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Abstract

We consider a process on T2, which consists of the fast motion along the stream
lines of an incompressible periodic vector field perturbed by white noise. It gives
rise to a process on the graph naturally associated to the structure of the stream
lines of the unperturbed flow. It has been shown by Freidlin and Wentzell that if the
stream function of the flow is periodic, then the corresponding process on the graph
weakly converges to a Markov process. We consider the situation when the stream
function is not periodic, and the flow (when considered on the torus) has an ergodic
component of positive measure. We show that if the rotation number is Diophantine
then the process on the graph still converges to a Markov process, which spends a
positive proportion of time in the vertex corresponding to the ergodic component
of the flow.

1 Introduction

Consider the following stochastic differential equation
1
dX: = ~v(X{)dt +dW, , XfecT>. (1)
£

Here v(x) is an incompressible periodic vector field, W; is a 2-dimensional Brownian
motion, and € is a small parameter. For simplicity of notation assume that the period of
v in each of the variables is equal to one, and that v is infinitely smooth. Let H(xq,x2)
be the stream function of the flow, that is

1 _ ! AR
V*H = (-H,, H,)=v.
Since v is periodic, we can write H as

H(x1,12) = Ho(x1,12) + axy + baa,

where Hj is periodic. We shall assume that all the critical points of H are non-degenerate,
and that (a,b) satisfy the following Diophantine condition.
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Let p = a/b be irrational. Without loss of generality we may assume that 0 < a < b
(the general case can be obtained by interchanging z; and x5, and/or replacing z; by —z;,
if needed). Let [a;,as...a,...] be the continued fraction expansion of p. We assume that

a, <n? for all sufficiently large n. (2)

We shall see in Section 8 that this condition holds for almost all p (with respect to the
Lebesgue measure on [0, 1]).

For a and b which are rationally independent, as in our case, it has been shown by
Arnold in [1] that the structure of the streamlines of v on the torus is as follows. There
are finitely may domains Uy, k = 1,...,n, bounded by the separatrices of H, such that
the trajectories of the dynamical system X, = v(X}) in Uy, are either periodic or tend to
a point where the vector field is equal to zero. The trajectories form one ergodic class
outside of the domains Uy. More precisely, let €& = T*\CI(U;._, Ux). Here CI(-) stands for
the closure of a set. Then the dynamical system is ergodic on £ (and is, in fact, mixing
(see [8]).

Although H itself is not periodic, we can consider its critical points as points on the
torus, since VH is periodic. All the maxima and the minima of H are located inside the
domains Uj,.

At first we shall consider the case when there is just one periodic component U, which
contains only one critical point of H (a maximum or a minimum). An example of a phase
portrait of such a vector field v (considered on the plane) is given in the picture. The
general case is discussed in Section 9.

Assume, for definiteness, that the critical point of H inside U is a maximum. We shall
denote the saddle point of H on the torus by A and the maximum by M. Consider the
following mapping of the torus onto the segment I = [0, H(M) — H(A)] of the real line

h(z) = 0 ifzeé
= H(z) — H(A) otherwise.
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We denote the set {x € CI(U) : H(x) — H(A) = h} by v(h). Let v = ~(0) = 0U. Let
Lf =a(h)f”+b(h)f" be the differential operator on I with the coefficients

1 1
a(h :—/ ———dl _1/ VH|dl and 3
=5/ em® "/, 1A 3)

1 1 AH
b(h) = = / ——dl _1/ ——dl. 4
Q 2( vy [VH| ) vy [VH| )

Let k = 2<f~/ |VH|dl)~"*Area(€). Consider the process Y; on the segment I which is defined
via its generator £ as follows. The domain of the generator consists of those functions
f € C(I) which

(a) are twice continuously differentiable in the interior of I,

(b) have limits limj_o L f(h) and limp_(g(a)—m(ay) Lf(h) at the endpoints of 1,

(c) have the limit limy,_o f'(h), and limy,_¢ f'(h) = klim,_o Lf(h).

For functions f which satisfy the above three properties, we define Lf = Lf in the
interior of the segment, and as the limit of Lf at the endpoints of I.

It well-known (see [11], for example) that there exists a strong Markov process on [
with continuous trajectories, with the generator £. The measure on C([0,00), I) induced
by the process is uniquely defined by the operator and the initial distribution of the
process.

We shall prove the following theorem

Theorem 1. The measure on on C([0,00),1) induced by the process Y7 = h(X;) con-
verges weakly to the measure induced by the process with the generator L with the initial
distribution h(X§).

One of the main ingredients of the proof is the estimate on the expectation of the
time it takes for the solution of (1) to leave the ergodic component. This estimate will be
derived in Sections 4 and 5. Besides, we shall use a number of estimates on the transition
times of the process between different level sets of the Hamiltonian inside the periodic
component. Those will be proved in Section 3. First, however, we prove Theorem 1, while
assuming that we have all the needed estimates. We discuss the case of more than one
periodic component in Section 9. Sections 6-8 contain technical estimates needed for the
proof.

We observe that irrationality of p is necessary for Theorem 1, since if p is rational
then the restriction of X to £ is periodic rather than ergodic, so the phase space of the
limiting process is a graph with two edges (one of which forms a loop) and one vertex
(compare with [7]). On the other hand, it has been conjectured by M. Freidlin [5] that
Theorem 1 holds for ALL irrational values of p. Our paper proves this result for p’s which
can not be approximated too well by rationals. On the other hand, Sowers [14] shows
that in the opposite case of p’s which are very well approximable by rationals, the result
is also true. There is still a gap between our condition (2) and the numbers considered



by [14], but we hope that the combination of our approach with the methods of [14] will
allow to establish the result in full generality.

We note that there is a related problem, which concerns the asymptotics of effective
diffusivity for a two-dimensional periodic vector field perturbed by small diffusion. It also
involves the study of the behavior of the process X; near the saddle points and near the
separatrices. We refer an interested reader to the papers by Fannjiang and Papanicolaou
[4], Koralov [10], Sowers [15], and Novikov, Papanicolaou, and Ryzhik [13] for some of the
recent results.

2 Proof of the Main Theorem

Let ¥ be the subset of C'(I), which consists of all bounded functions, which are contin-
uously differentiable on [0, H(M) — H(A)) (the derivative at h = 0 is one-sided). Note
that this is a measure defining set, that is the equality [, udu, = [, udps for all u € ¥
implies that 1 = uo. Let D be the subset of D(L), which consists of all the functions f
for which Lf € .

We formulate the following lemma.

Lemma 2.1. For any function f € D, any initial point x € T?, and any T > 0 we have

E.[f(M(X7)) = f(h(X5)) — /0 Lf(W(XF))ds] =0 as e —0, (5)

uniformly in x € T2.

An analogous lemma was used in the monograph of Freidlin and Wentzell [7] to justify
the convergence of the process Y;° to the limiting process on the graph. The main idea,
roughly speaking, is to use the tightness of the family Y,°, and then to show that the
limiting process (along any subsequence), is a solution of the martingale problem, corre-
sponding to the operator £. Here, as in [7], it is used that for every u € ¥ and A > 0 the
equation A\f — Lf = u has a solution f € D.

The main difference between our case and that of [7] is the presence of an ergodic
component. However, all the arguments used to prove the main theorem based on (5)
remain the same. Thus, upon referring to Lemma 3.1 of [7], it is enough to prove our
Lemma 2.1 above.

The proof of Lemma 2.1 will rely on several other lemmas. Below we shall introduce
a number of processes, stopping times, and sets, which will depend on . However, we
shall not always incorporate this dependence on € into notation, so one must be careful
to distinguish between the objects which do not depend on ¢ and those which do.

Let T be the first time when the process X; reaches the set 7(5%). We shall need the
following estimate on the expectation of 7, which is proved in Sections 4 and 5.

Lemma 2.2. For any » > 0 there is ¢g > 0, such that E, 7 < g2 for e < gy for
all x € CI(E).



Let us now pick constants s and «, such that 0 < 3 < ; <« < 5. Let 7 = y(e%).
Let 7 be the first time when the process X; reaches 71, and o be the first time when the
process reaches v. We inductively define the following two sequences of stopping times.
Let 1 = 7. For n > 1 let 0, be the first time following 7,, when the process reaches ~.
For n > 2 let 7,, be the first time following 0,,_; when the process reaches ;.

We can consider the following discrete time Markov chains &) = X2 and {2 = X¢
with the state spaces y; and 7, respectively. Let Pj(z,dy) and P(z,dy) be transition
operators for the Markov chain ¢! and &2, respectively. They are uniformly exponentially
mixing in the following sense.

Lemma 2.3. There exist constants 0 < ¢ < 1, g9 > 0, ng > 0, and probability measures
w and v (which depend on ) on v, and 7y, respectively, such that for e < gy and n > nyg
we have

sup(Var(Py'(z, dy) — p(dy))) < ", sup(Var(P3'(z,dy) — v(dy))) <", (6)
rEY1 xey
where Var is the total variation of the signed measure.
We prove this lemma in Section 7. Let us now examine the transitions times between

~v1 and 7y, assuming that we start with the invariant measures. The following lemma is
proved in Section 3.

Lemma 2.4. The asymptotic behavior of the transition times is the following
E,oc =kie“(1+0(1)), as ¢—0, (7)
E,7 = koe“(1 +0(1)), as €—0, (8)

where k1 = Q(L |VH|dl)"*Area(U) and ko = Q(L |VH|dl)"'Area(€). Besides, we have
the following estimate

supE,7 < k3e®™”, as € —0
ey

for some k3 > 0.



We shall need to control the number of excursions between 7, and  before time T
For this purpose we formulate the following lemma, which will be proved in Section 3.

Lemma 2.5. There is a constant r > 0, such that for all sufficiently small € we have

sup E e ™ <1 —re*.
TEM

Using the Markov property of the process and Lemma 2.5, we get the estimate

sup Eye™ = sup E,e™ " < (sup E,e )" < (1 —re®)™. 9)
z€T?2 TEYL TEYL

The next lemma (also proved in Section 3) allows us to estimate integrals of the type (5)
over intervals [0, 7] and [0, o].

Lemma 2.6. For any function f € D we have the following asymptotic estimates

sup |E, [f(h(X7)) = f(R(X5)) = /U Lf(W(X7))ds]| = o(e®) as e =0,  (10)

E,[f(M(X7)) — f(R(X5)) — /OT Lf(MXZ))ds] =o(e®) as & —0. (11)
Moreover, we also have
sup By [f (h(X7)) — f(h(X5)) — /OT Lf(MX]))ds]| =0 as e—0. (12)

Proof of Lemma 2.1. Let f € D, T > 0, and n > 0 be fixed. We would like to show
that the absolute value of the left hand side of (5) is less than 7 for all sufficiently small
positive €.

First, we replace the time interval [0,7] by a larger one, [0,7], where 7 is the first of
the stopping times 7,,, which is greater than or equal to T, that is

T = min 7,.
n:tn >T

Using the Markov property of the process, the difference can be rewritten as follows

. [f(h(X3)) — F(R(X5)) — /OT Lf(h(XS))ds]—

Em[f(h(X%))—f(h(Xé))—/o Lf(M(XE))ds]| =

[E.Exe [f(h(X7)) — F(M(X5)) — /T Lf(h(X3))ds]|.

