LIVSI € THEOR Y FOR COMP ACT GROUP
EXTENSIONS OF HYPERBOLIC  SYSTEMS.
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Dedicated to Yu. S. llyashenkoon the occasion of his 60th birthday.

Abstra ct. We prove Livsi¢ type results for rapidly mixing com-
pact group extensionsof Anosov di eomorphisms.

1. Intr oduction.

Recernly seweral new phenomenain dynamics were discovered by
looking at small perturbations of compact group extensionsof hyper-
bolic systemsg[8, 14]. In view of this it is desirableto dewlop a general
theory of perturbations of sud systems. The rst step towards this
goal is to understand in nitesimal perturbations that is to study ho-
mologicalequationsover sud systems.In this note we study regularity
of solutionsto cocycleequations. Regularity theory plays an important
role in rigidity theory. Two of the most studied casesare translations
of T9 and Anosor di eomorphisms (see[7, 11, 15 for the analysis of
someother systems). The systemsconsideredin our paper exhibit a
mixture of hyperbolic and elliptic behaviors.

Let M be a compactC! Riemannianmanifold andf :M ! M be
an Anosor di eomorphism. Let G be a compactconnectedLie group,
H aLie subgroupofG;Y = G=Hand 2 C! (M;G):LetN =M Y:
DeneF:N! N byF(x;y)=(fx; (X)y): Wesa that a function A
on N is a coboundary if

(1) A=B B F:

If B is bounded, Helder, smooth etc. we say that A is a bounded,
Helder, smooth etc. coboundary. Let 2 C (M); be the Gibbs
state with potential andd =d dy:

In this note we prove the following. Fix zg 2 N:

Theorem 1. LetF berapidly mixing. LetA 2 C! (N) be a cooundary
in L2( ) for someHelderfunction : Then A is C' coboundary. In
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particular, if A is a boundeal cooundary then it is a C' coboundary.
Moreover there existsko suchthat if A belongsto CX(N) thenB belongs
to CK k(N): If B satis es a normalization condition

B(Zo) =0

then
2) IiBlik ko ConstjAjj:

We refer the readerto the next section for the de nition of rapid
mixing. Recall ([4]) that it holds for genericextension.

Obsenethat Theoreml1impliesin particular that the setof cobound-
ariesis closedin C* for k > ko:

We also presen versionsof this theorem for extensionsof subshifts
of nite type.

R Our results are also true for relative coboundaries. Let Ag(x) =
A(X; y)dy: We say that A is a relative coboundary if

(3) A=A,+B B F:

Theorem 2. The resultsof Theorem1 are valid alsofor relative cobound-
aries.

2. Preliminaries.

2.1. Subshifts of nite type. Here we presen someresults about
subshifts of nite type and their compact extensions. The proofs can
be found in [13], Chapters 3 and 8. For a geometricinterpretation of
the resultsabout the extensionsseee.g. [4], Section2. Let a be a nite
alphabet, A beCard(a) Card(a){matrix whoseertries are zercesand

ones. Let =, be assaiated (two-sided) subshift of nite type,
that is = ff!1;gt; suhthat!;2aandA,  , = 1g Let bea
shift (!); = !i+1: Given < 1 we considerthe metricd on given

by d (%1% = 1 wherej = max(k : ! 2= 1 %or jij < k): Let C ()
denotethe set of d -Lipschitz functions. Given 2 C () we denote
by the Gibbs measurewith potential ; that is

h + ()=sup(h + ()

wherethe supremum is takenover all  invariant probability measures.
We will usethe fact that homologousfunctions have the sameGibbs
measures.Let G be a compactconnectedLie groupand 2 C ( ;G):
Let N = Y:Dene F:N! NbyF(;y)=("!; (x)y): Consider
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ameasure givenbyd =d dg Let C. (N)=C ( ;CXG)): We
s&y that F is rapidly mixing if 8 8N 9k sud that 8A; B 2 Cy.

(ACSYBF(L5y)  (A) (B)  ConsijAjik; jiBjik; n ™:

It is shavn in ([4], Theorem 4.3) that rapid mixing is genericamong
compactgroup extensionsof subshiftsof nite type.

