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We prove a local limit theorem for sums of independent random vectors satisfying
appropriate tightness assumptions. In particular, the local limit theorem holds in
dimension 1 if the summands are uniformly bounded.
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1 Introduction.

1.1 The main result.

A classical Local Limit Theorem says that the distribution of the sum of i.i.d. ran-
dom variables considered at a small scale is approximately invariant with respect to
translations by a large' subgroup of R%. Several authors addressed a generalization
of this result for non-identically distributed terms (see e.g. [1, 2, 4, 5, 6, 7, 8, 9, 11]
and references therein). Here we show that a reasonable theory can be obtained if we
impose appropriate tightness assumptions on individual summands.

Consider a sum Sy = Z;.V:l X,; where X; are independent, R¢ valued random vari-
ables such that

E(X,) =0, (1.1)

E(|X;[%) < mg (1.2)

and there exists a constant £, > 0 such that for each s € R

E((X;,5)%) = colsl” (1.3)
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LLT for sums of independent random vectors

Note that in the presence of (1.2) condition (1.3) is equivalent to existence of 1,65 > 0
such that for each proper affine subspace II ¢ R? we have

P(d(X;,11) <&1) <1—¢y. (1.4)

Let Vv denote the covariance matrix

VNt = ZE (1) X, (12))

(here and below we denote by X(; the /-th coordinate of vector X).

We call a closed subgroup H C R¢ sufficient if there is a deterministic sequence ax
such that Sy —axy mod H converges almost surely. The minimal subgroup, denoted by
H, is defined as the intersection of all sufficient subgroups.

Proposition 1.1. (a) If H is sufficient then RY/H is compact.
(b) The minimal subgroup is sufficient.

If H is a proper subgroup of R? we call the sequence { Xy} arithmetic, otherwise it
is called nonarithmetic?.

Due to Proposition 1.1 there exists a bounded sequence ay such that Sy —ay mod H
converges almost surely. Fix such a sequence and denote the limiting random variable
by 3.

We refer the reader to Subsection 1.3 for examples of computation of the minimal
subgroup for d = 1.

Given a random variable Y let Cy be the convolution operator

Cy(9)(z) = E(g(z +Y)).

We denote by C(R?) (respectively C"(R%)) the space of continuous (respectively r
times differentiable) functions on R%. The subscript 0 indicates that we consider only
functions of compact support in the corresponding space.

Theorem 1.2. For each g € Cy(IR?) for each sequence zx = O(v/N) such that zy —ay €

‘H we have
lim { ((SN_ZN ] /Cs h)dAz(h)

N —o00 UN ZN

where \y; is the Haar measure on ‘H and uy(z) is the density of the normal random
variable with zero mean and covariance Vy.
In particular, in the non-arithmetic case for each sequence zy = O(v N) we have

lim {E(Q(SNZN))] - /]Rdg(x)dx.

N—oc0 UN(ZN)

The Haar measure in the above theorem is defined as follows. # is isomorphic to the
product of Z% x R?~%. \y is the product of the counting measure on the first factor
and the Lebesgue measure on the second factor normalized as follows. Choose a set
D so that each z € R? can be uniquely written as © = h + 0 where h € H, § € D. \y is
normalized so that

m)dx:/H/Dg(h—&—e)d)\ﬂ(h)d/\D(G) (1.5)

where \p is the Lebesgue measure on D normalized to have total volume 1.

2Sometimes in the literature the term arithmetic is reserved to the case where # is a discrete subgroup of
RR? while the case where it has both discrete and continuous parts is called mixed but in our presentation we
will not distinguish between those two cases.
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1.2 One dimensional case.

If d = 1 there are several simplifications. Namely V} is a scalar and # is either R or
hZ for some h € R. So Theorem 1.2 can be restated as follows.

Corollary 1.3. Either
ZN

(i) for each g € Cy(R) for each sequence zy such that lim —— =z
N—o00 VN
6—22/2 o}
li [ E - } - 1.
Jim [VIREG@(Sy = 20)] = = [ gl (1.6)

or (ii) there exists h > 0 and a bounded sequence ay such that Sy —ay mod h converges
almost surely to a random variable $ and for each g € Cy(R) for each sequence zy such

. . . AN
that zy = ay + kyh with ky € Z and A}gnoo TW =z
. he=*/2 & )
Jim [VIB(g(Sy = 2n)] = T 3T Csla) ()

j=—00

In Section 8 we deduce the following consequence of this result.