0
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The latter expression can be made smaller than { for all sufficiently small ¢ due to (12).
Therefore, it remains to show that

Bl (HXE) — FHXE) — [ Fhxsas] <

for all sufficiently small e. We shall denote the indicator function of a set A by ya. Using
the stopping times 7,, and o, we can rewrite the expectation in the left hand side of this
inequality as follows

B[/ (h(X2)) — F(R(XE)) — / CLAh(XE))ds] =
B[/ (h(X5)) — F(R(XE)) - / " LAh(XE))ds]+

Y Ee(Xren Bxs, [f (R(X5)) = F(R(XG)) — /00 Lf(h(X7))ds])+

n=1

S B (X ert B [F(R(XE)) — F(B(XE)) — / " LAR(XE))ds]).

n=1

provided that the sums in the right hand side converge absolutely (which follows from
the arguments below). Due to (12), the absolute value of the first term on the right hand
side of this equality can be made smaller than { for all sufficiently small . Therefore, it
remains to estimate the two infinite sums.

Let us start with the first sum. Note that

EoXiro<mt < EaX{o, 1<} < EoXqe-on15e-1y < el(1 —re™)" 1.

The last inequality here is due to (9) and Chebyshev inequality. Taking the sum in n, we
obtain

iE:cX{m<?} < f: eT(l — r,«goé)n—l < Ko

n=1 n=1
where the constant K depends on T and r. By Lemma 2.6, we can find £, such that for
all € < g9 we have

sup B[ (h(X3)) — f((X5)) — /0 Lf(R(X?))ds]| < Zi;

Therefore, for € < ¢y we have

> Ee(ximenExs, [F(MXZ) = f(R(XE)) - /OU Lf(h(X?3))ds])| <

n=1



sup [/ (h(X3)) — F(h(X{)) ~ / LAY Eaxery < 1

The same argument allows us to write the estimate

a3

1D Ee(xgon<n Bo [ (A(X5)) = f(R(XG)) — /OT Lf(h(X?3))ds])| <

n=1

The left hand side of this inequality, however, is slightly different from the desired ex-
pression, since (11) only allows us to estimate the expectation with respect to original
distribution v, rather than the supremum over all possible initial points. Thus we need
to estimate the difference

> Ea(qon<n Baxg, [F((X5) — f(A(XE)) — /T Lf(h(X7))ds])—

n=1 0

S E (o <ry B F (X)) — F(M(XF)) - / CLF(XE)ds]).

This expression can be estimated from above by

sup [Eq[f(h(X7)) = F((X5)) — /OT LF(R(XF))ds])] Y sup(Var(Py~ (z, dy) — v(dy)),

rey n—1 xrey
which is smaller than ¢ for all sufficiently small € due to (6) and (12). Combining the
above estimates, we see that the absolute value of the left hand side of (5) is less than 7,
for all sufficiently small positive €. This completes the proof of the theorem. O

3 Behavior Inside the Periodic Component

In this section we prove Lemmas 2.4, 2.5, and 2.6. At several points we shall use
Lemma 2.2, which is proved in Section 4 and 5. This involves no circular reasoning,
since the results of this section are not used in Sections 4 and 5.

We shall need a number of statements from [7] and [10], which describe the limiting
behavior of the process X; with the initial point « € U, both in the case when x is fixed,
and when z is asymptotically close (as a power of €) to the boundary of U.

It has been shown in [7] (Theorem 2.2) that if X; = x € U is fixed, the process h(X;),
stopped at t = o, converges weakly to the diffusion process on I with the generator L,
which starts at h(x) and is stopped at the moment when it reaches zero (the left end
point of 7). We formulate the following statements, which easily follow from the proof of
Theorem 2.2 of [7], as a separate lemma.



Lemma 3.1. (a) For any function f € D we have

e=04¢cu

lim sup (B [f(h(X5)) — F(R(XE)) — / " LA((XE)ds]| = 0.

(b) For any h > 0 there is a constant c(h) > 0, such that

lim sup E,e™® <1 —c(h).
e—0 =
zey(h)

We shall also need the following lemma, which gives us the asymptotics of the time
needed to exist the periodic component if the original point is asymptotically close to the
boundary. It was proved in [10] (Lemma 4.4).

Lemma 3.2. There is a constant ki, such that for any i <a< % we have

lim sup =1

G

X
=k

Proof of Lemma 2.4. The first part of the lemma follows from Lemma 3.2. Namely, it
states that there exists a constant ki, such that

E,
Boo

= =1. (13)

lim sup
e=0zey

Let us recall how to identify the constant k; (rigorous arguments can be found in [10]). If
x € U were not to depend on ¢, then the asymptotics of E, o could be obtained using the
results of [7]. Namely, recall the definition of the differential operator L from Section 1,
and let u(h) be the bounded solution of the ordinary differential equation

Lu = a(h)u" + b(h)u' = =1, h € Int(I), (14)

with the boundary condition u(0) = 0. Such a solution exists and is unique (see [7], for
example). It is equal to the expectation of the time it takes for the limiting process,
starting at h, to reach the end-point of I corresponding to the boundary of the periodic
component. It was demonstrated in [7] (Lemma 2.3) that lim._oE,c = u(h(z)). In

particular,
limE,o = u'(0)h(x) + o(h(z)) as h(x) — 0.

Formula (13) is the corresponding asymptotic formula in the case when h(z) is a function
of g, that is h(x) = €*. In particular, k; = »/(0). Equation (14) can be solved explicitly
using the expressions for the coefficients a(h) and b(h). We obtain that

W(0) = 2 (/V|VH|dl)_l/I</v(h) |V—1H|dl> dh =2 <A|VH|dl)_lArea(U),
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which proves (7).

In order to study the asymptotics of [E, 7 we shall use the the asymptotics of E,o and
fact that X¢ is an ergodic process on T?. Let Ve = {x € U : 0 < h(z) < &},

The process X¢ is ergodic, and the invariant measure is the Lebesgue measure on T.
Applying the Birkhoff ergodic theorem to the process with the initial distribution v, we

obtain that .
n

n—o0

= Area(&) almost surely,
where x¢ is the indicator function of the set £. Also, from the Birkhoff ergodic theorem

we get

On
lim — =E,0y =E,7 +E, 0 almost surely.
n—oo N

Using the Birkhoff ergodic theorem again, we can write

" xe(XE)dt " xe(XE)dt 7 xe(XE)dt
lmfo Xf( t) :hmw:(hmw(hm ﬁ):

n—oo n n—oo On n—00 n n—oo g,

E, f xe(X7)d < E,7

E,7+E,c ~ E,7+E, 0’
where the equalities hold almost surely. Therefore,
E, 7
A v
rea(&) < E,7 +E, 0
In exactly the same way we can prove that
E,r E, o E, o
A N> ———-— A N —A A > __r
rea(EUV®) > Byt By rea(U\V?) < Byr 1 B0 and Area(U) > Bt B0
Combining these four estimates, we obtain that
Area(&) < E,7 < Area(E U V*)
Area(d) — E,o = Area(U\V?)
Since lim._, Area(V¢) = 0, we obtain
lim E,7  Area(&) (15)

—0E,0c  Area(ld)’

Therefore, (7) implies (8). It remains to prove the last statement of the lemma.

Let ¥ = {x : h(x) = e2}. We inductively define the following two sequences of stopping
times. Let 7; = 7 be the first time when the process X; reaches the set 7. For n > 1 let
7, be the first time following 7,, when the process reaches . For n > 2 let 7,, be the first
time following @,,_; when the process reaches 7.
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First, let us estimate the probability of the event that the process which starts at
x € 7 reaches ~; before reaching 7. Lemma 4.3 of [10] states that there is a constant ¢y,
such that for any z € %
IP.(T <o) — 5%_0‘| < e Inel.

Since a > i, this implies that P,(7 > o) < 1 — %5%_‘1 for all sufficiently small ¢, for all
x € 7. Using the Markov property of the process, we conclude that

1
sup P, (7 > 7,) < (1 — —e2~ )"
zEy 2

We also need to estimate how much time it takes for the process which starts at x € 7 to
leave V¢ (the region between v and 7). Lemma 4.2 of [10] states that there is a constant
o, such that for any = € V*©

E, min(7,0) < ce?*|Inel.

Since 2a¢ > 1/2 — s, the right hand side of this inequality is smaller than £277 for all
sufficiently small €. Therefore, by Lemma 2.2,

»

1
sup E, min(7,7,) < supE,7 + sup E, min(r,0) < 2e277,
TEY TEY ey

Finally, due to the Markov property of the process,

sup E,7 = sup[E, min(7,7;) + Z(Ez min(7, 7,41) — E, min(7,7,))] =

xEY xey n=1

rey

o o 1
sup(E, min(7,7) + ZEI(X{T>37L}EX§n min(7,71))] < 25%—%2(1 — §g%—a)n =477,
n=0

n=1

This completes the proof of the lemma. O

Proof of Lemma 2.5. For a fixed ?L, let 7 be the first time when the process X; reaches the
set 7(%) The probability of the event that the process, which starts at x € ~;, reaches
~v(h) before reaching v is estimated in the proof of Lemma 4.4 of [10]. Namely, from
formula (35) of [10] it follows that there is a positive h, such that

e
TEY

[\]
>

for all € which are sufficiently small. Let us now fix a value of h for which this inequality

holds, and examine the process X[, which starts at x € «(h). By the second part of

Lemma 3.1, there is a constant c¢(h) > 0, such that

sup E,e @ <1 — c(h)
zey(h)
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for all sufficiently small €. Due to the Markov property of the process

supE,e™” <1— inf P,(T <o)+ inf P (T <o) sup E,e7? <

zEYL rev TEYL mefy(ﬁ)

c(h)e®
2h

This completes the proof of the lemma. O

1— =1—re*.

Proof of Lemma 2.6. For hy < hy we denote the set {z € U : hy < h(z) < hy} by
U(hy, hy). Let us take numbers 71,79 € (0, H(x) — H(A)), which do not depend on ¢, such
that 7 < ro. Take numbers o/ < o”, such that a < o/ < o’ < % Let 7/ = ~(¢*) and
7" = 4(e*"). Let @ be the first time when the process X{ reaches v(r;) or v/, whichever
happens first. Similarly, let & be the first time when the process X{ reaches ~y(r3) or 7",
whichever happens first. For x € 7, using the Markov property of the process, we can
write

E.[f(h(X2)) — F(h(XE)) — / " LF(W(XE)ds] =

0

E. [/ (h(X2) — F(h(XE)) / " LF(WXE))ds]+

Eo (X qnxe)=ry Exe [ (M(X5)) = f(M(XG)) — /U Lf((X?))ds])+ (16)

B (v gn ooty B [ (B(XE)) — F(R(XE)) — / " LA((XE)ds]).

The probability sup,.,, P.(h(XZ) = r1) is estimated from above by c(r;)e® for some

constant ¢(r;) and all sufficiently small ¢ (as follows from formula (35) of [10]). By the
first part of Lemma 3.1,

iny sup B, [£(b(X3) — F(H(XF) — [ LF(b(XD)s] = 0.

=0 geqy(ry) 0

Therefore, the second term in the right hand side of (16) is of order o(¢®). We also note
that

sup B, [f(h(X5)) — f(A(X()) — /OU L(h(XZ))ds] < e(| f(e™) = f(0)] + sup |Lf|sup E,0).

xey! xey’

From Lemma 3.2 it follows that sup,c,, E,0 = O(e®) = o(c®) as ¢ — 0. Therefore, the
third term on the right hand side of (16) is also of order o(¢%). In order to prove (10) it
remains to show that

sup [E,[f(h(X7)) — f(M(X5)) = /OU LF((X))ds]| = o(e®). (17)

TEY1L
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Let x; be the deterministic process
1
dflft = —U(,’L’t)dt,
€

and let T'= T'(x) be the time it takes the process z;, starting at z, to make one rotation
along the level set, T'(x) = inf{t > 0 : x; = z}.

We shall need several facts about the behavior of the processes z; and X; with an
initial point in U(e®’,r;). Let us formulate them here as a separate lemma, and then
continue with the proof of Lemma 2.6.

