokhorov con-
dition (for the strong local central limit theorem) is sufficient for
Edgeworth expansions, and moreover this condition is, in some
sense, optimal.
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1. INTRODUCTION.

Let X1, Xs,... be a uniformly bounded sequence of independent
integer-valued random variables. Set Sy = X; + Xo + ... + Xy,
Vy = V(Sy) = Var(Sy) and oy = /Vy. Assume also that Viy — oo
as N — oco. Then the central limit theorem (CLT) holds true, namely
the distribution of (Sy —E(Sy))/on converges to the standard normal
distribution as N — oo.

Recall that the local central limit theorem (LLT) states that, uni-
formly in k we have

1
B V2Ton

This theorem is also a classical result, and it has origins in De Moivre-
Laplace theorem. The stable local central limit theorem (SLLT) states
that the LLT holds true for any integer-valued square integrable in-
dependent sequence X1, X7, ... which differs from X, Xs, ... by a finite
number of elements. We recall a classical result due to Prokhorov.

Theorem 1.1. [32] The SLLT holds iff for each integer h > 1,
(1.1) ZIP’(Xn # m, mod h) = o0

P(Sy = k) e~ (h=E(Sn))*/2VN o(oh).

where m,, = my,(h) is the most likely residue of X, modulo h.
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We refer the readers’ to [33],136] for extensions of this result to the case
when X,,’s are not necessarily bounded (for instance, the result holds

true when sup ||.X,,||zs < 00). Related results for local convergence to
n

more general limit laws are discussed in [6l 25].

The above result provides a necessary and sufficient condition for the
SLLT. It turns out that the difference between LLT and SLLT is not
that big.

Proposition 1.2. Suppose Sy obeys LLT. Then for each integer h > 2
at least one of the following conditions occur:

either (a) Z]P’(Xn # my,(h) mod h) = co.

k
or (b) 3j1, Ja, - - -, Jk with k < h such that ZXjS mod h is uniformly

s=1
distributed. In that case for all N > max(ji,...,Jjx) we have that Sy
mod h is uniformly distributed.

Since we could not find this result in the literature we include the
proof in Section [6]
Next, we provide necessary and sufficient conditions for the regular
LLT. We need an additional notation. Let K = sup || X,||z~. Call ¢
n

resonantift:%With0<m§2Kand0§l<m.

Theorem 1.3. The following conditions are equivalent:
(a) Sy satisfies LLT; ‘
(b) For each £ € R\ Z, ]\}im E (engSN) =0;
—00

(¢) For each non-zero resonant point £, lim E (e%igsN) =0,
N—oo

(d) For each integer h the distribution of Sy mod h converges to
uniform.

The proof of this result is also given in Section [6] We refer the
readers to [7, [10] for related results in more general settings.

The local limit theorem deals with approximation of P(Sy = k) up
to an error term of order o(oy'). Given r > 1, the Edgeworth expansion
of order r holds true if there are polynomials P, y, whose coefficients
are uniformly bounded in N and their degrees do no depend on N, so
that uniformly in £ € Z we have that

(1.2) P(Sy = k) = i By (ky)

b g(kN) + O(O-JTIT)
b=1 ON
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where ky = (K —E(Sy)) /oy and g(u) = \/%76_“2/2. In Section |5 we
will show, in particular, that Edgeworth expansions of any order r are
unique up to terms of order o(cy"), and so the case r = 1 coincides
with the LLT. Edgeworth expansions for discrete (lattice-valued) ran-
dom variables have been studied in literature for iid random variables
[18, Theorem 4.5.4] [30, Chapter VII], (see also [12, Theorem 5]), ho-
mogeneous Markov chains [28, Theorems 2-4], decomposable statistics
[22], or dynamical systems [15] with good spectral properties such as
expanding maps. Papers [2], [16] discuss the rate of convergence in the
LLT. Results for non-lattice variables were obtained in [13| 1, [5 3]
(which considered random vectors) and [I5] (see also [I7] for corre-
sponding results for random expanding dynamical systems).

In this paper we obtain analogues of Theorems [I.1] and [1.3|for higher
order Edgeworth expansions for independent but not identically dis-
tributed integer-valued uniformly bounded random variables. We begin
with the following result.

Theorem 1.4. Let K = sup ||X,||p=. For each r € N there is a con-
J
stant R=R(r, K) such that the Edgeworth expansion of order r holds if

N
My := min P(X,, # my,(h) mod h) > RlnVy.

2<h<2K

n=1

In particular, Sy obeys Edgeworth expansions of all orders if

N=ooInVy

The number R(r,K) can be chosen according to Remark [3.6] This
theorem is a quantitative version of Prokhorov’s Theorem [I.I} We
observe that logarithmic in V growth of various non-perioidicity char-
acteristics of individual summands are often used in the theory of local
limit theorems (see e.g. [20, 211, 23]). We will see from the examples
of Section [10] that this result is close to optimal. However, to justify
the optimality we need to understand the conditions necessary for the
validity of the Edgeworth expansion.

Theorem 1.5. For any r > 1, the Edgeworth expansion of order r
holds if and only if for any nonzero resonant point t and 0 < £ < r we
have

Cﬁ%) t)=o(cy").

where ®y(x) = E[e™SN—EEN)] gnd Cﬁ%)(-) is its {-th derivative.
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This result generalizes Theorem [I.3] however in contrast with that
theorem, in the case » > 1 we also need to take into account the
behavior of the derivatives of the characteristic function at nonzero
resonant points. The values of the characteristic function at the res-
onant points 27l/m have clear probabilistic meaning. Namely, they
control the rate equidistribution modulo m (see part (d) of Theorem
or Lemma . Unfortunately, the probabilistic meaning of the
derivatives is less clear, so it is desirable to characterize the validity of
the Edgeworth expansions of orders higher than 1 without considering
the derivatives. Example shows that this is impossible without
additional assumptions. Some of the reasonable additional conditions
are presented below.

We start with the expansion of order 2.

Theorem 1.6. Suppose Sy obeys the SLLT. Then the following are
equivalent:

(a) Edgeworth expansion of order 2 holds;

(b) |®n ()] = o(oy') for each nonzero resonant point t;

(¢) For each h < 2K the distribution of Sy mod h is o(oy"') close to
uniform.

Corollary provides an extension of Theorem for expan-
sions of an arbitrary order r under an additional assumption that
Y = m%l inf |¢,, ()] > 0, where R is the set of all nonzero resonant

te n

points. The latter condition implies in particular, that for each ¢ there
is a uniform lower bound on the distance between the distribution of
Xn, + Xy, + - + X, mod m and the uniform distribution, when
{ni,n9,...,n,} € N® and m > 2.

Next we discuss an analogue of Theorem [I.1] for expansions of order
higher than 2. It requires a stronger condition which uses an additional
notation. Given ji, o, ..., Js with j; € [1, N| we write

S
SNij1garis = ON — E X,
=1

Thus Sn.j, jo.....j. 1S @ partial sum of our sequence with s terms removed.
We will say that {X,,} admits an Edgeworth expansion of order r in a
superstable way (which will be denoted by {X,,} € EeSs(r)) if for each
5 and each sequence ji', 73, ..., jN with sy < § there are polynomials
P, n whose coefficients are O(1) in N and their degrees do not depend
on N so that uniformly in k& € Z we have that

"\ Pn(k
13 Py =0 =3 P g0 4 oo

it
o
b=1 N
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and the estimates in O(1) and o(cy") are uniform in the choice of the
tuples ji¥, ..., jgv . That is, by removing a finite number of terms we can
not destroy the validity of the Edgeworth expansion (even though the
coefficients of the underlying polynomials will of course depend on the
choice of the removed terms). Let ®y.j, 4, ;. (f) be the characteristic

function of Sn.j, js.....5.-

Remark 1.7. We note that in contrast with SLLT, in the definition
of the superstrong Edgeworth expansion one is only allowed to remove
old terms, but not to add new ones. This difference in the definition is
not essential, since adding terms with sufficiently many moments (in
particular, adding bounded terms) does not destroy the validity of the

Edgeworth expansion. See the proof of Theorem (i) or the second
part of Example [10.1], starting with equation ({10.2)), for details.

Theorem 1.8. (1) Sy € EeSs(1) (that is, Sy satisfies the LLT in a
superstable way) if and if it satisfies the SLLT.

(2) For arbitrary r > 1 the following conditions are equivalent:

(a) {X,} € EeSs(r);

(b) For each i, 5, ... ,jlgv and each nonzero resonant point t we
have qDN;j{V,jgv,...,ngN (t) = o(on");

(¢) For each ji', 33, ..., . and each h < 2K the distribution of

Sy ~ mod h is o(oy ") close to uniform.

9135 g Ny

To prove the above results we will show that for any order r, we can
always approximate P(Sy = k) up to an error o(oy") provided that
instead of polynomials we use products of regular and the trigono-
metric polynomials. Those products allow us to take into account
possible oscillatory behavior of P(Sy = k) when k belongs to dif-
ferent residues mod h, where h is denominator of a resonant frequency.
When My > RVy for R large enough, the new expansion coincides
with the usual Edgeworth expansions. We thus derive that the condi-
tion My > RInVy is in a certain sense optimal.

2. MAIN RESULT

Let X1, Xy, ... be a sequence of independent integer-valued random
N
variables. For each N € N we set Sy = Z X, and Vy = Var(Sy). We

n=1
assume in this paper that ]\}im Vi = oo and that there is a constant
—00

K such that
sup || X ||z~ < K.



7

Denote oy = +/Vi. For each positive integer m, let g, (m) be the second
largest among

> PX,=1)=P(X,=jmodm),j=12,.,m

=7 mod m

and j,(m) be the corresponding residue class. Set
N
My(m) = an(m) and My = min My (m).
n=1

Theorem 2.1. There 3J = J(K) < oo and polynomials P, n, where
a€0,...,J —1,beN, with degrees depending only on b but not on
a, K or on any other characteristic of {X,}, such that the coefficients
of Pop.n are uniformly bounded in N, and, for any r > 1 uniformly in
k € Z we have

T

J—1
P(SN _ k)_z Z Pa,b,N((k — aN)/UN)g((k_aN)/O_N)e27riak/J _ O(UX/T)

b
a=0 b=1 IN

where ay = E(Sy) and g(u) = \/%76_“2/2.

Moreover, Py1 v =1, and given K, r, there exists R = R(K,r) such
that if My > RInVy then we can choose Pypn =0 for a # 0.

We refer the readers to for more details on these expansions in
the case r = 1, and to Section [0] for a discussion about the relations
with local limit theorems. The resulting expansions in the case r = 2
are given in (9.1). We note that the constants J(K) and R(K,r) can
be recovered from the proof of Theorem

Remark 2.2. Since the coefficients of the polynomials P, y are uni-
formly bounded, the terms corresponding to b = r + 1 are of order
O(O’;,(T—H)) uniformly in k. Therefore, in the r-th order expansion we

actually get that the error term is O(o " ™Y).

Remark 2.3. In fact, the coefficients of the polynomials F,; n for
a > 0 are bounded by a constant times (1 + M )e M~ where
co > 0 depends only on K and ¢ > 0 depends only on r and
K. Therefore, these coefficient are small when My is large. When
My > R(r, K)InVy these coefficients become of order o(oy"). There-
fore, they only contribute to the error term, and so we can replace them
by 0, as stated in Theorem 2.1}

Remark 2.4. As in the derivation of the classical Edgeworth expan-
sion, the main idea of the proof of Theorem [2.1]is the stationary phase
analysis of the characteristic function. However, in contrast with the
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iid case there may be resonances other than 0 which contribute to the
oscillatory terms in the expansion. Another interesting case where the
classical Edgeworth analysis fails is the case of iid terms where the
summands are non-arithmetic but take only finitely many values. It is
shown in [§] that in that case, the leading correction to the Edgeworth
expansion also comes from resonances. However, in the case studied in
[8] the geometry of resonances is more complicated, so in contrast to
our Theorem 2.1} [8] does not get the expansion of all orders.