Corollary 1.4. Let X; be independent random variables of zero mean which are uni-
formly bounded (that is, there is K such that | X;| < K with probability one). Then either
Sy converges almost surely to some random variable $ in which case

VVNE(g(SN)) = VV(S)E(g(8)) (1.7)

or S satisfies the conclusions of Corollary 1.3.

1.3 Examples.

Here we provide several examples of computing the minimal subgroup, the normaliz-
ing sequence ay and the shape of local distribution $.3

They provide a good illustration of versatility of Corollary 1.4, even though the
computations in each individual example presented below could be done by hand. Namely,
all cases where H # R follow immediately from Kolmogorov’s Three Series Theorem.
The cases where H = R seem a little more tricky and could be most easily analyzed with
the help of Lemma 3.2.

Example 1.5. X; has a continuous distribution and X,, for n > 2 are i.i.d and P(X,, €
a + hZ) = 1 where h is the maximal number with this property. Then

H:hZ, (LN:]VCLIIIOdh7 S:Xl.

Example 1.6. X,, are integer valued and |X,,| < M with probability 1. According to
Corollary 1.4 there are two cases
(I Z (Xy — E(Xy)) converges*. Let by be the closest integer to E(Xy). Then
N

either Xy = by or | Xn — E(Xx)| > 1/2. Therefore the case (b1) is characterized by the

condition
Z (1 —mkaXP(XN = k)) < 0.
N

3The reader should keep in mind that the choices of ax and $ are not unique. Namely, we can replace
(an,8) by (any + an + ¢,3 — ¢) where c is an arbitrary constant and a, is a sequence converging to 0. In
Examples 1.5-1.8 we give one possible choice.

4Note that we do not assume here that X have zero mean since IE(X ) need not be an integer, so we can
not reduced the general case to the zero mean case by subtracting the mean.
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(IT) The minimal subgroup is hZ for some h < 2M. Note that the same argument as
in (b1) shows that hZ is sufficient iff

> <1 — max P(Xy = k mod h)) (1.8)
N
converges.

We now distinguish to further subcases:

(ITa) The series (1.8) converges only for h = 1. In this case $ = 0 and we obtain the
classical arithmetic local limit theorem

| . kn
VVNP(Sy = kyn) — e * /% i A
(S =) = o N

(ITb) The maximal A for which the series (1.8) converges is larger than 1. In this case
‘H = hZ with h as above,

N
anN = Z k, mod h, where k, = argmaxP(X,, = k mod h)
n=1
and § = Z(Xn — ky,) (note that due to Borel-Cantelli Lemma this sum has only finitely
n=1

many non-zero terms with probability 1).

The LLT in Example 1.6 is proven in [10] (except that our results are slightly more
precise in case (IIb). The fact that (1.2) and (1.3) are sufficient for the LLT is noted in
[12] which obtains the LLT under slightly weaker conditions than (1.2) and (1.3) (under
the assumption that X are integer valued!).

Example 1.7. X,, = &, +¢,7, where {&,} and {7, } are i.i.d random variables, £s and 7s
are independent, &, take values +1 with probability % and 7,, have continuous distribution
with finite third moment. Then either

(I 3, €2 converges and

H=2Z, ay=Nmod2, $=> e.n,
n=1

or (II) Zn 5% diverges in which case 4 = R and we are in the non-arithmetic situation.

Example 1.8.

IP(Xn = _1) = 3 + Dn, IP(Xn = 1—|—€n) = 3 — pp, where g, = 17p2p

(so that E(X,,) = 0). We assume that p,, — 0. Then either
(1) 3, €2 converges (which is equivalent to the convergence of 3 p2). Then

1 > 1
H= 2Z7 anN = <N + 5 nz_:l€n> mod 2, S = nz::l€n <1Xn_1+8n — 2)

or (II) Zn 5% diverges in which case = R and we are in the non-arithmetic situation.

1.4 Plan of the paper.

In Section 2 we prove Proposition 1.1. In Section 3 we show that the non-arithmetic
case is characterized by the condition that the characteristic function of Sy tends to 0
everywhere except for the origin. In Section 4 we show that if the characteristic function
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is large at some point then it decays rapidly nearby. This estimate is used in Section 5 to
prove the Local Limit Theorem for test functions whose Fourier transform is compactly
supported. In Section 6 we use an approximation argument to prove the Local Limit
Theorem for continuous functions of compact support. The proof relies on an auxiliary
estimate saying that a probability to visit a cube of a unit size is O(det(V} 1/ %)). That
estimate is established in Section 7. Finally, in Section 8 we prove Corollary 1.4.
Throughout the paper ¢ denotes the Fourier transform of a function g. ¢, (A) denotes
e-neighborhood of a set A C R%. By, is a ball of radius R centered at the origin.