Lemma 3.3. (a) There are positive constants ¢, and ca, such that cie < T'(x) < coe|Ine|
for all sufficiently small €, and all x € U(e®,r1).
(b) For any &' >0, R >0, and all sufficiently small £ we have

Po( sup |W(X7) — hzy)| >e27%) <ef for all z€ UE™,r).
t<T'(z)

(c) For any &' >0, R > 0, and all sufficiently small £ we have

P.( sup |X; —x¢| > 5%_0/_&) <ef for all zeUEY,r).
t<T(z)

The first statement immediately follows from the fact that the critical points of H are
non-degenerate. The parts (b) and (c) are proved in the same way as the corresponding
statements in Lemma 5.3 below (see formulas (58) and (57)). Let us proceed with the
proof of Lemma 2.6.

We inductively define a sequence of stopping times T;, as follows.

T() = 0, Tl = min(?, T(l’)), Tn+1 = Tn + Tl (X%n)

Let replace the time interval [0, 7] by a larger one, [0, d], where 7 is the first of the stopping
times 7T,,, which is greater than or equal to @, that is
o= min T,.
n:Tn>c
We would like to replace @ by ¢ in (17). Note that ¢ — 7 < cee|lne| by part (a) of
Lemma 3.3. Parts (a) and (b) of Lemma 3.3 easily imply a statement, which is slightly

stronger than part (b) of the lemma. Namely, for any ¢’ > 0, R > 0, and all sufficiently
small € we have

P.( sup |h(X])— h(zy)] > 5%_5/) <ef for all xeUE™,r).

t<cae|lne|
Therefore,
sup [Eo[f(h(X3)) — f(R(XE))]] = sup \ExExngsupH ‘[f(h(XS)) — J(R(XE))]| = o(e?).
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Also, by part (a) of Lemma 3.3,

sup [E| / " LF(WXE))ds — / " LF((XE))ds) < sup |Lf| - sup Eul@ — ) = ofc).

TEM e

Therefore, (17) will follow if we show that

sup B [f(h(X5)) — f(h(X5)) — /OJ Lf(h(X7))ds]| = o(e?). (18)
Let "
Moy =y B0 = FO0G) - P LR
zeU (e ,r1) L1

We shall prove that lim._o R(¢) = 0. Then, due to the Markov property of the process,

sup [E.[f ((X3)) — f(M(X5)) = /J Lf(h(X3))ds]| <

TEY 0

sup B, (X(r,<o1 B, [f(M(XE,)) = F(R(X5)) — LA (h(x2))ds])| <

TEY n—0 0

R(e) sup Z E.(X(1.<51Ex;. T1) = R(e) sup E,0.
rTEYL n=0 TEY1

By Lemma 3.2, we have that sup,..,, E,c = O(¢®), and (18) will follow if we show that
lim._,o R(¢) = 0. From Lemma 3.3, part (b), it follows that

_ T(x)
] -\
L

zeU (e ,r1

= 1. (20)

Let us study the expression in the numerator of the right hand side of (19). By Ito’s
formula

E. [/ (h(X5,)) — F(R(XE) — / CLF(h(XE))ds =

‘E, / (VX)L (B(XE)) + AR(XE) f/(h(XE)))ds— (21)

T
E:c/o (a(h(X9) " (R(X)) + b(A(XD)) f'(R(X?)))ds.
From the definitions of the coefficients a(h) and b(h) it follows that

(h(z)) = [ [Vh(z,)|?ds i Ah(a,)ds

W)= 0 @) oT(x)

We shall need the following estimates on the behavior of the coefficients a and b and the
derivatives of the function f near zero.

and b(h(z)) =

14



Lemma 3.4. The asymptotic behavior of a, b, and [ is as follows
(a) There are positive constants ¢; and ¢y, such that

cilInh|™t <a(h) < c|Inh|™

for all sufficiently small h. Moreover, a'(h) = o(3+) as h — 0.

(b) There are positive constants c3 and ¢y, such that
cs|Inh|™t < b(h) < ey Inh|™?

for all sufficiently small h. Moreover, b/'(h) = o(+) as h — 0.
(¢) There is a positive constant cs, such that

[f" ()] < e5| Inh]

for all sufficiently small h. Moreover, | f"(h)| = 0(“nhh|2) as h — 0.

The estimates on a(h) and b(h) and the asymptotics for their derivatives follow from
the proof of Lemma 4.5 of [10]. The estimates on f”(h) and f"”(h) are due to the estimates
on a, b, and their derivatives, and to the fact that a(h)f”(h) + b(h)f'(h) € . Let us
proceed with the proof of Lemma 2.6.

We would like to add and then subtract the expression Lf(h(x))E, T} from the right
hand side of (21). First, however, we transform it as follows

Lf(h(x))E, Ty = Ew/g (alh(e.)) " ((.)) + b)) f (h(e.)))ds =

E, /0 (a(h(zs)) " (h(zx:)) + b(h(xe)) ' (h(xs)))ds + T(x)¢r (e, ) =
%Ez /0 (IVh(@) £ (h(xs)) + Ah(x,) f'(x5)))ds + T(x)ihr (e, ) =

T
3o [ (TR () + b (r)))ds + T(a)o (e, ).
Here 1 and vy are such that

lim sup |¢i(e,2)|=0, i=1,2.

e zeU (e 1)

The second and the fourth equalities above here are due to Lemma 3.3, part (b) (which
implies that P, (T # T}) < &), Lemma 3.3, part (a) (which bounds T'(z) from below),
and Lemma 3.4 (which bounds the integrand from above). Thus, we can rewrite the write
hand side of (21) as

30 [ (THOXEL (X)) = VA P ()

15



3 [ (AR (X)) = Ahla) ()
o [ (alh(a)) " (1)) = ahOXED) /(X))

Ex/O (b(h(a) ' (hz.)) — b(ACXD) F(H(XE))ds — T(a)in(e, ).

Due to Lemmas 3.3 and 3.4, the absolute value of expectation of each of the four integrals
above is estimated by an expression of the form T'(x)y (e, x), such that

lim sup |¢(e,z)| =0.

e—0 zelU(e r1)

This together with (20) imply that lim. g R(e) = 0. This completes the proof of (10).
Let us now prove (11). Let us denote the one-sided derivative of f(h) at h = 0 by
f'(0). Then
1
f(h) = f(0)+ f(0O)h+o(h) as h— 0, and Lf(h)= Ef’(()) +o0(1) as h — 0,
where k is the same as in the definition of the operator £. Therefore, we can estimate
the left hand side of (11) as follows

E,[f(h(X5)) — F(h(X?)) - / CLAh(XE))ds] =

F(0)2 + o) — % FOE + o()E, 7 = o(=?) as & — 0.

Here we used the facts that 0 < h(XZ) < e for 0 < s < 7, that E, 7 = koe®(1 + 0(1)) as
€ — 0, where k5 is the same as in Lemma 2.4, and that ky = k. It remains to prove the
last statement of Lemma 2.6.

From Lemma 3.1, part (a), it follows that

sup [E,[f(R(X7)) = f(h(X5)) = /OT LE(M(XF))ds]] =0 as e —0.

zeU\Ve

Using Lemma 2.2 and arguments similar to those in the proof of Lemma 2.4, it is easily
seen that

sup E,7—0 as ¢—0.
reEUVE

Therefore,

sup [E.[f(h(X7)) = f(h(X5)) — /OT LE(MXS))ds]| =0 as e —0.

zefUVe

This completes the proof of Lemma 2.6. O
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4 Estimate on the Time of Exit from the Ergodic
Component

Some of the notations used in this section are different from those in Sections 1-3. We still
denote the ergodic component by £ and the periodic component by U. The boundary of
U is denoted by ~, and the notation for the level sets v(h) inside the periodic component
is also the same.

Instead of X7 it will be convenient to consider the same process slowed down by a
factor of €. Thus we define the following process

dX: = o(X5)dt + edW, , X;eT?. (22)

The first time when the process )?f reaches the set 7(5%) will be denoted by 7. In the
new notations Lemma 2.2 can be re-formulated as follows.

Lemma 4.1. For any s» > 0 there is g > 0, such that E, 7 < g2 for e < gq for
all x € CI(E).

The proof of Lemma 4.1 will rely on a number of technical lemmas. We shall state
all these technical lemmas below, and will provide their proofs in the next section. Let
us first, however, give an intuitive explanation of the result. If the distance from the
original point to the periodic component is strictly positive, then it will take time of
order ¢! for the process /2dW; to reach the set v(c2). What helps us to get an extra
factor 5%_”, is the presence of the ergodic flow v in the right hand side of (22). To explain
our strategy, take a curve I' transversal to the unperturbed flow y, = v(y;). Then (22) is
a small perturbation of v, so near each crossing of I' by the deterministic orbit there is
a crossing by the orbit of (22) (in fact, there are infinitely many random crossings near
each deterministic one, but we consider the first of them). Let B be a point on I', which
is carried into the saddle point by the unperturbed flow. We want to see how long it takes
for the random orbit to get inside /¢ neighborhood of B, since then the noise will help
to get inside the periodic component. Let Y,, denote the consecutive crossings of I" by the
deterministic orbit. Then the average distance between {Y,}2_, is 1/N, so we expect to
find Y,, within O(1/N) from B. Next, the distance between the deterministic and random
orbits is asymptotically Gaussian with variance v/ Ne. The above two quantities are of
the same order if 1/N = v/Ne, i.e. N = ¢~'/3. The probability that a Gaussian random
variable with variance ¢!/3 hits a segment of length /¢ is of order /z/e'/3 = £'/%. Hence
we expect that the probability of not reaching the £'/? neighborhood of B after ¢~/3
crossings does not exceed 1 — /%, so for n > /3 the probability that the random
orbit stays inside the ergodic component for n crossings does not exceed (1 — c!/ 6)"51/3.
This quantity tends to zero if we consider n > e~'/2, and Lemma 4.1 follows from the
Markov property of the process.

In the rest of this section we provide the precise version of the heuristic arguments
given above. For various reasons (one of the reasons being that we want to cover a set
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of rotation numbers of full measure) the actual statements will be slightly worse than
the above heuristics, so the result we get will differ from E(7) ~ ¢~!/2, which could be
expected if our heuristic arguments were literally correct, by a factor e=*, where s can
be taken arbitrarily small.

Let us now proceed with the rigorous arguments. The main result of [1] implies that
there is a closed smooth curve I' on the torus, which satisfies the following properties:

(a) I' is homeomorphic to a circle and lies in the interior of £.

(b) T is transversal to the to the vector field v at every point of I'.

(c) Let y; be the solution of the equation y, = v(y,) with the initial data yo = x € £.
Thus 1y follows the orbit of the unperturbed flow. We denote by o the first positive time
when y; reaches the set T', that is 0 = o(z) = inf{t > 0:y, € T'}.

There is a unique point B € ', such that o(B) = oo. For the solution of the equation
y, = v(y,) with the initial data yo = B we have lim;_ y; = A, where A is the saddle
point on the torus. In other words, the flow line which starts at B enters the saddle point
before reaching I'. For the rest of the points © € T, the time o(x) is finite.

(d) We can define the following return map f : '\ {B} — I'. Forxz € T'\ {B} we
take the solution y; of the equation y, = v(y;) with the initial data yo = x. Then f(z) is
defined to be equal to Yg(y).

We can choose coordinates 0 : T' — S' = [0,1), such that §(B) = 0, and the return
map is conjugate to the rotation by angle p, that is 0(f(z)) = 0(x) + p (mod 1). In fact
df = kdH on T'N D, where k is a positive constant (H itself is multi-valued on the torus
but dH = —H,, dxy + H}, dxy is well defined). For the sake of simplicity of notation and
without loss of generality we shall assume that k = 1.
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Without loss of generality we may assume that I' is perpendicular to the vector field v in
some neighborhood of B (this will be convenient in the proof of Lemma 4.2).