3. EDGEWORTH EXPANSIONS UNDER QUANTITATIVE PROKHOROV
CONDITION.

In this section we prove Theorem [I.4 In the course of the proof
we obtain the estimates of the characteristic function on intervals not
containing resonant points which will also play an important role in
the proof of Theorem [2.1] The proof of Theorem will be completed
in Section 4| where we analyze additional contribution coming from
nonzero resonant points which appear in the case My < Rlnoy. Those
contributions constitute the source of the trigonometric polynomials in
the generalized Edgeworth expansions.

3.1. Characterstic function near 0. Here we recall some facts about
the behavior of the characteristic function near 0, which will be useful
in the proofs of Theorems[I.4]and 2.1 The first result holds for general
uniformly bounded sequences {X,,} (which are not necessarily integer-
valued).

Proposition 3.1. Suppose that A}im on = 00, where o =+/Vy =

—00

V'V (Sn). Then fork =1,2,3, ... there exists a sequence of polynomials
(Ax.n) N whose degree dy, depends only on k so that for any r > 1 there
is 0, > 0 such that for all N > 1 and t € [-d,0n,0,0n],

. r A t tr—l—l
(3.1) E(e"OvTEEN/o) = o2 <1+Z weld) 4 mou))'

=1 N N

Moreover, the coefficients of Ay n are algebraic combinations of mo-
ments of the X,,’s and they are uniformly bounded in N. Furthermore

1 - tt 1
(32) AI,N(t) = —E’YNt?) and A27N(t) = A4(SN)O'XIQZ — %’YJQVtG

where Sy = Sy —E(Sy), 7v = E[(Sy)?]/0% and Ay(Sy) is the fourth

comulant of Sy.
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The proof is quite standard, so we just sketch the argument. The
idea is to fix some By > B; > 0, and to partition {1,..., N} into
intervals Iy, ..., I, so that By < Var(Sy,) < By where for each [ we set
Si, = ZXi' It is clear that my /0% is bounded away from 0 and oo

Jen
uniformly in N. Recall next that there are constants C,, p > 2 so that
for any n > 1 and m > 0 we have

(3.3) S(Xj—E(Xj)) <C, |1+ g(Xj—E(Xj))

This is a consequence of the multinomial theorem and some elemen-
tary estimates, and we refer the readers to either Lemma 2.7 in [10], or
Theorem 6.17 in [24] for such a result in a much more general set-
tings. Using the latter estimates we get that the LP-norms of S,
are uniformly bounded in [. This reduces the problem to the case
when the variance of X,, is uniformly bounded from below, and all
the moments of X,, — E(X,,) are uniformly bounded. In this case, the

proposition follows by considering the Taylor expansion of the function
In E(e™Sv=ES)/on) 4 142 see [13], §XVL6].

Proposition 3.2. Given a square integrable random variable X, let
X =X —E(X). Then for each h € R we have

)E(eih-"f) - 1‘ < %hQV(X).

Proof. Set p(h) = E(e”X). Then by the integral form of the second
order Taylor reminder we have

(k) = 5(0) = b/ 0) = lo(0) — 9(0) = | [ <t—h>¢'<t>dt'

<V(X) /lhl(\h| —t)dt = %h2V(X). O

3.2. Non resonant intervals. As in almost all the proofs of the LLT,
the starting point in the proof of Theorem (and Theorem is
that for k, N € N we have

2
(3.4) 27P(Sy = k) = / e~ HFR (it ) dt.

0

Denote T = R/27Z. Let

Oy (t) = E(e"V) = [[ ¢n(t) where 6,(t) = E(e™*").
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Divide T into intervals I; of small size 0 such that each interval
contains at most one resonant point and this point is strictly inside I;.
We call an interval resonant if it contains a resonant point inside. Then

(3.5) 2rP(Sy = k) =) / e R (5N dt.

We will consider the integrals appearing in the above sum individually.

Lemma 3.3. There are constants C,c > 0 which depend only on 6 and
K so that for any non-resonant interval I; and N > 1 we have

/ D (t)|dt < Ce M,
I;

Proof. Let G, G, be the largest and the second largest values of P(X,, =
j) and let j,, 7, be the corresponding values. Note that

(3.6) On(t) = Gue™ + G + Y P(X, = 1)

Since /; is non resonant, the angle between eitin and eiin is uniformly
bounded from below. Indeed if this was not the case we would have
tjn — tjn ~ 27l, for some [, € Z. Then t =~ % where m,, = j, —
Jn contradicting the assumption that I ; is non-resonant. Accordingly
de; > 0 such that ’e“j" + ettin| < 2 — ¢,. Therefore

q/\ eit‘;n + q eitjn eit.;n + eitjn
n n

< (Gn — Gn) + Gn < Gn + Gn — 2¢1Gp.

Plugging this into (3.6]), we conclude that |¢,,(t)| < 1—2¢q, for t € I,.
Multiplying these estimates over n and using that 1 —x <e™, z > 0,
we get

D (t)] < €720 T
Since V(X,,) < G, for a suitable constant c¢s we can rewrite the pre-
ceding as

(3.7) |Pn(t)] < e @™ ¢y > 0.
Integrating over I; we obtain the result. U

3.3. Prokhorov estimates. Next we consider the case where I; con-

tains a nonzero resonant point t; = %’rl

Lemma 3.4. There is a constant ¢y which depends only on K so that
for any nonzero resonant point t; = 27l /m we have

(3.8) sup |E(eV)| < e coMn(m)
tEIj
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Thus, for any r > 1 there is a constant R = R(r, K) such that if

My(m) > RInVy, then the integral [, e " E(e"5N)dt is o(oy") uni-
J

formly in k, and so it only contributes to the error term.

Proof. The estimate (3.8]) follows from the arguments in [33], but for
readers’ convenience we recall its proof. Let X be an integer-valued
random variable so that || X| .~ < K. Let ty = 2wl/m be a nonzero
resonant point, where ged(l,m) = 1. Let t € T be so that
(3.9) [t —to] <9,
where ¢ is a small positive number. Let ¢x(-) denote the characteristic
function of X. Since z < e*~! for any real  we have

lox (1)) < ele®P=1

Next, we have

ox (O —1=0()o(—t) 1= Y > Pifeos(t;) — 1]

j=—2K s

where

Pp=Y P(X =s)P(X =j+s).

Fix some —2K < j < 2K. We claim that if § in is small enough
and j Z 0 mod m then for each integer w we have |t — 27w/ j| > g¢ for
some €p > 0 which depends only on K. This follows from the fact that
—2K < j < 2K and that 27w/j # to (and there is a finite number of
resonant points). Therefore,

cos(tj) — 1 < —dy
for some dp > 0. On the other hand, if j = km for some integer k then
with w = [k we have
cos(tj) — 1 = —2sin*(tj/2) = —2sin® ((tj — 27w)/2)
= —2sin? (j(t —t9)/2) < —01(t — to)?

for some §; > 0 (assuming that |t — ¢o| is small enough). We conclude

that
ox(OF —1< =00 Bi=ai(t—1)*) P
jEA jeB
where A = A(X) is the set of j’s between —2K and 2K so that j #
0 mod m and B = B(X) is its complement in ZN[—-2K,2K]. Let sy be
the most likely residue of X mod m and s; be the second most likely
residue class. Since

P(X = sp mod m) > and P(X = s; mod m) = ¢,(X)

1
m
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it follows that Z 15] > qm(X)‘

jeA m

. 1
Combining this with the trivial bound ZPJ > PHX = s59) > —
; m

jEB

we obtain
1 (Sogm(X) 1t —to)?
[ox ()] < exp— {5 ( oim(X) + ! 2 o )} :
m m

Applying the above with ¢ty =¢; and X = X,,, 1 <n < N we get that
(310) |¢)N(t)| S e—CoMN(m)—(_:()N(t—tj)Z S e—coMN(m)
where c¢q is some constant. [l

Remark 3.5. Using the first inequality in (3.10) and arguing as in
[33, page 264], we can deduce that there are positive constants C' ¢1, ¢z
such that

) €*C2MN(m)
(3.11) / IE(e™V)|dt < C <6_01"N + —) :
I; ON

This estimate plays an important role in the proof of the SLLT in [33],
but for our purposes a weaker bound is enough. Note also that
in order to prove we could have just used the trivial inequality
cos(t;) —1 < 0 when j = 0 mod m, but we have decided to present
this part from [33] in full.

Remark 3.6. Let dr be the minimal distance between two different
resonant points. Then, when § < 2dr, we can take §y = 1 — cos(dr) in
the proof of Lemma Therefore, we can take ¢y = 1_(”40—%617%) in (3.8)).
: _ r41
Hence Lemma 3.4 holds with R(r, K) = 5.
3.4. Proof of Theorem [1.4. Fix some r > 1. Lemmas and
show that if My > R(r, K)InVy, then all the integrals in the right
hand side of (3.5)) are of order o(oy"), except for the one corresponding
to the resonant point t; = 0. That is, for any ¢ > 0 small enough,
uniformly in k£ we have
5
21P(Sy = k) = / e M (h)dh 4 o(o ).
-5
In order to complete the proof of Theorem [I.4], we need to expand the
above integral. Making a change of variables h — h/oy and using
Proposition 3.1}, we conclude that if ¢ is small enough then

é
/ e "D\ (h)dh =

-6
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don . ) r A r+1
O_;{l / e—zhk‘Ne—h /2 (1 + E U«,]\;(h) + hr+1 O(].) dh
_ o

don u=1 ON N

where ky = (k — E(Sy)) /on. Since the coefficients of the polynomials
A, n are uniformly bounded in N, we can just replace the above integral
with the corresponding integral over all R (i.e. replace +doy with
+00). Now the Edgeworth expansions are achieved using that for any
nonnegative integer ¢ we have that (z't)qe_tZ/ 2 is the Fourier transform
of the g-th derivative of n(t) = \/szﬂe_ﬁ/2 and that for any real a,

(3.12) /_ " it @ (1)dt = '@ (a) \%(-1)(1}1@)6—@"’/2

where H,(a) is the g-th Hermite polynomial.

4. GENERALIZED EDGEWORTH EXPANSIONS: PROOF OF THEOREM
THEOREM 2.1

4.1. Contributions of resonant intervals. Let » > 1. As in the
proof of Theorem our starting point is the equality

2
(4.1) 27P(Sy =k) = / e (eit5N) dt = Z/ e~ E (SN ) dt
0 =

which holds for any £ € N. We will consider the integrals appearing
in the above sum individually. By Lemma the integrals over non-
resonant intervals are of order o(oy"), and so they can be disregarded.
Moreover, in §3.4we have expanded the integral over the resonant inter-
val containing 0. Now we will see that in the case My < R(r, K)InVy
the contribution of nonzero resonant points need not be negligible.

Let t; = 2 be a nonzero resonant point so that My(m) <
R(r, K)InVy and let I; be the resonant interval containing it. Theo-
rem [2.1] will follow from an appropriate expansion of the integral

/ e R (V) dt.
Ij
We need the following simple result, which for readers’ convenience is

formulated as a lemma.

Lemma 4.1. There exists € > 0 so that for each n > 1 with g,(m) <&

we have |p,(t;)| > 5. In fact, we can take & = 7.
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Proof. Recall that t; = 2nl/ m. The lemma follows since for any ran-
dom variable X we have |E(e"™)

‘ =
ettss(mX) _ Z (e”js(m’X) — eitj“)P(X = u mod m)
us(m,X) mod m
>1—2mgq(m, X)
where s(m, X) is the most likely value of X mod m and ¢(m, X) is the
second largest value among P(X = w mod m), u = 0,1,2,....m — 1.