2 Minimal subgroup.
We need the following deterministic fact.

Lemma 2.1. Let JEI, Iif be closed subgroups of R such that ]Rd/H is a compact subgroup,

where H = HN H. Let sy be a sequence such that both sy mod H and sy mod H
converge. Then sy mod H converges.

Proof. Let _ -
p:R* - RYH, p:RYH—-RYH, p:RYH—-RYH

be natural projections,

§= lim sy mod H, §= lim sy mod H, S=p"1'5 S=p .
N —oc0 N—oo

)

Note that Card(S N g‘) < 1. On the other hand for each ¢ > 0
p(sn) € U(S) NU(S)

provided that NV is large enough. It follows that S and § do indeed intersect and
lim p(sy)=S5nNS5. O
N —o0

Proof of Proposition 1.1. (a) If R?/H was not compact then we may assume after an
appropriate change of variables that all vectors in H have zero last coordinate. That is,
SN,(d) — ay,(q) converges almost surely. By (1.2) and (1.3) we can choose R so large that

denoting Xy = Xy (4)1|x 4 |<r We have V(Xn) > €0/2. Thus ZV(XN) diverges and

N
S0 Sn,(4) — an,(q) diverges due to Kolmogorov’s Three Series Theorem.

To prove (b) let H , H be sufficient subgroups such that Sy —ay mod H and Sy —ay
mod H converge. Let

by = iin —in-1, by =éan—an1, H=HNH,
We claim that R?/H is compact. Indeed take R so large that
P(|Xn| > R) <e2/2
where ¢5 is the constant from (1.4). By our assumptions for each 41, d-
P(Xy € by +Us, (H)) >1— 85, P(Xn € by +Us,(H)) >1— 6

provided that N is large enough. Hence if 205 + ¢5/2 < 1 then

P (XN € {(BN +u51(ﬁl)) N (zN +u§1(f1)) mBRD > 0.
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Therefore the set (l;N + Us, (H)) N (l:JN + Us, (ﬁ[)) N Br is non empty, it contains a point
BN. Then

P(Xn € by + (Uss, (H) NUas, (H))) > 1 — 265. (2.1)
Take d; so small that

(UQ(;l(H)OZ/{Q(;l(H)) N Bagr Cusl(H). (2.2)
Now note that if R?/H was not compact there would be a proper subspace L. > H and
so (2.1) and (2.2) would contradict (1.4) with II = BN + L.

Our next claim is that H is sufficient. Indeed pick @ so that both Sy (@) —ax mod H
and Sy (@) —ay mod H converge. Then for almost every w both Sy (w) — Sy (@) mod H
and Sy(w) — Sy (@) mod H converge. Now Lemma 2.1 tells us that Sy — ay mod H
converges almost surely where ay = Sy(w). Hence H is sufficient.

Observe that Hy = R is sufficient. If it is not minimal there is a proper sufficient
subgroup H; C Hy. If H; is minimal we are done. Otherwise there is H] ¢ H; which is
sufficient and by the foregoing discussion Hy = (H; N Hj) is sufficient. Continuing we
obtain a chain of proper subgroups

Hy>DHDHy---DH,D ...

such that Hy, is sufficient for each k. Note that either dim(H}) < dim(Hy_1) or Vol(Hy_1/Hy)
is an integer greater than 1. On the other hand the proof of part (a) shows that if R is
large enough then Hj has a basis in By for each k. Thus the chain can not be continued
indefinitely ending at some finite r. Then H, is minimal and it is sufficient by construction.
O

3 Distinguishing between the arithmetic and non-arithmetic cases.

We start with an auxiliary estimate.

Lemma 3.1. Each random variable X can be decomposed as X = b+ )Y + Z where b is a
constant, Z € 2rZ, |Y| < 27, E(Y) =0, and

E(Q?)

EE®)|<1-
B <1- =

Proof. Let E(e'Y) = pe® where p,b € R. Decompose X — b = Y + Z where Z € 277 and
|V| < 7. Then

p=E(* ) = REE X)) = E(cos((X — b)) = E(cos(D)).