Let d(x,y) be the metric on I equal to the distance on the circle between 6(z) and 6(y).
By considering the image of I' under the action of the flow —v(x) for a sufficiently small
time, we can obtain another curve I, which satisfies the same properties as I' and does
not intersect it. We introduce a sequence of stopping times 7,, where 7o = 0, and 7,1 is
the first time, following 7,,, when the process X} reaches I' after first visiting I, that is

Tn+1 :tiilf{t:)?f e, X eI for some 7, < s < t}.
ZTn

Let 7, = min(7,7,). We can define a Markov chain with the state space I' as follows.
Let Xg =z and X,, = )Z'in, where X? is the solution of equation (22) starting at X¢ = .
Then Xi, Xy, ... is a Markov chain on I" (or, if € T', we can start the Markov chain
with Xy). We would like to study the successive returns of this chain to the interval
I. ={x €T :d(z,B) < +/e}. The reason why we are interested in this, is that we have
the following lemma (see Section 6).

Lemma 4.2. There exist ¢ > 0 and gy > 0, such that P.(T < 1) > ¢ for e < eq, for all
rel.

It is easily seen that instead of considering all initial points x € £ in Lemma 4.1, it is
enough to consider z € I'. Indeed, we have the following lemma (see Section 6).

Lemma 4.3. There ezist ¢ > 0 and g9 > 0, such that E, 71 < ¢|In¢| fore < eq for allx €
Cl(E U Ue%), where Us% is the part of the periodic component bounded by ~ and 7(6%).
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Let 77 be the first of the stopping times 7,, when X,, € I, that is 77 = inf,,.x, 7. {70}
We also define 7; = min(7, 77). We shall prove the following lemma.

Lemma 4.4. For any » > 0 there is eg > 0 such that E,7; < T3 for e < eq for
all z €T.

Lemmas 4.2-4.4, together with the Markov property of the process )Aff , easily imply
Lemma 4.1. Indeed, let A,, be the event that the orbit reaches 7(5%) for the first time
after exactly n returns to I, and let x4, be the indicator function of this event. Then
sup,er. (1 = Py(Ap)) < (1 — 1) and sup,¢;. Py (A,) < (1 —¢1)", where ¢; is the constant
from Lemma 4.2. From the relation

supE,(Txa,) < supE, <(1 — Xa,)[Tr sup Py (A,—1) + sup E,/ (?XAM)]) ,

zel, z€l, z' el z'el.

it follows by induction on n that sup,c;. E,(Txa,) < (n+ 1)e=27%(1 — ¢;)""L. Therefore,

sup E,7 < sup E, 71 +supE,7; + Z supE,(Txa,) <
2eCI(E) 2eCI(E) zel o wEl

Cof e[ +e73 7+ (nt Dema *(1—a)' ! S e,
n=0

where ¢y is the constant from Lemma 4.3, and c3 is some other constant. This proves
Lemma 4.1.

Let us reduce Lemma 4.4 to a number of simpler statements. Let us consider the
deterministic process Y,, on the state space I', where Yy = x is the initial point, and
Y11 = f(Y,). Thus, in f-coordinates, it is simply a rotation by angle p. Note that f(Y},)
is not defined if Y,, = B, but we can define Y,,.; in this case using the #-coordinates.
Define

N(z) = min{n : Ve 2 d(Ys, B)},

where Yy = x.
We shall need the following lemma about the process Y, (see Section 8) (basically, this
is a statement about circle rotations by the angle p).

Lemma 4.5. For any § > 0 there is g9 > 0, such that N(x) < g5 0 for all e < gg for
all x € T.

Let us now show that Lemma 4.4 is implied by the following result proved in Section 5.

Lemma 4.6. For any 6 > 0 there is g9 > 0, such that
]P)x(XN(:(:) S Ia) > €%+6

for alle <eq for all z € T.
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Take an arbitrary > 0. From Lemmas 4.5 and 4.6 it follows that

P, (X, ¢ I. for all n < 5_%—25) < (1-— 8%4—6)[5*6

Therefore, for all sufficiently small € and all x € I' we have

Py(X, ¢ I foralln < e 27%) < (23)

l\DI»—t

From Lemma 4.3 and the Markov property of the process it follows that for some
c1,co > 0 and all sufficiently small € we have

P.(T1 > r|lne|) < cre™®", r>1,

for all x € I'. Therefore,

1 1
Po(T oz > €2 ) < 1 (24)
for all sufficiently small € for all z € I. Combining formulas (23) and (24), we obtain
3
]P)m(7[ > 8_%_36) < 1

for all sufficiently small ¢ for all x € I". With the help of Lemma 4.3 it is easily seen that
this in fact holds for all x € CI(E U Ue%). Using the Markov property of the process we

can now conclude that E,7; < ke~ 2739 for some constant k, for all sufficiently small ¢, for
all z € Cl(E U UE 3 ). Since ¢ was an arbitrary positive number, this implies Lemma 4.4.

5 Probability of a Close Encounter

Here we prove Lemma 4.6. The statement of this Lemma was motivated by the heuristic
considerations that 0(Xy)—60(Yy) is approximately Gaussian with variance of order v/ Ne.
To give a rigorous proof we need more precise asymptotics. Ito formula tells us that

0(Xx) — O(Yy) = /7 /0 SV H (X aw, + : /0 " AH(XE)ds

— / VH(y,)dW, + /2 / VH (X7) — VH(yS)} dWS+% / " AH(XE)ds. (25)

We will show that the main contribution comes from the first term, which is Gaussian.
We expect that the last term is O(¢N) and the second term is a martingale, which grows
like V'V, where V is the quadratic variation. We expect that V grows as follows

N

VN»SZ X,,Y;) gz\/’\/— N3/223/2

=1
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This suggests that 6(Xy) — 6(Yy) is approximately Gaussian with correction which is
slightly worse than

O([(€_1/3)3/2€3/2]1/2) _ O(\/g)

This appears bad because we want our process to visit the interval I. of length O(y/¢)
with positive probability. We overcome this difficulty as follows. We split N = nq + nao,
where ny < £7/3. During the first n; iterations we aim to hit an interval of size \/nge,
which can be made larger than the correction to Gaussian behavior if ny > 1. During
the last no steps we arrange to hit /.. Here it is important that the contribution to the
first integral (main Gaussian part) in the right hand side of (25) from the last ny steps is
larger than the correction accumulated during the first n; steps. The problem described
above does not appear now since the correction accumulated during the last no steps is

O([n3?e¥?)'/?) « e

Below we present the formal even if a bit tedious implementation of the plan outlined
here.

We shall need two lemmas about the deterministic process Y,,. The proofs are given
in Section 8.

Lemma 5.1. For any 0 > 0 there is qo > 0, such that

lp—aqp| >q°

for all integers q > qo and p.

Lemma 5.2. (a) There is a constant ¢, such that for any x € T' and any N > 0 we have

N
1 1
—— < ¢ |NIn’ N|In( min_d(Y,, B (2
;d(Yn,B) = C[ wt Nl n(min, d(Yo, B+ iV B) (26)
(b) For any 6 > 0 there is a constant ¢, such that if
d(Y,, B) > +/en (27)

for allm < N, then for all sufficiently small € we have

N
Vn —6 [ a72+o 5 —1
X < Ve

Let us take some 0 < o < 1/8. Write I' = I'y U Ty, where I'; and I'y are defined as
follows. For x € I'; we have N(x) > 2¢=%, and for x € I'y we have N(x) < 2¢7°. In the
first case we write N(z) = ny + ny with ny = [¢7%] < N(z)/2. In the second case we let
ny = 0, N9 = N(l’)

22



Let ||0|| denote the distance from zero of a point 6 on the unit circle, and note that
there is a naturally defined operation of addition on the circle. We shall need the following
lemma (proved in Section 6). Here it is convenient to consider the processes on the plane
R?, where the stream function H is single-valued. Let

min(o,71) B max(o,71)
- / VH(X?) — VH(y,)ds + / VH(-) s,
0

min(o,71)

where the argument in the second integral is equal to y, if 71 < o and to X cifn > 0.
Let 2, 2% € T'. Let y? and ° be the orbits of the unperturbed flow, which start at z¢
and 2%, respectively, and let 0% and 0% be the corresponding stopping times. Define

(Lb)

) min(o§{,o7
J(x*, 2"%) = /
0

where the argument in the second integral is equal to y? if 0% < ob, and to y? otherwise.

max(c¢,08)

VH(y) — VH(!)ds + / VH()[ds,

min(o¢,0?)

Lemma 5.3. For any R > 0 and 0',6” > 0 there is g > 0, such that for x € I' and all
€ < gg we have

l—é”

~ £2 1 !

Pw( sup |X§ - ys‘ > 7) < ‘gR Zf d(l‘, B) > 85_57 (28>
s<max(o,71) d(.ﬁl], B)
P,(r > c(&')|Ine|) < e®  for some c(8') if d(z,B)>e27?, (29)
P,(|H(X) ~ H(z)| > e27") < £, (30)
gl/2=o" Ly
E,.I ) B)>¢e27?. 1
x < d(x,B) Z.f d($7 ) — €2 (3 )
There is a constant k , such that for %, z* € T' we have
kd(z®, z%) . 1

a by < ) a B a by = @ RB). 2
J(z% 2°%) < 127 B) if d(z?, )>0andd(:€,x)_2d(1’, ) (32)

We split the proof of Lemma 4.6 into two parts as follows.

Lemma 5.4. (a) There is a positive constant ky, such that for all sufficiently small ¢ and
all x € I'y we have

kiy/n2
P (10(Xn, < > ;
([0(Xn,) + pnof| < v/noe) NG
where ny = ny(x) and ny = ny(z) were defined above.
(b) Let x € I' and ny < 267 be such that ||0(z) + pna|| < /nae. There is a positive
constant ko, which does not depend on x and no, such that for all sufficiently small ¢ we
have

k2
P.(X,, €1.)>—.
( 2 ) \/77172
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Lemma 5.4 implies that for x € I'y we have
S ks
\/_ ny

where A, and A, are events from parts (a) and (b) of Lemma 5.4, respectively. Since
ny < N(z), we get the statement of Lemma 4.6 for x € I'; from Lemma 4.5. For z € T’y
we immediately get the statement of Lemma 4.6 from part (b) of Lemma 5.4.

Next we prove Lemma 5.4. Consider first the case x € I'y. Let 0y = 0, and let o,, be
the time when the trajectory y; of the unperturbed flow returns to the set I' for the n-th
time (this occurs at the point Y,,). Let s, = 0,11 — 0,,. Let

_ e / "V H ()W

g
Then &, is Gaussian with zero mean and variance V,, = ¢ | "
since VH vanishes at A, we have

V H (y,)|*ds. Observe that

e < / \VH (y,)|*ds < ¢y, (33)
0

and therefore cien < V,, < coen for some positive constants ¢; and c,. We now construct
a coupling between 6(X,,) — 0(Y,,) and &,. Namely, we claim that there exists a random
variable &,, with the same distribution as &,,, such that for any ¢, R > 0 we have

P, (10(X0,) = 6(Y,) — &l > £/270) = O(="). (34)

This inequality (with § < «) implies part (a) of Lemma 5.4. Indeed,

10(Yn,) + napl| < VN (2)e < v2n4e, (35)

so the event of part (a) of Lemma 5.4 happens if &,, belongs to an interval of length
2(y/nzg —e¥/279), whose center is at most /2n;e away from zero, and ||0(X,,,) —0(Y,,,) —
En,|| < €270, Formula (34) and the fact that &,, is Gaussian allow us to conclude that
the favorable probability is at least ¢\/nag/ /e — O(ef?) for some positive constant c,
which implies part (a) of Lemma 5.4. Thus we need to prove (34).