Therefore, we can take & = ﬁ. O
Next, set &€ = g and let Ny = No(N,t;,¢) be the number of all

n’s between 1 to N so that ¢,(m) > & Then Ny < w because
My(m) < RInVy. By permuting the indexes n = 1,2, ..., N if neces-
sary we can assume that g,(m) is non increasing. Let Ny be the largest
number such that gy, > &. Decompose

(4.2) Dy(t) = Py (1) P v (1)

N
where @y, y(t) = H On(t).

n=Np+1

Lemma 4.2. If the length 6 of I; is small enough then for any t =
tj+helj and N > 1 we have

Dy N () = Py, v (t5) Py, v (B) W g N (R)
where

Uy, (h) = exp |O(My(m)) Y (O(1)"h"| .

u=1
Proof. Denote
pn = E(Xa), Xo=Xo—pin, alt) = E(¢).
Let j,(m) be the most likely residue mod m for X,,. Decompose
Xy=s,+Yo+ 2,

where Z,, € mZ, s, = jn(m) — pn, so that P(Y,, # 0) < mg,(m). Then
fort = tj + h,

(4.3) Bn(t) = ¢ E <eithneith) = Gn(t;)Un(h)

where

() = (1 n ihE (et X,) ;E:?:Eii;jY(Xn)Q) 4o > |
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Next, using that for any = € (—1,1) we have

142 = 61n(1+z) — emfx2/2+m3/3fn.

we obtain that for h close enough to 0,
(4.4)

= (1) =) )
it = (35 0 (s 3 o

(-1 TG v .y
= exp Z 7 Z (& ethn kH o E(e™ (X))

k=1 1<t r=1
u k+1 ztj n )
— S1\u
= exp E E g H E(c Yn (th)* | .
u=1 \k=1 Jit..+je=u r=1

Observe next that
Ele""(X,)"] = E [ — 1) ((Xo)" — E[(X,)"]) | +E[(X) " JE(e"™)
and so with C' = 2K, we have

E[eithn (X'n)h]
E(eitsYn)

= O(gn(m))O(C7) + E[(X,,)"].

Plugging this into (4.4)) and using that for A small enough,

exp [i (g—gﬂ S Xﬁ) o| g ()

u=1 \k=1 Jit+..Fjk=ur=1

we conclude that

Un(h) = E(e") exp

Z<0<1>>“0<qn<m>>h“] :

u=1
Therefore,
Do N (t) = Py N (E5) Py v (R) W, v ()

) Z(O(l))“h“] : 0

u=1

where Uy, n(h) = exp |O(My(m

Remark 4.3. We will see in §4.2] that the coefficients of the polynomi-
als appearing in Theorem depend on the coefficients of the power
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series Wy, n(h) (see, in particular, (4.22)). The first term in this series

N
is ih Z ay,j, where
n=Np+1

E ithn _ 1 X’n E ithan

(4.5) Up,j = Lle — ) ]: (e — )
) ]E(ezt]Yn) E(ezthn)
B
while the second term is 5 Z b, ;j, where
n=No+1

(46) by, = BT = DXL B[ - D((X0)® — V(X))

’ Iy E(eitjyn>2 E(eitjyn)
s E(eithn (XH)Q)
1Y) E(eitjxn)
In Section |§| we will use (4.5) to compute the coefficients of the poly-
nomials from Theorem in the case r = 2, and (4.6]) is one of the
main ingredients for the computation in the case r = 3 (which will not
be explicitly discussed in this manuscript).

=a

The next step in the proof of Theorem is the following.

Lemma 4.4. Fort =1t; +h € I; we can decompose

L &0y
(4.7) D, (t) = P, (tj + h) = (DNO—@J)M + O ((hInVy)*).

!
1=0
Proof. The lemma follows from the observation that the derivatives of
Dy, satisfy [O) (£)] < O(Ng) < (ClnVy)*, 0

4.2. Completing the proof. Recall and consider a resonant
interval /; which does not contain 0 such that My(m) < Rlnoy. Set
U; = [—u;,v;] = I; —t;. Let Ny be as described below Lemma [4.1]
Denote

(4.8) SNo,N = SN — SNy, S0 =0,
Viow = Var(Sy — Sn,) = Vv = Vi, and  ongn = / Vi
Then
(4.9) Vien =V +O(InVy) = V(1 + o(1)).
Denote hy, v = h/on,n. By (3-1), if |hx x| is small enough then
(4.10) E(eNonSNo.N) =
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T r+1
eihNO,NE(SNo,N)e_hQ/Q <1 i Z Ak,]\;o,N(h) + ii+1 O(l))

i—1  INo,N O Ny, N

where Ay n, v are polynomials with bounded coefficients (the degree

of Ay n, n depends only on k). Let us now evaluate / e R () dt.
I

By Lemma [4.2]

(4.11) / e N (t)dt =

I;

€_itjkq’No,N(tj)/ ™MD, (t; + h) Py, v () Wy, () dh.
Uj

Therefore, it is enough to expand the integral on the RHS of (4.11)).
Fix a large positive integer L and plug (4.7]) into (4.11]). Note that for
N is large enough, hg small enough and |h| < hg, Proposition and
(4.9) show that there exist positive constants ¢, ¢ such that

(4.12) 1By ()] = [E(eSMo)| < em0V=Vg)h? < geVh?,

Thus, the contribution coming from the term O ((hlnVy)*™) in the
right hand side of (4.7)) is at most of order
Vit (In V) -+ / T gy,

where ¢ is the diameter of /;. Changing variables x = oxh, where oy =
V'V we get that the latter term is of order (In Vn)L“U;,(LH_mg) and so

when L is large enough we get that this term is o(oy"~!) (alternatively,
we can take L = r and ¢ to be sufficiently small). This means that it

is enough to expand each integral of the form

(4.13) / e M hId o N (R) U, v (h)dR
Uj
where | = 0,1, ..., L (after changing variables the above integral is di-
vided by a%;%N). Next, Lemma shows that for any d € Z we have

d
(414) Wy () = 1+ 3 Cowh® + HEHLO(1 + My (m) 1) [V | O,

u=1

where Cy n = Cyny; are O(My(m)) = O((InVy)*). Note that, with
an,; and by, ; defined in Remark 4.3] we have

N
(4.15) Cin=1i Y  an;

n=Np+1



18 DMITRY DOLGOPYAT AND YEOR HAFOUTA

and

- 1 < i
CQ’N:§ Z bn,j_é( Z an,j) .

n=Np+1 n=Np+1

Take d large enough and plug (4.14)) into (4.13)). Using (4.12)), we

get again that the contribution of the term
AO(1 + My (m) )| V| PRy, v (R)

to the above integral is o(oy"). Thus, it is enough to expand each term
of the form

/ e M hid v (h)dh
U.

where 0 < ¢ < L+ d. Using (4.10) and making the change of variables
h — h/on, N it is enough to expand
(4.16)

/oo e_z‘h(k—]E[SNo!N])/UNO’Nhqe_h2/2 (1 + Z Aw,No,N(h) + hT+1 0(1)> dh

w r+1 .
w1 INo.N O No,N O No,N

This is achieved by using that (it)qe_tz/ 2 is the Fourier transform of

the ¢-th derivative of n(t) = #e‘ﬁ/ 2 and that for any real a,

° SN 1 2
—iat_(q _ (9) — = (_1) —a*/2
(4.17) /_Ooe a0 (0)d1 = 0% (@) = ——(~1)"H,(a)e
where H,(a) is the ¢g-th Hermite polynomial.
Note that in the above expansion we get polynomials in the variable
_ k—E[Sy — Sy, k—E(Sy)
ON,Np o
kNO,N = kNozNO,N + O(lIlO'N/O'N), where ANy, N = UN/UNO,N = O(l),
the binomial theorem shows that such polynomials can be rewritten
as polynomials in the variable ky whose coefficients are uniformly
bounded in N. We also remark that in the above expansions we get
the exponential terms

Since

kN, , not in the variable ky =

_(k*aNo,N)Z
e NNl where ay,n = E[Sy — Sn,)

and not e~ (h—an)?/2Vy (as claimed in Theorem [2.1)). In order to address
1
this fix some ¢ < 1/2. Note that for |k — an, n| > V]\?+€ we have

_(k—apg N Vo _ (kmang N)? Ve
e 2VN-VNg) — O(G_C N ) and e 2VN = O(B_C N ) for some ¢ > 0.
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Since both terms are o(oy’) for any s, it is enough to explain how to

_ 2
(k (LNO,N) (k—aN)2 1+€

replace e *"¥""No) with e” 2~ when |k — an, n| < V@ (in which
case |k —ayn| = O(VJ\E,H)). For such k’s we can write
(k — an, N)z}
4.18 exp | -7+~ =
(419 b [ 2(Vv = Vi)
exp [_ (k — aNO,N)? exp [_ (k — aNO,NVVNO] '
2V 2V (Vy — Vi)
) (k — ang.n)* Vi, —(1-3¢)
Since : =0 (V >, for any d; we have
2V (Va — Vi) N Yo
(k — an, N)zvNo]
4.19 exp |— ’ =
(4.19) P [ 2V (Vv = Vi)
J : :
1 VJ b — 2\ J _ 3
Z . No — (( O;VO,N) ) +O(VN(d1+1)(2 3 )).
=0 QJ(VN — VNO)jj. oN

Note that (using the binomial formula) the first term on the above right
hand side is a polynomial of the variable (k—ay)/ony whose coefficients

are uniformly bounded in N.
Next we analyze the first factor in the RHS of (4.18). As before, it

1
is enough to consider k’s such that |k — ay| < V]\?ﬁ for a sufficiently
small e. We have

(k —ann,)’
4.2 T ONN) |
(4.20) exp { Ve
exp ——<k —aw)’ exp —Q(k — an)a + a?VO
2Vn 2Vn '
Note that (h=an)ax,

+a%
0 —
— vy, = kNﬁNO,N + 0N07N7 where

2 2
an, In ON an, In ON
BNOJV 20’]\[ ( ON ) an No,N QVN ( VN )

_ 2
(k aN)aNO+aNO

Approximating e 2VN by a polynomial of a sufficiently large
: . k— +a} .
degree ds in the variable ( aN;?/ZO g completes the proof of existence

of polynomials P, ; y claimed in the theorem (the Taylor reminder in
the last approximation is of order O (VA? dz(ra)), so we can take dy =

4(r + 1) assuming that ¢ is small enough).
Finally, let us show that the coefficients of the polynomials P, x
constructed above are uniformly bounded in N. In fact, we will show
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that for each nonzero resonant point ¢; = 2mwl/m, the coefficients of the
polynomials coming from integration over I; are of order

O (1 + M (m))e (),

where gy = qo(r) depends only on 7.

Observe that the additional contribution to the coefficients of the
polynomials coming from the transition between the variables ky and
kn,,n is uniformly bounded in N. Hence we only need to show that
the coefficients of the (original) polynomials in the variable ky, y are
uniformly bounded in N. The possible largeness of these coefficient
can only come from the terms C, n;, for v = 0,1,2,...,d which are
of order M}, (m), respectively. However, the corresponding terms are
multiplied by terms of the form @y, N(tj)CD%()) (t;) for certain ¢’s which
are uniformly bounded in N (see also (4.22))). We conclude that there
are constants W, € N and a; € N which depend only on ¢; and r so
that the coefficients of the resulting polynomials are composed of a
sum of at most W; terms of order (My(m))* Py, n(t )@5\%( /), where
¢ < E(r) for some E(r) € N. Next, we have

(4.21) D) () P v () =

s o) L

n<N, n#ny

where 7y, ¢, are bounded coefficients of combinatorial nature. Using
(3.8) we see that for each ny, ..., n; the product in the square brackets
is at most Ce~Mn(m+0M) for some C, ¢y > 0. Hence

18 (1) By n(E)] < ONE emMNEm ¢ s,

Now, observe that the definition of Ny gives My(m) > 9Ny, €9 > 0.
Therefore ]@%g(tj)CDNO,N(tj)] < CoME(m)e=Mx(m and so each one
of the above coefficients is of order M (m)e~ M~ (™) for some ¢ which
does not depend on N. O

Remark 4.5. The transition between the variables ky, v and ky
changes the monomials of the polynomials F,; n, @ # 0 coming from

Jj1 _J2 k:j3
integration over I;, for ¢; # 0 into monomials of the form %

for some bounded sequence (cy), ji1,Jja2,73 > 0 and u € N. As we have
explained, the coefficients of these monomials are uniformly bounded.
Still, it seems more natural to consider such monomials as part of the
polynomial P, 1, n. In this case we still get polynomials with bounded
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coefficients since ay, and oy, are both O(Ny), Ny = O(My(m)) and
cy contains a term of the form @%g(tj)q)NO,N(tj).

Remark 4.6. As can be seen from the proof, the resulting expansions
might contain terms corresponding to o,” for s > r. Such terms can

be disregarded. For % < Vy this follows because the coefficients of

our exapansions are O(1) and for “c;—zN' >V this follows from (4.12)).
In practice, some of the polynomials P,;x with b < r might have
coefficients which are o(c% ") (e.g. when b+ u > 7 in the last remark)
so they also can be disregarded. The question when the terms P, x
may be disregarded is in the heart of the proof of Theorem given

in the next section.

