QUENCHED LIMIT THEOREMS FOR NEAREST
NEIGHBOUR RANDOM WALKS IN 1D RANDOM
ENVIRONMENT

D. DOLGOPYAT! AND I. GOLDSHEID?

ABSTRACT. It is well known that random walks in one dimen-
sional random environment can exhibit subdiffusive behavior due
to presence of traps. In this paper we show that the passage times
of different traps are asymptotically independent exponential ran-
dom variables with parameters forming, asymptotically, a Poisson
process. This allows us to prove weak quenched limit theorems in
the subdiffusive regime where the contribution of traps plays the
dominating role.

1. INTRODUCTION

Let w = {pi},i € Z be an iid. sequence of random variables,
0 < p; < 1. The sequence w is called environment (or random envi-
ronment). Let (£2,P) be the corresponding probability space with
being the set of all environments and P the probability measure on 2.
The expectation with respect to this measure will be denoted by E.
Given an w we define a random walk X = {X,,, n > 0} on Z in the
environment w by setting Xy, = 0 and

]P)w(Xn—i—l = Xn—i-l‘XO .. Xn) =DPx, Pw(Xn+l = Xn—1’X0 e Xn) =dx,,

where ¢, = 1 — p,,. Denote by X = {X} the space of all trajectories of
the walk starting from zero. A quenched (fixed) environment w thus
provides us with a conditional probability measure P, on X. The ex-
pectation with respect to P, will be denoted by E,. In turn, these
two measures naturally generate the so called annealed measure on the
direct product €2 x X which is a semi-direct product P := P x P,,. How-
ever, with a very slight abuse of notation, P and E will also denote
the latter measure and the corresponding expectation; the exact mean-
ing of the corresponding probabilities and expectations will always be

!Department of Mathematics and Institute of Physical Science and Technology,
University of Maryland, College Park, MD, 20742, USA
2School of Mathematical Sciences, Queen Mary University of London, London
E1 4NS, Great Britain
1



2 D. DOLGOPYAT! AND I. GOLDSHEID?

clear from the context. The term annealed walk will be used to dis-
cuss properties of the above random walk with respect to the annealed
probability.

From now on we assume that

(A) E(ln(p/q) > 0.

(B) E (}%) =1 for some s > 0.

(C) There is a constant ¢ such that g < p, < 1 — ¢ with probabil-
ity 1.

(D) The support of In(g/p) is non-arithmetic.

Assumption (A) implies (see [25]) that X,, — oo with probability 1.
Assumption (B) means that even though the walker goes to +o00 there
are some sites where the drift points in the opposite direction. We
note that (A) and (B) are essentially equivalent to each other. Indeed,

n
since E (%) is a convex function of h, (B) implies (A). On the other

hand, the existence of finite s in (B) follows from (A) if and only if
P(q > p) > 0. It is convenient to have both these conditions on the
list for reference purposes.

(C) is a standard ellipticity assumption which prevents the walker
from getting stuck at finitely many vertices for a long time. Most of our

q
P

oo as in [15]. However, this would lead to more technical, longer, less

transparent proofs; also the estimates of some remainders (see e. g.

Theorem 2) would become weaker.

(D) is a technical assumption which we don’t use in our proofs but
which is used in the proof of Lemma 3.6 borrowed from [13]. It is
satisfied by a generic distribution of p,.

We will be mostly interested in the case s € (0, 2] which implies that
the annealed distribution of X,, does not satisfy the standard Central
Limit Theorem ([15]). Since X, is transient it looks monotonically in-
creasing on a large scale and hence it makes sense to study the hitting
time Ty := min(n : X,, = N) which can roughly be viewed as the in-
verse function of X,,. This approach was used already in the pioneering
papers [25] and [15]. In particular, in [15] the annealed behavior of X,
was derived from that of Ty. The latter is described by the following

results can be proved under a weaker assumption, namely E (( )*In %) <

Theorem 1. ([15]) The annealed random walk X has the following
properties: i

(a) If s < 1 then the distribution of % converges to a stable law
with index s.
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(b) If 1 < s < 2 then there is a constant u such that the distribution

of TJJVV]/]X“ converges to a stable law with index s.

(c) If s > 2 then there is a constant u such that the distribution of

—TJJVVI/J;[“ converges to a normal distribution.

(d) If s = 1 then there is a sequence uy ~ cNInN such that the

distribution of TN#“N converges to a stable law with index 1.

(e) If s = 2 then there is a constant u such that the distribution of
TNfNu
NInN

converges to a normal distribution.

The proof of this theorem given in [15] makes use of the connec-
tion between random walks in random environment and branching pro-
cesses. Another proof of Theorem 1 was given in [7, 4]. These papers
make use of the notion of potential introduced by Ya. G. Sinai in [26]
for the study of the recurrent case (when E(In(p/q)) = 0).

The results for quenched limits (that is when a typical environment
is fixed) are relatively recent. To prove an almost sure quenched limit
theorem for T one can make use of the representation

N
(1.1) Ty =Y 7
=1

where 7; is the time the walk starting from ¢ — 1 needs in order to
reaches ¢ for the first time. The advantage of this approach is due
to the fact that if the environment w is fixed then 7; are independent
random variables and this was used by many authors starting from the
pioneering paper [25].

If s > 2 then one can prove the almost sure Central Limit Theorem
(CLT) for Ty checking that the sequence {r;} in (1.1) satisfies the
Lindeberg condition for almost all w (and for that one only needs the
environment {p;} to be stationary, see e.g. [9]). Proving the CLT
for X,, in this regime is a more delicate matter and this was done
in [9] for several classes of environments (including the i.i.d. case)
and independently in [16] for the ii.d. environments. It has to be
mentioned that, in the case of i.i.d. environments, it is easy to derive
the annealed CLT from the related quenched CLT but this may not be
easy for other classes of environments and in fact may not always be
true.

In this paper, unlike in [15], we thus don’t have to analyze the case
s > 2. However, we explain at the end of Section 6 that it is not diffi-
cult to adapt the argument of that section to handle also the diffusive
regime.
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For s < 2, an important step was made in [17] and [19] where it
was proved that it is impossible to have almost sure quenched limit
theorems in this regime. Namely, for almost all w no non-trivial distri-

butional limit of TNU;“N
N

vy (w).

In [6] it was proved that in the sub-ballistic regime 0 < s < 1 the
coordinate of the random walk becomes, as time t — o0, localized at
the bottom of one of the finitely many valleys which are defined in
terms of Sinai’s potential.

The main goals of this paper is to present a complete description
of the limiting behaviour of the random walk which turns out to be
much more interesting than expected before. As will be seen below,
the particularity of the sub-diffusive regime is that it is the asymptotic
behaviour of the random environment that implies the limiting be-
haviour of the random walk. We show that 7’ v viewed as a function of
two(!) random parameters, X (-) and w (the trajectory of the walk and
the environment), does exhibit a limiting behaviour as N — oo which
for 0 < s < 2 can be described explicitly in terms of a point Poisson
process (Theorem 2). Namely, it turns out that for large fixed N and
w € Qy (where P(Qy) — 1 as N — oo) the properly normalized Ty
is a linear combination of independent exponential random variables
with coefficients of this combination depending only on w and forming
a point Poisson process. As a corollary, one obtains the results from
[17] and [19] as well as a new proof of Theorem 1. In the case s = 2 we
show that the CLT holds (Theorem 3); however, we provide a heuristic
argument which shows that, in contrast with the case s > 2, the CLT
does not hold for almost all w but rather just for w € Qy.

The backbone of our approach is formed by the study of occupation
times; such studies were initiated in [21, 23, 8]. In view of this technique
it is more natural to consider the occupation time T of the interval
[0, N) rather than Tn. These two random variables have the same
asymptotic behaviour (see Lemma 2.1) and therefore the results for
Ty follow easily from those for occupation times.

The main difference between our and other existing approaches is
that:

— We introduce a Poisson process describing the “trapping proper-
ties” of the environment.

— This process allows us to separate explicitly the contribution to
the occupation time (or, equivalently, hitting time) coming from the
environment and the walk (and thus prove Theorem 2).

exists for any choice of sequences uy(w) and
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— It also allows us to answer some other interesting questions about
the limiting behaviour of the walk (e.g., about the limiting behaviour
of the distribution of the maximal occupation times, Theorem 4).

Similar results are valid in a more general setting of random walks
in random environment on a strip and in particular for walks with
bounded jumps. This will be a subject of a separate paper.

The layout of the paper is the following. In Section 2 we state our
main results. In Section 3 we collect background information and prove
some auxiliary results. In Section 4 we deduce Theorem 2 dealing with
the case s < 2 from the fact that the set of sites with high expected
number of visits has asymptotically Poisson distribution (Lemma 4.4).
The proof of Lemma 4.4 itself is given in Section 5. The case when
s = 2 (Theorem 3) requires a different approach (namely, we use big
block-small block method of Bernstein) which is presented in Section
6. In Section 7 we explain how to modify the proof of Theorem 2 to
obtain Theorem 4. In Appendix A we derive some previously known
theorems from our results. Appendix B contains the derivation of the
quenched limit theorem from our main result (Theorem 3).

We shall use the following convention about the constants appearing
in the paper. The values of the constants can change from entry to
entry unless it is explicitly stated otherwise.

After completing the paper we learned that Corollary 1 was proved
independently by J. Peterson and G. Samorodnitsky [18] and by N. En-
riquez, C. Sabot, L. Tournier, O. Zindy [5] using a different approach.

2. MAIN RESULTS

Throughout the paper the following definitions and notations will be
used.

Definition. The occupation time T of the interval [0, N) is the total
time the walk X, starting from 0 spends on this (semi-open) interval
during its life time. In other words, Ty = #{n: 0 < n < 0o, 0 <
X, <N-1}

Remark. We thus use the following convention: starting from a site j
counts as one visit of the walk to j.