Now we describe the construction of £n Define W” to be W, for 7, <t < 7,,1 and a
Brownian Motion (started at W, ) independent of W, and of W, k < n for t > 7,,1.

Tn+1

Let
Tn+Sn 5 N n—1
VE [ VG )T, &= Y (36)
Tn 7=0
We want to compare 7, with
7’n+1 c Tn+1 ~
H(Xon) = H(X) = V& [ VHEDa; 45 [ AR =i, 47 (30
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(34) will follow if we show that

ni—1

P> (7 — (i + 1)) > e'/*7°) = O("), (38)

J=0

where § and R are the same as in (34). Fix 0 < oy < ay < ag < J such that § < %al.
Recall that we assumed that o < 1/8, while § < « can be taken arbitrarily small. Thus,
without the loss of generality we may assume that

3
3a+a1+25<§. (39)

Call n good if d(Y,, B) > v/n+ 1e¥/27*1 and bad otherwise. This distinction between
good and bad n is motivated by the fact that for good n the distance d(X,,Y,) is much
smaller than d(Y,,, B) with large probability, which will be very convenient in the argu-
ments below. Besides, formulas (28), (29), and (31) hold if we select x =Y, as the initial
point and n is good.

By Lemma 4.5 and part (b) of Lemma 5.2, the number of bad n, such that n < N(x),
is O(e™*2). By (30) the total contribution to the sum in (38) from 7j; + 77 with bad j is
bounded by O(g'/2792) (except on a set of probability O(e¥)). The contribution to the
sum from 7; with bad j is a Gaussian random variable with the variance bounded from
above by O(g172), due to (33). Therefore,

1/2-6
> - /2 ) = O(e™).

max P, (
0<n<ng
Since R was arbitrary, this implies that
P, ( max
0<n<ni

The contribution to the sum from 7jj with good j is bounded from above in absolute
value by

n

> Gy = G+ )

7=0,j—bad

n

>y — G+

7=0,j—bad

> 61/2H> = O(R). (40)

ny—1

Oe) D, (-

j=0,j—good
Therefore, due to Lemma 4.5 and formula (29) we have

n—1
S > 2/3—a1 | _ R
Og%);l P, ( Z | >e ) O(e™).

7=0,j—good

Since R was arbitrary, this implies that

n—1
P, ( max Z | > 52/3_°‘1> = 0(h). (41)

0<n<ng




Therefore formula (38) will follow if we show that

ni—1

Po( > (=) >V = 0(h). (42)

7=0,j—good

Let g;* denote the deterministic orbit starting from X, at time o,. Let 5, = 0(X,,). Define

7—'r7,‘|'§n ~
B = /2 / VH@E L, )W,

We want to estimate 7); — 7} by comparing both of them to 7);. Let £ be the first time
when d(X,,Y,) > $y/ne'/?71. Define

n n

M, = Z (1 —M)Xg<, M, = Z (5 — )X 1<ty

J=0,j—good Jj=0,j—good
The quadratic variation of the martingale M, is equal to

n Tj+min(s;,5;) v )
Vo=e¢ Z X{j<é}(/ WH(y"jH—Tj) o VH(yf,jH_Tj)\ di-+
7

7=0,j—good
Tj +max(sj 7§j)
/ VH()dt)

j+min(s;,5;)
(the argument in the second integral is either y or ¢, depending on whether s; or s; is
larger). The quadratic variation of the martingale M/ is

, n miH(Tj+1,Tj+§j) >, N )
Vime > xpenBl(f IVH(X) ~ VHG o)) Pl

j=0,j—good

n’laX(Tj+1,7’j +§j) )
/ VH() )| )

min(Tj+1,Tj+§j)
the argument in the second integral depends on whether 7,1 or 7; + 3 is larger), where
J+ J J

F; is the o-algebra of events determined by W, by the time 7;. By (32) we have the
estimate

ni—1 g _
. \/351/2 [e%1 -
-1 < k= <%, 4
erse D MiwEy < )
7=0,j—good

where the second inequality is due to part (b) of Lemma 5.2. We can estimate V! by
using (31) instead of (32). Namely,

ni_:l 251/2—(11 .

Vi <e L et (44)
n—1 — ] =~

j:07]~_g00d d(Y?? B)
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If R > 0 is fixed, then applying LP-maximal inequality we get
c(p)E((Va,—1)")

1/2—« _ o _ R
P(max |My| > e"27%) < =i = 0(e°) = O(e") (45)
if p is large enough. A similar argument shows that
P( max |M/, | >'/?722) = O(h). (46)

0<n<ni

Therefore we obtain

ni—1

Po( Y (=) 2e*7°) S OE™) + Po(t < my),

7=0,j—good

so it remains to show that the last term is O(eft). To this end we shall show that the main

contribution to the distance between X, and Y,, comes from the Gaussian term &,.
Define ng = 64e=2(0=1)_ We have

P.(¢ <ny) =P,(f <n3)+Pu(ng <l <ny).

The first term can be estimated as follows.

0<n<ns 2713

1/2—o1
P.(¢ < n3) <P, ( max |H(X,41) — H(X,)| > 2 )

1/2—(3a1 —26)
_p, ( max [H(Xos) — H(X,)| > 7) — (")

0<n<ns 128
by (30). On the other hand by (36), (37), (40), (41) we have
(X, Yo)X(ezny < [€n = Moot = My | + Zy, (47)
where
P.( max |Z,| > ¥%7%) = O(e®). (48)
0<n<ng

It follows from (47) that

| | c1/2-on |Mn_ ‘ 1 /2
]P)z(ng S ¢ < nl) S P(n:’,rgr?%{m \/ﬁ - 8 ) * P(n:’,rgr?%{m \/ﬁ Z 8 )+
¢, 1 Z, 1
P,( max L > —e!/271) 1 P, ( max | ‘ 51/2 o),

nz<n<ni \/ﬁ 8

nz3<n<ni \/_

From the definition of ns it follows that for n > ns; we have \/_61/2 @1 /8 > g!/279 and
Vnel/?me /8 > gl/2=a2  Gince fn is Gaussian, and its variance is bounded by a constant
factor of en, due to (33) we have

1/2—
\/ﬁg / al) S kle_k2€72a1

P(&| = ¥
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for some positive constants ki and ko, which implies that

- nel/2—o
B max |6l > Y5 =0, (49)

n3<n<n

Hence (45), (46), (48), and (49) give
P,(ns << mny) = 0(h)

implying (42), which completes the proof of Lemma 5.4(a).

Let us now discuss the modifications needed to prove part (b) of Lemma 5.4. Assuming
that z € I' and ny < 2e™* are such that ||0(z) + pna|| < \/n2€, we prove that d(Y,, B) >
el/8 for all n < ny if € is sufficiently small. Indeed, otherwise we would get

|(ny —n)p — p| < /mge + eV/8 < 218,

for some integer p, since a < 1/8. This contradicts Lemma 5.1, since ny —n < 2™,

Now we can repeat the construction used in the proof of part (a) of Lemma 5.4. We
claim that there exists 6 > 0 and a random variable ém with the same distribution as §,,,
such that for any R > 0 we have

Py (18(X0) = 6(Ys) = &uall = £/20) = O(="). (50)

This inequality implies part (b) of Lemma 5.4 in the same way as (34) implies part (a) of
the same lemma.

In order to prove (50) we do not need to separate j < ns into good and bad (rather,
we treat all j as we treated the good ones in the proof of part (a)). The distance from Y,
to B is now controlled using the inequality d(Y,, B) > &/® for all n < ny. Now the sums
in (43) and (44) can be estimated by

O <5n3/25_1/8€1/2—a1) = O (eMB/s=Boran]) o (142

1/2+46 1/2—6

due to (39). This inequality gives the improvement of & in (50) compared to
in (34). The rest of the technical details remain the same as in the proof of part (a). O

6 Appendix. Proofs of Technical Lemmas

In this section we prove Lemmas 4.2, 4.3, and 5.3.
We shall need the following simple lemma (see [10], for example, where it was proved
in the case n = 1, the proof for n > 1 is similar).

Lemma 6.1. Let X! and X? be the following two diffusion processes on R with infinitely
smooth coefficients:

dX;! = v(X})dt + a(X})dW; + Vv (X})dt + Vea (X})dW;

28



AX? = v(X2)dt + a(X2)dW, + vy (X2)dt + v/ay(X2)dW, |

with X3 = XZ2. Suppose that for a certain constant L the following bound on the coeffi-
cients holds: . S
|sz|a |va”|a |Ui|’ |U;|’ |CL21]|, |al2j| <L, i,j=1,..,d,

where © and j stand for the vector (matriz) entries of the coefficients. Let p be the initial
distribution for the processes X; and XZ. Then for any positive integer n, for some
constant K = K(L,n), and for any t,n > 0 we have

(eKt _ 1)8”

Pu(sup X! = X2| 2 ) <

0<s<t n

Proof of Lemma 4.2. Let us consider the flow on the plane (so that to make H single-
valued), and let A be one of the saddle points (there are countably many saddle points on
the plane which correspond to the saddle point on the torus). Without loss of generality
we may assume that H(A) = 0. Let B € I. be the point which is carried to A by the
deterministic flow (see the picture below). There are two branches of the separatrix that
leave the point A. One goes inside the ergodic component, while the other forms the
boundary between the periodic and the ergodic components. Let us take a point R on
the latter, which is distance d away from point A (we measure the distance along the
separatrix in the direction of the flow from A to R, and d will be specified below). Let
us also take a point () on the separatrix, which is distance d away from point B (here we
measure the distance in the direction of the flow from @ to B).

Let 7 be the curve which consists of two parts of the separatrix - between ) and A,
and between A and R. In a neighborhood of any point € 7, x # A, we can consider the
smooth change of coordinates (x1,z3) — (p, ), where ¢ = H/+/e, and 0 is defined by the
conditions |V@| = |[VH| on v, VO 1L VH, 6 increases in the direction of the deterministic
flow. In fact we can extend this change of coordinates to the region defined by

D={(¢,0): ol <2,¢ <0 <r}\{(p,0) : 0< 9 < 2,0 = a},

where 6(Q)) = ¢ < 0(B) =b < 0(A) =a < 0(R) =r. We needed to make the cut in the
region D since the change of coordinates degenerates at A. Let 7p be the first time when
a trajectory of the process X; reaches the boundary of D (or rather the boundary of the
pre-image of D in (x1,z3) coordinates, which will be also denoted by D). If d is small
enough, then this set does not intersect with IV, and therefore 7p < 7.
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@ 4

cut

q L.
6
¢ =-2
In (¢, 0) coordinates the generator of the process )?f takes the form
1
M*f = S(JZAVH +e 5| VP + VELAH + 2 [380) + | VH|IVOl. (51)

The set I. in (p,0) coordinates takes the form {(p,0) : |p| < 1,0 = b}. The part of the
curve v(¢2) that belongs to D takes the form {(p,0) : ¢ = 1,a < 0 < r}. It is sufficient
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to show that if the process starts at a point x in the former set then it reaches the latter
set before it reaches the boundary of D with probability at least ¢ > 0.

