PRELUDE TO A KISS.

DMITRY DOLGOPYAT

Abstract. We consider expanding maps of the circle with an almost neutr al xed point
c: In this setting the ergodic averages of a smooth observable A satisfy the Central Limit
Theorem. If A(c) = 0 we show that the expectation and the variance behave as th e
square root of the multiplier of ¢ times rapidly oscillating functions of parameters.

1. Introduction.

Several authors investigated the regularity of parameter @pendence of various dynamical
characteristics (see [11, 12, 3, 4, 14, 15, 16, 17, 6, 5, 8, 7, @tc.). In general one can
obtain nice dependence if the system is uniformly (partialy) hyperbolic for all values of the
parameters. However, for general systems one should expestuch less regularity of the
dynamical invariants. Therefore an important problem is to develop methods for obtaining
optimal regularity in the case when the invariants are not snooth.

Here we investigate a much simpler question. Recall that a mp F of a compact Rie-
mannian manifold is called expanding if there are constantsC > 0 and > 1 such that
for any tangent vector v

JAF (V)i C "jjvij
(equivalently, F locally increases distances with respect to some Riemanmametric). We
consider a one parameter familyf- of expanding maps ofS*; " > 0; which loses its hyper-
bolicity at " = 0 via a saddle-node bifurcation and study how the mean and tke variance
in the Central Limit Theorem change when hyperbolicity detiorates. Let us give a more
precise description of families we consider.

Letf :S'! S'beaC' map with the following propertiesg

(A) There exists a partition of the circle into intervals S?! = jp:1 Qj suchthatf : Q!

(B) There is a constant > 1 such that f 9x) for all x 2 Sjp:2 Q-

(C) Q1 =[d;y] whered is a hyperbolic xed point.

(D) Inside Q1 we havef (x) > x except for a neutral xed point ¢ which is non-degenerate
in the sense that

1 d%f

(1) = EW(c) > 0

Let ag be the leftmost point in Q; wheref (a) = 1 (observe that f° on @Q due to
(B) and that f9x) < 1 for x immediately to the left of ¢ due to (C). Let a; = f (ag);lx =
fK([ap; a1]); (k can be either positive or negative),b ; = f by; Jx = f K[b 1;kp]: (Here
and below we usef ! to denote the branch of the inverse off with range [d; y]:) Given a
segmentl; let H, denote the increasingane map | ! [0;1]: For x 2 [ag; a1] set

u(x) = ||<i!r1n Hi, fX(x)
1
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Figure 1. f. restricted to Q; for (A) large positive "; (B) positive " near 0,
(C) " =0: As the title indicates we are interested in what happens sligtly
before the tangency appears (Figure 1(B)).

(this limit exists because for all r the C" distance betweenH, f* and H,,,, f¥*! is less
than & by Lemma 2 below). Extend g to (d;c) by setting gu(x) = gif *(x) for x 2 Iy
Similarly for x 2 [b 1; lp] set

= i Haf
Our last condition on f reads

H 0 0 .

(B)  inf (000 max(gz(x)) > L
Let ff.g be a one parameter family such thatf o = f which is non-degenerate in the sense

that &j-=o f-(c) 6 0: We normalize f- by requiring that &(f-(c)) = 1; for " near 0. Thus

(F) f-(cth)= cth+"+ h 2+ 0o("+h?):

Let us explain the meaning of the above conditions. (A) and (Q imply that f has
a Markov partition consisting of d and its preimages. Condition (B) implies that f is
expanding outside ofQ;: By (D) for small " most points spend most of the time nearc and
so if they pick up a strong contraction where. Hence under coditions (A){(D) and (F) f-
may fail to be expanding in spite of (B). Condition (E) ensures overall expansion.

Proposition 1. If ff.g satis es (A)}{(F) then f- is expanding for small positive":

Proposition 1 implies that f+ has an absolutely continuous invariant measure «: (f«; )
is exponentially mixing and satis es the Central Limit Theo rem. Namely, if A : S*! Ris
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Holder continuous then
o A n ) 1
" D-(A)n T2

where mes is Lebesgue measure @t and

mes x 2 S':

R _
D(Af-)= «(A%) ( ~(A)*+2 S(AO(A F1) (-(A)?
j=1
(this sum is nite because of the exponential mixing). Moreover by [12] if A is C! then the
maps"! «(A)and"! D-(A)areC! for"> O:
We say that a function :R* ! Risweakly periodic if there exists a periodic function
o and a function (t) such that for all T
lim sup j (s) ofs (t)j=0:
t S2[tt+T]
Theorem 1. If ff.g satis es (A){(F), then there are functionals !; : C! (S};R) R* ! R;

i =1;2 weakly periodic in the second variable such that
p o P q—n
“(A) A9 La( 1= A);
D-(a) P, =AY