The occupation time of a site j is defined similarly and is denoted
by &;. Observe that Ty (and &;) is equal to the number of visits by
the walk to [0, N) (respectively, to site j). Since our random walk
is transient to the right, both Ty and &; are, P-almost surely, finite
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random variables. It is clear from these definitions that
N-1
Tv=) &
j=0

The following lemma shows that Ty and the hitting time Ty have the
same asymptotic behaviour.

Lemma 2.1. For any ¢ >0

Ty —T
P<|NN—1/SN|>5>—>O as N — 0.

Proof. 1t is easy to see that

Ty=#{n:0<n<Ty, X, €[0,N=1]}+#{n: 0 <n < Ty, X, <0}
and

Ty =#{n:0<n<Ty, X, €[0,N=1]}+#{n: n> 1Ty, X, €[0,N—1]}.

Since the first terms in these formulae are equal, [Ty — Ty| can be
estimated above by a sum of two random variables: the number of
visits to the left of 0 and the number of visits to the left of N after Tly:

Ty —Tn| < #{n: n>0, X, <0} +#{n: n>Ty, X, <N}

The first term in this estimate is bounded for P-almost all w. Since Ty
is a hitting time, the second term has, for a given w, the same distri-
bution as #{n: n >0, X,, < N| X, = N} (due to the strong Markov
property). Finally, the latter is a stationary sequence with respect to
the annealed measure and therefore is stochastically bounded. Hence
the lemma. O

Remark. The difference between Ty and Ty is thus negligible and
yet there is a sharp contrast between their presentations by sums in-
troduced above. Namely, unlike the 7;’s, the {;’s are not independent.
Moreover, as we shall see below, there are whole random regions on
[0, N] where the knowledge of just one ¢; essentially determines the
values all the others. In fact, namely this strong interdependence of
§;’s implies some of the main results of this paper.

From now on we shall deal mainly with ty which is a normalized
version of Ty, namely we set

. if 0 <s<1,
ty = ¢ DIV f ] <5 <2,
T
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It is also important and natural to have control over the E, (7). The
corresponding normalized quantity is defined as follows:

2eldy] if0<s<l,
Boyzun —f g =1,
VT BB gy g <o,
]Ew(T]\];\?;EJ\([TN) if =2,
where uy is the same as in Theorem 1. Set
(2.1) Fi(z) =P, (ty < x).

We can consider Iy as a random variable with values in the space & of
distributions on the line. Endowed with topology of weak convergence
X is a topological space with topology given by the metric

(2.2) d(Fy, Fp) =inf{e: Fy(v —¢) —e < Fi(z) < Fa(z +¢) + €}

The result from [17, 19] cited above states that these processes are
not concentrated near one point (at least for 0 < s < 2). We shall
show that nevertheless the limiting behaviour of the sequence ty can
be described in terms of a marked point Poisson process which we shall
now introduce.

We start with a point Poisson process. Given a ¢ > 0, let © = {©;}
be a point Poisson process ' on (0, 00) with intensity 155 For a given
collection of points {©;} let {I'e,} be a collection of ii.d. random
variables with mean 1 exponential distribution which are labeled by
the points {©,}. In the sequel we shall use a concise notation {I';} for
{l'e,}. We can now consider a new process (0,I") = {(6;,I';)} which
is often called the marked point Poisson process. We note that (©,I")
is in fact a point Poisson process on (0,00) X (0,00) with intensity
g5 X e7*. We shall denote by E(-), Var(:), etc. the expectations,
variances, etc. with respect to the distribution of (©,I") and by Po(-)
the conditional probability distribution of I' conditioned on ©.

Set

(23) v — Zj@jfj fo<s<1
' X6, -1) ifl<s<2

Observe that Y is finite almost surely. Indeed, there are only finitely
many points with ©; > 1. Next, if 0 < s < 1 let

Y=Y or,

@j<1

IFor reader’s convenience we collect some facts about the Poisson processes in
section 3.1.
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1
E(Y/):/ c9d9: € oo
0

91+s 1—s

Then

Incase 1 < s < 2let

Ys= Y 6, -1).

0<0;<1

Then E(Y;) = 0 and

~ L eh?df c .

Var(Y(;):/é oits :2_8(1_52 ).
Denote by ©©®) a point Poisson process on R := [§, 00) with intensity
s and let (O, T) be a point process with I' being as above. (©(),I)
can be viewed as a restriction of (©,I") a smaller phase space. It is
important that ©©® and (0¥, I") converge weakly, as 6 — 0, to ©
and (©,T") respectively. Namely, for a given © define the conditional
distribution function of Y by F®(z) = Po(Y < z) = P(Y < z|0).
Since O is a random parameter, F'© is a random variable taking values
in X. Next, for 1 < s < 2 set

FP(x) = P()_ 0, -1) <z|0)

(5<9]‘

and FP(x) is defined similarly for 0 < s < 1. Then for P-almost all ©
d(FP,F®) — 0asd — 0.

Let F5 be the set of all finite subsets of Ry and OW:4) = O s F;s
be a sequence of point processes defined on the space of environments
) and taking values in §s. The standard definitions of the relevant
sigma-algebra and measurability can be found e.g. in [22]. In the
constructions below such sequences will be arising in a natural way

and it will always be clear that the relevant mappings are measurable.
Set [@W9)| = Card(©N9). We need the following

Definition. A sequence of random point processes OV = {@§N,5)}

defined on  converges weakly to a Poisson process ©) if for any
k > 1 and any bounded continuous symmetric function Hj, : R% — R
of k variables

am B (He (@) Lgwwan=,) = E (He(©®) Lij—k) -

Suppose next that TV is a collection of random variables defined
on  and labeled by the points of V%) = {@g-N"S)}:

(0%, 1) = {(0]"(w), T, ()}
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As in the definition of (©,T"), we shall write {Fg-N’(S)} for {I’g\jf’é) }. Fi-
nally, the process (@9 T(N:0)) = {(@gN’é), Fg-N’é))} can be viewed as
a mapping

(O, T - 0 s 5 x ,

where § is the set of all finite subsets of [0, 00). The weak convergence
of this sequence of processes to () T) is defined as above with the
only difference that now we have to deal with symmetric continuous
functions Hy : (R % [0,00))* — R.

Definition. {Fg-N"S) (w)} is said to be asymptotically i.i.d. with distri-
bution v and asymptotically independent of the environment if for
any k > 1 and any bounded continuous symmetric function Hj :
(Rs x [0,00))" — R of k pairs of variables (©,T) = ((01,T1), ..., (O, 1))

lim B [Ty [Eo (H (0N, 1Y) — A (0WN)]] =0,
where

ﬁk(@l,,@k)://Hk((Gl,I‘l),,(Gk,Fk))du(Fl)V(Fl)

Note that here Hy((©W:9) TW9))) is well defined because [['V9)| =
|OW9)| = k. We can now state our main result.

Theorem 2. For 0 < s <2 and a 0 > 0 there is a sequence Qs C
such that limy oo P(Qns) = 1 and a sequence of random point pro-
cesses

(OWD T O % X+ Fs5 X &,
such that
(i) The component OWN9) depends only on w and converges weakly to
a point Poisson process ©©) on [§,00) with intensity 5 (with some
constant ¢ > 0).
(i) The component T'N:9) = {FE-N’(S)} is a collection of asymptotically
1.1.d. random vartables with mean 1 exponential distribution which also
are asymptotically independent of the environment.

(11i) The ty and uy can be presented in the following form:

(a) If 0 < s <1 then forw € Qn,

(2.4)

ty = Z@§N’6)F§N’§)+RN, where Ry >0 and E(lgN,éRN) =059

J

uy = Z @;N’(s) + Ry, where Ry >0, E(Ry) = O(5'%)
J

(N,
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(b) If s =1 then for w € Qs and a given 1/2 < k < 1
ty =Y OMNTWY 1)+ Ry, where E [lg,,E.(R%)]" = 00>

J
uy = O —2|ind| + Ry, where E(|Ry[?) = O(0)
J

(c) If 1 < s < 2 then for w € Qns
ty = O —1) + Ry, where E[lqg,,E.(R%)] = 0(8*™)
J

Uy = ; @§N76) - m + RN, where E(R?V) = 0(52_5)
Remark. The estimates of the remainders in the statements of Theo-
rem 2 are not uniform in N but are uniform in . More precisely, e. g.
the relation E(|Ry|?) = O(0) means that for any § > 0 there is Nj and
a constant C' (which does not depend on ) such that E(|Ry|?) < C§
if N > Ns.

Remark. Note that the dependence of V9 on w persists as N — oo
whereas TV becomes “almost” independent of w. More precisely,
for K > 1 and sufficiently large N the events B, := {|©@WV9| = k},
0 < k < K, form, up to a set of a small probability, a partition of €.
Obviously
. (NS _ 6785_8(6578)16‘

A}Eféopﬂ@ | =k} = i
where é = ¢/s. In contrast, if w € By, then T™:9)(w, X) is a collection
of k£ random variables which converge weakly as N — oo to a collec-
tion of k i.i.d. standard exponential random variables. Thus the only
dependence of T'™™9)(w, X) on w and § which persists as N — oo is
reflected by the fact that [@N:9)] = [[(V:9)],

It is natural to expect that Theorem 2 implies weak convergence of
the relevant distributions. Namely, both Fy(x) defined by (2.1) and
F®(x) = P(Y < x|©) can be viewed as monotone random processes
with z playing the role of the time of the process and with random
parameters w and © respectively or, eqivalently, as random variable
taking values in X. We say that FY = F© as N — oo if for any
continuous function ¢ : X — R

lim B(p(FR)) = E(p(F?)).

The following corollary follows from Theorem 2.
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Corollary 1. (a) If0 < s < 2, s # 1 then F$ converges weakly to F®.

(b) If 1 < s <2 then <F]°§, %_/SE(TN» converges weakly to

o i R
F7 @Z;(;@j (s—1)o° 1

(¢) If s = 1 then there exists uy ~ ¢N In N such that (FJ‘\U,, w>

converges weakly to

F® lim Z ©,;+¢clnd
®j>6

where E <25<9j<1 @j) = —clnd.