Let us take four points on the ¢ axis: 0 > p1 > @9 > 3 > @4 > —2. Let 6 > 0 be a
small constant, which will be specified later. Define three segments inside the domain D
as follows: I} = {(¢,0) : 2 <@ < 3,0 =a—38}, I ={(p,0) : o1 < < 4,0 =a+ 0},
and I3 = {(p,0) : ¢p =1,a < 0 < r}. Let 77, be the first time when the process reaches Iy,
similarly 77, and 77, are the first times when the process reaches I, and I5, respectively.
By the Markov property of the process it is sufficient to show that there are positive
constants 9, ¢1, ¢o, and ¢z, such that

inf P.(r;, <7p) > c1, inf P.(1, < 7p) > ¢, and inf P, (1, <7p) >c3.  (52)
xel, xely z€lr
For the first inequality we define the domain Dy = {(¢,0) : |¢| <2, <§ <a-32} C D

(assuming that d is fixed). Clearly I, I; C D;. In this domain we consider the processes
(®;,0;) and (P, O;), which are defined by

VEAH
_ ®
dd, = dW; +2WH‘2dt,
Vo 0 |V A

de, = /e—'d dt

O =Vergm ™+ vm * awme )
and

dat - thSD,

The generator of the first process, after multiplying all the coefficients by |V H|?, becomes
the operator M¢ from (51). Therefore the transition probabilities for this process are the
same as for the original process 5{5 . We would like to apply Lemma 6.1 to the pair of
processes (®;,0,) and (P, O;).

Let us follow the process (®;, ©,) starting at x € I. for the time ty = a — §/2 — b.
It can be easily seen that the probability that this process reaches I; before time t; and
before leaving D is bounded from below. Moreover, the same is true for all the small
perturbations of the trajectories of (®;,0,). More precisely, there are positive constants
¢ and ¢, such that for any x € I, there is an event €)', whose probability is at least ¢,
with the property that if w € €', then for any function (p(t),0(t)) : [0,to] — D; which
satisfies

sup |[(0(t),0(t)) — (P4, 01) (W) <

te[0,to]

we have (¢(t),6(t)) € Dy for all t € [0, %], and (p(79),0(10)) € I for some 1 € [0, to].
Note that |VO|/|VH| — 1 uniformly in D; as € — 0, since we consider ¢ to be fixed
for now, and the domain D is a positive distance away from the saddle point. Therefore,
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we can consider (®;, ©;) as a small perturbation of the process (®;,0;) in D;. Let " be
the subset of €' of all w for which

sup |[(21,0)(w) — (D1, ) (w)]] > &

te(0,to]

By Lemma 6.1 we can make sure that the probability of Q" is less than ¢ /2 for all
sufficiently small e. We thus obtain the first inequality in (52) with ¢; = ¢ /2.

The third inequality in (52) can be proved in exactly the same way if we consider the
domain Dy = {(¢,0) : |¢| < 2,a+ £ <6 < r} instead of D;.

Finally, we claim that there is a sufficiently small §, such that the second inequality
holds. Let us consider the intervals I; and Iy in the original coordinates. By Morse
Lemma there is a smooth change of variables in a neighborhood O of the saddle point A,
such that in the new variables the stream function is H(z1, x2) = x1x9, and the part of D
where ¢ was negative now lies in the first quadrant z;,xo > 0. In the new variables the
generator of the process Xy, after a random change of time, becomes L*f = eL,f+v,Vf,
where

0? 0? 0? 0 0
p é+a12($17$2)8x15fx2 +a22(3317$2)8 ]20+b1(l’17$2)85 +ba (21, xz)ﬁj;

L1f = a11($17$2)

is a differential operator with first and second order terms, with bounded coefficients, and
v1(x1, x2) = (=1, x2). We shall consider the operator L® in the domain D = O ({z; >
0;20 > 0521 + 29 > 5%}. Make a further change of variables in D¢:

(x17x2> - (uvv> = (

T1T2

Ve’
In the new variables, after dividing all the coefficients of the operator by (x; + x3), which
amounts to a random change of time for the process, the operator can be written as

(9f

) —I'l) .

Lff = N€f+ (53)

where N¢ is a differential operator with first and second order terms. We claim that all

the coefficients of N¢ are of the form

c1(z1, x2)p1 (21, T2)V/E + co(21, Ta)p2 (21, T2) + c3(w1, T2)e + ca(1, T2)V/E
Ty + X2

Y

where ¢y, ..., ¢4 are bounded functions and p; and p, are homogeneous first and second
degree polynomials, respectively. Indeed, using the expression of (u,v) in terms of (x1, xs),
we can write

0 f 0 f 0 f 82 f

02105 = &12(931,932)(5511'2w + (w0 — 11 )\/_a 8 2)

earz(z1, 2)
The other terms of the operator L; can be treated similarly.
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Therefore all the coefficients of N¢ can be made arbitrarily small in D¢ by first selecting
a sufficiently small neighborhood O of the point A, and then taking ¢ to be sufficiently
small.

Now we can compare the process whose generator is the operator (53) with the deter-
ministic process with generator %. If we take ¢ to be sufficiently small, then both [; and
I, are inside D¢. Besides, the transition time from I; to I, for the deterministic process
with generator % is uniformly bounded in the initial point. The second inequality in (52)
can now be deduced from Lemma 6.1 in the same way as the first one. O

Proof of Lemma 4.3. The proof of Lemma 4.3 is similar to the arguments which can be
found in [7], where the behavior of the process X; in a neighborhood of a saddle point
was studied in detail, so we shall only indicate the main steps. As before, we assume
that A is one of the saddle point for H on the plane, and that H(A) = 0. Let O be a
small neighborhood of A. There are two branches of the separatrix which enter the point
A, and two which leave it. If O is small enough, then in a neighborhood of each of the
branches of the separatrix intersected with O one can make the change of coordinates
(x1,22) — (H,0), where 6 is defined as before, separately in the neighborhood of each of
the branches.

Let us take four points (P;, Q;, R;, S;), 1 < i < 4 on each of the four branches, defined
by the conditions |0(P;) — 0(A)| = 4§, |0(Q;) — 0(A)| = 20, |0(R;) — 0(A)] = 39, and
160(S;) — 0(A)| = 46. We can number the branches in such a way that the first and the
third branch are the stable directions for the deterministic flow, while the second and the
fourth are the unstable directions. Moreover, we can assume that P, is carried into Ps
(and then to A) by the flow (see the picture).
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By Markov property it suffices to show that there are constants ¢, > 0 such that for
all z € CI(€ UU_y) and all sufficiently small ¢ we have

P,(7 < c|lne|) > 7. (54)

The flow )?f can be viewed as a small perturbation of the deterministic flow defined by
y; = v(y;), which carries I into I in finite time. This, together with Lemma 6.1 implies
that

inf Px(f S Cl) Z T1 (55)

zel”

for some positive ¢; and ;. Let us define four nested neighborhoods of the point A as
follows. The neighborhood P is bounded by eight smooth curves, which are the level sets
|H| =6 and 0 = 0(P;), 1 <i < 4. Similarly, Q,R, and S are bounded by |H| = 20 and
0=00Q),1<i<4 |Hl=30and 0 =0(R;), 1 <i <4, and |H| =46 and 0 = 0(S;),
1 <@ < 4, respectively. B

Let 7p be the first time when the process X; reaches IV or P, whichever happens first.
It is clear that the time it takes for the unperturbed process which starts in CI(E U U,1/2)
to reach IV or P is uniformly bounded in the initial point. This, together with Lemma 6.1
easily implies that

xECl(iﬁ‘ILIJ%Euz) ]P)I(TP = 02) = "2 (56)

for some positive ¢y and 75 and all sufficiently small . Due to (55) and (56) we see that
it is sufficient to establish (54) for z € CI(E U U,1/2) N P.

Let Q1, Qo, O3, and Q4 be the parts of the boundary of @ which are given by
0 =0(Q1), 0 = 0(Q2), 0 = 0(Q3), and 0 = 6(Q,), respectively. We shall use similar

34



notations for the parts of the boundary of R and S. It follows from the arguments in
Section 4 of [7] that if the process X| starts at a point x € P, then it leaves Q either
through Q, or through Q, with probability which can be made arbitrarily close to one,
uniformly in z € P, by considering sufficiently small ¢. Besides, the expectation of the
time it takes for the process X; to exit Q is bounded from above by a constant factor
of |Ing|, as follows from Lemma 4.6 of [7]. Therefore it is sufficient to establish (54) for
x € Cl(EUU:2)N(QU Qy).

Any trajectory of the unperturbed flow which starts at x € Q4 reaches I in finite

time, and so, with the help of Lemma 6.1, we get that

mleIle4 P.(T <e¢3) >3
for some positive c3 and r3 and all sufficiently small €. As to initial points in Qs, the
trajectories of the unperturbed flow which start at * € Oy reach Rj3 in finite time.
Using Lemma 6.1 again, we see that it is now sufficient to demonstrate establish (54) for
x e Cl(g U U€1/2) NRs.

For the process X7 which starts at # € C1(£ UU.12) N R there is a uniformly positive
probability that it exits & through &,, as can be seen with the help of the arguments
used in the proof of Lemma 4.2. Besides, the expectation of the time it takes for the
process X; to exit S is bounded from above by a constant factor of | In¢|, as follows from
Lemma 4.6 of [7]. Thus, (54) now needs to be established for x € S.

The time it takes for the deterministic process which starts at z € S, to reach I" is
uniformly bounded in € and in the initial point. So we get the desired result by applying

Lemma 6.1 again.
O

Proof of Lemma 5.3. We first establish two inequalities which are slightly different from
(28) and (30), namely

1_5//
~ E2 1 7
P,( sup |X°—y,| > <e® if d(z,B) >e277, 57
(sup XSl > 5op) (v, B) > (57)
P,(sup |H(XS) — H(z)| > ez ) <ef if d(x,B) >e2?, (58)

s<o+1
The proof is based on the use of Lemma 6.1. We can not however apply Lemma 6.1
to the pair of processes X; and y; directly, since o grows logarithmically in ¢ when
d(z,B) =279
It is clear that 0 +1 < ¢1|Ine| for some constant ¢;, which depends on &', if d(z, B) >
£279. We claim that the deterministic flow y; has the following property (this is a minor
modification of a similar statement from the proof of Lemma 4.6 of [10], and therefore we
do not prove it here):
Let 0 =ty <t <ty <..<t,=0c+1and 0 < » < min(¢’,9”). Consider a process

7,, which solves the equation
dy, = v(y,)dt (59)
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on each of the segments [to, t1), [t1,12), ..., [tm—1, tm], With a finite number of jump discon-
tinuities limy 4,4+ ¥, — limy—y,_ ¥, = p;, @ = 1,...,m — 1. Then under the conditions

1 8

Yto = Yty d(ytm 2 z Z||p2||<52 *

we have

_ S0 Il
su — < Cog————
0cren, g =il < e d(yt,, B)

for some constant cy which does not depend on yy,.

(60)

Let K be the constant from Lemma 6.1, applied to the pair of processes )zf and y; with
some n, which is taken to be sufficiently large, so that »(2n — 1) > R. Select the points
0=ty <ty <ty <..<tlp=o0+1insuch away that 3=|Ine| < [t;iy1 —t;| < £|Ine| for
i=0,..,m—1. Since 0 + 1 < ¢;| In¢| there is the estimate m < 2¢; K/ .

Let 7; be the piece-wise continuous process, which is defined by the conditions: 7; =

)zf and dy; = v(y;)dt on [t;, tiy1), i =0,...,m — 1. By Lemma 6.1

m—1

~ 2c1 K
P> swp |IX %l > <m e e I ()

el/2—5 om —
i—0 t€ltitit1) (T) " 2

e%| lne\gn

Due to continuity of )?g formula (61) provides an estimate on the sum of the jumps of
the process 7. From (60) it now follows that

51/2_% 2ClK

P,.( su -7l > ¢ <
(0§t§0p+1 ||yt yt” 2d(l’, B)) = (

)1+2n5%(2n—1) ) (62)

ya

This, together with (61) implies (57) for all sufficiently small ¢, since »(2n — 1) > R.
Since H(x) is constant and H (75) is piece-wise constant, we have

_ m—1 " 7—5”
P.( sup |H(X: > 20 <P, sup || X7 — —
(0St$0+1| (X7) — H(z)| ) (;temﬂ)H Pl > pHVHH)

This, together with (61) and the condition s < §” implies (58) for all sufficiently small e.