4.3. A summary. The proofs of Proposition [1.2] Theorem and
Theorem will be based on careful analysis of the formulas of the
polynomials from Theorem [2.1} For this purpose, it will be helpful
to summarize the main conclusions from the proof of Theorem [2.1]
Let r > 1 and t; = 27l/m be a nonzero resonant point. Then the
arguments in the proof of Theorem yield that the contribution to
the expansion coming from ¢; is

(4.22) C;(k) :=

. oV (t)C,
e "* Oy, N () Z (Z NO(Zl) =

s<r—1 \u-+tl=s

/ e M hsd v (R)dh
Uj

where U; = I; —t;, C, y are given by (4.14]) and Cy y = 1. When t; =0
then it is sufficient to consider only s = 0, Ny = 0 and the contribution
is just the integral

1)
/ e "\ (h)dh
)

where § is small enough. Asin (4.16)), changing variables we can replace
the integral corresponding to h® with

(423) 0&87]\% /Oo e*ih(k*E[sNo,N])/UNO,Nhsefh2/2
0,

—00

hr+1

" Ay o (B
X (1+Z gj’N( )¢ T 0(1)) dh.
w=1

No,N O Ny, N

After that was established, the proof was completed using (4.17) and
some estimates whose whose purpose was to make the transition be-
tween the variables ky, y and ky.
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5. UNIQUENESS OF TRIGONOMETRIC EXPANSIONS.

In several proofs we will need the following result.

Lemma 5.1. Letr > 1 andd > 0. Set Ry = RU{0} where R is the set
of nonzero resonant points. For any t; € Ry, let Ao n(t;),...,Aan(t;)

k—E(S
be sequences so that, uniformly in k such that ky = J =0(1)
o

we have . N

> etk (Z k;@Am,N(tj)> = o(oy").

ti€Ro m=0
Then for all m and t;
(5.1) Apn(t;) =o(oy).

In particular the polynomials from the definition of the (generalized)
Edgeworth expansions are unique up to terms of order o(oy").

Proof. The proof is by induction on d. Let us first set d = 0. Then, for
any k € N we have

(5.2) > e Ay n(t) = o(oy).
tjERo

Let T be the number of nonzero resonant points, and let us relabel
them as {z1,...,zr}. Consider the vector

QLN = (AO,N(O)a A()’N(l’l), ceey AO,N(-TT))-

Let V be the transpose of the Vandermonde matrix of the distinct
numbers a; = e ", j =0,1,2,...,T where 29 := 0. Then V is invertible
and by considering k = 0,1,2,....,T in we see that holds true
if and only if
Ay =V 'o(oy) = o(oy).

Alternatively, let @) be the least common multiple of the denominators
of t; € R. Let ay(p) = Aon(2mp/Q) if 27p/Q) is a resonant point and
0 otherwise. Then for m =0,1,...,Q) — 1 we have

Q-1
an(m) = ay(p)e > = o(oy).
p=0
Therefore, by the inversion formula of the discrete Fourier transform,
Q-1
an(p) = Q") an(m)e™ ™/ = o(oy").
m=0

Assume now that the theorem is true for some d > 0 and any se-
quences functions Ao n(t;), ..., Aan(t;). Let Ao n(t;), ..., Aar1,n(t;) be



k—E
sequences so that uniformly in k such that ky = k — E(Sw) =0(1)
ON
we have
d+1
(5.3) S et <Z KR Ann ) — o(oy"):
t;€Ro

Let us replace k with k' = k + [on]Q, where @ is the least common
multiply of all the denominators of the nonzero ¢;’s. Then e "% =
—itik Thus,

> etk (Z(kﬁ? - kﬁ)Am,N@j)) = o(o3).

t;€Ro m=0

Set Ly = [on]@/on = Q. Then the LHS above equals

d
Ly Y e (Z k;VAS,N(t]-))
s=0

t;€Ro

where
d+1

Z AmN Lm s—1

m=s+1

By the induction hypothesis we get that
As n(t;) = o(oy")
for any s =0,1,...,d. In particular
Ain(tj) = Aarin(ty) = oloy).

Substituting this into (5.3) we can disregard the last term Agiq n(25).
Using the induction hypothesis with Ao n(¢;), A1 N (t5), ..., Aan(t;) we
obtain (|5.1)). O

6. FIRST ORDER EXPANSIONS

In this section we will consider the case r = 1. By (4.22]) and (4.23]),
we see that the contribution coming from the integral over I; is

UJ_Vi,Ne_”J'k(I)N(tj)\/ ome o/ + 0(0;,1)

where ky, v = (K — E(Sny,~))/0n,~n- Now, using the arguments at
the end of the proof of Theorem [2.I] when r» = 1 we can just replace

e "o /2 ith e~ (k-E(Sn)?/2Vy (since it is enough to consider the case
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when ky, n and ko y are of order V). Therefore, taking into account
that oy, v — oy = O(0y”Ny) we get that

(6.1) V2rP(Sy = k) =

1+ Z e—itjkq)N(tj) 0;[16—(k—E[SN])2/2VN + 0((7;]1)'
t;E€R
Here R is the set of all nonzero resonant points t; = 2xl;/m;. In-
deed the contribution of the resonant points satisfying My (m;) <
R(r, K)InVy is analyzed in §4.2] The contribution of the other nonzero
resonant points t is o(oy') due to (3.8) in Section In particu-
lar, implies that ®x(t) = o(oy ) so adding the points with
My(mj) > R(r, K)InVy only changes the sum in the RHS of
by o(ay').
Corollary 6.1. The local limit theorem holds if and only if
max | D ()] = o(1).

Proof. Tt follows from (§6.1)) that the LLT holds true if and only if for
any k we have

> e dn(ty) = o(1).
tjER

Now, the corollary follows from Lemma |5.1 0

Before proving Theorem we recall a standard fact which will also
be useful in the proofs of Theorems and

Lemma 6.2. Let {un} be a sequence of measures probability measures
on Z/mZ and {yn} be a positive sequence. Then py(a) = =+ O(yy)
foralla € Z/mZ if and only iff fin(b) = O(yn) for allb € (Z/mZ)\{0}
where [i 1s the Fourier transform of p.

Proof. If py(a) = £ 4 O(v,) then

m—1 m—1
. 1 .
i (b)) = 2miab/m __ 2miab/m 19) =0 .
pn(h) = 3 (e > I 0x) = 0(w)

Next fin(0) = 1 since py are probabilities. Hence if fix(b) = O(yn)
for all b € (Z/mZ) \ {0} then

m—1 m—
1 ~ —2miba/m 1
MN(G):EE:MN(@(?ZM = — |1+
b=0

as claimed. O

- 1
N(b)e—mea/m _ E’FO(VN)

>
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Proof of Theorem[1.3 The equivalence of conditions (b) and (c) comes
from the fact that for non-resonant points the characteristic function
decays faster than any power of oy (see (3.7)).

The equivalence of (a) and (c) is due to Corollary [6.1} Finally, the
equivalence between (c¢) and (d) comes from Lemma O

Remark 6.3. Theorem can also be deduced from [7, Corollary
1.4]. Indeed the corollary says that either the LLT holds or there is an
integer h € (0,2K) and a bounded sequence {ay} such that the limit

p(j) = lim P(Sy —ay =j mod h)
N—o00
exists and moreover if k — a,, = j mod h then

onB(Sy = k) = p(j)hg (%

p ) +o(oy').

Thus in the second case the LLT holds iff p(j) = % for all j which
is equivalent to Sy being asymptotically uniformly distributed mod h
and also to the Fourier transform of p(j) regarded as the measure on
Z/(hZ) being the 6 measure at 0. Thus the conditions (a), (c) and
(d) of the theorem are equivalent. Also by the results of [7, Section
2] (see also [§3.3.2][10]) if E (¢**~) does not converge to 0 for some

2
non zero & then (%) Zﬂ 2n7Z is a lattice in R which implies that &

is resonant, so condition (b) of the theorem is also equivalent to the
other conditions.

Proof of Proposition[1.9 Let Sy satisfy LLT. Fix m € N and suppose
that an(m) < o00. Let s, be the most likely residue of X,, mod m.

Then for t = % we have

Pn(t) = etsn — Z P(X, = j mod m) (" — "),

j#sn mod m

so that 1 > |¢,(t)] > 1 — 2mg,(m). It follows that for each £ > 0 there

is N(e) such that H ¢n(t)| > 1 — . Applying this for e = 1 we
n=N(g)+1

have
1 .
On the other hand the LLT implies that
(6.3) lim ®y(t) = 0.
N—oo
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Since ®n = Pn1/2)Pn(1/2),N and . 6.3)) imply that @y /2)(t) = 0.
N(1/2)

27l 27l
Since Dy /2) (%) H On (%) we conclude that there exists

n=1
n; < N(1/2) such that (bm(%’”) =0.HenceY = X,,, + Xp,, +... X, _,
satisfies E (e2™*/m™Y) = 0 for k = 1,...m — 1. By Lemma both
Y and Sy for N > N(1/2) are uniformly distributed. This proves the
proposition. O

7. CHARACTERIZATIONS OF EDGEWORTH EXPANSIONS OF ALL
ORDERS.

7.1. Derivatives of the non-perturbative factor. Next we prove
the following result.

Proposition 7.1. Fiz r > 1, and assume that My < R(r,K)lnoy
(possibly along a subsequence). Then Edgeworth expansions of order
r hold true (i.e. holds for such N'’s) iff for each t; € R and
0 < /¢ <7 (along the underlying subsequence) we have

(7.1) o LD, v (1) DN (1) = o(1).

Proof. First, in view of (4.22)) and (4.12)), it is clear that the condition
is sufficient for expansions of order r.

Let us now prove that the condition is necessary for the expan-
sion of order 7.

We will use induction on . For r =1 (see (6.1))) our expansions read

P(Sy = k) = oy'e ¥/ |14 Z e RO (t) | + o(oyt).
t;€ER

Therefore if
P(Sy = k) = o5 e /2 Py(ky) + o(oy")

for some polynomial Py then Lemma tells us that, in particular
Oy (t;) =o(1) for each t; € R.

Let us assume now that the necessity part in Proposition holds
for = r — 1 and prove that it holds for . We will use the following
lemma.

Lemma 7.2. Assume that for some t; € R,

(7.2) oh B ()N (1) = 0(1), 1 = 0,1, ...,7 — 2.
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Then, up to an o(oy") error term, the contribution of t; to the gener-
alized Edgeworh expansions of order r is

(73) Ty (% () | 5~ Hiall) )

ON =2 OnN
with
(7.4) I q(7) = A g(T3t5) =
Hing1(7) + Hygo(®) + Hygz(x) + Higalz)
where )
Ho 1 (1) = ()9 Hyor (2) Py () (E5)
. (¢—1)! ’
Ha(r) = 7 Hit (@) ()00 () Crv,
M (q—2)! ’
b ()T (@) () 2N (1)
vasle) = (42! |
wan, (1)1 2Hy () Py v (1) 2 (1))
Hqu,4<x) = - (q — 2)'7 0 5

and H, are Hermite polynomials.

Here Cy ny; is given by when My(m) < R(K,r)Inoy, and
Cing = 0 when My(m) > R(K,r)Inoy. (Note that in either case
Cl,N,tj = O(MN(m)) = O(IHO'N)).

As a consequence, when the FEdgeworth expansions of order r hold
true and holds, then uniformly in k so that ky = O(1) we have

Dy (t;) N i I q(kn; )

q
o o
N =2 N

(7.5) = o(o7).

The proof of the lemma will be given in after we finish the proof

of Proposition
By the induction hypothesis the condition (7.2 holds true. Let us

prove now that for £ =0,1,2,...,7 — 1 and t; € R we have
¢ —
Do () PR (1) = ooy 1),

Let us write
r—1

+Z‘%ﬂ“ Zk;@AmN

Applying Lemmas [5.1] E and [7.2] we get that
Apn(t;) = o(oy")
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foreach 0 <m <r—1andt; € R.