The proof of this corollary follows from a general statement about
weak convergence of monotone random processes. A brief explanation
of relevant ideas is given in Appendix B.

Remark. Similar limiting distributions were obtained in [24] for a
simpler model of ‘random climbing’ where the particle moves forward
with unit speed and with intensity 1 it slides back to a nearest point
of intensity A Poisson process.

We also recover the result of [19].

Corollary 2. For 0 < s < 2 and P-almost every environment w the
sequence ty(w, X) has no limiting distribution as N — oo. Moreover,
fiz a finite sequence a; > 0. Let F be the distribution function of

(25) Zjaij, 0<s <1,
Zjaj(Fj—l), 1<s<2.

Then with probability one there exists a sequence Ny(w) such that d(Fy, ()’ F) —
0 as k — .

Consequently, for P-almost every environment w any distribution
that can be obtained as a limit of distributions of type (2.5) can also be
obtained as a weak limit of ty, (w, X) as k — oo, where Ny, depends on
w and {a;}.

The proof of this statement will be given in the Appendix A.
We complete the picture by stating the result for the case s = 2.
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Theorem 3. If s = 2 then there are constants Dy, Dy such that (ty,uy)
converge weakly to (N1, N3) where N7 and Ny are independent Gauss-
tan random variables with zero means and variances Dy and Dy respec-
tively. Moreover, ty is asymptotically independent of the environment.

Remark. For s = 2 the fact that uy is asymptotically normal was
proved in [12] and so to prove Theorem 3 it is enough to show that for
any € > 0

(2.6) P (sup |Fy(z) — Fy, (z)] > 5) — 0 as N — oc.

Indeed Fy and uy = W are evidently asymptotically inde-
pendent since the distribution of the latter depends only on the envi-
ronment and the distribution of the former is asymptotically the same
for the set of ws of asymptotically full measure.

It is well known that the reason why the hitting times do not always
satisfy the Central Limit Theorem is the presence of traps which slow
down the particle. It will be seen in the proofs that Theorems 2 and
3 state that if traps are ordered according to the expected time the
walker spends inside the trap then the asymptotic distribution of traps
is Poissonian with intensity z%5. This result holds regardless of the
value of s. However, if s > 2 then the time spent inside the traps is
smaller than the time spent outside of the traps.

Let as before &, be the number of visits to n and £ = maxy, ) &».
Theorem 4. If s > 0 then % converges to max; @j, where © s
a Poisson process on (0,00) with intensity 91% for some constant c.
Accordingly

P (SJ*V < a:Nl/s) — exp {—gx_s} )

Theorem 4 shows that the fact that traps are Poisson distributed is

useful even for s > 2.

Corollary 3. If0 < s <1 then as N — o0

lim sup 2 > 0
P Ty
almost surely.

Remark. Corollary 3 is a minor modification of the result of [§].
Namely, in [8] the authors consider not all visits to site n but only

visits before Ty. By Lemma 2.1 this difference is not essential since
most visits occur before Ty.
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3. PRELIMINARIES.

3.1. Poisson process. The proofs of the facts listed below can be
found in monographs [20, 22].

Let (X, ) be a measure space. Recall that a Poisson process is a
point process on X such that
(a) if A € X, u(A) is finite, and N(A) is the number of points in A
then N(A) has a Poisson distribution with parameter p(A);
(b)if Ay, Ay ... Ay are disjoint subsets of X then N(A;), N(As) ... N(Ax)
are mutually independent.

If X ¢ R and p has a density f with respect to the Lebesgue
measure we say that f is the intensity of the Poisson process.

Lemma 3.1. (a) If {©;} is a Poisson process on X with measure
and ¢ : X — X is a measurable map then ©; = ¢(0;) is a Poisson
process with measure ji where fi(A) = p(y='A).

_ In particular if X = X =R and v is invertible then the intensity of

O s
(3.) 70y = )| %

(b) Let (©;,T;) be a point process on X x Z. Then (0;,I';) is a
Poisson process on X x Z with measure p X v where v is a probability
measure if and only if {©;} is a Poisson process on X with measure ji
and {T';} are Z-valued random variables which are i.i.d. with distribu-
tion v and independent of {Oy}.

(¢) Ifin (b)) X = Z =R then © = {I',0,} is a Poisson process. Its
ntensity 1s

-1

F(0) = / f(OT 1) I (dr).

Lemma 3.2. Let © be Poisson process on X, ¢ : X — R a measurable
function with [ |(0)]du() < co then

V=" ()
J
is finite with probability 1, the characteristic function of V is given by

(3.2) E(exp(ivV)) = exp {/ (e’ww) —1)du(9)],

(3.3) E(V) = / H(0)dp(0).
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If in addition to the above conditions [*(0)du(6) < oo then

(3.4) Var(V) = / J2(6)du(6)

Remark. Proofs of the statements listed in Lemmas 3.1 and 3.2 can
be found in [20].

Lemma 3.3. (a) If 0 < s < 1 and ©; is a Poisson process with
intensity ~1F9) then >_;©j has a stable distribution of index s.

(b) If 1 < s < 2 and ©; is a Poisson process with intensity =1+
then

. 1
(lsl—r% Z O - (s —1)6s1

(5<@j

has a stable distribution of indezx s.
(¢c) If s =1 and ©; is a Poisson process with intensity 0~% then

lim || >0, | —[Ing|

6—0
(S<@j
has a stable distribution of index 1.

Remark. The proof of Lemma 3.3 follows from a direct computation
of the characteristic function of the relevant sums in (a), (b), (c) us-
ing formula (3.2). We also note that the expressions under the limit
sign in (b) and (c) are equal to 75 o ©; — Ee <Z§<@j @j>. One
thus could say that the existence of the limit means that the series
>.:(0; — Eo(©,)) converges. However, for this interpretation of one

j
has to introduce an ordering relation on the random sets {©,} (see

22]).

3.2. Backtracking. As was mentioned before the analysis of our pa-
per relies on the fact that the random walk is unlikely to backtrack.
The precise statement we shall use is the following.

Lemma 3.4. ([8], Lemma 3.3) There exist C > 0,3 < 1 such that
P(X wisits n after n +m) < Cp™.

Remark. Here and below letters 3, (3, (1, (o, etc. always denote a
positive constant which is strictly smaller than 1. The precise meaning
of these is always clear from the context.
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3.3. Occupation times. Recurrence relation. As before, let &, be
the number of visits to the site n and set p, = E_ &,. Observe that &,
has geometric distribution with parameter 1/p,,.

Lemma 3.5. If Xy =0 then forn >0
(35) P =D, @11 + P, =D (1 + Qi1 + Qg10ngo + 20),

where a; = 4.
P

Proof. Let ;7 and 1, be the number of passages of the edge [n,n + 1]
in the forward, respectively, backward direction. Denote o= = E_n*.
We have

Pn = ZIP’W(XJ» =n) and o} = ZIP’W(XJ» =n,X;11 =n+1).
J J

Thus o = p,pn. Likewise 0, = ppy1¢ns1. Since X,, — 400 we have
that nt —n, =1 for n > 0. Hence p,p, — pni1Gni1 = 1 which implies
the first relation in (3.5). Iterating this relation k times gives

(3.6)

Pn = p;lan—i-l c oo Ot k—1GnPn + (1 + Ont1 4+ (077 I Oén—i—k—l)py:l-
Since E(lna) < 0 we see that the first term in (3.6) tends to 0 as
k — oo almost surely and this proves the second relation in (3.5). O

For future references, we record a useful bound for p,_; in terms
of p,. For k > 1 set A, = Hf;ll Qp_rj (With A, 1 = 1),B, ) =
1+ @y g1+ -+ apgi1-.-a,_1. Then (3.6), with n replaced by
n — k, can be rewritten as
(3.7) Pt = Dy enAn e + Dy Bk
Set ¢ := ¢, ', where ¢ is from condition (C). It follows from (3.7) that
(38) Pn—k S éAn,kpn + EBn,kz
and (3.8) implies that
(3.9) Pt < EA, 1pn + ke

Note that A, ; and p, are independent random variables.

Next, we introduce
(3.10) Zn =14+ apir +apiiQpio+ oo+ Qa1 Qi + -
’ - 1 + Oén_l,_l ‘I‘ an+1an+2 + ‘I— an+1...an+m2n+m
In particular, we have that z, = 1 + @, 112,41, Where a4 and 2,4
are independent random variables and the sequence {z,} _co<n<oo CON-
sidered backward in time forms a Markov chain. Note that p, = p, 'z,
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is a function on the phase space of the Markov chain {p,, z,} (where
pn and z, are independent).
We also need a slightly more general Markov process u,, defined by

(311) Up = Op+1 =+ Op+1Un+1

where the pair (0,41, @,41) is independent of {u, 1 }°_;.

The stationary distributions of z,, p,, and u, have a very important
heavy tail property which plays a crucial role in our proofs and is
described by the following

Lemma 3.6. Suppose that 0 < ¢y < 0, < ¢ for some ¢y, c; with
probability 1 and that conditions (A) — (D) are satisfied. Then

(a) Let v denote the stationary measure for the process u,. Then
there is a constant C' such that lim, ., 2°v(u > x) = C, where s > 0
satisfies E(a®) =1 (as in condition (B)).

(b) There exists a ¢ > 0 such that lim,_, °P(z, > z) = c.

(¢) There exists ¢* > 0 such that lim, . 2°P(p, > ) = c*.

