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Abstract. We provide necessaryand su cient conditions for a suspgension
ow over a subshift of a nite type to mix faster than any power of time.
Then we show that theseconditionsare satis ed if the o w have two periodic
orbits sud that the ratio of the periods can not be well approximated by
rationals.

1. Intro duction. Bowen-Ruelleconjecturestatesthat every mixing Axiom

A ow is also exponertially mixing.This is equivalert to the correspnding
property of suspgension o wsover subshiftsof nite type. Howewerit turns out
that if the roof function is locally constart no sud o w can be exponertially

mixing. Moreover, given any function of time onecan producea ow whose
mixing rate is not faster than this function. In this paper we prove that

nonethelessmost o ws have quite fast decg of correlations. This is done by
showing that given the lengthsof two periodic orbits the correlationscan not
decyg slower than in a locally constart roof function ow.

Webeginwith describingnecessarnand su cien t conditionsfor rapid mixing.
For this we needsomenotation. Let ( ; ) the one-sidedsubshift of a nite

type with transition matrix Q: (All theoremswe prove are valid also for
two-sided subshifts but we considerone-sidedcaseto simplify formulae.) A
word meansan admissiblesequenceof nite length. We assumethat is
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topologically mixing that is somepower of Q is strictly positive. Consider
the distanced (! ;$) = *; wherek = maxfj :!; = $;fori jg < L
Let C () bethe spaceof functions Lipschitzian with respectto d endaved
with the norm khk = max(khkg; L (h)) whereL (h) is the Lipschitz constart
of h: If 2 C () Iis positive the suspension ow with the roof function is
de ned on

=f(:0 v (Mo=(C: ) ((1):0)

by St(! ;s) = (! ;t + s) subject to the identi cation above. We will denote
points of by g We write ; > if 1 is cohomologousto , that is
21)= 1(1)+T() T( !):Wereferthe readerto [PP] for the badkground
about the basicnotions of thermodynamic formalism sud asGibbs measures,
Ruelle-Rerron-Fobenius theorem, Livshic's theorem etc. Let us introduce
the set of test functions.

Definition. The spaceD( ) consistof functions of the form D( ) =
fA(!;t) = 1c(! )a(t); whereCis a cylinder in  and a(t) is a C! function
with a compactsupportg. It is assumedn this de nition that suppa(t) lies
strictly inside the interval [0; mCin M)

On  we have the distanced ((! ;t); (! %t =d (! ;! 9+ jt tY: Let F(q)
bead Lipschitz function and ¢ beits Gibbs measure.For A;B 2 C( )
denoteRag (F;t) = r(A(QB(S'D)  r(A) £(B):

Definition.  fS'g2 RM (F) (f Stg is rapidly mixing with respect to F) if
1) for A;B 2 D( ) Rasg (F;t) belongsto Sdwartz space;

2)the map (A;B) ! Rap Iis cortinuousin the sensethat given natural n
there are N(n); C(n); K(n) sud that

jRag (F;)t"j  C(n)kaken Kbk K (AN 1(EB))

where A(! ;t) = 1ga)(!)a(t); B(!;t) = 1ge)(! )b(t) and I(C) denotesthe
length of C. f S'g is calledrapidly mixing (f S'g 2 RM) if it is rapidly mixing
with respect to any Lipschitz F:

Definition.  Let f Stg be a semi ow on a metric spacespaceM . We write
fS'g2 TPM (o p;to; o) if forany r andt max 1 ° o

r

StB(Oa;r)\ B(g;r) 6 ;



where B(q;r) is the ball of radius r about g: f S'g is called topologically
power mixing (fS'g 2 TPM) if there are tg; ( sud that 8q;p fS'g 2
TPM (q; &;to; o)

1 .
We write h,(!) = i h( !!): Givenf 2 C () denoteby L the transfer
j=0

operator on C () X
Lih(t) = e ®h($)
$=!

and and by V, the operator

(Voh)(!) = €® OIn( 1):

Below we give se\eral conditions equivalert to rapid mixing. Our resultis a
guartitativ e version of the similar statemert for mixing. Let us recall this
theoremto the reader.