(Here and below \ \ means that the ratio of the left hand side to the right hand side
approaches 1 aﬁ & 0)

The factor?J ™ in the above asymptotics re ect the fact that a typical orbit spends
time of order ~ ™ outside a small neighborhood ofc: Indeed outside such a neighborhood a
point has a positive probability of hitting [ d; c] and Fg)oints from [d; c] quickly enter a small
neighborhood ofc where they get stuck for time =~ ™ (cf. Lemma 9). Observe that the
dependence of ; and! , on" is quite irregular. Such a phenomenon is of course well known
for logistic maps (see e.g. [13]) but here we exhibit an exame in hyperbolic setting.

Section 2 contains preliminary facts aboutf itself. In Section 3 we treat positive " and
prove Theorem 1.
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istics were performed by Tolya Katok and his collaborators notivated by Katok's entropy
rigidity conjecture. It is a pleasure to dedicate this work to Tolya on occasion of his 60th
birthday. | am grateful to Brian Hunt for explaining to me Mat her's invariant, to Omri
Sarig for explaining to me the dynamics of systems with indi erent xed points, to Kolya
Chernov for discussions of similar problems in a di erent catext and to Misha Brin for
reading carefully the preprint version of this paper and sugiesting numerous improvements.
This work is partially supported by IPST, NSF and Sloan Foundation.

2. Tangency.

Here we collect some properties of used in the proof of Theorem 1. In order to simplify
the Computgtions below we assume from now on thaA(c) =0:

LetL = j”:z Q; be the union of the elements of the Markov partition not containing c:
We want to approximate the rstreturnmap F-:L! L byamapF :L! L: The problem
is that for " = 0; almost all points are eventually attracted to ¢ so not all of them return

to L: Fix s2 [0;1]: Let Rs(y) = y+ s mod 1 be a rotation of [ 1]: We dene Fg:L ! L
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as follows. If the f -orbit of x 2 L returns to L we let Fsx be the point of the rst return.
If not, then f (x) 2 I, for somem (positive or negative). Let ky( ) be the rst moment k
when length(lx) < : Let ko( ) be the rst moment when length(Jy) < : We de ne

(2) FS(X) = lim Osz( )+1 ijt( )RsHlkl( )fkl() m+1 (X)

fg, 'Rsanf (X):

We say that f Fsg is the Mather family  associated tof f -g: Constructions similar to this
are used in [1, 2, 10, 18]. We refer to these papers for a more tdded exposition of some
computations similar to the ones presented below.

Recall (1). Given x let x, = f"x; sett,(x) = n + jxlcj
X ,=f "x; wheref ! denotes the branch with range fi; y]: We also letx,-
againn can be either positive or negative.

2
X
f"x where

where = 131(0): Let

3 N

Lemma 2. If x 2 [ap; c] then

: : Int,(x)
= —+ ; wh Const—;-———=:
Xp = C ) n(X); wherej n(X)j ons )
Proof. Consider the auxiliary equation
z=  (P+ 27
Its solution z(t) satis es
! !
1, ,, 2t + 1 o 20 +
Z+ =t + —+ S
z : z t z(0) : z(0)
Thus, we have
1 1 1
Z= + — + + —
(3) - t 20) O In t 20)

uniformly for  in a bounded interval. Let z, = ¢ x,: There are ; and , such that z,
is between the timen maps of the vector elds

z=  (Z+ 1Z)andz=  (2P+ 2%
Now the result follows from (3).

Corollary 3. If x 2 [ag;C); then

K 1
Axj) = GiCLIL N (x)+ O lrlztn ;
n

j=0

where A (x) = ¢ X 4+ O(1): Similarly if x 2 (c;ky); then

X 1 )
A %) = A%Q)Int, +A (0+ O Intp, ;
j=0 th

whereA (x)= DX 94 o(1):
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For x 2 [d; ap] let m(x) denote the rst m whenxn, 2 [ap; a1]: Then

m%) 1 . .

. jInxjA(d)

AT (x) = AXj)= —————
=0 ! Inf 9%d)

+ 0(1)

Proof. The rst part follows from Lemma 2 and the asymptotics A(x,) = A%0)(x, ©)+
O((xn ©)?): To get the second part, apply the rst partto f *: To prove the last estimate
we observe that forx 2 [ag; a;]

FI00 0 g |
since neard the map f is conjugates tox ! d+ f(d)(x d):
We now apply Corollary 3 to (f ")% Supposex 2 [ag; ¢]: We have
In(FM%x)  In(E" HAx) 2 (¢ xn)
Thus by Corollary 3

1
ny0,
In(f ")Mx) 2In n+ S p—

In other words we have

Corollary 4. There exists a constantk such that if x 2 [ag; c] then
1 (e x)?