Let * beassaiated one-sidedsubshift which is de ned similarly to

but omegais now an one-sidedsequence = f! gL,: C ( *); Gibbs
states, rapid mixing etc. are de ned for one-sidedshifts similarly to
two-sided shifts. Let F : N ! N be a skew extensionde ned by

2C(;G6); 2C () beapotental andA 2 Cy. beanobsenable.
Then thereare 2 CP-( ;G); M 2 CP-( ;G); 2 C() 2
Cr-() A 2CP-( 7);K2C.P-() sud that

=M )M =+ () A=A+K K F:
Moreover  can be chosenso that
(4) 8! e ®)=1
$=1
Then skew products dened by and are conjugated, and

have the sameGibbs measureand A isa coboundaryi A isacobound-
ary.

Let N* = * Y and F be a skew extensionde ned by some
2C( ";G): Let beaG{invariant Laplacianon G and let
H=f:"'"="g@g

We endav H with L?{norm. DenoteC. ( *) = C( *;H ): Let
be any Helderfunctionon * sud that

X
(5) 8! e® =1
$=1
andlet  bethe Gibbs measurefor : Considerthe transfer operator
X
(6) (L(h)(! 59) = e ®h(s; 1($)g):
$=1
Then L presenesC. ( *): Let L denote the restriction of L to
C. (")

Prop osition 1. ([4], Proposition 4.4) If F is rapidly mixing then9C; s
suchthat

l n

™ RTINIE R
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2.2. Anosov dieomorphisms. Recall that a di eomorphism F :
M ! M is called Anosor if there is an f {in variant splitting
™M = E® E“

and constarts C; < 1 sud that

8v2E® jjd"vjj C "jjvii; 8v2E" jid "vjj C "jjvij:
The distributions ES and EY are uniquely integrable, they are tangert
to foliation W* and W* respectively. SinceW*® and W* are transverse,
if X;y 2 M are closeto ead other the intersection W\{.(X)  W}3.(y)

consistsof one point which we denoteby [x; y]: A set is called par-
allelogram if for all x;y 2 onehas[x;y] 2 : A partition =

f 1, 2;::: ngiscalledMarkov if for all x 2 Int( ;)
fWS(x) 2 WS(fx); f WY(x)2 WU(f %x)
T
whereW (z) = W,.(2) j if z2 : Givena Markov partition
one can considera gubshift of nite type with a= f1,2:::ng and
Aj =1i f(IntP)) P, =0:Themap : ! M givenby
\ :
(DI

I

de nes a semicongugacyetween andf:If isa function from M to
Glet = :Then id is a semicongugacyetween

FOGy)=(fx; (x)y) and F(y)=(1!5 (M)y):

We shall usethe fact that the skew extensionF is partially hyperbolic.
That is, thereis an F invariant splitting

TN = E; Ef Ef
and constarts C; < 1 sud that
8v2 ES jidF"vjj C "jjvii; 8v2EY jjdF "vj C "jjvj
and E¢ isthe tangert spaceto the b ers. Gibbs statesfor f arede ned

similarly it wasdonefor : An important special caseis so called SRB
measurewhich is the Gibbs measurewith potential

srs = Indet(djEY):

The importance of SRB measurecomesfrom the fact that if 2 C(M)
then
Xt
ﬁ (fJX)I SRB(); n' +1
j=0

for Lebesguealmost all x:
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8 9 suhthatif 2 C (M) then = 2C() :Now isa
Gibbs state for f i 8
0= (0):
We say that F is rapidly mixing if 8 8N 9k sud that 8A; B 2 CX(M)
i (AGGY)B(F™ (X)) (A) (B)j ConstjAjjijjBjikn ™:
Then F is rapidly mixing i F is rapidly mixing.

3. Symbolic systems.

3.1. One-sided shifts. In this subsectionlet F : N* | N* be
a rapidly mixing extension of one sided subshift. Let C.. ( ) =
C ( *;C'(Y)): We prove the following result.

Lemma 1. Let A 2 C;.( *) be an L?( ) coboundary for some
2C(*),A=B B F;wheeB 2 L% ): ThenB hasa

versionin Cy. ( *): Moreover 9kq suchthat if A 2 Cy. ( *); then
B 2 Cy Ko: ( +) and

iiBiik k;  Const(k)jjAljjy; :
Proof. By the discgssiorof subsection2.1weganassumethat ~ satis es
(5). et A = Ao+ o A ;whereAo(!) = A(';g)dgiA 2 H :Let
B = B : SinceF comnutes with projectionsto H ;

(8) A =B B F:

In particular, A = By By and, by [13],B 2 C ( *): Hencewe
can assumewithout lossof generality that Ag 0. Applying L to (8)
we get

LA =(L 1B:
ThusB = (1 L ) L B : Now thereexistsp= p(G) sud that

- Const.. ..