Pr oposition 1. The following conditions are equivalent

(i) 9F suchthat ( ;fS'g; ¢) is mixing;

(i) 8F ( ;fS'g; f) is mixing;

(il) 9F suchthat ( ;fS'g, r) is weak mixing;

(iv) 8F ( ;fS'g; ) is weak mixing;

(v) f S'g hasno Lipschitz continuous eigenfunction;

(vi) f Stg is topologically mixing;

(vi) Of suchthatL;1= 1andfor allreal b6 01 L¢.jp is invertible;

(vi) 8f suchthat L;1= 1for allrealb6 01 L¢.jp is invertible;

(ix) 9f suchthat L;1= 1 andfor all real b6 0 L¢.j, is not conjugated to
L¢;

(x) 8f suchthatL;1= 1for all realb6 O L., IS not conjugated to L;;
(x) for all real b & O the operator V, has no Lipschitz eigenfunction with

eigenvaluel.
To introduce our conditions we needtwo de nitions.
Definition. LetL : C() ! C{() bealinear operator. h is called

(; N; ) appraximate eigenfunctionif 1  khk N and
8l j(Lh h)(1);

Definition. H2C( )iscalled(; N; ) approximate eigenfunctionfor
fStgif 1 khk  N; H(t;g) = H(S'q) is di erentiable function of t and
8q;t

(@ )H(t g
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Theorem 1. The following conditions are equivalent:
() fS'g2 RM;
(i) 9F : fS'g2 RM (F);
(i) fS'g2 TPM;
(V) 9ch; ;= TS'g2 TPM (s G5 to; o);
(v) givenreal f 2 C () suchthat L{1 = 1 there are constants ;;C; such
that for real bjlg > 1 k(1 L+ ) k  Cijb 2
(Vi) (v) holdsfor somef ;
(vi) givenreal f 2 C () suchthat L;1= 1 thereis a constant , suchthat
for satisfyingj= j> 1;j< j j= ] 2theoperatorl L¢, Iisinvertible;
(vii) (vi) holdsfor somef:
The theorem above may be consideredas a quartitativ e version of the com-
plex Ruelle-Perron-Fobeniustheorem ([P1]). The equivalenceof (i) (i) to
(vi) (vi) canbe regardedas Paley-Wienertheoremfor susgension ows.
Setn( ;b= Injg]:
Theorem 2. The following conditions are equivalert
() fS'g62TPM;
(i) There is a function f satisfyingL¢1 = 1 and a constart 3 sud that
given thereareaconstat andsequenced,! 1 ;k! 1 andGk(!)
sud that jGkj = 1; kGkk  jbj @ and if

1

Mh = L (Geh) (1)

thenkM L7C ™k jhj

(i) (i) holdsfor all f satisfyingL¢1= 1,

(iv) Thereexists 4sud that forany fS'ghas(iby;jbj 4;jbj ) appraximate
eigenfunctionof absolutevalue 1 for somesequencey ! 1 ; k! 1:

(v) Thereexists 5 sud that given thereexistaconstart anda sequence
h! 1;k! 1 sud that V'™ has(l;jhj 5;jhj ) approximate eigen-
function of absolutevalue 1;

Usually it is hard to verify any of the conditions above. Howeer there is
quite simple su cien t condition.

Example. ([R2], [P3]) Let ( ; ) bethe full shift on two symbols

[, ifXo=0;
|2 ion: 1

(x) =



andf (x) In2: Onereadily seeghat Li.j, 1= % gblr + @bl 1: Moreover
it is shovn in above-merioned papersthat
2

KL Lisin) 'k max(l "?2 (eib|1+eiblz)):

Conditions of Theorem 1 are satis ed if :—; is a Diophantine number that is

there are C,; ¢ sud that :—; m—; Com, © for all integersmy; m;: This

condition works alsoin a more generalset up.
Theorem 3. Assumethat fS'g has two periodic points ! ; = !, and
I,= 1, with periodsl, = ('1);1l,= (!,); suchthat :—; is a Diophantine

numker then f Stg is rapidly mixing.

This statemert is provenin Section13.

Cor ollar y 1. Letf sg be continuous 1-parameter family of roolf functions
and f Sg be correspnding susgnsion ows. Assumethat ff Sigg RM = ;:
Then there exist a function ( s) suchthat all ows fSE (g are Holder
conjugated to each other.