Using that ° cos(z) <1 — % if |z <Twegetp<1-— #22) <1- %. This proves the

result with ) = Y — E())) and b = b+ E()). O

We will refer to the decomposition of Lemma 3.1 as the useful decomposition of X.
The next result will help us to distinguish between the arithmetic and non-arithmetic
cases.

Lemma 3.2. Let Xy be independent random variables with zero mean. Let Sy =
ZnNzl X,. The following are equivalent
(a) There is a sequence ay such that Sy — ay mod 27 converges;

SIndeed

EJP 21 (2016), paper 39. ejp.ejpecp.org
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(b) If Xy = by + Y~ + Zn is a useful decomposition of Xy then )", V(Yn) converges;
) lim lim ‘E (ei[SN—SNd)‘ ~ 1.

No—00 N—o0

Proof. If Sy — ay mod 27 converges then

lim lim (([SN—G,N]—[SNO —aNO]) mod 2’/T) =0
No—o0 N—oo

and hence
lim lim ‘E (ei[SN_SNO])‘ = lim lim ’E (ei[(SN_aN)_(SNO_aNO)])‘ =1.
No—o0 N—oo No—oo N—o0

Therefore (a) implies (c).
If lim lim ‘E (ei[sN—SNo})‘ — 1 then for large N,

No—o00 N—oo

lim | (S mem=(voenol) | > g,

N——o0

Denote this limit by e~“. Combining Lemma 3.1 with the inequality 1 — = < e~ we get

> V(Vn) <144 (3.1)
N
Therefore (c) implies (b).
Finally (b) implies (a) by Kolmogorov’s Three Series Theorem. O

We now return to considering a sequence of independent random vectors X,, with
N
SN = n—1 Xn- Denote

bn(s) = B(e'®Xn)), Dy (s) = E(e(=5N)).
Corollary 3.3. (a) If H = R? then i @y (s) =0 for s 7 0.
— 00

(b) If7 H = Z% + R4 then Nlim ®x(s) = 0 unless the last d — d; coordinates of s
— o0

are 0 and the first d, coordinates belong to 2nZ.% .

Proof. By Lemma 3.2 if Nlim |®n(s)| > 0 then the group
—00

{h:{h,s) € 2nZ}

is sufficient and so (h,s) € 2nZ for h € H. O

4 A local estimate

One of standard proofs of the Central Limit Theorem relies on the following bound
(see e.g. [3, Section XVI.6]).

Lemma 4.1. (a) Nlim Dy (V§1/2u) — e_“2/2 = 0 uniformly on compact sets.
— 00
(b) There are positive constants c, 0y such that if |s| < dy then

|‘I)N(S)| < e_C<VNS’S>.

In this section we extend this result to a neighborhood of an arbitrary point (rather
than 0). So fix an arbitrary 5 € R%.

6In other words E(e**N) vanishes for at most finitely many N and if E(e**N) # 0 for N > Ng then

lim ‘]E (e"[sN‘SNo] > 0.
N —o00
"Here and below Z%1 + R4~491 denotes the set of vectors whose first dy coordinates are integers.
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Lemma 4.2. (a) Suppose that
(Xn,5) =bn+ YN+ 2N (4.1)

where Zy € 277, Vy is bounded, E(Yy) = 0 and

N
V) <e (4.2)
N
Letay = Z b;. Then for each L > 0 there exists a constant C such that for |u| < L we
j=1
have )
— —1/2 —iaN _ —u2/2‘ < -
‘(I)N<S+VN u)e e <C \/g+\/ﬁ .

(b) There are positive constants M, c, 5 such that if |®y(3)| = e~4~ for some 5 € R?
then for |A| < 6y we have

‘¢N(§+A)‘ S e]\IAN—C<VNA7A> (43)

Proof. We start with (b). Let (Xy,5) = by + Yn + Zn be a useful decomposition of
(XN, 5). Then
6;(5+ A) = P E(e Vst )

where
X = (A X;). (4.4)
Next,
SOG) = 1D+ ) — 5 [V2 A2+ 240)] + O (1% + V).
Note that
X+ Y517 < 8max (|41%, V7)) = O (JAP|X P + V) -
Thus (1.2) gives

E (ei@’ﬁ"ﬂ) —1- % [E(X?) 4+ 2E(X,0;)] + O (A* + E()?)) . 4.5)