Proof. (a) is proven in [13] (under more general conditions). (b) is a
particular case of (a). (c) follows from (b) since p, = p, 'z, and

P(pglzn > ) = E[P(2, > xpn|pn)] ~ E(ca™°p™°) = cx°E(p™*),

where the first equality is due to the total probability formula and the
second to the independence of p,, and z,,. We also see that ¢* = cE(p~).
OJ

Lemma 3.7. There exist £y > 0,69 > 0,0 < 8 < 1 such that for any
0 > 0 there are N5 and C' = Cs > 0 such that for N > Ns one has:
(a) If k < ey In N then

C k
P(p, > ONY* p,_j > 6N®) < Tﬁ;

(b) If k > e1In N then
P(p, > ONY* p, . > SN*) < ON~(2+D),

Proof. (a) It follows from (3.9) that if £, is chosen so that —e;Ingg < 5
and N is sufficiently large then

Pt < EpnAni + ce1(In N)eg =N < ep, Ay s + EN
Next, there exist (3, #2 < 1 such that
(3.12) P(oy_y...an_p > 8% < ph
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Indeed, if 0 < h < min(1,s) and 3, is such that E(a”) < g < 1 then
it follows from the Markov’s inequality that

(E(a"))"

(3.13) Pay_1...0n_p > 88 < =gk

We can now choose Ns so that for N > Ns we shall have
P(p, > SNV, pu_yy > SNV*) < P(p, > NV ep, Ay + EN2 > SNY)
)
< P(pn 2 0N epp Ay 2 SN

Finally, the right hand side in the above inequality is estimated as
follows:

d
P(pn Z 5N1/s7 épnAn,k Z §N1/S)
o
= P(pn 2 5N1/37 EpnAn,k Z §N1/Sa An,k S 6{6)

5
+ P(pn > ONYS, Cpp Ay = SNV, Ay > 1)

Nl/s
<P(p ﬁl 57 )—I—P(pn>5N1/S and A, > ¥) < Const™ NﬁQ

where the last step makes use of Lemma 3.6 (hence the dependence of
the Const on ¢) and of independence of p,, and A, .
(b) For any €3 > 0 we can write

P(pn > 0N, poy >5N1/s)
(3.14) <PONY* <p, <ON"=, pu o > ONV*) + P(p, > 6N -

l+eg

)

+P(6NY* < p, <N e Pni = ONV*),

C
- N1+€3

where the last step follows from Lemma 3.6. It is clear from (3.8) that
the last term in (3.14) can be estimated above by
(3.15)

< P(ONY* < p, SN, eAyupn + EByy > ON')
<PONY* < py <N, GAudN = + EBoy > ONY?)
—P(ONY* < py < SN =) P(eA k6N =" + By, = ONY),

where the last step is due to the indgpendence of p, and (A,k, Bng)-
Next, let 1 > h > 0 be such that 3 = E(a") < 1, then E(B],) <
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(1 — 3)~!. By Markov’s inequality
(3.16)

i E("N“h Al 4 B)
_ 1+e3 _ 1/s _h n,k n,k
P(¢A, 0N~ = +¢B,; > éNY*) <¢ §h NI

<EINT B +ENT.
Since k > £;1In N, we have that N gF < N enB _ e (with &3
sufficiently small so that to make & strictly positive). Finally, it follows
from Lemma 3.6, (3.15) and (3.16) that
(3.17)

P(ONY* < p, < 6N1J%, Pk > ON*) < Const N ~1min(4/s)

The proof of (b) now follows from (3.17) and (3.14). O

Next, we need the fact that p, is exponentially mixing by which we
mean that for a typical realization of « the dependence of p,_j on p,
decays exponentially. To prove this we use (3.7). We formulate this
statement as follows. Given a p,, define for £ > 0

We are mainly interested in the case when the difference between p,
and p, is large. More specifically we assume that p? > E(p")+2, where
0 < h < min(1,s) is as in (3.13). Then the following holds.

Lemma 3.8. Let p,_ be defined by (3.18) and p, be the stationary
sequence satisfying (3.7). Then there exist K > 0 and (31, B3 < 1 such
that for k > Klnp,

P (|pn—t = pu-sl = BY) < 55
Proof. 1t follows from (3.7) and (3.18) that

’pnfk‘ - pAnfk‘ S EAn,k ‘pn - ﬁn‘ .

Consider the same 0 < h < 1, 1, and [ as in (3.12), (3.13) and set
Bs = (14 B)/2. Then

P (Ipnt — pni| = BF) <P (CAwk |on — pu| > B8F) < BE[E(p)+p] < 55

Here the first inequality is obvious. The second one is due to the
Markov inequality, to (3.12), and to the independence of p,, and A,, .
Finally, one easily checks that the third one holds for £ > K In p,,, where
K :=2h/In(0.5+0.53,')+1 (this is where the condition p,, > E(p)+2
is used). O
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3.4. Occupation times. Correlations. The proofs of Lemmas 3.10
and 3.11 will make use of several elementary equalities and inequalities
concerned with a Markov chain Y = {VY}, t > 0} with a phase space
{1,2,3} and a transition matrix

(3.19)

o Q3
(i
)

Namely, let 7 and 7 be the total numbers of visit by Y to sites 1 and 2
respectively. Set Uy = E(7|Yy = 1), Uy = E(7|Yy = 2), Vi = E(n|Yy =
1), Vo = E(n|Yy = 2). It follows easily from the standard first step
analysis that

1
— ) ‘/1:‘/2:_
eq e

Next, set W; = E(nqn|Ys = i), where ¢ = 1, 2. Once again, by the first
step analysis, one easily obtains that

(3.21) Wi =pWi + qWo + Vi, Wy = qgW; + pWs + Us.

Solving (3.21) gives

(3.22) Wy =Vi(Ur + Uz), Wo=Us(Vy + V3)
and hence
(3.23) Cov (1, 7|Yo = 1) = Cov(n,7|Ys = 2) = V1Ua.

It is a standard fact that 7 conditioned on Yy = 1 has geometric distri-
bution whose parameter is thus U; *. If our Markov chain starts from 1
it must visit 2 before being absorbed by 3. Hence the distribution of 1
conditioned on Yy = 1 is the same as the distribution of 7 conditioned
on Yy = 2 and is geometric with parameter V, ' = . We therefore
have that Var(7|Yy = 1) = U? — U; and Var(q|Yy = 1) = V2 — V5. We
can now compute the correlation coefficient of 77 and 7 which, taking
into account (3.20), can be presented as follows:

(3.24)
Corr(n, 7|Yo = 1) =

ViU, q

N RN CE L

This formula implies lower and upper bounds for correlations in two
different regimes: (a) when ¢/¢ — 0 and (b) when ¢ — 0 while g, ¢
remain separated from 0. Here is the precise statement we need.
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Lemma 3.9. (a) Suppose that Uy > 1+ ¢, Vo > 1+ ¢, where ¢ > 0.
Then

q

(3.25) Corr(7,7|Yo = 1) < Const - = Const gV4.

where the constant in this formula depends only on c.
(b) If ¢ > ¢ and G§ > ¢ for some ¢ > 0 then for e small enough, or,
equivalently, Uy large enough

_ _ 1
(3.26)  Corr(7,7|Yo=1)>1— 2, Corr(7,7|Yp=1)>1— e
c cUq

Proof. (a) Inequality (3.25) is an immediate corollary of (3.24).
(b) (3.24) can be written as

- q €q _1 1
C Yo=1) = = 1— = 2(1 — Z,
on(ifYa = 1) = (1 - =Ly H1 -

qg+e
If % < 1 then it follows from here that

(327)  Corr(f,filYo=1)=1— (1 - q;r—q) S <

q
7
q

and hence

- 7+q\ 1
(328)  Corr(m,i[Yo=1)=1—(1- L2 L o).
2 qu
(3.26) is now a simple corollary of (3.27) and (3.28). O

The next two lemmas follow from Lemma 3.9 and reflect the fact
that the correlations between the number of visits to nearby sites are
strong but decay rapidly as the spatial distance increases.

Lemma 3.10. There is a C > 0 such that for P-almost all w and
n>0

(3.29) Corry(&ny &ny1) > 1 — g

Proof. Let w be such that the random walk X runs away to +oco with
P, probability 1 (which is the case for P-almost all w). For a given
n > 0 consider a Markov chain Y = {Y;, t > 0}, with the state space
{n, n+1, as}, where n, n+ 1 are sites on Z and as is an absorbing
state. Let ky < k1 < ... < k, be the sequence of all moments such
that X;, € {n,n +1}; weset Y, = X, if t <7 and Y, = as if t > 7.
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It is easy to see that the transition matrix of Y is as in (3.19) with
transition probabilities given by

D =qn, 4= Dn; 67: An+1,
p = P, { X} starting from n + 1 returns to n + 1 before visiting n},

e = P, {X, starting from n + 1 never returns to n + 1}.

Also, in this context, 7 = &,, 7 = &,+1 and hence Vi = p,. Next,
g, q are separated from 0 because of condition (C) from Section 1. All
conditions of Lemma 3.9 are thus satisfied and hence, for p,s which are
sufficiently large, (3.29) follows from (3.26). O

Lemma 3.11. (a) There exist sets Qy, K > 0 such that P(Q) <
N1 and if w € Qu then for all0 < ny, ny < N withng > ni+KIn N
we have

Corry, (&, &ny) < N0,

(b) If K is sufficiently large then for each N there exist random vari-
ables {0 such that for each w € Qx and any sequence 0 < ny <
ng -+ < ni < N with njy1 > n; + KIn N, the variables {gnj}fzo are
mutually independent and

(3.30) P, =&, forn=0,...,N)>1 ¢

= N100°
Proof. (a) Consider a Markov chain Y which is defined as in the proof
of Lemma 3.10 with the difference that its state space is {nj,ns, as}

and that 7= ¢&,,, 7 = &,,. Then by (3.25)
Corr, (&, ,&ny) < Const qpp,.

But, by Lemma 3.6, p, < N+ except for the set of measure O(N~103).
Now Lemma 3.4 guarantees that we can choose K so that if the sites
are separated by K In N then g < N~(101+103/5) except for the set of
measure O(N1%3). This proves (a) for fixed ny,ny on a set of measure
> 1 — O(N~19) which in turn implies the wanted result.