9) AL Sz IAK
By Proposition 1 there exists s sud that
(10) j( L) %Y Consts:
Hence

L 25ii A Const KAK
(11) B I Const TPA | ey KAK
Now

k ko

2B i -

(12) JiB jik x,; Const P*
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P
Let B = B : Then
e . X e . X + +2 k —2 . e
iiBlik ko: jiB jik k; Const  PrPr2s (k=2jiajy,

and this seriescornvergesif kg is large enough. This completesthe
proof.

3.2. Two-sided shifts. Let F: N ! N be an extensionof two sided
subshift of nite type.

Lemma 2. LetA=B B F:IfA2C;. () ;thenB 2 Cy.14() :
Moreover 9k, suchthat if A2 Cy, () ; thenB 2 C, . :=4() and

IiBlik ko; 1=« Const(K)jjAjjy; :

Proof. Let = (M ) M !: Then the changeof variablesy = My
conjugatesF andF (!;y)=("!; (')y): ThusA is F{coboundary
i A(;y)=A(l;M y)isF {coboundary Write A = A +K
K F whereA 2 C. :»( *): Then A is F -coboundaryi A
is. But by LemmalA =B B F whereB 2 Cy . 1=2( 7):
Thus
A=(B+K) (B+k) F

whereB(!;y) = B (!;y); K(!;y) = K (! ;My): and the statement
follows.
Corollary 1. If ! is a periodic orbit of ; say "! =1 then

x 1 1 .. ..

A (F(Y)  C AT xd(a()y;y):

j=0
Proof.
Xt . o p- N
AFECY) 0B (s a(My) B (1w d(n(')y;ViiB ii
j=0
and the result follows by (11).

4. Anoso v diffeomorphisms.

4.1. Holdercon tin uit y. Now we start a proof of Theorem 1. In this

subsectionwe shav that B has a Heldenersion. Let  be a Markov

partition of M andlet bethe assaiated subshiftof a nite type. Let
I M be the semiconjugacy

=f
Let F@mdF‘ beasin subsection2.2. Dlg neA=A :LetA=B B F;
B = B:LetB =B 1B = B :Since !isdisconinuous
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we cannot deduceimmediatelythat B areHelder. Rather we obtain is
aconsequencef periodic leavesestimatesof Corollary 1. Let p= (X;y)
have a denseorbit. We have

X1 _

B (F'p) =B (p) A (F'p):

j=0
Lemma 3. B jom(xy) is uniformly Helderantinuouswith Helderanstant
CiiA Ji =
Proof. Let m < n and

d(F"p;F™p)
Denotek = n m; z=f"x; q= F™p: By Anosos Closing Lemma
9% 2 M sud that f*x = % and

dif'z;fly)  Cd(f kz;z) maxtk 1)
forsome > O0and < 1. Letu= (xy) then
X1 . X1 . X1 . .
B (f9g B (9 = A (Flg A (Flu) + A (Flgg A ((F'u)
j=0 j=0 j=0
Now by Corollary 1 the rst part is
O jiAjj *d (p;F¥p)
and the secondpart is
L P
O jjAji d(pFp)
sinceA is Lipschitz with constan p_jjA i
SinceOrb(p) is densewe can extend B to Helderfunctionson N:

Lemma 4. Under the conditions of Theorem 1 the restriction of B to
each ber is smamth. Moreover 9k, suchthat

jiBlic oM :ck ko(G)) Const(K)jjAjic m:ckay-
Proof. We rst shav that B hasa Heldenersion. By Lemma3 eat B
hasan extensionfrom Orb(x; g) to N which is Helderwith Heldernorm

at most ConsijA jj °: By cortinuity of A this extensionsatis esA =
B B F: Now

o Const .. ..
A Jj WJJA”CK(N):
P
Let B = B then

X X
jiBlic jiB jic (vy Const Prs K2 i AT creny
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and if k is large enoughthis seriescorverges. In other words there
existsk; sud that

Bc vy  ConstjAjjcan:
Applying thisto ™A we get

jiBiic mmuam@y Constj "Bjic vy Constj "Ajjci)

COﬂSi]j A” ckit2m (N)

and the result follows by Sololev embedding theorem.

4.2. Smoothness. Wenow establishthe smoothnessof B in the trans-
versedirections.

Lemma 5. Restrictions of B to the leavesof WS; W¢ are smaoth.

Proof. It is enoughto considerWg: We have A(p) = B(p) B(Fp):
Thus B(p) = A(p) + B(Fp): Henceif p2 W?3(py) then

R .
B(p B(po) = A(FP])  A(F'po) :

j=0

Since F are cortractions on WE it is clear that this seriescan be
di erentiated term by term as many times aswe warnt (see[3]) .
We now make useof the following fact ([10]).