Take 0” < ¢ in (57), and notice that if a trajectory of )?85 stays within %
borhood of the deterministic trajectory y, for time o + 1, then 77 < o 4 1. Therefore (57)
and the fact that o + 1 < ¢;| Ine| imply (29) with ¢ = ¢;.

From (57) it follows that P,(1; < 0 + 1) > 1 — &t therefore (57) implies (28).

To prove (30) we consider two cases: d(z, B) > e2%" and d(z, B) < 279" (that is
we set ¢ = 0” in (58)). In the first case the result follows from (58) and the fact that
P.(11 < 0+ 1) > 1—ef'. To deal with the latter case we define the set D as the union of

all the trajectories of the deterministic flow starting at x € I with d(z, B) < gz

neigh-

and
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followed for a positive or negative time till they hit I'". Thus CI(D) contains all the points
of £ which are carried too close to the saddle point by the evolution of the deterministic
flow starting at = before the time when the trajectory reaches I".

Observe that our proof of (58) (and consequently of (30)) works not only for initial
points = € I with d(z, B) > 2%, but for all points = € E\CI(D). For = € Cl(D) we
define 7p to be the first time when the process X ¢ reaches the boundary of U U CI(D).
Note that |H()?§D) — H(z)| < e27%" and that (30) is true for z = )?fD. This implies that
(30) holds for all z € € with 2e27%" instead of £279" in the left hand side. Since §” was
arbitrary, this is equivalent to (30).

Let us now prove (31). The estimate on the expectation of the first term of I

1/2—68"

min(o,71) _ e .
E H(XZ) —VH(ys)l’ds <oy——— if B)>e2?
IR - HG PG <6 s i dwB) >

!

is an immediate consequence of (28) (here ¢, is some constant). Let E be the following
event:

1/2—5"
E={lc—7n|> k‘m},
where the constant k& will be specified below. Then
max(c,71) ) S Ly
E.((1 - xg) /min(a,n) IVH(-)|“ds) < 02(1@7 B) if d(z,B)>e2°.

From (57) it easily follows that for sufficiently large k we have P, (E) < efif d(z, B) >
£279 (k needs to be chosen depending on the minimum of |V H| in a neighborhood of I).
Using the fact that the process Xf/a is uniformly (in &) exponentially mixing, it is not
difficult to show that P, (1, > t/e) < ce~'/¢ for some positive constant ¢ and all 2 € T2
In particular, E,(71X{n>1/23) = o(eff) for any positive R. Recall that o < ¢;]Ine] if
d(z, B) > 279 Therefore,

max(o,71
Em(XE‘/ o IVH(-)|?ds) < Em(XEU+>;—§+T1X{Tl>1/€2}) < ™2 if d(z,B) > 2.
min(o,1)
Combining the above estimates, we obtain that (31) holds with an extra constant factor
in the right hand side. Since §” was arbitrary, this is equivalent to (31).
Finally, (32) is a statement about deterministic flows. Using Morse lemma this state-

ment can be reduced to elementary estimates for a linear system in a neighborhood of the
saddle point. O

7 Appendix. Mixing Property for X° and X/

This section is devoted to the proof of Lemma 2.3. We need a standard fact about the
transition density for a diffusion process which starts in the interior of a domain and is
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stopped when it reaches the boundary. The proof of this lemma is similar to the proof of
Theorem 21, T in [12].

Lemma 7.1. Let L°(x) be a family of differential operators in a connected domain D with
a smooth boundary, which are uniformly elliptic in x € D and €, and whose coefficients
and their first and second derivatives are uniformly bounded in x € D and €. Assume that
LE(x) are generators for a family of diffusion processes X in the same domain. Let o be
the first time when the process X; reaches the boundary of D. Let i1, be the measure on
0D, which is defined by u3(A) =P, (XS € A), where A is any Borel subset of 0D. Let U
be a domain, whose closure is contained in the interior of D.

Then there is a constant ¢ > 0, which does not depend on e, such that pS(A) > cA(A)
for all x € U and all Borel sets A C 0D, where X\ is the Lebesque measure on 0D.

Proof of Lemma 2.5. Let us prove the result for &2 (the result for £! then follows
immediately). As follows from [3], page 197, it is sufficient to prove that there are a
constants ¢ > 0 and a curve 7 C 7 (which do not depend on ¢), such that P(z,dy) >
cA(dy) for all € v, y € 7, where X is the Lebesgue measure on .

In the domain between v and ; we may consider a smooth change of coordinates
(x1,22) — (p,0), where p = H/+/e, and 0 is defined by the conditions |V6| = |VH| on 7,
V6 1 VH, 6 increases in the direction of the deterministic flow. We may assume that
g € [0, f,y |VH|dI] (with the end points of the interval identified), and that the saddle
point corresponds to § = 0. Fix six points ay, ..., ag on v, which satisfy 0 < (a1) < ... <
0(ag) < fv |VH|dl. We take ¥ to be the interval between az and a4. Let J be the interval
(in (¢, 0) coordinates), which is defined by 1/2 < p < 1, 6 = as.
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Any realization of the process, which starts at = € ~;, must pass through the level
set 7(5%) before hitting ~y. It is easy to show (see, for example, the arguments in Lemma 3.1
of [10]) that a realization which starts at = € v(c2) goes through J before reaching ~ with
probability bounded from below by a positive constant ¢y, which does not depend on x
or €. Therefore, it is sufficient to show that there is a positive constant c¢;, such that

P,(XE € df) > e, \(d) (63)

for all z € J, 0 € [as, ay), and all sufficiently small e

For 6y € [as, as] we denote the rectangle k11/e < ¢ < 3k1\/e, Oy — koe < 0 < Oy + koe
by R(0y, €, k1, k2) or simply by R. Let 7z be the first time when the process enters this
rectangle. We would like to show that there are positive ki, ks, and ¢y, which do not
depend on 6y and ¢, such that

P.(m7r < 0) > e (64)

if x € J. First, however, let us prove that this inequality implies the statement of the
lemma. In (¢, 0) coordinates the generator of the process X; takes the form

1 1
M*f = oo (LI VHI? + e VO + VEfLAH + e f3A0) + — [ VHI[VE]. - (65)
Consider also a larger rectangle 0 < ¢ < 4k1\/_ Oy — 2koe < 0 < 0y + 2k9e, which will be
denoted by R(@O, g, ky, k’g) or simply by R. We can make a further change of variables in
R, namely (¢,0) — (2,6), where ¢ = ¢/+/z and 6 = (8 — 6)/e. In the new coordinates
the generator becomes

1,1 o 1
Mef = —( \VHP + €|V«9\2 + fEAH + féAH) + gfé\VHHVGL
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After dividing all the coefficients by |V H|?/e?, which amounts to a random change of
time for the process, we obtain the new operator for the time changed process

1 . VO AH , |V

5 ¢¢+faa|vﬂ|z +5f¢|VH|2 VA

Mf= +efA0VH|?) +
We can now apply Lemma 7.1 to the process with the generator Mi in the domain R
with the initial point € R (note that R and R are fixed sets in (@, f) coordinates, and
we can smooth out the corners of the rectangle R so that it becomes a domain with a
smooth boundary). We conclude that for any € R the measure S (A) = P, (XE € A),
where A C {p = 0,—1 < 6 < 1} C 875,, is bounded from below by a measure whose
density with respect to df is equal to a positive constant (which we shall denote by c3).

Since dfl = df/e, the measure p< (in 0 coordinates) is bounded from below on the
interval [0y — €,60y + €] by the measure whose density with respect to df is equal to
c3/e. Combining this with (64), and using the Markov property of the process, we obtain
that (63) holds for all 8 € [0y — ¢, 6y + €] with ¢; = coc3. Since 6y € [as, ay] was arbitrary,
we see that it remains to prove (64).

Define the following process in (¢, ) coordinates.

VEAH
_ ®
d®, = dW, +2WH‘2dt,
P\ v |V e
d@t—\/g|VH|th+ |VH|+2|VH|2 dt,

where W? and W/! are independent Brownian motions, which can be considered to be
defined on different probability spaces (2%, F¢,P¥) and (7, F7,P?). We shall denote the
product of these spaces by (2, F,[P). The generator of this process, after multiplying all
the coefficients by |V H|*/e, becomes the operator M¢ from (65). Therefore the transition
probabilities for this process are the same as for the original process X;.

We could also consider the change of variables (z1,z3) — (¢,0) in an open set which
contains the interval {H = 0,a; < 0 < ag} and does not depend on €. Thus the process
(®y, ©;) which starts at © = (¢, az) € J can be defined till it exits the set S = {—¢/ /e <
p < ¢/\/e,a1 < 0 < ag}, where € is sufficiently small. Let 75 be the first time when the
process exits the set S. Using Lemma 6.1, it is easy to see that sup,c; P, (75 < as—ag) < €2
for all sufficiently small €. Let g be fixed, and denote the event where 7¢ > a5 — as by
Es.

Let D denote the following domain D = {(p,0) : 0 < p < 3,a; < 0 < ag}, and let the
first time when the process leaves this domain be denoted by 7p. Note that |[VH| = |V0)|
for ¢ = 0, and that |VH| and |V6| are smooth functions of (H,#) in D, while H = \/ep.
Therefore, after rewriting the equations in the integral form, we obtain

t
i = o + W + Ve / 4(®,,0,)ds, (66)
0
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t t
@t:a2+\/EWt9+6/ g§(®s,@s)de+t+\/E/ 6 (., 0.)ds, (67)
0 0

where ¢5, g5, and g5 are bounded in C'(D) by a constant which does not depend on e.
Note also that g7 is a bounded function in the domain S with the bound which does not
depend on €.

Formulas (66) and (67) show why it is reasonable to expect (64). They suggest that

(bt ~ 900_‘_“/;07

t
O ~ay+t+ \/E/ 93(p0 + W2, ay + s)ds + /eW.
0

Let tg = 6y —az. We want o+ W)’ to lie in an interval of size O(,/), which happens with
probability O(y/g). We also want W/ to cancel fot 93(o +WE, as + s)ds up to an error of
size no larger than O(y/¢). The first event involves only W;”, while for the second event
we may assume that a realization of W, is fixed, and WY is independent of W,?. So the
required cancellation happens with probability O(4/2). Multiplying those probabilities we
get (64). Let us now proceed with the precise argument.

Consider the time interval I = [ty — v/€,to + v/€]. Let €2 C Q¥ be the event that
there is a time 77, such that 77 € I, @9 + W = 2ki/e, and g + W¢ € (2k1+/e,2) for all
0 < s < 77 (k; will be selected later). Let us note that on the intersections of the events
Es N (E9 x Q) we have the following estimates

(a) Since g§ is bounded on S, there is a constant ¢;, such that

as—as
Ve [ s 00l <muvE
0

Therefore, if we take k; > ¢, we obtain ®,, € [k11/c, 3k1v/€] and @, € (k14/,3) for all
0 < s <7 Thus (94,0,) € D for 0 < s < 77.

(b) Let € C Q be the subset of EsM (¥ x Q) where SUDg< i<y, € fot g5(®,,0,)dW? > /e
Since g5 is bounded on D, it is easily seen (for example, using moment inequalities for
martingales) that P(€) < 2 for all sufficiently small e. Let £ be the complement of &.

(c) Since g5 is bounded on D, there is a constant ¢y, such that

TI
Ve [l 00ds < e
0

Let £ C QF be the event that supgc,<q._q, |WZ| < 7, where the constant r will be
selected later. On the event £g N (€9 x £%) N E we have

sup |0y — (az +t)] < Velr +1+73).