(b) Let &, be the number of visits to the site n before the first visit
to n+ £ Tt follows from this definition that {&,, }¥_, are mutually

2
independent. Next,

P&, = &) < P(X visits n after n + 0.5K In N)
Now (3.30) follows from Lemma 3.4. O



22 D. DOLGOPYAT! AND I. GOLDSHEID?

4. PROOF OF THEOREM 2.

Our goal is to show that the main contribution to Ty comes from
the terms where p,, is large. However, the set where p,, is large has an
additional structure. Namely, if p,, is large the same is true for p,4;
and more generally for p,, and p,, when n; and n, are close to n;
this implies that the corresponding &,, and &,, are strongly correlated.
But if ny and ns are far apart then p,, and p,,, and also &,, and &,,,
are almost independent. In the arguments below we need to take care
about this additional structure.

But first we show that terms where p, < §N'/* can be neglected.

The following convention will be used throughout this section: the
summations are over suitable n, ny, ng in [0, N — 1].

Lemma 4.1. Let 6 > 0. Then there is Ns such that for N > Ns the
following holds:
(a) If 0 < s <1 then

E Z &, | < ConstNY/s1=.

pn<ON1/s

(b) If 1 < s < 2 then there is a set Qus such that P(Q5) < N1

and
2

E, Z (&n — pn) < ConstN%/#§%.
pn<6N1/s

(¢c) If 0 < s <1 then

E |1,

N,6

E Z Pn < Const NV/s§1—s,

pn<ON1/s

(d) If 1 < s < 2 then

Var Z pn | < ConstN?5275.
pn<6N1/s

(e) If s = 1 then given 3 < k < 1 there is a set QN,(; such that

! 2
P(Q%5) < N7'% and

4.1) E <1QN,5 (Varw ( Z (& — pn)>) ) < Const N1

pn<dN
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(4.2) E ( > (po— E(p]p<5N))> < ConstN?6.

pn<dIN

Proof. Set xn = I, _sn1/+; this concise notation will be used only within
the proof of Lemma 4.1.
(a) Denote Y5 = 3" _;n1/s §n- Then

E(Y5) = NE(pL, ;).

By Lemma 3.6 this expectation is bounded by Const N'/*§'~* proving
our claim. y 3

(b) Denote Y5 = > _sni/s(§n — pn)- Then E,(Y,) = 0 and so it
suffices to show that Var,(Ys) = 0(62~*N%*) except for w from a set of

small probability. Due to Lemma 3.11 for most ws we have
(4.3)

Vaer;;S) = |o(1) + Z 2Xn1 Xna COVey (60,6 ) + Z Xn Var, (&)

no—KIn N<ni<ng

S 1 + CODSt Z Pny Prg Xng Xno

no—KIn N<ni<nsg

where the summation is over pairs with p,, < §N'/*. The last step uses
Cauchy-Schwartz inequality and the fact that &, has geometric distri-
bution, namely [Cov,, (£,,&0,)| < v/ Var, (&4,) Var, (€ns) < oy Pns-

Next, we estimate the expectation of the last sum in (4.3). Using
(3.7) we can write

PrkPr = Do pPolnQn_1 -+ O g1 + (Qn1 .o Qg1 + -+ 1), o

Since p,, and {a;, j < n} are independent we obtain

E (pnfkann) S Const

k—2
BE (p2xn) + E (prxn) D ] ,

=0
where § = E(a) < 1. Thus

(44) E ( Z (pnkann)) < Const [E (pixn) +In NE (ann)] :

Hence

E ( > pmpmxmxm> <E < > pnlpmm)

no—KIn N<ni<ng no—KIn N<ni<ng

< Const Z E ((pn2)2xn2) +In NE(pn,)] < Constd> SN/,
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(¢) The proof of (c) is the same as proof of (a).
(d) We assume first that
(4.5) V([SNY* — N710 NS 4 NT10) < N7
where v is a stationary distribution of p,,. B
We claim that if (4.5) holds and ny > ny + K In N then
1
(46) Cov (Pme’Panm) < m

provided that K is large enough.
Indeed let {py, fnepm, ns—1) be a sequence such that p,, has distribution
v and is independent of {p,},

ﬁn = p;1Qn+1PAn+1 + p'rjl
forn <ng—1 and

(47) P(|pn1 - ﬁn1| > 6{5) < 55
with k = K In N —1 (existence of such a sequence follows from Lemma
3.8). Denote

M = PnXns ﬁn = ﬁn[pn<5N1/s, A= {|77n1 _ ﬁn1| > N—lOO}.
Note that by (4.5) A c A"|JA”, where A" = {|pn, — pn,| > N1} s0
that by (4.7)

P(A) < N7
provided that K is large enough, and A” = {|p,, — SNV3| < N0} 50
that P(A”) < N~ due to (4.5).
Since 7),, is independent of 7,, we have

|COV(77”277]7L1>| - |COV(777127777L1 - ﬁn1)| - |E(7]7L2(nn1 - fl'ﬂl))|

< Ens 000 — g [Lae) + B [0900 — s [Lar) + By [0, — Ty [ Lar).
Since n, < INY*. 5, < 6N'/* the first term is at most SN'/*N—19 the
second term is at most §2N?/*P(A’) < §2N?/*N=19 and the third term
is at most 2N P(A") < §2N?**N~° proving (4.6).
(4.6) implies that if K is sufficiently large then

Var (Z /)an> <1+ Z Cov(Pny Xnys PrsXnz) | -

|n1—na|<KIn N

The estimate of the last sum is exactly the same as in part (b). This
completes the proof of part (d) under the assumption that (4.5) holds.
To prove (4.6) without this assumption take 0 = &y satisfing (4.5)
and such that
§—2N <§ <.
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(The existence of § with the required properties follows from the fact
that we can partition [§ — 2N % 4] into disjoint segments of length
2N 19 and note that by the pigeonhole principle all segments can not
have large measure).
Split n, = 0, + 1,, where
Mn = pn[pn<5N1/S7 ﬁn = p'fl]gNl/SSpn<§N1/s'
Then since the cut off at §N'/* satisfies (4.5) we have

Var() " 7,) < C6**N?*

so it remains to show that
(4.8) Var() ~1,) < C6*°N*/*.

Introducing
7= pulsniscp,csnis, A" = {[i=dN*| < N'% or |7—dN"*| < N'*}
and proceeding as in the proof of (4.6) we see that if [ng—n;| > KIn N
then
|COV (T 71, )| < 20N*NTO - B(7,,, |7, — T Lin)-
The last term can be bounded by
SNYE(n,, i) = SNV*E(7,, )P(A")
where we have used independence of 7,,, and 7,,. Next by Lemma 3.6
E(i},,) < ON'*P(i),, # 0) < CONT/™
and P(A") < £ Accordingly
|COV (i, s 1, )| < CONE/2)72

so that
Y 1€V, 7,)| < CINE,

|na—n1|>KIn N
On the other hand arguing as before we obtain

> |Cov(q,,. 0,,)| < C8TNE/),
[ng—n1|<KIn N

This proves (4.8) completing the proof of part (d) of Lemma 4.1.
(e) In view of (4.3) in order to prove (4.1) it suffices to estimate

E < Z Xni1Xna2Pny pnz)

ni<ns<ni+KIn N
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We have

E ( Z Xanzpmpng) < Z E (Xny Xna (pmpnz)ﬁ) .

ni<ng<ni+KIn N ni<ng<ni+KIn N
Using that E(a”) < 1 we can proceed as in part (b) to estimate the
last sum by

(JZ pn)" xn) + (I N)E ((pn)" xn)] < CNZ§>1,

This Completes the proof of (4.1).

Next we prove (4.2). We assume that (4.5) holds, this assumption
can be removed in the same way as it was done in part (d). Since the
estimate of Cov(n,,,7n,) in case |ng — ny| > KIn N did not use the
fact that s > 1 we need to bound

> CoVm )= > Eu, ) +o(NIN).

[ng—ng|<KIn N |ng—ng|<KIn N

Without loss of generality we can assume that ny < nsy. To simplify
notation we put ny = n,n; = n — k. Using the same notation as in
(3.8) it is enough to bound

(4.9) E((p5 Ank + PnBnk) XnXn—k)-

Since E(a) = 1 we have E(B,, ;) < Ck. Since B, is independent of p,,
the second term in (4.9) can be bounded by

E(pnXn)E(Bny) < C6ln Nk < Cdln? N

so the main contribution come from the ﬁl:St term. We shall use the
fact that there are constants ¢ > 0 and § < 1 such that for some
constant C

(4.10) E(Anpla, <o) < CB"
We split
E(piAn,anXn—k) = E(piAn,k]anSNe*E"Xn—k)+E(piAn,kIcSNe*€kSpn<§NXn—k)'
The first term is bounded by
E(pp1,, <sne-=)B(Anr) = B(p3],, csne-or) < CoNe
Since p,—x > A, xpn the second term is bounded by
E(p;XnArLay<et) = B(opxn)JB(ArLay cen) < CONGE.

Summing over n and k we get

KInN
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as claimed. It remains to establish (4.10). The estimate (3.12) implies
that there exists £ > 0 and § < 1 such that

P(A, x> e %) < g,
Hence
E(An,k[An,k<€5k) = E(An7k]An,k<e—ék)+E(An7kje—ék§Anﬂk<esk> S e_ék—l-eakBk

which decays exponentially provided that e is small enough. This
proves (4.10). O

Lemma 4.1 allows us to concentrate on sites where p, > SN In
view of Lemma 3.6 for each fixed § we expect to have finitely many such
points on [0, N] (namely the expected number of points is O(§~*)).

Definition. Let M = My :=Inln N. We shall say that n is a massive
site if p, > 6NV, A site n € [0, N — 1] is marked if it is massive and
Pnrj < ONV* for 1 < j < M. For n marked the interval [n — M, n] is
called the cluster associated to n.