K (c x)?

and if x 2 [c; kp] then
1 )X 97
K (x ©)?
Corollary 4 implies the following weak distortion bound: if x%x%°2 I, then
EOGRDLCS BN
¢ (FMAXY
with € independent ofk; n: We will strengthen this bound. We say that a family of piecewise
C? mapsf g hasbounded distortion if there is a constant C such that for all x;

(4) i i Cj C(i*:
Observe that (4) implies in particular that

jin °(x% In °(x%j Cj (x9 (x%j
which is a standard distortion bound. Also if f g has bounded distortion and is uniformly
expanding in the sense that there exists > 1 suchthatj Y )j then the family consisting
of all compositions of maps fromf g also has bounded distortion (with a di erent constant
C). When we say below that a family f F g has bounded distortion we mean that (4) holds
uniformly for all x and :

For 2 (0;1); let C (L) denote the space of Holder continuous functions with Holde
exponent onlL andjj jj denote the norm onC (L):

K
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Lemma 5. The family fFsg; s 2 [0;1]; is uniformly expanding with bounded distortion.
Hence eachF; has an absolutely continuous invariant measure s; and there are constants
C>0and 2 (% 1) such that for A;B 2 CZ (L)

(5) A(FIX)B(X)dx  s(A) B()dx  CjjAjic [iBjic "

Proof. Expansion follows from the the second line of (2) and (E).
To estimate distortion let x 2 [ag;c]; say X 2 |n: Recall the rst line of (2). We shall
check that (4) holds uniformly for > 0: Denote s = H ! Rs H|k1: Observe that

sz()
s isane,so 2 =0:We have

¢ Ka( )+l ki() m+1
(6) — frel)¥ s fXL + =
dx? ’

i
(f ka( )+1 )0 O(f ki( ) m+1 )00+ (f kao( )+1 )OO O(f ki() m+1 )0 2:

Now,
fleO = ¢ fleO=f  flel) {1 0 Hy
The expression in parenthesis i€2{close to g, L Thus
7) jEk2O Y const 2
By Corollary 4
(8) (Fk2()*1Y0 conpst 1!

Next, let us estimate (f** ™*1)%(x): Denote ;(x) = (f1)%{x): Then
i«1 (1 2 (c x))+Const[( f)Ux))%
Observe that (f1)9(x) satis es the corresponding homogenuous equation
() =(FH0L 2 (¢ x)):
Thus the Gronwall inequality, Corollary 4 and the fact that

(F*20) m*1)0x)  Const

(c x)?
by the de nition of ky( ) imply that
(9) ki( ) m+1 (X) Const W:
Next, by Corollary 4
k +1 0y

(10) (F <20 m+1y0x) c:onstW
Combining (6){(10) we get

& O ) ma Const

dx? S (c x)*
On the other hand by Corollary 4

9 feOm gl ma Const .

dx ’ (c x)Z’
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This proves the needed distortion estimate forx 2 [ap;c]: For x 2 [c;lp] sayx 2 I we
represent

f.!(Z( )+1 m(x) - f.!(Z( )+1 (f" mx)
and proceed as before. Finally fox 2 [d; a] the distortion bound follows from the distortion
estimates on po; a;] and the discussion preceding the statement of Lemma 5.

Mixing follows from expansion, distortion and the fact that the image of each continuity
interval is all of L (see e.g. [19]).

3. Unfolding.

Here we prove Theorem 1. In order to simplify the computatiors below we assume that
frjeq = fi@eq = d;j =1;:::;p(this can be achieved by an'-dependent coordinate change).
Recall that F+ denotes the rst return to L:

Lemma 6. F- are uniformly expanding with bounded distortion. Moreover(5) holds.

Observe that Lemma 6 implies Proposition 1 because the only ay an orbit may fail to
return quickly to L is by spending a lot of time neard but for such orbits expansion is
obvious.