Fix t; € R. Using Lemma and the fact that the Hermite polyno-
mials H, have the same parity as u and that their leading coefficient
is 1 we have

(7.6)  Aroin(ty) = oy (1) <i‘1>zvo,zv(tj)<1>§§§1)(tj)/(r -1

+ Dy () BN (87) (101 — GN0)> = o(oy")
and

(7.7) Ao (t;) = oy () (iq)No,N(tj)@%O_Q)@j)/(r —2)

+ @ v (8) @5 Y (1) (iCy — w) = o(oy").

Since <I>N0,N(tj)<I>EGO_3) (t;) = o(oy"), (7-7) yields
Oy v ()N D (t)) = o(03! noy).
Plugging this into (7.6 we get
r—1
D (1) 2R, (t5) = o(1).
Therefore we can just disregard 77 y(ky; ;) since its coeflicients are of

order o(oy"). Since the term #, N(kN, ;) no longer appears, repeating
the above arguments with » — 1 in place of r we have

A g n(ty) = o 2 (0)~ (@No, (t) @5 1)/ (r = 3)

+ Dy () BN (t5) (101 — GN0)> =o(oy).

Since @y, N (15 )@%O 4)(tj) = o(0y?), the above asymptotic equality
yields that

By v (), () = o(oy now).
Plugging this into (7.7 we get

r—2 —
B (1) 2R 7 (85) = o(o):
Hence, we can disregard also the term J#_; n(kn;t;). Proceeding this
way we get that (I)NO,N(tj)(I)%'()) (t;)) = o(c§ ") forany 0 <t <r. O
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Before proving Lemmal[7.2] let us state the following result, which is
a consequence of Proposition [7.1] and ([3.8]).

Corollary 7.3. Suppose that for each monzero resonant point t we
have inf |¢,,(t)| > 0. Then for any r, the sequence Sy obeys Edgeworth

expansions of order v if and only if ®x(t) = o(on") for each nonzero
resonant point t.

7.2. Proof of Lemma [7.2]

Proof. First, because of , for each 0 < s < r—1, the terms indexed
byl < s—1in , are of order o(oy") and so they can be disregarded.
Therefore, we need only to consider the terms indexed by [ = s and
[l = s —1. For such [, using again we can disregard all the terms
in indexed by w > 1, since the resulting terms are of order
o(oxy" "Inoy) = o(oy"). Now, since O'K,;?N — oyt = O(Vy,/o%) we can
replace oy, n With oy in @ , as the remaining terms are of order
o(oy""'). Therefore, using @ we get the following contributions
fromt; € R,

itk o=k v /2 (‘DN(W N zr: HN,q(kNo,N)>

oN o

q=2

where Hy 4(x) = Hngi1(x) + Hngo(x) and Hy g, j = 1,2 are defined
after (7.4)). Note that when x = O(1) and ¢ < r,

HN,q,l(@

(7.8) — = o(oy ™) and HN;—,’IQ(QU) =o(oy Inoy).
N N

while when ¢ = r,

(7.9) HNT—:(x) =O0(oy Inoy) and /HN’T;?( ) =o(oy Inoy).
ON ONn
Next
an,
knog.n = (1 + prov)kn + ow Ono,N

where py, v =0on/oONy N — 1 = O(anN/UJzV) and

1 L) =O0(In’ oy /o).

O Ny,N ON

QNO,N = QN <

Hence, when |ky, n| < 0% (and so ky = O(oY)) for some € > 0 small
enough then for each m > 1 we have

KRy = kN +mky ang fon + o(oy)).
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Therefore, (7.8) and (7.9)) show that upon replacing H,_1(kn, n) with
H, 1(ky) the only additional term is

N —1
ang (1) H!_ (k) @ v (£) @D ()
(q— 1)!0?’\,+1

for ¢ =2,3,...,7 — 1. We thus get that the contribution of ¢, is

itk R /2 (‘@N(t;’) 0y CN,q(/fN)>

q
o o
N =2 N

where
N —2
an, (1)1 2H) ()@, v () PN 2 (1))
(g —2)!
Note that Cna(-) = Hy2(+). Finally, we can replace e o /? with

(1 — ]CNGNO/U]\f)e_k?\’/2

Cng(2) = Hg(2) +

since all other terms in the transition between e "%ov/? to e~ /2 are
of order o(oy') (see and ) The term —kyay,/on shifts
the u-th order term to the u + 1-th term, u = 1,2, ...,r — 1 multiplied
by —kyan,. Next, relying on and we see that after multi-
plied by knan,/on, the second term Hy 42(ky) from the definition of
Hy 4(kn) is of order o(oy ' In* o )0 and so this product can be dis-
regarded. Similarly, we can ignore the additional contribution coming
from multiplying the second term from the definition of Cy ,(kx) by
—knan,/on (since this term is of order o(oy" Inoy)oy). We conclude
that, up to a term of order o(cy"), the total contribution of ¢; is

itk oK /2 (1) n zr: T q(kn; )
oN g o

N2 o t ela2 t
where Hy,(x;t;) = Cyq(T) — zan, (i) g—2(2) Py N () Py, 7 (25)

qg—2)!
which completes the proof of . ( )

Next we prove . On the one hand, by assumption we have
Edgeworth expansions or order r, and, on the other hand, we have the
expansions from Theorem Therefore, the difference between the
two must be o(oy"). Since the usual Edgeworth expansions contain no
terms corresponding to nonzero resonant points, applying Lemma [5.1

and ([7.3) we obtain ([7.5]). O

Note that the formulas of Lemma [7.2] together with already proven
Proposition [7.1] give the following result.
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Corollary 7.4. Suppose that B(Sy) is bounded, Sn admits the Edge-
worth expansion of order r — 1, and, either

(a) for some € < 1/(8K) we have Ny = Ny(N,t;,&) = 0 for each
each nonzero resonant point t;,

or (b) ¢ = ?é%ll%f |on(t)] > 0.

Then

DO (t; knC Oy (t; .
— 6_k12V/2 gr(kN) + Z ( ];f-(t]) + kN 17N7;J N( ])) e—ztjk +0<0'X[r)
N

g
t; ER N

where E,(+) is the Edgeworth polynomial of orderr (i.e. the contribution
of t =0), and we recall that

N . _

- E(e’bt]‘Xan>

iCi Ny = — Z —E(eithn) .
n=1

Proof. Part (a) holds since under the assumption that Ny = 0 all terms
Hn,g; in except Hn 2o vanish. Part (b) holds since in this case
the argument proceeds similarly to the proof of Theorem if we set
Ny = 0 for any ¢; (since we only needed Ny to obtain a positive lower
bound on |¢,(t;)| for t; € R and Ny <n < N). O

Remark 7.5. Observe that o' > |C x4, oy, so if the conditions
of the corollary are satisfied but |®y(t;)| < coy " (possibly along a
subsequence), then the leading correction to the Edgeworth expansion

comes from
Y (@N(tj)) |

g
t;€ER N

Thus Corollary [7.4] strengthens Corollary [7.3] by computing the leading
correction to the Edgeworth expansion when the expansion does not

hold.
7.3. Proof of Theorem We will use the following.

Lemma 7.6. Let t; be a nonzero resonant point, v > 1 and suppose
that My < Rlnoy, R = R(r, K) and that |E(Sy)| = O(Inoy). Then
holds for all 0 < ¢ < r if and only if

(7.10) 8% (1)) = 0 (05" )

forall0O <0 <.
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Proof. Let us first assume that (7.1]) holds. Recall that

(7.11) Oy (t) = Py (1) Py (2)

with

(7.12) Py, () = P, v (1) P v, v (h) W v, v (R)
where t = t; + h and

(7.13) Uy (R) = exp |O(My(m)) Z(O(l))“h“] .

For ¢ = 0 the result reduces to ([7.11f). For larger ¢’s we have

l—

1
(7.14) V(1)) = Dy n(t )+ ()@%0’“ t)08) ().
k=0

Fix some k < ¢. Then by ([7.12] -

B (L,) = Do v (¢ >Z(€ ’“)@530 )W 0)

U
u=0
= O(lnzik (TN)CDNO’N(tj)
where we have used that S’NO,N = Snon — E(Sn,n) satisfies
IE[(Sn,.n)1]| < C. O'NON, (see (3.3)). Therefore
—k k _ k
(7.15) Pl ()8, (1) = O o) Doy, (1) DR ().
Finally, by (7.1) we have

k —r
D (1) B4 (1) = o(o} )
and so, since k < (,
—k k —r
iy, ()8R (1) = o(o 1),
This completes the proof that (7.10]) holds.
Next, suppose that (7.10]) holds for each 0 < ¢ < r. Let use prove
by induction on ¢ that
(7.16) @, v B ()] = 0 (o).

For ¢ = 1 this follows from ([7.14]). Now take ¢ > 1 and assume that

(7.16)) holds with & in place of ¢ for each k < ¢. Then by ((7.14)), (7.15))
and the induction hypothesis we get that

/ J4 —r
DY () = Doy (£) DN (1)) + o047,
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By assumption we have (ID%) (t;) = o(cy*™") and hence

14 —r
Py v (8) 05 (1) = o(oh )
as claimed. O

Theorem [L.5|in the case My < R1In oy follows now by first replacing
X,, with X,, — ¢,, where (¢,) is a bounded sequence of integers so that
E[Sy — Cy] = O(1), where
(7.17) Cv=) ¢

j=1
(see Lemma 3.4 in [I0]), and then applying Lemma and Proposi-
tion [.1] B B

It remains to consider the case when My(m) > Rlnoy where R is
large enough. In that case, by Theorem [I.4] the Edgeworth expansion
of order r hold true, and so, after the reduction to the case when
E(Sy) is bounded, it is enough to show that ®\(¢;) = o (o ) for
all 0 < ¢ < r. By the arguments of Lemma [7.6| it suffices to show that
for each 0 < ¢ < r we have @5\2 (t))Pny N (tj) = 0(oy"). To this end we
write

O ()P (1) = Y Ve (H@fﬁ(%))[ 11 %(tj)]

T yenes np <Np; nSN, n;ﬁnk
g1+m+[k:£

where 7, 4, are bounded coefficients of combinatorial nature. Using
(13.8) we see that for each nq,...,n, the product in the square brackets
is at most Ce~ M~ (m)+0M) for some C, ¢y > 0. Hence

|(I>§\2(tj)q)NO7N(tj)| < C’Ng o~ cMn(m)

It remains to observe that the definition of Ny gives My(m) > éNp.
Therefore [ (t;)®n, n(t;)| < C* M (m) =M™ = o(3") provided
that My > Rlnoy for R large enough. ]

8. EDGEWORTH EXPANSIONS AND UNIFORM DISTRIBUTION.

8.1. Proof of Theorem In view of Proposition [7.1] with r = 2,
it is enough to show that if ®x(t;) = o(oy') then the SLLT implies
that

(8.1) [P (£7) Py, ()] = o(1)

for any non-zero resonant point ¢; (note that the equivalence of condi-
tions (b) and (c) of the theorem follows from Lemma [6.2)).
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Denote @y, (t H ou(t)

I#£k,I<N
Let us first assume that ¢(t;) # 0 for all 1 < k& < N. Then

O () Ona(ty) = G(t)On(t;)/0n(t;). Let ey = B Tf for all 1 <
k < Ny we have |gz5k(tj)| > ey then

|® o, (1) Py (E }— t)Pnu(ty)| < [Pn(E; |Z|¢k )/ ¢k(t;)]

< 051_\]1N0|CI)N(75J‘)| < C/O'N|q)N(tj)| —0as N = ¢

where we have used that Ny = O(In V). Next suppose there is at least
one 1 <k < Ny such that |¢y(t;)| < en. Let us pick some k = ky with
the latter property. Then for any k # ky, 1 < k < Ny we have

|01(£5)Pwvie ()] < Clowy (1) < Cen.

Therefore,

CIIHQ ON

ON

S Gt aalty)| <

k#kn,1<k<No

It follows that

(8:2) D v (1) Py, (1) = Povitey () Py (1) + 0(1).