Note that this definition implies that the distinct clusters are disjoint.
It may happen that not all massive sites belong to one of the clusters.
This situation is controlled by the following

Lemma 4.2. There is 3 < 1 such that forn € [0, N — 1]

M
(4.11) P (pn > SNY* and n is not in a cluster ) < Const%.

Proof. Suppose that n is a massive point which is not in a cluster. Then
consider all massive points n; such that n < ny < ... < np < n+ M.
Note that such points exist because otherwise n would have been a
marked point. Let now n* > n; be the nearest to n; massive point.
Then by construction n* > n+ M. Also n* < n+2M because otherwise
ng would have been a marked point and n would belong to the ng-
cluster. Hence the event

{n is massive and not in a cluster} C U {pn > N4, ps > SNV}
n’€[n+Mmn+2M]

By Lemma 3.7(b) we obtain

P (n is massive and not in a cluster)

n+2M ﬁM
< Y P(p,=0NY* py = 6N < Const—-
n'=n+M

which proves our statement. O
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It is clear from the just presented proof that the event
{there is n which is massive and not in a cluster}
belongs to the set of environments
(4.12)

Q‘];V :={3n1,ny: M <nyg —ny <2M and p,, > (SNl/S,an > 5N1/5}.

Then again by Lemma 3.7(b) we have that

(4.13)
N-1 n—-M

P() <Y Y Plon, =N, p, > SNY*} < Consti".

n=0 n1=n—2M

Obviously P(Q%) — 0 as N — oo.

It is clear from the definitions that P(n is massive and in a cluster) >
P(n is marked). The following lemma shows that in fact these quanti-
ties are of the same order of smallness.

Lemma 4.3.
(4.14)

P (pn > SNY* and n is in a cluste'r) < ConstP (n is marked) .
Proof. The event

M
{n is massive and in a cluster} C U{pn > 6NY* n 4 k is marked}.
k=0

Since p,, is a stationary sequence we have
P{p, > 6N'* n +k is marked} =
P{pn_ > ONY*|n is marked} x P{n is marked}.

Fix h € (0,s) and let 3 = E(a"). Note that 3 < 1. We shall now prove
that

P{pn_, > ONY*|n is marked} < Constf".

Since M is growing very slowly we have for N > Ns that Me; ™ <
0.56 N5, Then (3.9) implies that p, < €A, rpn + 0.56N'/* and
therefore

P{pn_i > ONY*|n is marked} < P{cA, rp, > 0.50N'*|n is marked}.

For n marked p,,1 < 6N*/* and hence p,, < 25, dN/*. Since 4, and
{p;};>n are independent we have, with C' = 2,

P{cA, rp, > 0.56]\71/5\ n is marked}
< P{CA, 0N > 0.56N"*| n is marked} = P{A,, > 0.5C~'} < Const3*.
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(Once again, last step is due to the Markov inequality.) Finally we
obtain
P (n is massive and is in a cluster) <

M
< Const(z B*) x P{n is marked} < Const P{n is marked}.
k=0

O

We shall now turn to the analysis of the properties of clusters. The
next lemma is the main technical result of the paper. It will be proved
in Section 5. We need one more

Definition. For each marked point n, we set
(4.15)

1 Z]'\{Olon—j 1
an = pp/ONYS, b, = Fp— and m,, = X;L0pp_; = 0N '5a,b,,.

We call m,, the mass of the cluster.

Lemma 4.4. For a given 6 > 0 the following holds:

(a) The point process {(5,an,bn) : n is marked } converges as
N — oo to a point process {(t;, a;, l;])} where t; form a Poisson process
with a constant intensity ¢o~°.

(b) For a given (finite) collection {t;} the corresponding collection
{(a;,b;)} consists of i.i.d. random variables which are independent
of {t;} (except that both collections have the same cardinality). The
distributions of the pair (a, l;) does not depend on 9.

(¢) Consequently? {(%, +43)} converges to a Poisson process A° =
{(t;,0;)} on [0,1] x [§,00). Moreover if ©; = % then the distribution
of ©; is independent of 0. Let  denote this distribution. Then there is
a constant ¢ such that
(4.16) wgrfoo 2°¢(9; > z) =¢.

Lemma 4.5. As§ — 0 A° converges to a Poisson process A on [0,1] x
(0,00). Let {©;} be the projection of A onto the second coordinate.
Then there exists ¢ such that {©;} is a Poisson process with intensity
Proof. Consider the measure (5(A) = ((Gs(A)), where G5(0) = (%)

5
and G5(A) denotes the image of A under Gs. By Lemmas 4.4(c) and

3.1(a) A% is a Poisson process with measure \s where d\s = ¢d~*dtd(;.

2the first statement of part (c) of Lemma 4.4 follows from parts (a) - (b) and
Lemma 3.1.
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By (4.16), as § — 0, A\s = X where d\ = cdteil%, where ¢ = scé, ¢
is the constant from Lemma 4.4(a) and ¢ is the constant from Lemma
4.4(c). Hence, as § — 0, A° = A, where A is a Poisson process with
measure A\. Now the result follows from Lemma 3.1(a). O

Remark. Once we know that A% has a limit as § — 0 the intensity of
the limiting process can also be found by a scaling argument. Namely,
for each , we have A = lims_,o A", A% depends on § in two ways. First
its intensity is proportional to d~°. Second, ©;/6 = a;b;. Recall that
the distribution of ELJ-EJ- is independent of §. Therefore replacing d by ko
replaces © — kO and multiplies the intensity by «~°. In other words
rescaling {©;} by x amounts to multiplying its intensity by x~*. Now
the result follows from (3.1).

We are now in a position to finish the proof of Theorem 2. We shall
do that in the case 0 < s < 1. In all other cases the proof is similar.
Present the time spent by the walk in [0, N) as

N-1

(4.17) Tn=>) & =5+ S+ S

n=0

Sl = Z gn

n: pn<SN1/5 n g any cluster

Sy = > &n

n: pn>0N1/$ n is not in a cluster

Ss= >

n:n is in a cluster
By Lemma 4.1, (a) we have that E(S;) < ConstN'/*§'=%. Next by
(4.12), (4.13) we have that

P(S;>0) <P (Q)) —0as N — cc.
We readily have that for w & Q3

where

ty = N"5S3+ N8, = N~ 555 + Ry,

where Ry := N~+5; and satisfies the requirements of (a), Theorem 2.
Next, consider S3 which comes from the sum over the clusters and
is the main contribution to Ty. Let us present it as follows:

M

N73S5= Y N> &y

n:n is marked 7=0
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In turn

Pn—j

Next, using Lemma 3.10 and the fact that &, is a geometrlc random
variable and therefore Varw(fn) = p? — p, one obtains

‘ Snj _ &n < S Sr < Const Z —
Pr—j Pn e PE Pk+1 [— J
Here and below || f|| := Ew(|f|2) with f being a function on the space

of trajectories of the walk.

For n — j belonging to a cluster, that is (n—j) € [n— M, n], we have
that p,_; > ced p, > ¢cN~°p,. (Remember that if £; in Lemma 3.7 is
small enough then £ can be made very small which is what we shall
use in this proof.) Thus

— — | Pn—j|| < Const Prn—j < Pn—j
=1 pn—] Pn ! Pn j=1 7 pn j=1 ’

If for n marked we set

M
Co = mgl <€”__] _ f_”) Pn—j

= Pn—j  Pn

Né
then [|(,|| < Const\/—% — 0 as N — oo and we have

Zj‘\io gn—j o fn
== ) v

Next &,/p, is asymptotically exponential with mean 1 since &, is geo-
metric with parameter 1/p,. Also by Lemma 3.11(b) {%}n is marked are
asymptotically independent. On the other hand {37% }n is marked are
asymptotically Poisson by Lemma 4.4. In other words,

A [ mp én
e ({m s ) )
Nl/ Pn n is 6—marked

satisfy the condition of Theorem 2 except that (i) is replaced by the
condition

(1) F;v,(s converges weakly to a Poisson process on [d, 00) with measure
18, Moreover for each [s,t] € (0,00) pd([s,u]) — u([s,u]) as & — 0
where p([s,u]) = [ —S=dx (the last statement follows from Lemma
4.5).
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This statement appears slightly weaker than we need but a general
argument from real analysis allows to upgrade () to (i).
Namely (z) shows that for each ¢ and & there is a number N (e, §)

such that for any collection of disjoint intervals [si,u1],...,[s;, u] in
[0, 00) with p([s;,u;]) > € for each ky, ...,k we have

Lok
(4.18) [P (Angs(sj,uj) = k; forall j € [1,1]) Hk—é eNid| < ¢

where Ay 5(s;,u;) is the number of S-clusters with mass between s;
and u; and ;5 = p %([s;,u;]). Choose a sequence &}, converging to 0
(for example, e, = + will do) and let 6 be such that for each 0 < 0
and each [s,u] € [(5 o0) we have

(4.19) 1 ([, u]) = ([, u))| < e

Then for N > N(eg,dx) both (4.18) and (4.19) are valid. Let k(N) be
the largest number such that N > N(gg, ;). Then (4.18) and (4.19)
imply that

N, T7N,&\ _ My, 5n
(6 ) I ) - { Nl/s Cn}
n is O (n)— marked, My, >6N1/s

satisfies (i).

5. POISSON LIMIT FOR EXPECTED OCCUPATION TIMES.

To understand the asymptotic properties of the distribution of a,
defined in (4.15) we need the following

Lemma 5.1. (a) For each m >0 and y > 1

(5.1)
m(y) = lim NP ( Pr > 5y, prss < SN2, < (5N1/S>
H T Neooo N1/s = Pn+1 -+ Pntm
= 5730E[(D8y — 1glja<,§nD )[maxlgjgm Dj<D0y_1]7

where D; = p;ijan+j+1...an+m (and by convention D, = p,i,,).