Denoting p; = —3 [E(X?) 4+ 2E(X;);)] and writing the remainder term as P; +iQ; where

(Pj, Q;) = O (A® + E(Y})) are real we get

[ (@t 30) | = 14205 + 2P + 20,7 + 92+ P24+ Q2 = 1+, + O(p] + P, + OF)

1 B £ 2B,)] + 0(AY + B,

where the last step uses that p> = O(A® + E()7)).
Next, the inequality

In(1+z) <z (4.6)
gives
In ‘]E (ei(yﬂ'”j)) ‘ < —% [E(X7) + 2E(X; ;)] + O (A% + E())) .
Therefore
N
In @y (5 +A)| < — Z[ X7) + 2B(X;0))] + O (A% + B())
EJP 21 (2016), paper 39. ejp-ejpecp.org
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Denoting Vy = Zjvzl E(X?), Wy = Z;\le E(Y?) and using Cauchy-Schwartz inequality

and the fact that |A]2N = O(Vy), due to (1.3), we get

)%
In|@y(5+4)[ <~ + 0 (|A|VN + Wy + \/WNVN) .
Since for each R

R

1
VWnNVn < 3 [VN + RWN]

we see that for small A we have

1%
In|®y(5+ A)| S—TNHD(WN). 4.7)
Next, Lemma 3.1 tells us that
Wy < 14ApN (4.8)

so (4.3) follows from (4.7).

To prove part (a) we use (4.5) where )y is from (4.1) and Xy is given by (4.4). The
fact that Vv was a part of a useful decomposition was used in part (b) only to get (4.8).
Here we have a stronger bound (4.2) by the assumptions of part (a). In particular, (4.2)
implies that ]E(yf) < ¢ so all terms in (4.5) are small. Accordingly we can use the Taylor
expansion of In(1 + z) to conclude that

_ o E(x7) 3 2
In¢;(5+A) —ibj = — 5 + O (B(XD5) + AP + EQ})) .
Hence
) N N
1n<I>N(s+A)—mN+7N:o STEWXY) | +0(NAY) +0 | STEQ?)
j=1 j=1

Using (4.2) to estimate the third term, Cauchy-Schwartz to estimate the first term and
the fact that |A|2N = O(Vy) to estimate the second term we get

In®y(5+A) —iay = —VTN +0 <|A|VN +e+4 \/5127)
as stated. ]
Corollary 4.3. Suppose that
(XN,5) =bn + YN+ 2N

where Zy € 21Z, Yy is bounded, E(Yn) =0 and ) Yn converges to S almost surely.
Then ~
lim <, Vo2 ) —ian _ ,—u/2 ( iS)
Ngnoo N(s+Vy TTuje e e

uniformly on compact sets.
Proof. Given ¢ > 0 let N be such that

o) - .

> V(¥y)<eand ‘]E (e"zj=13’f) -E (elsﬂ <e.

N=N+1

Then &y (5 + V1\71/2u) e—tan —

i i | (5 -1/2 —Sxg)—(an—ax _ _
{CIDN (§+ V1\71/2u> e*mN] E <ez{(s+VN w)(Sn—Sx)=(an N)]> =05 (5, 0) P (5, u)

EJP 21 (2016), paper 39. ejp.ejpecp.org
Page 9/15


http://dx.doi.org/10.1214/EJP.vVOL-PID
http://ejp.ejpecp.org/

LLT for sums of independent random vectors

Note that ®; (5, u) depends on N only through the term VA71/2u so

lim @ (5,u) = B (¢S5 %) =B () + 0(e).

N—o0

On the other hand Lemma 4.2(a) (applied to Z;VZ Ni1 X;) gives

P N (5,u) —e_“z/Q‘ =0 (ﬁ—i— (N—]\_f)_l/Q).

Since ¢ can be chosen arbitrary small the result follows. O

5 Observables with compact Fourier transform.

Here we prove that formulas of Theorem 1.2 are valid if § is continuous and has
compact support. So we suppose that supp(g) € [—K, K]d for some K.

5.1 Non-arithmetic case.
Assume first, that }fimo ®n(s) = 0 for all s # 0. By Corollary 3.3 this happens, in
—

particular, in the non arithmetic case. Note that since |®y| is monotone in N the
convergence is uniform on [ K, K|\ (—&g, 50)¢ for each §, > 0. We select &y so that the
conditions of Lemma 4.1(b) and 4.2(b) are satisfied. Divide [~ K, K] into boxes {I;} of
side 9, where d§; < do/2d so that I, is the box centered at 0. Then

N @ 2 /1 §(=5)e "Dy (s)ds.