Prop osition 2 (Journe Lemma). Let F; and F, be two continuous
transversdoliations with smath leaves. Let B be a continuousfunction
whoserestrictions on leavesof F; and F, are smamth. Then B is
smath. Moreover there exists kg suchthat if restrictions of B to the
leavesare CK then B is Ck ko:

This proposition impliesin view of Lemmas4 and 5 that B is smooth
on eat leave of W*¢ and sinceit is also smooth on eat leave of WU
we concludethat B is smooth. This completethe proof of Theorem 1.

Remark. Weaker versions of Journe Lemma provenin [3, 9] would
alsosu c e for the proof.

4.3. Relativ e coboundaries. Proof of Theorem 2. Apply Theorem
l1to A:
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4.4. A counter-example. Let G = T?
FOGtnt) = (Fxta+ ar(x);ta+ or(x)):

Supposethat ;= ;isirrational andthat for all N thereexistmy.y ; man 2
Z sud that

j imin + oMo mz;rl?:
By reindexing we can assumethat myy > N2 Let (X ty;ty) =
exp(2 i(mynty + mant2)): Then

F=exp2 i(myn 1+ Moy 2)r(X)) n:

Let A = F)@(( N F)=N?): ThenA2 C*(N);A=B B F
whereB = n 2 C%N) C*(N): By consideringsuitable linear
combinations of | it is easyto seethat F is not rapidly mixing. This
shows that arbitrary extensionsneednot satisfy Theorem 1.

4.5. Obstructions. We now provide somecriteria for function being
a coboundary. Most of thesecriteria comefrom other papers, however
their applicability is a consequencef the fact that di erent notions of
coboundariescoincidein our situation. Sometimesit is easierto verify
that A is a relative coboundary. It is also perfectly satisfactory since
it is well known when A is an f -coboundary.
(i) De ne
X h [
D (A)= (A% *A)+2 (AA F1)) %(A) :
j=1

Prop osition 3. ([6]) A is a cohomol@ousto a constant, 9 such
that D (A)=0, 8 D (A)=0:

Proof. Without lossof generality we canassumethat (A) = 0: Then
D (A)=0, AisL? )-coboundary (Spectral theorem)
, A is Heldercoloundary (Theorem 1)
) 8 AisL? )-coboundary. S
(ii) Let P = fpg;p1:::pngbeachainsudthat peer 2 W3(p) WY(pk):
We say that P is closedif py = Qni De ne

r(P)= P (Px; Px+1)
k
where

(p . j
(ip) = Pz AF Pen) AR pos 2 Wop
’ -1 [AFIp)  AFIpe)] i pes 2 Wepg

The following statemert is Corollary 3.1 from [11].
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Prop osition 4. If F hasaccessibility property then A is cohomol@ous
to a constantif and only if for any closel chain P; r(P) = 0

(i) The next result is clear from the proof of Theorem 1.

Prop osition 5. A is a relative comoundaryA, 8N 2 N NAisa
coloundary.

(iv) Let G = T: Let be the SRB measurefor F: Considera one
parameter family

F(x2)= (fxz+ ()+"AX2)+"* (" x2):

Let - be any u-Gibbs measurefor F-; that is, the projection of - to
M is SRB -
Prop osition 6. A is a relative coboundary if and only if
o( ) = o("?):
Proof. We usethe following asymptotics ([5])
«(H)= (H)+ " (H)+ of")
where 2
-dH
| = |
I'(H) - A F iz
j=1
We wart to apply this to H- = In &: We have
dF- d_A ,,2d (0;x; 2)

= = n n2
dz =1+ dz dz +o(™):
So " #
. 2
n dF- _ ,,d_A+,,2 d (0;x;2) } d_A + o"2);
dz dz dz 2 dz
Hence
ndF -
dz
" I . #
. dA ., d@©x2), 1 dA 2 | A s
" T )2 ow T AT e T
Now sinced = d sggdgit follows that
dA d 0;x;2) _
el i =0 and
At JdA : dA E Jd_A

dzz dz dz
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Hence N |
! #
indFy 2l dAC % dA - jdA
dz 2 dz =2 dz dz
That is
dF- "2Dsrp (%—2),
(13) «(In E) —
Therefore
o( ") = 0o("?)

if and only if Dsrs (22) = O: By Proposition 3 2 is a coboundary that
is A satis es (3).