Proof. We begin with expansion. For a largeR; divide the trajectory of a point x into three
intervals (some of which might be elgnpty) D

(1) before the rst vi%'t to[ c pR mc+ R T

(2) passage of¢ R Tc+ R T

(3) return to L:

To handle the derivative on interval (1) we let .- = %: Then

natr = e (142 (Xpr Q)+ O "+ (Xpr €7

Since f")° are uniformly bounded on interval (1), we get by induction that x,» X, =
O("n): This gives
|n n+1;" |n n;" 2 (Xn C)+ O("n 2)

(the term O " +(xp» ©)? gives a smaller contribution.) Since the main term does not
depend on" we get

(11) (M= (fM)AL+~n)

wherej~,j can be made arbitrary small by choosingR su ciently large. By considering f *
we see that a similar estimate holds for interval (3). It remans to show that the derivative
on interval (2) is close to 1. Introducey, = %%—<: Then for jx,j R ™ we have

Pz "
(12) Yn+1  Yn = (Yr21+1)+ o(")
We now use the following standard fact.

Proposition 7. Supposey, satisfy (12). Suppose thaty, be close to R: Fix t < sp— +
P

actayl IR and letn = [t:IO ™: Then as" ! 0the mapyo 7! y, converges inC" to time t

map of

(13) y=y?+1
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This propositiBn shove‘s that the derivative on interval (2) i s converges to 1 (=the derivative
of time 2arctan(’ R )= ~ map of (13)). In view of (11) expansion now follows from Lemma
5.

The proof of the distortiora estimate is now similar to the proof of Lemma 5 except that

now we have an extra termﬁ in the estimate of f °(equation (6)) coming from the term

(f ko +1 )O C@@;)%" [(f k1 m)OJZ

p p

wheren is the passage time from R™ "to R™ ™ However this does not spoil the main term.

Mixing follows as before.

P _
Let -(x) denote the rst return time to L and set A(x;") = j;OlA(fJ X): Let be a
small positive number.

Lemma 8.
A(x")= AY(x") + o)+ ~(X)
where
AY(x;")= AX)+ AT (fx)+ A F™Xx)+ A (F)(x);
and mes( - 6 0) Const''™2 : (Here A* =0 if f(x) 62[d;a]; A =0 if fx 62[d;d and
A =0if fx 2 L)
Proof. The proof is similar to the proof of Lemma 6.

De ne
A= p=Ljgc(fx)

Lemma 9. The dierence between P

measure Const"172

T . (x) and ~(x) is uniformly small outside a set of

Proof. The proo{J is simil%r to the proof of Lemma 6. The main contribution comes from
passage off R" ™;c+ R "]: which in view of Proposition 7 can be made as close te— as

we wish by choosingR large. At the same time ™ ™ the time spent outside of this interval
tends to O thn we increaseR: The set which we have o remove consists of points where
fo(x)2[c R Tc+ R Morf«(x)2[d;d+@=fqd)¥ ]

Let a- = flag; b k» = fu Xbo; Iy = [b (ke1) »;b K ]; @nd let j (") be the rst j then
length(J;') ™ We now de ne s(") by waiting until a hits J; ., and rescaling between
the image point between [Q1] using HJi'-(”): Let - be the absolutely continuous invariant
measure forF-: Put

A(x;s)= AX)+ AT (fx)+ A (F™Xx)+ A (Fs)(X):
Given observablesA; B set
D(A;B;F )=

* , .
(AB)  (A) (B)+ (AB F')+ (B(A F) 2 (A) (B):
j=1
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Lemma 10.
(14) (R sy (A);
D(AF:) D(A Fyr);
L) o)
"D(F) D% Fery):
PD(aFE) DE A

Proof. Let us prove (14). De ne a new normjjj jjj : Let jijAjjj = K if jAjj.: K and given
there is a function A() such that

GA  AOjj mand jAOjjic =
Itis easy to see from Corollary 3 and Lemma 8 and their proofshat jjj A( ; s)jjj and jjj A( ;")jii
are uniformly bounded. For example, to approximateA( ;s) we set
(15) U =[d;d+ ] [c ;c+ [

and let AQ)(x;s) = A(x;s) for x 62U 2 and dene A()(x;s) on the intervals (15) by
interpolating linearly between their endpoints. Then Corollary 2 implies that
iAC;s) AO(:s)jj Const 2In

and outside U > we have

%A( )(;s) Const( %) 2=Const *

Let K = max(sup jij Ajii ; supijij Ajjj ): By preceding estimates we know that bothF- and Fs
are uniformly expanding and have bounded distortion.

Lemma 11. Uniformly with respect to the parameters
z

(16) A(F"x)dx (A)  ConstjjAjj ":

(Lemmas 5 and 6 give this forC norm but A does not belong toC and hencejjAjjc
are not uniformly bounded.)