Next, in the case when ¢y, (¢;) = 0 for some 1 < ky < Ny, then (8.2)
clearly holds true with ky = kg since all the other terms vanish.
In summary, either (8.1)) holds or we have (8.2]). In the later case,

using (3.8) we obtain

(8.3) “E (eithN;kN>| <e @ D etk 1<s<n 9s(m) _ e~ c2Mn (m) =iy (m)

=o(1).

where Sy, = Sy — Xy, and ¢ > 0 depends only on K. Since the SLLT
holds true, My converges to co as N — oo. Taking into account that
0 < gxy(m) <1 we get that the left hand side of ({8.3)) converges to 0,

proving ({8.1)). O

8.2. Proof of Theorem [1.8. We start with the proof of part (1).
Assume that the LLT holds true in a superstable way. Let X, X7, ... be
a square integrable integer-valued independent sequence which differs

from X, X5, ... by a finite number of elements. Then there is ng € N
N

so that X,, = X! for any n > ng. Set Sy = ZX;%’ Y =S, and

n=1



35

Yy = YI(|Y| < 0]1\[/2+a)’ where ¢ > 0 is a small constant. By the
Markov inequality we have

P([Y] > 0y*7) =P(Y]” > oj™) < [V [F205' 7> = o(03).
Therefore, for any £ € N and N > ny we have
P(Sy = k) = P(Sni1,2,..n0 + Yiv = k) + 0(0y")

= E[P(SN;l,Z--JLO =k - YN|X1a ceey X;zo)] + O(UNl)
= E[Puny....no (k — Yn)] + 0(oy!)
where P,y no(s) = P(Syi2,..ny = s) for any s € Z. Since the

LLT holds true in a superstable way, we have, uniformly in &£ and the
realizations of Xi, ..., X that

e_(k_YN_E(SN))Q/(QVN) L
Prnopyng(k—YN) = +o(oy ).
N:ni,..., 0( N) \/%O'N ( N )

Therefore,
(8.4) P(Sy =k) =
o—(k=E(Sx))?/2Viy

V2ron

Next, since |Yy| < 011\,/2+8 we have that ||[Y2/(2Vy)||z~ < ox !, and
so when ¢ < 1/2 we have ||[YZ/2Vx|r~ = o(1). Recall that ky =
(k —E(Sn))/on. Suppose first that |ky| > 0% with e < 1/4.

Since

]E(e—(ka(SN))YN/VNJFY]%I/(QVN)) +o(oyt).

|(k —E(Sn))Yn/V| < |knloy 2,

we get that the RHS of (8.4) is o(oy') (uniformly in such £’s).
On the other hand, if |ky| < 0% then

]E(6_(k_E(SN))YN/VN+YJ%/2VN) =14+ 0(1)

(uniformly in that range of k’s).
We conclude that, uniformly in k, we have

P(S! " e~ (k=E(SN))?/(2V) ( 1)
= = + ooy ).
N \/%O'N N

Lastly, since sup |[E(Sy)—E(Sy)|< oo and sup |Var(Sy)— Var(Sy )| <oo,
N N

P(S! " e~ (k—E(S}))?/(2Vy) (1/0%)
N=FR)= +o(l/jon
V2maly

where Vy, = Var(S}y) and oy = /V}.
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Conversely, if the SLLT holds then My (h) — oo for each h > 2.
Now if ¢ is a nonzero resonant point with denominator A then (3.8))
gives )

[P gy, (B)] < CemMNMHEE 0.0 >0

for any choice of j¥, ...,jgv and § with sy < 5. Since the RHS tends
to 0 as N — oo, {X,,} € EeSS(1) completing the proof of part (1).

For part (2) we only need to show that (a) is equivalent to (b) as
the equivalence of (b) and (c) comes from Lemma By replacing
again X, with X,, — ¢, it is enough to prove the equivalency in the
case when E(Sy) = O(1). The proof that (a) and (b) are equivalent
consists of two parts. The first part is the following statement whose
proof is a straightforward adaptation of the proof of Theorem and
is therefore omitted.

Proposition 8.1. {X,,} € SsEe(r) if and only if for each s, each

sequence jfv,jév,...,jgv with sy < 5, each £ < r and each t € R we
have
(8.5) o) (t) = o(a% 7).

Nl 3 g,

Note that the above proposition shows that the condition
(I)N'jfv N g (t) = O(U}V_T) is necessary.
) ) sy

The second part of the argument is to show that if
1—
Oy gy gy, (8) = o(oy ™)

holds for every finite modification of Sy with sy < §+ ¢ (uniformly)
then (8.5 holds for every modifications with sy < s so that the con-
dition g b, (t) = o(oy ") is also sufficient.

To this end we ivntroduce some notation. Fix a nonzero resonant
point t = 2%1 Let ® 5 be the characteristic function of the sum Sy of
all X,’s such that 1 <n < N, n ¢ {j{V,jéV~7 g} and gn(m) > € Let
N be the number of terms in Sy. Denote Sy = SN;]-{VJévM]-évN — Sy and
let ®n(t) be the characteristic function of Sy. Similarly to the proof
of Theorem it suffices to show that for each ¢ < r

(B0 D ()] = olok )

and, moreover, we can assume that My(m) < Rlnoy so that N =

O(lnoy). We have (cf. ([£.21)) ,
k
i)%)&)N(t) = Z H Ver ot D (85) H b t;)

M1y Nk =1 SN N N
eH_A.._*_gk:gw ng{ni,n...,ng,ji" Js I8}
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where the summation is over all tuples ni,ns,...,n; such that
qn,(m) > €. Note that the absolute value of each term in the above
sum is bounded by C|®N;n1,...,nk,j1...,j§VN (t;)] = o(on"). It follows that
the whole sum is

0 (U}V””Ne) =0 (U}V’T In’ aN)
completing the proof. O

Remark 8.2. Lemmal6.2)and Theorem show that the convergence
to uniform distribution on any factor Z/hZ with the speed o(oy ") is
necessary for Edgeworth expansion of order r. This is quite intuitive.
Indeed calling &, the Edgeworth function of order r, (i.e. the contribu-
tion from zero), then it is a standard result from numerical integration
(see, for instance, [0, Lemma A.2]) that for each s € N and each j € Z

Soné (S2) = [~ a@dnrolor) =1+0(o5)

kEZ

where in the last inequality we have used that the non-constant Hermite
polynomials have zero mean with respect to the standard normal law
(since they are orthogonal to the constant functions). However, using
this result to show that

SRSy =+ k) = 1 +o(ok)

keZ
requires a good control on large values of k. While it appears possible to
obtain such control using the large deviations theory it seems simpler
to estimate the convergence rate towards uniform distribution from our
generalized Edgeworth expansion.

9. SECOND ORDER EXPANSIONS

In this section we will compute the polynomials in the general ex-
pansions in the case r = 2.

First, let us introduce some notations which depend on a resonant
point ¢;. Let t; = 27l;/m; be a nonzero resonant point such that
My (mj) < R(2,K)InVy where R(2,K) is specified in Remark [3.6]
Let ij’ ~ be the characteristic function of the sum Sj7 n of all X,,’s such
that 1 < n < N and ¢,(m;) > € = SLK. Note that Sij was previ-
ously denoted by Sy,. Let SNJ =Sy — SNJ and denote by ci)N,j its
characteristic function. (In previous sections we denoted the same ex-
pression by Sy, n, but here we want to emphasize the dependence on
t;.) Let vy, be the ratio between the third moment of Sy ; — E(Sx ;)
and its variance. Recall that by [vv,j| < C for some C. Also,
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let Cy vy, be given by , with the indexes rearranged so that the
n’s with g,(m) > & are the first Ny ones (Cyny; is at most of or-
der My(m) = O(InVy)). For the sake of convenience, when either
tj = 0 or My(m;) > R(2,K)InVy we set Cyny, = 0, Sxy = S
and S’N, = 0. In this case <I>Nj = 5 and <I>N = 1. Also denote

ky = (k—E(Sy))/on, Sy = Sy —E(Sy), and yv = E(S3)/Vv, (7w
is bounded).

Proposition 9.1. Uniformly in k, we have

(9.1)  V2rP(Sy = k) (1 + Z e kDN (15 ) o R /2

t;€ER

—on2e 2 [ Ak /6 + > e Dy i(t;) P (k)
tjER
+o(ay’)

where
Py j(x) = (Pn;(t;)(iC1ne; —E(Sny)) +i®y () z+ Py () 2 /6.

Proof. Let t; = 22 be a resonant point with My (m) < R(2, K)In Vy.
Recall that C;(k) are given by ([£.22). First, in order to compute the
term correspondlng to oN .~ we need only to consider the case s <1

. Using (3.2]) we end up with the following contribution of the

interval containing tj ,

oo ~
(2#)_16_“11‘3&)1\1,( )UN;N</ e~ hE=ESN D on o= 12gp,

T 41 I P -
+oy) / o~ h(=ElSn D)/, (?E [(SN,j — E(S;)) ]O'N]) dh

—0o0

[e.9]

+on S (Crn®u(ty) + Py () /

—00

e_ih(k_]E(gN,j))/UN,j he—h2/2dh>

= e RO () (2m) L oy, (‘I)Ng( ‘)‘H(Cl,N,tjéN,j(tj>+<i’/1v,j(tj))
Xk oy + P () (K — 3’<?NJ)WNJUN]/6>
Where O'N] = V(SNJ), /{ZNJ' = (k) — E(SN’]'))/O'NJ and 7N,j =

IF4‘[(SN J _E(SN ]))
O'N]

(which is uniformly bounded).
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As before we shall only consider the case where |ky| < V5 with
e = 0.01 since otherwise both the LHS and the RHS (9.1 are O(oy")
for all r. Then, the last display can be rewritten as I + II where

7’L'tjk
©-2) = —\/627r0 el D (ty);
N,j
itk
I = ¢’ e FN.i/2

Dar(ty) (i v + T2 (ke = Bkiy) ) + i (6) v )b |

In the region |ky| < V5 we have
6—it]'k‘ g2 /2 s
[ = ——— e "2 [1— gy ikn] n(t;) + o0 (o))

V2mon

where
qNJ = E(SNJ)/O'NJ = E(SNJ')/O'N + O(IHO'N/O'?V) = O(IDO‘N/O'N)

while
e*it]‘ k

V2o,

(K3, — 3k
{@N(tj) (iCLN,tjk;N MR ”é v)

+o (0;,2) .
This yields (9.1]) with R in place of R, where R y is the set on nonzero

resonant points ¢t; = 2wl/m such that My(m) < R(2, K)InVy. Next,
(3.8) shows that if My(m) > R(2,k)InVy then

sup [ ()] < e MV = o(o?)
tEIj

and so the contribution of I; to the right hand side of (9.1]) is o(oy?).
Finally, the contribution coming from ¢; = 0 is

e MR/ (on' + o vaky/6)
and the proof of the proposition is complete. O

Remark 9.2. Suppose that My(m) > R(2, K)In Vy and let N is the
number of n’s between 1 to N so that ¢,(m) > 8%(. Then using (3.8)
we also have

D ()P () <Y [E[Xne™ ™| [Bnin(t))]

neBz(m)

< CNO(N, tj,é)e_COMN(m) < C/MN(m)e_COMN(m)7

Vi e RN /2y

) +idly ()P (t) by
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where
Byo(m) = {1 <n < N:qu(m)>2}.

Since My(m) > R(2,K)InVy, for any 0 < ¢; < ¢y, when N is large
enough we have

My (m)e~0Mnm) < 0 emarMn(m) — o(oy?).
Similarly, |[E(Sx;)®x(t;)| = o(cy?) and
Cing Pa(t) = O(My(m))@n(t;) = o(03?).

Therefore we get 1} when S ~; and S ~; are defined in the same way
as in the case My(m) < R(2,K)InVy.

Under additional assumptions the order 2 expansion can be simpli-
fied.

Corollary 9.3. If Sy satisfies SLLT then

ek /2

) k3
L+ 37 e Ry (t)) — N 4 o(oy?).
t;eR Gon

Proof. The estimates of together with (3.8)) show that if Sy satis-
fies the SLLT then for all j

(14 My(m))@w;(t;)Pn;(t;) = o(1) and Sy ;(t;) Py ;(t;) = o(1).
Thus all terms in the second line of (9.1) except the first one make a
negligible contribution, and so they could be omitted. U

Next, assume that Sy satisfies the LLT but not SLLT. According to
Proposition[L.2] in this case there exists m such that My(m) is bounded
and for k = 1,...,m — 1 there exists n = n(k) such that ¢, (k/m) = 0.
Let R, denote the set of nonzero resonant points t; = % so that
My (m) is bounded and ¢, (t;) = 0 for unique ¢;.