Proof of corollar y 1: Let (! 1;0) be periodic point '; = "l;: Set
(s) = (s)n('1): Then all ows fSE (g have the periodic point (! 1;0) of
period 1. Thereforeby Theorem3all owsSY () have only periodic points of
non-Diophartine length. Howewer any cortinuous function of the parameter
which assumesonly non-Diophartine valuesis a constart. Henceall ows
f SE (9 g have the samelength spectrum sothe statemert follows by Livshic's
theorem. m

Cor ollar y 2. In a generic 1-parameter family f ;g meds : fSlg 2
RMg= 0:

The counterparts of theseresults are valid alsofor smaoth o ws. The proofs
are very similar. Let f Stg bea ow with basichyperbolic setset : We say
that S! is rapidly mixing on  with respect to Holder cortinuous potential
F (fS'g 2 RM( ;F)) if the map (A;B) ! Rasg (F;t) is cortinuous from
Cl (M) C*! (M) to the Schwartz space.

Theorem 4. The following conditions are equivalent

(i) fS'g2 RM();

(i) 9F :fS'g2 RM( ;F);

(i) fS'g2 TPM();

Theorem 5. Assumethat f S'g hastwo periodic points ; and ,in  such
that the ratio of their periods is a Diophantine numkber then f Stg is rapidly
mixing on



Cor ollar y 3. Let ff Slgg be continuous 1-parameter family of the ows
such that f Slg has a basic hypertolic set s near . Then if no fSlg is
rapidly mixing on ¢ there is a function ( s) suchthat SE(9j _ is Holder
conjugated to Sj

Cor ollar y 4. For any k 1 in a generic 1-parameter C* family ff Sigg
meds:fSIig2RM( s)g= O

2. Scheme of the pro of of Theorems 1 and 2. From now on we write
simply (i)  (vi) for conditions (i) (wvi) of Theorem1 and (2:i) (2:v) for
conditions (i)  (v) of Theorem 2. (x) (x) will meanthe corversesof
(2:1)  (2:v) respectively.

The plan of the proof of Theorems1 and 2 is the following. It is clear that
@) (@) (@@ ) @);(V ) M); M) ) (v);and(x)) (x): Also

V)) (V) and ()) (Vi) since
(I Liv ) '=@ @ Liviz ) MLss Livi= )) "4 Livi= ) *

and k(L + Li+i= )k Csj< j:In Section3 we prove that (x) , (d):In
Section4 we shaw that (x) ) (xi): In Section5 we demonstratethat (iv) )
() : Section6 cortains an auxiliary estimate. The implication (x) ) (v) is
provenin Sections7-9. The implication (vi) ) (i) whereF andf arerelated
by

FOX)=f(x)+ G(x) G( x)+ Pr(F) 2)

)
(where F(x) = F(x;s) ds and Pr(F) is a constart) is due to Pollicott
0

([P2], [P3]). For convenienceof the readerwe provide the proof in Section
10. This gives(i) , () , (v), (v), (M), (6§, (4): Hence() is
alsoequivalert to (i) (vi) becauseevery F has decompsition (2) (seefor
example[PP]). Thus we get

) ) (@) (M);0d);0a))) (vi)) (vi):
In Section11 we prove that (vi) ) (ix) with the samefunction f: Therefore,
also(vi) ) (x) which completesthe proof of Theorems1 and 2.
3. Eigenfunctions of fS'g and V. In this sectionwe shav that (2:v) ,
(2:v) or in other words that (x) , (X):

(2:v) ) (2w)) : Let J(qg) be the approximate eigenfunctionfor f S'g: Set

JOVEU™HY)  Hi(1)j = je oo lIH ( nCBIry (1)) =
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jeibk n( by (! )Jk((! :0))  Jk(( n( by ;0))i =
jeP o0 ((1;0)) (SRt 0))]
B ncwo(t)  Cabg n( sh)m

(2:v) ) (2:v)) : Let Hy be the appraximate eigenfunctionof Vo) then if
b
b is large enoughwe can nd abranch ( !) of
!
Hi(') e o o)
AG B )eI e

which takesvaluesin ( 5-; 52-): Considerthe space

T =000t A= () (M50):

Z, actson ~ by shifts T*(! ;t)= ( *!;t+ (!)) and ~ =Z, = : Denote
by fStgthe ow Si(! ;s) = (! ;s+ t) and by P the natural projection P :
- : We may assumewithout lossof generality that 1 Let ' (t)

R

be a cuto C! function sud that supp' [3;1]and ' (s)ds = 1 If
1

g=(C;t): 0 t< n(tk)(! ) set

0 ZZt 31

exp@4 (b + ( x)' (s)) dsBA:
0

Ji(8) =

1
He(!)

J{¢) canbelifted to (iby; Csjhy] 7;ij11 ) approximate eigenfunctionfor f Stg
( 7= max(L;, s)): Let

Y
J(0) = J(8);

Pe=q

then J is (in( ;b Csjbj "n( ;h); 55"))  appraximate eigenfunction
for fS'g: m

4. Almost conjugacy . In this sectionwe shav that (2:v) ) (2:) or in
other words (x) ) (x): This follows immediately from the following state-
mert.