We claim that the main contribution comes from
/ g(—s)e_i<s’zN>(I)N(S)dS = jL,N + jL,N
Iy
where J;, denotes the integral over the set
Qr = {s: V;,ms € [-L,L]%}

and J ..~ denotes the integral over I, — Q1. Making the change of variables V]\l/ s=u
we get by Lemma 4.1(a)

detVY e = [ (v ) et ey (v ) du
[7L’L]

- ] e
[—L,L]d

= g(O)e_E?\f/2 [(27T)d/2 +0r500(1) + oNﬁm(l)}

(14 0n—00(1))

where
v =V %y, (5.1)
On the other hand, by Lemma 4.1(b)
1/2\ 5 —cu?
det(Vy ) Jn < Const/ e du = op o (1).
Re—[—L,L]¢
EJP 21 (2016), paper 39. ejp.ejpecp.org
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Since this holds for all L we can let L — oo to conclude that

Jim_ 2 aen(vyy?) [ 98 (s = (2m)"%9(0) = (2m)" | .

It remains to show that the contributions of I; with j # 0 are smaller.

Lemma 5.1. IfJ be a cube of size 01 such that ®x(s) converges to 0 on J. Then

lim det (Vli/Q)/j|<I>N(s)|ds_0.

N—o00

Proof. Let
e AN — max |®x(s)| and 55 = arg max [P (s)]-

Split / |®x(s)|ds = Jy + Jn where Jy denotes the integral over the set
3

Qn = {c(VNA,A) < 2MAx} where A = s — 5.

and J ~ denotes the integral over J — Q. Since Qy is contained in a ball or radius

o (\/QIN/N) we have
det(VY2) Iy = 0 ((mN)d/Qe—Q‘N) =0

since Any — oo as N — oco. On the other hand, by Lemma 4.2(b)

‘jN‘ < Const/ e~ {VNALA) JA
(VNA,A)>2M AN ;
Const [ i=1/2
= %/ e_cuzdu —0 Nd/2 e_cmN .
N [u[>evAn N
Combining the estimates for Jy and .Jy we obtain the lemma. 0

Lemma 5.1 shows that the main contribution to E(g(Sy)) comes from I so that

d
/2 det (V/*) Blg(Sn — 2)) = (ﬁ?) 9(0) = W/R g(w)dx

as claimed.

5.2 Arithmetic case.

Next, we consider the arithmetic case. Let ‘H be the minimal subgroup. After a linear
change of variables we can assume that® # = Z% +R?~% . Let X = by +Yn+ Zx be the
decomposition of X such that Xy ) = by ) + Yn,q) + Zn,) is a useful decomposition
for ! < d; and by ) = Yy,;) = 0 for I > d;. Let Sy = (Sy —an) mod H. Due to Lemma
3.2 we may (and will) assume that ay is chosen so that

N
Sy :ZYJ mod H.

Jj=1

8Here Z91 is the set of vectors whose first di coordinates are integers and the last d — d; coordinates are
zero and R4~ is the set of vectors whose first d1 coordinates are zero.
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Lemma 5.1 shows that the main contribution to
det (Vj\l/Q) E(g(Sy — zx))
comes from small cubes I(s,,) centered at points s,, where

]\;gnoc ‘(I)N(Smﬂ > 0.

By Corollary 3.3 these points have form s,, = 2rm with m € Z? . The contribution of
_ 2
m=0is %Q(O) as before.
For m # 0 note that ¢?(sm*¥=9~8) = ] Let A = s — s,,. Then
1 / ~ —i(s i(s,SN)
— G(—s)e” U298 g
(2m)d I(sm)

= ﬁ /I(sm) §(—s)e "M ENman)) (i (Sn—an))y g,
Denoting
Qmon ={s:Vy’Ae[-L, L%
we decompose the last integral as ij’N + ij’N where jm7L7N is the integral over
Qm,.~n and J,, 1 n is the integral over I(s,,) — Qm,,~. By Corollary 4.3

1/2 1 P i(s
et (Vi) ity glosn)E (¢46m9)) + ox (1) / Y

(2m)? (2m)? [-L,L]?
22 0(=sm)E (e
=e ~/ (27T)d/2 + ON~>00,L~>00(]-)

where Zy is defined by (5.1). On the other hand by Lemma 4.2(b)
det (V]\1,/2> | Tm.o.n| < Const/ e~ duy = 0L —00(1).
Reé—[—L,L]¢