Corollary 9.4. Uniformly in k, we have

\/%P(SN = k) = (1 _|_ Z e*itjk(bN(tj))O,Nlefk?\]/Q

t;€ER

VorP(Sy = k) =

ON

—o e kR 6+ Y i i Dy (45)¢y, (8)kn | + 0(oR?).
tj€Rs

Proof. As in the proof of Corollary we see that the contribution of

the terms with k/m with My(m) — oo is negligible. Next, for terms

in R the only non-zero term in the second line in corresponds to

Py, (L), (t;) while for the resonant points such that ¢.(t;) = 0 for

two different ¢s all terms vanish. U
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10. EXAMPLES.

Example 10.1. Suppose X,, are iid integer valued with step h > 1.
That is there is s € Z such that P(X,, € s+ hZ) = 1 and h is the
smallest number with this property. In this case [I8, Theorem 4.5.4]
(see also [I2, Theorem 5]) shows that there are polynomials P, such
that

T

(10.1) P(Sy =k) =Y Pk —ElSy))/ox) o (k — E(SN)) +o(oy)

b
o
b=1 N

ON
for all k € sN + hZ. Then

r

i: ZQQF’iQ(k—SN)/th((k — E(ESN])/UN>9((k o E(SN))/O'N)

o
a=0 b=1 N

provides o(oy") approximation to P(Sy = k) which is valid for all
ke Z.

Next let Sy = Xy + Sy where X, is bounded and arithmetic with
step 1. Then using the identity

(10.2) P(Sy=k)= >  P(Xo=uP(Sy=k—u),

u=k—sN mod h

k—u—E(S
invoking ([10.1]) and expanding g ( 4 ( N)) in the Taylor series
ON
about =E5¥) we conclude that there are polynomials P, ; such that

we have fg]; kej+hi,
—~ Py ((k — E[SN])/O’N)g (’f — E(Sw)

P(Sy =k =Y 2 > +o(oy).

b1 ON ON
Again
h—1 h—1 r
SO riatin g By (k- ]E[SN])/UN)g <k - E(SN))
b
a=0 j=0 b=1 IN oN

provides the oscillatory expansion valid for all integers.

Example 10.2. Our next example is a small variation of the previ-
ous one. Fix a positive integer m. Let X’ be a random variable such
that X’ mod m is uniformly distributed. Then its characteristic func-
tion satisfies ¢X/(2”7“) =0fora=1,...,m— 1. We also assume that
¢’y (2) # 0 for a as above (for example one can suppose that X’
takes the values Lm, 1,2,...,m — 1 with equal probabilities where L

is a large integer). Let X” take values in mZ and have zero mean. We
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also assume that X" does not take values at moZ for a larger mgy. Then
q(X",mg) > 0 for any my # m. Fix r € N and let

X n<r,
X”:{X//
n>r.

Then My(mg) grows linearly fast in N if my # m and My(m) is
bounded in N. We claim that Sy admits the Edgeworth expansion of
order r but does not admit Edgeworth expansion of order r 4+ 1. The

first statement holds due to Theorem E, since @%)(Qﬁ) = 0 for each
a € Z and each ¢ < r. On the other hand, since @%)(%Wa) = 0 for any
¢ < r, using Lemma we see that the conditions of Lemma are
satisfied with r 4+ 1 in place of r. Moreover, with t; = 2wa/m, a # 0
we have Hy,41,5(z,t;) = 0 for any ¢ < r+ 1 and s = 2,3,4 while
HNgw(z,t;) =0 for any ¢ < r and w = 1,2,3,4. Furthermore, when
N > r we have

i Hy(z) (60 (2ma/m)) "0 (2a/m)
7!
= (i) H,(x) (P (2ma/m))".

Hn 112 ty) =

We conclude that
P(Sy = k)

—k2,/2 o om—1 r

e kn 1 . 2ma

— o k 727rmk/m / , HT k
Vo |Gt o 2 <¢X (m )) (N)]

a=1
+o(oy ™)

where &,41 the Edgeworth polynomial (i.e. the contribution of 0) and
H,(z) is the Hermite polynomial.

Observe that since the uniform distribution on Z/mZ is shift invari-
ant, Sy are uniformly distributed mod m for all N € N. This shows
that for » > 1, one can not characterize Edgeworth expansions just in
term of the distributions of Sy mod m, so the additional assumptions
in Theorems [1.6] and [1.8] are necessary.

Next, consider a more general case where for each n, X,, equals in law
to either X’ or X” however, now we assume that X’ appears infinitely
often. In this case Sy obeys Edgeworth expansions of all orders since
for large N, ®y(t) has zeroes of order greater N at all points of the
form 2”7“, a=1,...,m— 1. In fact, the Edgeworth expansions hold in
the superstable way since removing a finite number of terms does not
make the order of zero to fall below r.
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Example 10.3. Let p, = min(1,2) and let X, take value 0 with
probability p,, and values 41 with probability %. In this example
the only non-zero resonant point is 7 = 27 X % Then for small 6
the contributions of Pj;,x (the only non-zero a is 1) are significant
and as a result Sy does not admit the ordinary Edgeworth expansion.

Increasing 6 we can make Sy to admit Edgeworth expansions of higher
and higher orders. Namely we get that for large n, ¢,(7) = — — 1.
n
Accordingly
20 1
In(—ao, =——+0|—=].
a=on(m) = -2 +0 (1)
Now the asymptotic relation

N
1 1
Z—:lnN—i—c—l—O(—),
—n N

where ¢ is the Euler-Mascheroni constant, implies that that there is a
constant I'(f) such that

(_1)N6F(9)

o (L+O(L/N)).

(I)N(Tl') =

—1
Therefore Sy admits the Edgeworth expansions of order r iff § > TT

-2 r-—1
Moreover, if 6 € (r 1 r 1 } , then Corollary shows that

e~k /2

(_1)N+k€F(0) 1
P(Sy =k) = Von {gr(kN)‘i'W—i—O(W)}

where &, is the Edgeworth polynomial of order r. In particular if 6 €
(0,1/4) then using that

(10.3) Vi = N+ 0(InN) = N (1 +0 <%))
and hence
104 =V (1+0 (%))

we conclude that
o—k?/(2N) 1 (_1)N+k6r(9) 1
P(Sy = k) = NG {\/ﬁ + N20+(1/2) +0 (m)} '

Next, take p, = min (1, %) Then the SLLT does not hold, since
the Prokhorov condition fails. Instead we have (6.1) with R = {r}.
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Namely, uniformly in k& we have

N
V2rP(Sy = k) = (1 +(=DFJ] (200 - 1)) ot e N Lo(ah).
u=1
Next, p, is summable and moreover
N
[I@r.—1) = (DU +0(1/N))
u=1

where U = H(l — 2p,,). We conclude that

n=1
(10.5)  V2rP(Sy = k) = (1 + (=) NU) oxte ™/ 10 (0?)

uniformly in k. In this case the usual LLT holds true if and only if
U = 0 in agreement with Proposition [1.2]

In fact, in this case we have a faster rate of convergence. To see this
we consider expansions of order 2 for p,, as above. We observe that
qm(2) = p,, for large n. Thus

[E(e™ )] =1 - 2p,

and so |[E(e™)| > 1 when n > Ny for some minimal Ny. Therefore,
we can take Ny = Ny. Note also that we have Y,, = X,, mod 2 —1. We
conclude that for n > Ny we have

E[(=1)"™ — 1)X,)]
E[(=1)"]

and so the term (' y vanishes. Next, we observe that

D o1 BOG)
fYN,j et N et

Zn:No-i-l(l - pn)

Finally, we note that E[(—1)*"X,] = 0, and hence ®/y () = 0. There-
fore, the second term in ({9.1]) vanishes and we have

\/ETIP)(SN = k?) = (1 + (—1>k+NU) 0';[16_]?2/(2\/1\7) + O (O’K;S) .
Taking into account ((10.3) and ([10.4)) we obtain

k+N
1+ (=1)"U —HIEN) | o (N’?’/Q) _
VN
In particular, (10.5) holds with the stronger rate O (0;73).

=0

n = Qn,j =

V2rP(Sy = k) =
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Example 10.4. The last example exhibited significant simplifications.
Namely, there was only one resonant point, and, in addition, the second
term vanished due to the symmetry. We now show how a similar anal-
ysis could be performed when the above simplifications are not present.
Let us assume that X, takes the values —1,0 and 3 with probabilities
a,, b, and ¢, so that a, + b, + ¢, = 1. Let us also assume that b, < %
and that a,,c, > p > 0 for some constant p. Then

V(X,) = 9(c, — ) + 6anc, + (a, — a2) > 6p°

and so Vi grows linearly fast in V.

Next, since we can take K = 3, the denominators m of the nonzero
resonant points can only be 2,3,4,5 or 6. An easy check shows that
for m = 3,5,6 we have ¢,(m) > p, and that for m = 2,4 we have
qn(m) = b,. Therefore, for m = 3,5,6 we have My(m) > pN, and so
we can disregard all the nonzero resonant points except for 7/2, 7 and
3w /2. For the latter points we have

(10.6) Pn (g) = by —i(1 = by),

3T

(10.7) bu() =20, — 1, ¢y (7) = by, +i(1—by).

Hence, denoting 71, = b,(1 — b,), we have

o (3)

Since we suppose that 7, < b, < g it follows that 1 — 47, > %
Then for the above three resonant points we can take Ny = 0. Now
Proposition |7.1] and a simple calculation show that for any r we get the

Edgeworth expansions of order r if and only if

2

371' 2 2
On (7)‘ =1—2n,, |ou(m)|” =1—4n,.

N

H(l —2n,) =0 (N"").

n=1

Let us focus for the moment on the case when b, = ~/n for n large
enough where v > 0 is a constant. Rewriting (10.6|), (10.7)) as

R
—¢p(m) =1—20b,

and, using that the condition b, < § implies that that ¢, (t) # 0 for all
n € Nand all t € {;—r, , 37”}, we conclude similarly to Example m
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that there are non-zero complex numbers k1, k3 and a non-zero real
number k9 such that

T\ (_Z‘>N'Li1 iyln N 1
Ow <§> - N 1o %))
3 iN/ig —iyIn N 1
n(3)- e (0(5)

By (m) = (—1)N“2]6\:jN (1 10 (%)) .

It follows that Sy admits Edgeworth expansion of order r iff v > %
In fact if % < v < 5 then Corollary |7.4 shows that

e_kJQV/Q HleiylnN H.,Se—i'ylnN .
Pl = h) = = | &l + e+ SR = + O (V)

where &, is the Edgeworth polynomial of order r and n=min (2% %) + %
To give a specific example, let us suppose that % <~ < 1 and that
E(X,) = 0 which means that
3(1—0by) 1—1b,

(10.9) U === =

Then
(10.10) Vy =3N —3yIn N +0O(1), FE(S%) =6N —6yIn N + O(1),
so Proposition [9.1] gives

V2rP(Sy = k) =

<1 N Hlikaei'ylnN + I{gl'Nkei'ylnN> k3 ‘|

N  81V3NG

67k2/6N [

-

+0 (N73/2)

Next, let us provide the second order trigonometric expansions un-

der the sole assumption that 1 — 4n, > % and ay,,c, > p. As we

have mentioned, we only need to consider the nonzero resonant points
7/2,m,3m/2 and for these points we have Ny = 0. Therefore, the term
involving the derivative in the right hand side of vanishes. Now,
a direct calculation shows that

N

E(e™5X,) o= (an — 3¢)bn
Cing = ZW - 22—

n=1
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and
Y (@, — 3¢a)(1+4)b N (@, — 3ca) (1 — )b
CI,N,W/Z = Z bn _ Z(l _ bn> ) CYI,N,371'/2 = Z bn n Z(l _ bn) .
n=1 n=1
Note that 3¢, — a, = E(X,,). Set
N N N
Pin = [[bn=i(1=bn)), Ton =]]@0n—1), Tsn = ][bati(1-bn)).
n=1 n=1 n=1

ST

Then T, y = E(e™2 *¥). We also set
@s,N - Cl,N,sw/2Fs,N> s = 17 27 3

and
3 3
F]\](k)) — Z e*]’m'k/QFj’N’ @N(k) — Z e*jﬂ'ik/zgj’N.
J=1 j=1
Then by Proposition [9.1 and Remark [9.2] uniformly in k& we have
(10.11) V21P(Sy = k) = o' (1 + Dy (k) e "~/
—o32 (K Tw (14 Ty (k) + ikyOn (k) e /2 + o(07?)
N
> EXD)
where Ty = ”_16VN X =X, — E(X,).