Proof. Let Fzstand for eitherZF-- or F5: Denote gy L the adjoint of A! A F: Then

AFNx)dx=  AOFENx)dx+ [AFNx) AOFENX)dx =
z
A+ o( VjjAj H+ wWNDA ADJdx=
(AO)+ o( “ijAj )+ OGiAf L™ Ljus :
Now for any B 2 L1

X
LNB= (B F “)F M)°
I
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whereF, N denotes the branch ofF N with range I: By the distortion estimate
X
JLYBii:  Ci jliBiic:
[

where the constant depend only on distortion constant forF: In particular, g—x has density
uniformly bounded by C, and hence
(AO) = (A)+ O( )i Aljjj:

This impli
is implies 7

A(FNx)dx  (A) = jjAjjo N 4+
Optimizing in  we obtain the result needed.

Choose o: Take N such that
Z

(17) B (FNx)dx (B)

olo

for all B with jjjBjjj K: In particular
Z

AFENx"dx (AGT) 5
Next, given N; " we construct a set = (") such that
0
mesL ) 5
Z A
0. 0
(18) } Adx = } Adx 5
and on
(19) AFN ") AFYx™) EO;
(20) AFLx") ARG xs() 5

S .
Let = L J-'\':Bl F. JU : It then follows by bounded distortion that
mes() Const (N +2)

so that by decreasing we can satisfy (17). Also, Corollary 3 and Lemma 8 show thatA
and A are uniformly integrable, so by further decreasing we can satisfy (18).

Next, the computations of Lemma 6 together with Proposition 7 imply that for a xed
; the map F-(x) is close toFy(x) if x 62U : Now with N and  xed, ( FN)%is uniformly
bounded on : It follows that for a small " the map FS“(‘..) is uniformly close to FN: In
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particular, Fg(..)x 62U-, forj =0;1:::N: Hence q:S“('..))O is uniformly bounded as well. So
for a small enough" (19Eand (20) are satis ed. Next,

(A) = i A(FNx;")dx + 11 (by (17))
= A(FNx")dx + ry (by (18))
= ’ A(FN %" )dx + 13 (by (19))
= ‘ AR X s(")dx + 14 (by (20))
= ZL ARy x;s(")dx + 15 (by (18))
= (A + g (by (17))

wherejr; j 0j=6: This proves (14). Proofs of other asymptotics are similar usg identities

D(A;B;Fn)=%[D(A+B;F") D(A B;F-);

2 3,
- i 1Z4r’<l 105 dx:
D-(A) = ,\Iller N o A(F!x)° dx:
We now use formulas
(A= A
(21) W= =55
h io
D(AF)+ <& D(-iF)+2 D (AF:)
(22) D-(A) = D) :

Lemma 10, (21) and (22) allow us to approximate -(A) and D-(A) by expressions
involving correlation functions for Fg-y: To complete the proof of Theorem 1 it remains to
establish the weak periodicity ofs("):

Lemma 12.
ds ]
T P

Proof. We de ned s by waiting until & hits J;.,: In fact for any k we can de ne s(*)(")

by waiting until & hits J, and rescaling the image between 0 and 1. We claim that for
any xed c¢;;c, we have h .
4 @ @ - o’ :
F :
Indeed, by Lemma 2, if we replacek by k +1 for k of order 1=
h [

% S(k+1) S(k) - O("):

P then
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Now x R and considerg-s® with k = k(R) =[ = (Rp M)]; sothatb . rP

be the rst moment when ar; ) >b - :

 Let I(R;")

Wb e
23 sk(Ry(ry= & Dk
@3) ) b boksy
Now as before we can show that
(24) max P “ﬁb me ! OasR!1
m k(rR) d
On the other hand, for a large R we can approximatep “da"g‘i) by r(T) where r is the

solution of
Xx= x2+1 x!'1 ; t! > X(T) = R;

r=2xtr+1; r! 0 t! 2—:

Solving this equation we get

1 p B+ t_+SiL(2pFLL
x(t)= p—=tan(’ 1); r(t)= 2 2 4 :

cos?(pT)
For T near ,— we have
X(T) Pe—pei H(T) PP
cos( T) cog(" t)
Hencer Px2= PRr2This gives
(25) da(;.i" A pP_E ;

On the other hand
(26) bk by R
Combining (23){(26) we obtain the statement of the lemma.

Let us now explain why Lemma 12 implies the weak periodicity & s("): The quantity
s(") has jumps at the jumps of j ("); but the magnitude of these jumps isO(") by Lemma
2. An argument similar to the proof of Lemma 12 shows that the dstance Ketween the
jumps is O(" 372): Hence the main contribution to the growth of s comes from %d": This
completes the proof of Theorem 1.
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