Since this holds for all L we can let L — oo to conclude that
det (VK/ 2)

_2 . .
lim e*~v/2 / g(—s)e AN e"5N ) ds (5.2)
N—o0 (27T)d U(s;) ( ) ( )
_ G(=sm)B(em ) Csg(—sm)
(2m)d/2 (2m)d/2

Note that the argument above relies on Corollary 4.3, so it only works under the
assumption that |®y(s,,)| 4 0. However if ®y(s,,) — 0 then the limit in (5.2) is zero due
to Lemma 5.1. Hence

]\;E}nooe N/Z det (VN )E(g(SN ZN)) = Z (2m) 72
meZa
Define the following function on R%
Gg(z) :/d , (Csg) (2, 2" )da" . (5.3)
RI—d1

Then
> Csg2mm)= Y G@2rm)= Y  G(m)= / Cs(g)(R)dAy.
meZ1 mezZ1 meZ H
Here the first equality holds since we have identified m € Z% with (m,0) € R¢, the
second equality follows by the Poisson Summation Formula and the third equality follows
by (5.3) and (1.5). This proves Theorem 1.2 for the functions with compactly supported
Fourier transform.
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6 Proof of the Local Limit Theorem.

Here we finish the proof of Theorem 1.2.
We need the following a priori estimate proven in Section 7.

Lemma 6.1. There is a constant D such that for any cube @ of unit size

P(Sy € Q) < Nz

To fix the notation we consider a non-arithmetic case, the argument in the arithmetic
case is similar.

We note that it is sufficient to prove Theorem 1.2 for g € C4™(R?). Indeed if g €
Co(R%) and supp(g) € [~K, K]? then for each ¢ > 0 we can find § € CS™(R?) with
supp(g) € [-(K + 1), (K + 1)]% and ||g — §||z~ < €. Then

det (V]W) E(g(Sy — 2n)) (6.1)

— det (VJW) E(§(Sy — 2x)) + det (V]y?) O@E)P (Sy € 2y + [—(K + 1), K +1]%) .

The second term is O(c) by Lemma 6.1. So if Theorem 1.2 is valid for C§™ functions
then

det (V]\l,/2) E(g(Sy) — 2n) = e_gsz/Q/ g(x)dx + on 00 (1) + Ofe).
[—(K+1),K+1]4

Since

<e(2(K +1))¢

/ g(z)dz —/ g(z)dx
[—(K+1),K+1]4 [—(K41),K+1]4

the theorem holds for all continuous functions.
Solet g € Cg“(IRd). Then for each ¢ there is g such that § has compact support and
lg(z) — g(z)] < W Denoting by @,, the unit cube centered at m we get

det (Vy?) IE(g(Sn — 2n)) — E(G(Sn — 2n))]

e det (V]\l,/ 2)

< N/
= 1 mo
mezd

3
meZa

where the penultimate step uses Lemma 6.1. Also

| o) —g@las << [ T = o)

ra 1+ [z]¢F!

Since

E(?](S[\[ _ZN)) N /]Rd g(i)diﬂ

u(zn)

due to the results of Section 5, Theorem 1.2 holds on C¢™(R¢) and, hence, on Cy(R%).

7 Concentration Inequality.

The proof of Lemma 6.1 in arbitrary dimension is the same as the proof for d = 1
given in [9, Section III.1] but we reproduce the proof here for completeness.
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Proof of Lemma 6.1. It is enough to prove the claim for cubes of any fixed size p since
the unit cube can be covered by a finite number of cubes of size p. Let

d
1—cos l))>
ol

where § = do/d and Jy is the constant of Lemma 4.1(b). Then

d
o ad sl )
= (7d) H(<1— 5 )1%@).
=1
Hence for each a

E(g(Sx —a)) = [ a(=s)eon(sas < [ 9(5) (5l ds

max; [s(;y|<do

since g is real and supported inside the cube of size 2d5. Thus (1.3) and Lemma 4.1(b)
imply that there is a constant D such that

E(9(Sy —a)) < Nz

On the other hand g(0) = 57 so there is a constant p such that g(z) > ;- on the cube of
size p centered at 0. Hence if Q is a cube of size p centered at a then

P(Sy € Q
B(g(Sy —a)) > Lo 9]
Combining the last two displays we obtain the result. (]

8 Bounded random variables.

Proof of Corollary 1.4. If )" ; V(X;) converges then Sy converges almost surely by Kol-
mogorov’s Three Series Theorem and so (1.7) holds.