Let us now consider a more specific situation. Namely we suppose
that b, = —5 for large n and that E(X,) = 0. Then (10.9) shows that

CiNsnj2 = 0. Next (10.8)) gives

qui(fv) = ﬁ (1= by) +iby] = —
n=1 IT (@ =0n) +iby)

n=N-+1

R1

where Ry = H [(1 — by,) + iby] . Likewise

(2520 0(l)

and
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Taking into account (10.10) we can reduce (10.11) to the following

expansion

2 1 >
2mP(Sy = k) = e F/N | — |1+ R it =N
V2rP(Sy = k) N 2

1 B e sth-ny [ 201 —i7%) k% 1
N (‘?* — 3 )| 9\

s=1
where ky = k/v/3N.

Example 10.5. Let X’ take value +1 with probability %, X" take val-
ues 0 and 1 with probability %, and X°, § € [0, 1] be the mixture of X’
and X” with weights § and 1 — . Thus X? take value —1 with proba-
bility g, the value 0 with probability 1%5 and value 1 with probability
%. Therefore, E(e”X(S) = —0. We suppose that Xs,, and Xs,,_; have
the same law which we call Y,,,. The distribution of Y,, is defined as fol-
lows. Set k; = 33j, and let Y}, have the same distribution as X % where

§; = —~—. When m ¢ {k;} we let Y, have the distribution of X’. Tt is
clear that Vi grows linearly fast in N. Note also that E(e™™) = —§;
when m = k; for some j, and otherwise E(e™™) = —1. Now, take
N € N such that N > 2k, and let Jy be so that 2k;, < N < 2k;, 11.
Then

|Px () < [J(kse0)”
j=1
Since kj,, < % < kjy+1 and k; = (k:j+1)1/3 we have k};H < 2N~ ! and
In—1
kjviiom < 23" N3 for any 0 < m < Jy. Denote ay = Z 377,
j=1

Since apy > 1/3 we get that
B ()] < 2Y2NTON = o(NTITHE),
Similarly, for each 71,72 < NV,

(1012) |(I)N:j1 (ﬂ-)| < 23/2N71/27a1v — 0(N71/271/3)
and
<1O'13> ‘(I)Nijl,jQ (W)‘ < 2NN = O<N71/3)-

Indeed, the largest possible values are obtained for j; = 2k, (or j; =
2k, — 1if it is smaller than N 41) and j, = 2k, —1 (or jo = 2k, ).
Using the same estimates as in the proof of of Theorem |1.8| we conclude

from (10.12)) that ®\(7) = o <1/\/N> and we conclude from ((10.13)
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that 4 (m) = o(1). It follows from Lemma[7.6)and Proposition [7.1] that
Sy satisfies an Edgeworth expansion of order 3. The same conclusion
holds if we remove a finite number of terms from the beginning of the
sequence {X,} because the smallness of ®y(7) comes from the terms
Xox;—1 and Xy, for arbitrary large j’s.

On the other hand

‘(I)ij;zkj,2kj71,2kj,1,2kj,1—1(W)| = (3738)

9/2
_ > L3,
Vi Tk
It follows that So;.on; 2k;—1,2k;_,,2k;_,—1 does not obey the Edgeworth
expansion of order 3. Accordingly, stable Edgeworth expansions need
not be superstable if r = 3. A similar argument allows to construct
examples showing that those notions are different for all r > 2.

_ 3—(33'—9)/2

11. EXTENSION FOR UNIFORMLY BOUNDED INTEGER-VALUED
TRIANGULAR ARRAYS

In this section we will describe our results for arrays of independent
random variables. We refer to [13], [26, 27] and [11], [35], [29] and
[10] for results for triangular arrays of inhomogeneous Markov chains.
Example where Markov arrays appear naturally include the theory of
large deviations for inhomogeneous systems (see [34, 31} [14] and refer-
ences wherein), random walks in random scenery [4] [16], and statistical
mechanics [19].

Let X7(LN), 1 < n < Ly be a triangular array such that for each fixed
N, the random variables Xle) are independent and integer valued.
Moreover, we assume that

K = supsup || X, ||z~ < 0.
N n

Ly

For each N we set Sy = ZXY(LN). Let Vy = Var(Sy). We assume

that Vy — oo, so that, byn_Llindenberngeller Theorem, the sequence
(Sy —E(Sy))/on obeys the CLT, where oy = +/Vy.

We say that the array X obeys the SLLT if for any k£ the LLT
holds true for any uniformly square integrable array Yn(N), 1<n< Ly,
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so that Yn(N) = XTSLN) for all but k£ indexes n. Set
Ly
My := min P(X, #m™(h) mod h) > RInVy
2<h<2K £

where mgN)(h) is the most likely value of X5 modulo h. Observe now

that the proofs of Proposition [3.1] and Lemmas [3.3] [3.4] and [£.4]
proceed exactly the same for arrays. Therefore, all the arguments in
the proof of Theorem proceed the same for arrays instead of a fixed
sequence X,. That is, we have

Theorem 11.1. There 3J = J(K) < oo and polynomials P, y with
degrees depending only on a and b, whose coefficients are uniformly
bounded in N such that, for any r > 1 uniformly in k € Z we have
J—-1 r
Pa,b,N k—an)/on mia —r
P(Sy = k-3 3 Lo WO o ) )emiaktd — oo
a=0 b=1 N
where ay = E(Sy) and g(u) = \/%76_7‘2/2.
Moreover, Po1 v =1 and given K,r, there exists R = R(K,r) such
that if My > RInVy then we can choose Pypn =0 for a # 0.

All the formulas for the coefficients of the polynomials P, y remain
the same in the arrays setup. In particular, we get that, uniformly in
k we have

(11.1)  P(Sy=k) = (1 +) e—“’fch(t)> e 255t 4 o(oyh)

teR

where ®y(t) = E(e*9v).
Next, our version for Proposition [I.2] for arrays is as follows.

Proposition 11.2. Suppose Sy obeys LLT. Then for each integer h >
2, at least one of the following conditions occur:

L

either (a) A}im E P(X, # m™(h) mod h) = cc.
—00
n=1

or (b) there ezists a subsequence Ny, numbers s € N and g9 > 0
and indexes 1 < jf, ...,jfk < Ln,, sk < s so that the distribution of

Sk
ZX;iV’“) converges to uniform mod h, and the distance between the
u=1

Sk
distribution of Sy, — ZXng) and the uniform distribution mod h is
q=1

at least €.
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Proof. First, by (11.1) and Lemma if the LLT holds then for any

nonzero resonant point ¢ we have A}im |®n(t)] = 0. Now, if (a) does not
—00
Ly,
hold true then there is a subsequence N so that Z g(XWM) h) < O,

n=1

where C' is some constant. Set ¢™)(h) = ¢ (X(N’“) h). Then there

are at most 8hC' n’s between 1 and Ly, so that q(N’“)(h) > o Let

us denote these n’s by ny g, ..., g, %, s < 8hC. Next, for any n and a
nonzero resonant point ¢t = 27rl /h we have

(11.2) 6N ()] > 1 — 2hgNO (R) > e~ 2han

where (b%N’“) is the characteristic function of X" and v is such that
for 6 € [0,1/4] we have 1 — 0 > e=1%. We thus get that

(11.3) IT M oi= T 1 —2ngM(n) > Co
ng{nu,k} ng{nu,k}

where Cy > 0 is some constant. Therefore,

|, (1)] > H o) (1)
and so we must have

(11.4) lim H 6N (1)] = 0.

k—o0

Now (b) follows from (11.3), (11.4) and Lemma [6.2] O
Using ((11.1)) we can now prove a version of Theorem for arrays.
Theorem 11.3. The SLLT holds iff for each integer h > 1,

(11.5) lim ZIP’(X,(LN) # m, mod h) =

N—oo

where m, = m%N)(h) is the most likely residue of X5 modulo h.

Proof. First, the arguments in the proof of (3.8]) show that there are
constants c¢g, C' > 0 so that for any nonzero resonant point ¢ = 27l/h
we have

(11.6) |Pn(t)] < Ce_COMN(h)’ where My(h) = ZQ<X(N)’h)'
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Let us assume that (11.5) holds for all integers A > 1. Consider sy—
tuples 1 < jV, “'>ng < Ly, where sy < 51is bounded in N. Then by

SN

applying (11.6) with Sy = Sy — Z X;;y) we have

=1

(11.7) lim |E(e™5V)| = 0.

N—o0

Now, arguing as in the proof of Theorem [L.§(1), given a uniformly
square integrable array V™) as in the definition of the SLLT, we still
have , even though the new array is not necessarily uniformly
bounded. Applying we see that for any nonzero resonant point

t we have
Ly
E (exp [itZYn(N) )' =0

n=1

Now let us assume that My(h) /4 oo for some 2 < h < 2K (it not
difficult to see that holds for any h > 2K).

In other words after taking a subsequence we have that My, (h) < L
for some L < oo. The proof of Proposition [I1.2]shows that there s < oo
such that after possibly removing terms ny g, nog, . .., Ns, & With si <'s
we can obtain that ¢i"* (k) < 2 1 & {njx}. In this case shows
that for each /¢

lim
N—oo

Ln
and so SyY = Z Y™ satisfies the LLT.
n=1

|®Nk§n1,lc7---7nsk,k(27T€/h)| > G_QWL'
By Proposition (11.2, Sy, 4....n,, , does not satisfy the LLT. O
Next, all the other arguments in our paper proceed similarly for
arrays since they essentially rely only on the specific structure of the

polynomials from Theorem [2.1] For the sake of completeness, let us
formulate the main (remaining) results here.

Theorem 11.4. The following conditions are equivalent:
(a) Sn satisfies LLT;
(b) For each ¢ € R\ Z, lim E (e*™°V) = 0;
N—o0
(c) For each non-zero resonant point &, J\P_IEOE (engSN) =0;
(d) For each integer h the distribution of Sy mod h converges to
uniform.

Theorem 11.5. For each r there is R = R(r, K) such that the Edge-
worth expansion of order r holds true if My > RlnVy. In particular,
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Sy obeys Edgeworth expansions of all orders if

. My
Nliléo IDVN -

Theorem 11.6. For any r > 1, the Edgeworth expansion of order r
holds if and only if for any nonzero resonant point t and 0 < £ < r we
have

0 r

Theorem 11.7. Suppose Sy obeys the SLLT. Then the following are
equivalent:

(a) Edgeworth expansion of order 2 holds;

(b) |®n(t)| = o(ony') for each nonzero resonant point t;

(¢) For each h < 2K the distribution of Sy mod h is o(oy') close to
uniform.

Next, we say that an array {X,(LN)} admits an FEdgeworth expansion
of order v in a superstable way (denoted by {X,(LN)} € FeSs(r)) if for
each 5 and each sequence j;{',j3',...,j with sy < 5and jV < Ly
there are polynomials P, y whose coefficients are O(1) in N and their
degrees do not depend on N so that uniformly in k € Z we have that

— Py (ky) —r
(11.8) P(SN;j{V,jéV,..‘,jsNN =k)= Z U—bQUfN) +o(oy")
b=1 N
and the estimates in O(1) and o(cy") are uniform in the choice of the
tuples j{",..., 7N .
Let @i, jp...5. (t) be the characteristic function of Sy.j, jo.. j.-

Theorem 11.8. (1) Sy € EeSs(1) (that is, Sy satisfies the LLT in a
superstable way) if and if it satisfies the SLLT.

(2) For arbitrary r > 1 the following conditions are equivalent:

(a) {XN} € BeSs(r);

(b) For each i, 5, ... ,jé\][v and each nonzero resonant point t we
have ¢N;j{V,j§V,...,ngN (t) = o(on");

(¢) For each ji,j3,...,jN . and each h < 2K the distribution of
S

. 1—r .
NG g mod h is o(oy ") close to uniform.
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