(b) There exists p™(y) = lim,, o ™ (y)-

(¢) p>=(1) >0

Proof. (a) We shall make use of (3.10) and the relation p, = p,'z,.
For a fixed m and 0 < 7 < m we can write

1
Prti = PptjOntjt1--CnymZnim + O(1).
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The inequalities p, /N > dy and p,; < SN/* in (5.1) are equivalent
to

Znpm = NY2S5(Dg'y + O(N7Y*)) and 24 < Nl/sé(Dj—1 +O(N~Y%))
respectively. Thus

Pn . .
p (Nl/s > 0Y, Pnt1 < 6NV s e oy Prtm < SNV ) _

P <5(D0_1y + O(N"YNY* < 2y < NY3§ min

1<j<m

(Dj_1 + (’)(N_l/s))> .

Since Zpim and {pn4;}j<m are independent, we can compute the fol-
lowing limit by conditioning on {pn+;};j<m and using Lemma 3.6:
Hm NP (p, N7V >y, ppr < SNYE L ppsn <INV |{prgstjem) =

N—oo

—S S, —S S
0 C(Doy 12132}7{71 Dj)]mamgjgm Dj<Doy=1

and the convergence is uniform in {p,;}j<m.
To compute the limit (5.1), it remains to take the expectation with

respect to {Pntj}tj<m:

lim NP (pnN_l/S Z Y, Prnt1 < 5N1/Sa ey Prgm < §N1/S) =

N—oo

—S8 S,,—S S
0 CE[(DOy - 1%2?21 Dj)lmaxlgjgm Dj<DOy71]'

This completes the proof of part (a).
(b) The probability P (&% € [¢,d], ppy1 < N5, .. ppym < ONV)

is a monotonically decaying function of m. Hence the proof.
(c) If u>=(1) =0 then NP(n is marked) — 0 as N — oo. Then

P(p, > dNY*) < P(p, > SN'* and n is not in a cluster)

+P(p, > SNY* and n is in a cluster)

M
< Const% + ConstP(n is marked),

where the estimates for the first and second term are provided by Lem-
mas 4.2 and 4.3 respectively. But then NP(p, > SN'*) — 0 as
N — oo contradicting Lemma 3.6. This proves (c). O

Lemma 5.1 gives the limiting distribution of @ in Lemma 4.4. Namely,
P(a>y)=1ify <1 and for y > 1 we have
(5.2)
P(a>vy) = ]\}1_1};0 P(p, > NY*6y |n is marked) = > (y) /> (1).

Next we address the distribution of b.
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v

Mo
Lemma 5.2. (a) The distribution of % conditioned on p,

SN converges as N — oo to the distribution of

1+ p_igo + P 3G00—1 + 4+ P pQo0—1 - .. Q_jy1 + ...
(b) Let
(5.3) b = ]oj’_l1 + pj_ot_1 + Dj_s0j 1o+ ...

so that the distribution 0fl~) is the same as the distribution of 1+ qobo.
Then there is a constant ¢ > 0 such that lim,_, ., z°P(by > x) = ¢.

Proof. According to (3.7)
Pr—j = Dnt jnOn1 - Qnjp1pn + O(K™M).
Since KM <« N'/* we see that
ij\/io Pn—j
Pn

As N — oo, also M = My — oo and so the limiting distribution of
the above expression is the same as the distribution of

= 1+p;E1Qn+p;i2QHanfl+' : '+p7;EMQn04n71 CIE anfM+1+O(1)'

(5.4) 1+ p 1qo + p3qocv—q + - +p:,£qooz,1 ce Oyl F

This completes the proof of (a). Next note that b,y 1 = anb, + p;t.
Hence (b) follows from part (a) of Lemma 3.6. O

Next take 5 < &4 < &y where g5 is from Lemma 3.7(b). Divide
[1,00) (the set of all possible values of a,,) into finitely many disjoint
intervals Iy, I, ..., I4,. Divide [0, N] into a union of long intervals L;
of length N separated by short intervals of length N¢. (Intervals are
numbered in decreasing order). By Lemma 3.6 the total number of
clusters originated in short intervals tends to 0 in probability since the
total number of sites in the union of short intervals is o(N). Observe
that by Lemmas 3.7 and 5.1

P (n is marked, a,, € I, and p,_ < SNY* k= M... N€4)

Moo{lm) M
b)) o (5)).

Lemma 5.2 now implies that if we divide [1,00) X [1,00) into finitely
many disjoint rectangles Ji, Jy ... Jg then

P (n is marked, (a,,b,) € J,, and p,_; < SNV k=M. .. NE“)
foo(Jim)

~ = (1= 0 (8Y)

where [i., is a measure on [1,00) x [1,00).
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Let V; be the vector whose m-th component is
Card(n € L; : n — marked, (a,,b,) € Jp).
Then
P(Vj = en) ~ i(Jm)N="1 P(|Vj| > 1) = o(N=7)
SO

(5:5)  Blexp(i(v, V) = 14+ N1 ) () (e = 1) + o(N= 7).

where v,, denotes the m-th component of vector v.
Next, divide [O 1] into intervals K, K5 . .. Kg,. Pick da vectors (), () .. 4(@)
and let v = 4® if jN** € K;. We claim that

J

(5.6) lnE(eXp(iZ ZZM el —1)+o(jN=1).
k=1 k=1 m

This holds because V; is almost independent of Vi, V5 ... V;_;. Namely,
by Lemma 3.8 the value of p,, at the left endpoint of L; could influence
V; only if p,_ is B °-close to the boundary of I,,. However if N is
large then the probability that there is n — k € L; such p,_j is close
to the boundary of I,,, is o(N4~1) and hence arguing as in the proof of
(5.5) we obtain (5.6). Taking j ~ N'~%4 we obtain

J dy  dy
In E(exp zz ® Vi) ZZ | K| (o, g — 1) +o(1)
k=1

=1 m=1

which implies parts (a) and (b) of Lemma 4.4.

It remains to prove (4.16). To do this note that © has the same
distribution as @ + agb where the distribution of @ and b is given by
(5.2) and (5.3) respectively. Now the proof of (4.16) is the same as the
proof of part (c¢) of Lemma 3.6.

6. CASE s = 2: PROOF OF THEOREM 3

To prove Theorem 3 we follow the approach used in [3].
We split
N

Z(fn—Pn) =Sp+ Sy + Su

n=1
where Sy corresponds to the high values of p,, namely, p, > v/N In'® N,
Sy corresponds to the moderate values of p,, namely, % < pn <
VN In'™ N and S}, corresponds to the low values of p,, namely, p, <
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%. We begin by showing that high and moderate values of p, can

be ignored. First, by Lemma 3.6
C

1n200 N :

P(Sy #0) < NP(p, > VNIn' N) <
Second, arguing as in the proof of Lemma 4.1(b) we see that

E(S3/) < Const Z E <(pn)2 L /N /10100 N < /N 1n100 N) < ConstN Inln N

and hence Sy;/vV N In N converges to 0 in probability.
Therefore the main contribution comes from S;. To handle it use
Bernstein’s method. Divide the interval [0, N] into blocks of length

Ly = In'" N and Iy = In® N following each other. More precisely the
j-th big block is

Iy = [j(Ly +1In),(j + 1)Ly + jly — 1]
and j-th small block is
Ji =+ 1)Ly +jln,(j +1)(Ly + 1) — 1].

Accordingly, we split S;, = S¥9 4+ S5mall where SY9 (S3™!) is the
contribution to Sy coming from big (small) blocks. Arguing as in the
proof of Lemma 4.1(b) we see that

B(Var, (") <€ Y0 [B((pn)?) + Epuln)] L, <y

néesmall blocks

In 2
<C(NmNZE 4 NX
<o(Nuvant)

and hence the main contribution comes from the big blocks.

Next we modify &, as follows. If n € I; let &, be the number of visits
to the site n before our walk reaches I;1;. Let p, = Ew(fn) Observe
that En corresponds to imposing absorbing boundary conditions at the
beginning of ;11 S0 pn = b, 'Gni1pn + p,* with absorbing boundary
condition at 7 := (Ly + Ix)(j + 1). Hence

dn

Prn— Pn = —CQn...Qz_1P5
n

and so by (3.12)

(6.1) <1

Z [ﬁn - pn]

nebig blocks

except for the set of probability tending to 0 as N — oo. Also by
Lemma 3.4

P, =¢,forn=0...N) —1las N — 0.
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Let R 3
S= Y (= plsevmmon-
né€big blocks
By the foregoing discussion it is enough to show that

with P probability close to 1 the quenched

(6.2) . -
distribution of S is close to normal.

We claim that the following limit exists (in probability)

_ Var,(S)
(63) A NN D2

Before proving (6.3) let us show how to complete the proof of (6.2).

Let 5 }
Sj = Z(fn - ﬁn)[ﬁn<\/ﬁ/1n100N
TLGIj
be the contribution of the j-th block. Since summation is taken over n
with p, < VN /In'® N and &, has geometric distribution we have for
keN

(6.4) P, ( VNLyk

Sj > W) < C@ikLN.

Indeed Sj > % implies that &, > ln\lﬁo—JX’jV for some n in the block.

(6.3) and (6.4) show that . S; satisfies the Lindeberg condition. It
remains to establish (6.3). To this end we prove two facts.

Zn1<n2*M COVW (gnl ’ gnl)
NInN

(A) V8>OEIM:P< >s><5 and

k
(B) Vk 2 C‘;;‘i’r(f]’\‘[ Snk) E(O‘Q) © in probability
where ¢* is the constant from Lemma 3.6.

The remaining part of Section 6 is devoted to the proofs of statements
(A) and (B). We will drop tildes in £ and f in order to simplify notation.
(Note that the results of Sections 3.3 and 3.4 are valid for p, € since the
arguments in those sections did not depend on the boundary conditions.
cf. also (6.1)).