0<t<7r

Therefore on this event we have

TI TI
O, =ay +VeW! + 5/ gs(W?. ay + s)dW? + 7 + ﬁ/ gs(W?, ay + s)ds + R,
0 0
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where the remainder R satisfies P(R > ¢3¢) < &2, where the constant ¢3 depends on r
(here we used the fact that g5, and g5 are bounded in C'(D)). For each w? € Q¢ the
realization WY is fixed and 77 is just a constant. Since g5 is bounded, we have the estimate
| ) 95(WE, as + s)ds| < & if w? € £

As a function of w? € 9, the random variable

TI
e (W) = \/EWfI + 5/ g5s(W?. ay + s)dW?
0

is Gaussian with the variance equal to e [7 (1 + \/eg5(W¢, az + s))?ds.

We are interested in the restriction of &,+(w?) to the set €Y. Since g5 is bounded,
it is not difficult to show that for large enough r and all sufficiently small ¢ there is
a constant ¢5, which does not depend on w? and e, such that for any Borel set A C

[—(2+24)V/E, (2 + E4)v/€] we have
P/(wf € €%, €ue (W) € A) > TA(A), (68)

where ) is the Lebesgue measure.

Let us collect all the pieces of the proof together. Take ky > ¢. With k; fixed, we
have P¥(E?) > ¢1+/¢ for some constant ¢;, which does not depend on e. Let us select r
large enough, so that (68) holds for all w? € £%.

If (w?,w?) € EsN(EPNEY)YNE then O, € [0y — ke, Oy + koc], provided that R < ¢3¢
and

Eoe (we) € [0 — ko +C3e — (ag + 11 + \/5/ g5(W¥ as + s)ds),
0

TI
0o + koe — C3e — (ag + 71 + \/E/ 95(W¥ as + s)ds)).
0

Take ko > 2¢3. Then the interval on the right hand side of this formula is of length at
least koe and is centered not further than (1 4 ¢;)+/z from the origin. Therefore by (68),
for each w? € &% fixed, the P-probability of this event intersected with £ is at least
kots/€. Since P(EsNEN{R < e3e}) > 1 — 3¢ and P¥(E¥) > ¢,/ we obtain that

P((®,,,0,,) € R, 71 < 0) > q1\V/ekats\/e — 38% > coe,
where ¢y = q1k2C5/2 and ¢ is sufficiently small. This justifies (64), and thus completes the
proof of Lemma 2.3. O
8 Appendix. Diophantine Approximations.

Let us recall some facts about continued fractions (see [9]). Let p = [a1,...an,...] be
an irrational number between zero and one written as a continued fraction. Let p,/q, =
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lai, as . ..a,] be the n-th convergent. Then ps,/qa, increases to p and pg,_1/q2,—1 decreases
to p. Also, ¢, = ¢n_1an + Gn_2, SO g, grows at least exponentially. Namely,

Gn > fn (the nth Fibonacci number). (69)
Thus (2) implies that there is a constant ¢, such that
Gn+1 < g 10’ gy, (70)

Let || - || denote the distance to the nearest integer. A rational number p/q is called the
best approximation of the second kind to the number p if

lp—qp| < |p— qp

for all rational numbers p/q # p/q, such that 0 < ¢ < g. Thus ||gp|| is minimal among all
l|gp|| with 0 < ¢ < g. Then (see [9], Section 6), the best approximations of the second
kind are exactly the convergents p,, /q,. From here it follows that

llgpll < llgnpl| implies that ¢ > g,y (71)
It is known that

Dn 1

lp——] < : (72)
dn dnqn+1
and |
Pn

lp—=—| > (73)

dn Qn(Qn + Qn—l—l) '

Let us show that condition (2) holds for a set of p which has Lebesgue measure one.
Indeed, let p be the measure on [0, 1] with the density ((In2)(1+ z))~!. Then (see [9]),

1 n?+2 1 1
1 = +o0 ,
n?+1 (In2)(n?+1) n?+1
so, by Borel-Cantelli Lemma, condition (2) holds for p-almost all p, and therefore also for

Lebesgue almost all p.
We still need to prove Lemmas 4.5, 5.1, and 5.2.

2 2
" = > = —
pla, >n”) = ulay > n) o

Proof of Lemma 4.5. Let N(z) = min{n : d(Y,,B) < €3}, We claim that for any
8, > 0, for all sufficiently small ¢, and all z € I we have N (z) < e~(/3+%)_ Applying this
claim (with dy < ) to Y|.—1/a;) instead of x, we see that for all z there is n such that
[e7V341] < n < [e7 Y34 1]+e~1/34%) and d(Y,, B) < &'/3, thus establishing Lemma 4.5.

To prove the claim, take the smallest m such that ||g.p|| < €'/?. Suppose that m is
even (the case of odd m is completely similar), so that ¢,,p > p,,. Consider the interval
J={x:0<60(x) <|lgmp||}. Let Ny(x) be the first positive time when Y, € J. Then
N < N, so it is enough to show that N;(z) < e~(1/3¥92) The maximum of N; is achieved
on J, since if z ¢ J and 6(y) = 0(x) — p, then N;(y) = N,;(z) + 1.
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Note that N is piece-wise constant on J and its discontinuities are the preimages of
the endpoints of J under the first return map to J. Our choice of J ensures that there is
only one discontinuity inside J. Indeed let y € Int(J) be the preimage of the left end point.
Then 0 < 0(y) < ||gmp|| and 0(y) + sp =t for some s,t € N. Then ||sp|| = 0(y) < ||gmp||-
Then s > ¢,,+1 by (71). On the other hand, let y* be such that

e(y*) = ||Qm+lp|| = Pm+1 — m+1P (m +1is Odd')

If we take s = ¢y,41, then

O(y") + Sp = Pimt1 — Gn1P + Gm+1P = Pms1

so y* is the preimage of the left endpoint of J.
Likewise, let y € Int(J) be the preimage of the right end point. Then
9(y> + 50 = qmp — Ppm + t, SO

[lsoll = llgmell = 0(y) < llgmpl| (74)

(s = am)pll = 0(y) < llgmpl| (75)

Formulas (74) and (71) imply that s > gm41, and therefore s — g, > 0. Then (75) and
(71) imply that s — ¢, > gma1- But

O(y™) + (¢m + Gmt1)P = Pms1 + Gmp = ||gmpl] + Pmt1 + D

Hence y* is also the preimage of the right endpoint. Thus /N; has only one discontinuity
on J and so it takes only two values

N)(y) = 4 9 +qm i 0<Z0(y) < ||gmerpll
Gt if [|gme1pl| < 0(y) < |lgmpl|

From inequality (72), with m—1 instead of n, we obtain that ¢, < 1/||gm-1p|| < e~ /5.

Using (70), we obtain g, +qmy1 < e~1/3492) which completes the proof of the lemma. [

Proof of Lemma 5.1. Formulas (73) and (70), imply that for some constant ¢ we have

[P — @upl = (76)

¢n In* gy,
Now, for any p and g we can find n, such that ¢, < g < ¢,11. We have, therefore,

c c

> >
Gn+1 1112 Gn+1 dn 11’12 dn 11'12 (qn 11’12 Qn) q 11’12 q 11’12 (q 11’12 Q)

P = apl = pnt1 = Gusrp| =
for some ¢’. This implies the statement of the lemma. O
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Proof of Lemma 5.2. Take the smallest n such that ¢, > N. Recall that Denjoy-Koksma
inequality (see [2], Lemma 1 of Section 3.4) says that if g, is the denominator of the n-th
convergent, then for any function ¢ for any points x1, 5 on the unit circle

qn—1

> [p(x1 + jp) — plas + jp)]

J=0

< Var(¢),

where Var(¢) denotes the variation of ¢. Let ¢(2) = 1/||2|| if ||z|| > min,<y d(Y,, B),
and ¢(z) = 1/ min,<y d(Y,, B) otherwise. Applying the Denjoy-Koksma inequality with
x1 = 0(x), and x5 such that

gn—1 1
D dlan) =qn | ¢(2)dz
j=0 0
we get
N 1 qn—1
- < S )d \%
2 Gw B < d(Yn,B / A=)z +Var(@)
n=0 n=0
Now

1 1 2
/0 ¢(z)dz ~ 21In (minnSN . B)) , Var(¢) < Mty d(Yy, B)

By (70), we have ¢, < ¢gn_1 10 ¢,—; < ¢N1In® N, which proves (a).

To prove (b), let J,,, = [[N°™/2], [N"+1/2]] where 0 < m < [2/5]. The union of these
segments covers the interval [1, N]. Since n < [N°™+1D/2] on J,, it follows by part (a),
applied to the initial point Yysm/2) instead of x, that there is a constant ¢, such that

6(m+1)
f 36(m+1) | 5(m+ ) N—71
<c|N In“(N 2 )1 d(Y,, B ,
n;} A R Jn(min d(¥n, B))|+ o5
Combining this with (27), we get, for some other constant c,
_Vn 5 N
<c|N27 —
Z d(Y,, B) ¢ |N2""|In(e)| + NG
n€EJm
Summation over m proves part (b) of the lemma. O

9 Appendix. The Case of Several Saddle Points

In this section we discuss the case of several periodic components. First we assume that
each of the domains Uy, k = 1,...,n contains a single critical point M}, (a maximum or a
minimum of H). Let A, k = 1,...,n be the saddle points of H, such that A is on the
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boundary of Uy. We denote the boundary of Uy by vx. Let pr = £ fw |V H|dl, where the
sign + is taken if Ay is a local minimum for H restricted to Uy, and — is taken otherwise.

The phase space of the limiting process is now a graph G, which consists of n edges
I, k =1,...,n (segments labeled by k), where each segment is either [H (M}) — H(Ag), 0]
(if M}, is a minimum) or [0, H (M) — H(Ax)] (if My, is a maximum). All the edges share a
common vertex (the origin). Thus a point on the graph can be determined by specifying
k (the number of the edge) and the coordinate on the edge. We define the mapping

h:T? — G as follows
h(z) = 0 ifzef&
YT\ (k, H(z) — H(A)) if z € U

We shall use the notation h, for the coordinate on I,. As in the case of one periodic
component, we define the limiting process via its generator L. First, for each k& we
define the differential operator Lyf = ax(hy)f” + br(hy)f' on the interior of Iy, where
the coefficients a; and by are given by formulas (3) and (4) (where y(hy) is defined for
each of the periodic components, and has the same meaning as in the case of one periodic
component). The domain of £ consists of those functions f € C(G) which

(a) Are twice continuously differentiable in the interior of each of the edges;

(b) Have the limits limy, .o Ly f(h) and limp, g (as,)—(A)) Lk f (i) at the endpoints
of each of the edges. Moreover, the value of the limit ¢ = limy,, .o Lt f(h) is the same for
all edges;

(c) Have the limits limy, o f'(hy), and

Zpk hlimo f'(hi) = 2Area(€)q.
k=1
For functions f which satisfy the above three properties, we define Lf = L, f in the
interior of each edge, and as the limit of Ly f at the endpoints of Ij.
As in the case of one periodic component, we have the following theorem

Theorem 2. The measure on on C([0,00),G) induced by the process Y = h(X[) con-
verges weakly to the measure induced by the process with the generator L with the initial
distribution h(X§).

The proof of this theorem requires only minor modifications compared with the proof
of Theorem 1, primarily in order to bound from below the time it takes for the process
starting in € to reach the interior of Uy, for each k.

Finally, the result remains true if some of the periodic components contain more than
one critical point. In this case the edges I should be replaced by sub-graphs Gy, which
contain one common vertex, corresponding to the entire ergodic component. The other
vertices of Gy, correspond to the critical points of H inside Uy, and the gluing conditions
on those vertices are given in [7].
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