Therefore we assume that Z V(X;) diverges. Fix a large A and let k,, be a sequence
Ky,

such that denoting X, = >_.", ., X; we have
Lova)<a
A~ =
Since
En kn
B(Y) = @B+ Y. VD<At Y B(XH < 42K
j=kn-1+1 j=kn_1+1

{X,} satisfies (1.1), (1.2) and (1.3). Accordingly Z?;l X, satisfy the conclusions of
Corollary 1.3. Note that this holds for any sequence kx such that

kn
< ) EX))<A (8.1)

j=kn_1+1

S

for some A and all n. We claim that, in fact, the conclusions of Corollary 1.3 are
satisfied for our original sum Sy. Indeed, take an arbitrary sequence satisfying (8.1).
Suppose, to fix our notation, that Sy, satisfies a non-arithmetic Local Limit Theorem, the
arithmetic case is similar. We claim that (1.6) holds. Otherwise there exist sequences
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{N,} {1} such that z;/1/Vn, — z and a continuous function g of compact support such

—22/2 00
that lim [\/VNZE(g(SNZ - zl))} does not converge to c / g(x)dz. By taking a
l—o00 \/ﬁ —00

subsequence we can assume that

N
> E(X}) > 100A.
j=Ni_1+1

Let n; be such that k,, < N; < ky,,. Replacing k,, by N; we obtain a new sequence
kn, satisfying (8.1) with A replaced by 2A. Also, let z,, = z; if k, = N, for some [ and

Zn = z,/V}, otherwise. Then
fim [(/Vi E(g(Sp, — %))

fails to exist giving a contradiction with the assumption that (1.6) fails.
Hence (1.6) holds as claimed. O

References

[1] Davis B., McDonald D. An elementary proof of the local central limit theorem, ]. Theoret.
Probab. 8 (1995) 693-701.

[2] Doney R. A. A bivariate local limit theorem, J. Multivariate Anal. 36 (1991) 95-102.

[3] Feller W. An introduction to probability theory and its applications, Vol. II. 2d ed. John Wiley
& Sons, New York-London-Sydney (1971) xxiv+669 pp.

[4] Gamkrelidze N. G. On a local limit theorem for integer random vectors, Theory Probab.
Appl. 59 (2015) 494-499.

[5] Giuliano R., Weber M. Local limit theorems in some random models from number theory,
preprint ArXiv:1502.05939.

[6] Ibragimov I. A., Linnik Yu. V. Independent and stationary sequences of random variables,
Wolters-Noordhoff Publishing, Groningen (1971) 443 pp.

[7]1 Lebowitz J. L., Pittel B., Ruelle D., Speer E. Central limit theorems, Lee-Yang zeros, and
graph-counting polynomials, J. Combin. Th. 141 (2016) 147-183.

[8] Maller R. A. A local limit theorem for independent random variables, Stoch. Process. Appl.
7 (1978) 101-111.

[9] Petrov V. V. Limit theorems of probability theory. Sequences of independent random vari-
ables, Oxford Studies in Probability 4 Oxford University Press, New York, 1995. xii+292
pp.

[10] Prokhorov Yu. V. On the local limit theorem for lattice distributions, Dokl. Akad. Nauk SSSR
98 (1954) 535-538.

[11] Rollin A., Ross N. Local limit theorems via Landau-Kolmogorov inequalities, Bernoulli 21
(2015) 851-880.

[12] Rozanov Yu. A. On a local limit theorem for lattice distributions, Theory Probab. Appl., 2
(1957) 260-265.

EJP 21 (2016), paper 39. ejp.ejpecp.org
Page 15/15


http://dx.doi.org/10.1214/EJP.vVOL-PID
http://ejp.ejpecp.org/

	Introduction.
	The main result.
	One dimensional case.
	Examples.
	Plan of the paper.

	Minimal subgroup.
	Distinguishing between the arithmetic and non-arithmetic cases.
	A local estimate
	Observables with compact Fourier transform.
	Non-arithmetic case.
	Arithmetic case.

	Proof of the Local Limit Theorem.
	Concentration Inequality.
	Bounded random variables.
	References