Appendix A. Non-mixing case.

Obsene that Anosor times rotation could satisfy the conclusionsof
Theorem 1 ewen though it is not mixing. In this appendix we give
an extensionof Theorem 1 to a non-mixing case. In order to explain
our result let us recall somebadkground. Given ;let N = M G
and considerthe principal extensionF : N ! N givenby F(x;g) =
(f (x); (x)g): Recallthe de nition of Brin groups|[1, 2]. Given a par-
tially hyperbolic di eomorphism we call a sequgnce® = fpi;p,:::ipng
ae-dain (respegctively t-chain) if .1 2 W¥(p;)  W=(py) (respectively
Pi+1 2 WU(p) W3(p) Orb(p): Fix areferencepoint x 2 M: Given
any chain P M with x, = X; = x and any g; 2 G there is unique
chain P N starting at (X; g;) and covering P: P is not closed,rather
O = g(P)ai: Let ((X) ( (X)) denotethe set of all g(P) for all closed
t-chains (respectively e-dhains) starting at x:

Prop osition 7. (Brin) ([1, 2]) (&) (x) are groups. of di er ent
points are conjugated,  is a normal sulgroup of ¢, = { is cyclic.
In particular <=  is alkelian.

(b) (F; ) isergdic, . actstransitivelyon Y:

(F; ) ismixing,  actstransitivelyonY:

A quanrtitativ e version of this result was obtained in [4]. Call a set
S G Diophartine on Y if there are constaris K; sud that for any
function h onY with h = h thenthereiss2 S sud that

jihh sj —jihjj.:
Let ((X;R) ( «(x;R)) denote the set of g(P) for all chains P =

(X1;X2:::%Xp) with X3 = X, = X; n R; dw (Xj;Xj+1) R (if
Xj+1 = fMXx; werequirethat jmj R):



12 DMITR Y DOLGOPY AT

Prop osition 8. ([4] (a) S is Diophantineon Y i S is Diophantine
on YFG; G] and Y=Center(G):

(b) S is Diophantine on Y=Center(G) , there are no S-invariant
functions, S contains a nite Diophantine subset.

(c) F is rapidly mixing, {(R) is Diophantine for largeR:

It is proven in [1] that there is an open and densesubsetof pairs
(f; ) such that ((R) = G for large R: The goal of this appendix is to
prove the following statemert.

Theorem 3. Supmsethat F is ergdic. If ¢(R) is Diophantine for
large R then any solution to (1) satis es the tame estimates(2).

Remark. | believethat the alove condition is also necessaryfor (2)

but the approach of subsetion 4.4 (cf. also [4], subsetion 4.3) shows
only that if ¢(R) is not Diophantine for largeR andA=B B F

then the norm of @B can not be boundal by norms of @A: It dces
not rule out the possibility that it can be boundel by norms of @* @?A;

eventhoughthis seemsunlikely.

Proof. Obsene that the only place where we have usedrapid mixing
(i.e. Diophantinenessof {(R)) was (10). Hencewe needto show that
(10) holdsunder a wealer condition that ¢(R) is Diophantine. To this
endwe estimate (1 L ) ! usingthe series

1+L ' 12X 1+ T

2 2., 2

Thus instead of Proposition 1 we needto showv that there exist C;s
sud that

1 L)'= 1

NI =

1+L " s (R
> C 1 C s
The proof of (14) is similar to the proof of (7) which is Proposition
4.4 of [4]. Let us descrike the modi cations needed. Repeating the
argumerts on page 184 of [4] we nd that if (14) fails then for eah
C1; 4 there exist ; H sud that jjHjjco 1, L(H) Const and
Ji(E)™OHjp 1 jj “wherem( )= CiIn andL(H) denotes
the Lipschitz norm H : " ! L2(Y): As in [4] this implies that 8~; I

boCmMIHE (n(™)HM)I ?

where 5! 1 as 4! 1 :Howewr in the presen setting we also
have that for all !

(15) I CEPHE) HO DI °

(14)
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Indeedthe expressiorfor [(%)m H]( ! ) contains amongvariousterms

@=2)"H( ) +e® (ENHE):
Thesetwo vectors should be almost collinear in the senseof [4], page
185proving (15).

(15) implies that in our setting Lemma 4.7 of [4] holds for e-thains
and not only for t-chains asin [4]. Cortinuing asin [4], page 186 we
show that if (14) fails then this corntradicts to Diophartiness of :
Thus (14) holds. Thus Theorem 1 holds under the assumption that

«(R) is Diophartine as claimed.
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