To obtain (A) we show that there is < 1 such that

(6.5) E(|Covy, (§n-r, &)l |Fa) < CO*(pn)?

where F,, denotes the o-algebra generated by {pm }tm>n-
Pick a small € > 0 and consider two cases
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(I) pn > (1 + €)*. Then we use that

|Covy, (§n—ks &n)| < \/Varw(gn—k>varw(§n) < Cpn—ipn
and that

E(pn_i|F,) < E(a)p, + C.
(IT) p, < (1 + €)*. Then by (3.25)
|C0Vw (gnfk:p fn)‘ S CV&I‘W <£n>pnfkq*

where ¢* is the probability to visit n — k before n starting from n — 1.
Hence

E(|Coviy (ks &)1 Fn) < Cpuv/E((pn-1)?|Fn)E(¢*| F)
We have
E((pn-1)*|F0) < pp + Ck

since s = 2 whereas E(q¢*|F,) < C6* by Lemma 3.4.

Summing (6.5) over k we obtain (A).

To prove (B) observe that by Lemma 3.10 for fixed & we have

COVw (gn—ka gn) = Pn—kPn + O (pn>

where the implicit constant depends on k. Let Z, = Cov, (&, &nk)-
Since E(p,_1|F,) = puE(a)* + C we get

E<ZnIpn<\/N/ln100 N) = E((Pn)zlpn<\/ﬁ/1n100 N)E(Oé)k + O (E(pn)) -

Next

Var (Z Zn) = ZVar(Zn) +2 Z Cov(Zynyy Zny)-

ni<ng

Observe that Z,, and Z,, are independent if nq, ny belong to different
blocks and so we can limit summation over ny,no in the same block.
Since

Zn = Pl ... p_1 +O(pyn)
Lemma 3.6 gives

N
Var(Zn) S Const m

By Cauchy-Schwartz inequality
N
Cov(Zynyy Zny) < Constm.

Therefore )

NL
Var(z Zn) < Constﬁ.

This completes the proof of (B).
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Remark. The same argument allows one to handle the case s > 2.
Actually this case is simpler since there is no need to introduce cut-
offs. We do not provide the details here since the case s > 2 had been
studied in detail in [10, 16]3, where stronger almost sure quenched limit
theorems were obtained (as has already been mentioned in the Intro-
duction). However, such almost sure statement can not be extended
to s = 2 for two (related) reasons. First the quenched variance of p,
is not integrable and so (6.3) can not be upgraded to almost sure con-
vergence [1]. Secondly even though the contribution of the site with
largest p,, is much smaller than the contribution of the remaining sites
with probability close to 1, still P(max,, p, > v/ NIn'% N) decays quite
slowly (as In"?% N) and so from time to time we will see the situation
where the site with largest p, can not be ignored: the distribution of
the sequence Ty would alternate between that of the normal and expo-
nential variables. So our method does not recover the results of [10, 16]
but it allows us to reprove Theorem 1 for all values of s (as in [15]).

7. MAXIMUM OCCUPATION TIME.

Here we prove Theorem 4. Consider the following process A?V =

n.: m. . A~ . .
{(F, 717 )} where n; are marked points and 77, is the maximum of p,

inside the j-th cluster. The proof of Theorem 4 relies on the following
fact.

Lemma 7.1. (a) As N — oo A% converges to a Poisson process A’ =
{t;,0;)} on [0,1] x [0, 00).
(b) As § — 0 A° converges to the Poisson process A.

(¢) There exists a constant ¢ such that A has the intensity #

The proof of this lemma is similar to the proofs of Lemmas 4.4 and
4.5 and therefore will be omitted.

Next we show that the low values of p are unlikely to contribute to
the maximal occupation times. Fix 6 > 0. Denote

Qnp = {In < N NVs2mHD) < p < NV#27F and &, > ON'/*}
and set
DN jom = {Nl/sQ%kH) < pn < Nl/SZ’k}.
Then by Lemma 3.6
P(Qni) < NP (Pnpn) P (& > ONY5 |y ) < Const2™P (¢, > ONY*|Dp )

3[10] considers a class of environments which is much larger than the one treated
in our paper.
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Since &, has a geometric distribution with parameter p, ! we have that
P (fn > 9N1/5|<I>N7k7n) < (1- pgl)eNl/s < Conste "

Summing these bounds over k > log,(1/J) we see that the points from
outside of the clusters can be ignored. The rest of the proof of Theorem
4 is similar to the proof of Theorem 2. Namely Lemma 3.10 implies
that with high probability the maximum occupation time inside the
J-th cluster occurs at the site n; such that ps, = ;. This shows that if

d is sufficiently small then with probability close to 1 £} = max; mjf;i
J

where the maximum is taken over the d-clusters. For large N the fnﬂ
is asymptotically exponential with mean 1. Therefore letting N — 50
and 0y — 0 we obtain that the distribution of ]\f{\’/ is asymptotically
the same as that of

where A = {(t;,6;)} and T'; are i.i.d random variables independent of
A and having mean 1 exponential distribution. It remains to notice
that by Lemma 3.1 {6,I';} also form a Poisson process with intensity

C
91+s .
APPENDIX A. ANNEALED DISTRIBUTION.

Here we show how our results allow us to recover the known facts
about the annealed distribution.

A.1. Proof of Theorem 1. By Lemma 2.1 we can consider Ty instead
of TN.

If 0 < s < 1 then our result follows from Theorem 2(a), Lemma
3.1(c) and Lemma 3.3(a).

If 1 < s <2 we have

Ty — E(Ty) (N3) A
(Al — =t - w, = »_ 0 1)+ Ry + Ry

By Theorem 2(b) given € > 0 we can find Jy such that for § < dy
P(|Ry 4 Ry| >¢) <e.
Also by Theorem 2(b) as N — oo the sum in (A.1) converges to
(A.2) > o,
®j>5

where ©; is a Poisson process on (0,00) with intensity 5% and {I';}
are iid random variables independent of {©,} and having standard
exponential distribution. On the other hand by Lemmas 3.1(c) and
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3.3(b) if we drop the restriction that ©; > ¢ in (A.2) then the sum will
have a stable distribution of index s. Therefore to complete the proof
it suffices to show that given € > 0 we can find Jy such that for § < dg

(A.3) P(|Rs| >¢) <e

where

0;<6
Note that E(R;) = 0 due to independence of I's and ©s while by (3.4)
Var(Rs) = C6%7*. This proves (A.3) completing the proof of Theorem
1in case 1 < 5 < 2.
The proof in case s = 1 is similar to 1 < s < 2 case. In case s = 2 the
result follows from Theorem 3. Finally the case s > 2 was discussed in
the introduction.

A.2. Proof of Corollary 2. To prove Corollary 2 it suffices to show
that given € > 0 the event

d(Fy.F) <e

occurs infinitely often.

Given an interval I = [ny,ns| let T be the total time the walker
spends inside I before Tm, the hitting time of ny. Note that the
quenched distribution functions Fj ) . Ep . of Tt, are independent if

the intervals I, Iy ... I} have disjoint interiors. On the other hand we
can choose a sequence N, growing so fast that

" w € 1
(A.4) 3 (d(FNm,F(m)) > 21) <=

where F(ﬁn ) = F Accordingly in view of the Borel-Cantelli

T[Nmfl 7Nm]/N71n/g ’
Lemma it suffices to show that the event

(A.5) d(Fn), F) < % occurs infinitely often.
By Corollary 1 there exists ¢ = ¢(¢) > 0 such that
P (d(F]“\;m,F) < Z) > c.

Now (A.4) implies that for large m we have
£ c
P (d F¢ . F —) > &
(Fiy, F) < 5 5

and hence (A.5) follows from Borel-Cantelli Lemma.
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A.3. Proof of Corollary 3. Let N, be a rapidly growing sequence
(see condition (A.6) below for the precise requirement on the growth

For n € [N, Niy1) let &, be the number of visits to the site n before
the first visit to Ni,1. Note that &, only depends on the environment
between in [Ng, Ni41) since it counts visits to site n by the walk with
absorbing boundary at Niy; and reflecting boundary at Nj, — 1. Let

g(k) = max,,n,,,) &n- LThen f(k) < f}‘vkﬂ. Assume that N, grows so
fast that
— %) T (k) - B
(AG) Z p (TNk-H - > T) < 00, where T}, = Z gn
k ne[Nk,Nk+1)

(such a sequence exists because 7™ > N1 — N). In view of the
(A.6) it suffices to show that
(k)

lim inf T® >0

almost surely. By Theorem 4 and Lemma 2.1

p <§(/~c) )
= > C1 | > Co.
Ty,

Corollary 3 now follows from the Borel-Cantelli Lemma.

APPENDIX B. PROOF OF COROLLARY 1.

We consider only the first statement of Corollary 1 and, moreover,
we suppose that 0 < s < 1. The proofs for all other cases are similar.
We observe the following.

(1) Denote by tns = >_; @g-N"S)FgN’é) and define Fy 5 by Fy 5(z) =
P, (tns < z). Obviously ty — tys = Ry when w € Qpns (see (2.4)).
Due to the estimate of Ry and the fact that P(Qys) — 0 as N — oo

we have that for a given € > 0 there are N(g) and d(g) such that

3) Consider X*Y = {F: F(b) — F(a) > 1 — ¢} C X such that
P (X[“’b]) > 1 — . Obviously, such a, b can be found for any ¢ > 0.

(4) The above properties imply that in order to establish that F§
converges weakly to F'© it suffices to show that the sequence of ransom
processes Iy ;(+) restricted to [a, b] converges weakly to the restriction
of the processes F(+) to [a,b]. In turn, due to the monotonicity of
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these random processes, this convergence follows from the convergence
of the finite-dimensional distributions of Fy s5(-) to those of Fy (-).

(5) It remains to prove that for any z; € [a,b], j =1,...,n, and any
uj €[0,1]j=1,....n,

]\}iir(l)oP ( Ns(Tj) Swy, j=1, ,n) =P (F(?(xj) <w;, j=1, ,n) .
The latter follows from statements (i) and (ii) of Theorem 2.
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