Lemma 1. Assumethat jGj 1andkV)G € Gkg : Dene M h =
GL{, (g); thenk(M € LM)hky  khko:



Pr oof:
#

. , . X "G( "$) | i
i e Y — fn(s) K be n($)
M € L{h(1)j= . e G(3) e e h($)

€"®) khko = Kkhko(LP1)(! ) = Khko:m

ng =
5. Topological power mixing and appro ximate eigenfunctions. In
this sectionwe shaw that (iv) ) (Fd): Soassumethat there are ;to sothat
for t > min((rl) o:tg) S'B(qu;r) B(p;r) 6 ;: We prove that for any 4
f Stg has no approximate eigervalue of unit absolutevalue if and jb are
large enough. Indeed, assumethat corverseis true. Let J(d) be suc an
eigenfunction,J(qu) = € *; J(p) = € 2: Letr = ﬁ then for g 2 B(qu;r)
jJ@ €1 B2 andfor g2 B(gr) jd(q €z HE: Also for
q2 S'B(ar) jJI(q) €0 M) g+ B2 soif t < 2.4 = 2 © then
(@ e¢ P A2 4 L Thusif forany t; 4 t % 992
StB(ql;r)T B(op;r) thenfor any sudit je¢ 1*®) & 2j  2jg + +2jj °©
which cannot betrueif > js,and > =
6. Apriori bounds. This sectioncontain useful bounds for iterations of
complextransfer operators.
Pr oposition 2. (See [PP]) LetL;1= 1, then
(@) kLi.p k15
(b) there exist a constant Cg suchthat

L(L7. h)  Co(bikhko+ "L(h)):

Pr oof: Direct calculations
Considera newnorm on C ()

!
L(h) .
2CeN

khkny = max  khko;

then kLP+ib k(jbj) 1
For the future usewe provide an estimateofthe resohert of L ink k() norm.
By Ruelle-Perron-Fobeniustheoremwe can decommselL: asLs = P + N
wherePh = {(h)1; NP = PN = 0andkNkk  C; k for someconstarts

< 1;Cy:



Lemma 2. If ¥~ jj 1then

k(LD ko

Cs 1
- - In - -+ InN +n
1] 1]

Pr oof: Inequalities

k k Kk kny 2CsNk k

imply kN *kqny Co KN: Now

( (P *t=( P)'= +

Hence

k1 —) lk(N)

Take k = [C11(In(N) + In ﬁ)]: Then if Cy; is large enough

Cio 1
kN Kk : . :
MY k@ ) ke
Therefore c
kny 1 12
k( L") Ky - 3

and we are done. m

7. Pointwise estimates. In this sectionwe beginwith the proof of (xi) )
(v): We assumethat (v) is false and obtain (2:v): If (v) fails there is a
function f; L;1 = 1 sud that given there is arbitrary large b sud that
K(1 Lf+ip ) *k > jb : Choosesud afunction f: In the next three sections
we will work only with this weight. We use L as a shorthand for Ls.j, :
The proof of the above implication consistsof two steps. First we shawv that
if (v) is falsethen given thereare ( ) andh ! 1 sud that VQK( D)
hasan approximate eigenfunctionwith approximate eigervaluee€ and then
demonstratethat € should be closeto 1. The rst stepin turn, is divided
into two parts. In this section we showv that if (v) is violated there is a
function h; khk, = 1 whoseLy, iterations remain near the unit spherefor a



long time and in the next sectionwe shav that someiteration of h give the
approximate eigenfunctionwe need.

Lemma 3. If thereare ; suchthatfor anyb, [b|>1 for any h; khkjy)
1thereexist!' g2 andn:0 n 3n( ;b suchthat j(Lp"(h))(! o)

1 ijl; then there are constantsCy3; °suchthat k(1 Ly) 'k Cisjb
Pr oof:

Lo h(1)i=j(Le" "(Le™h)(1)i Ly "iLe"hi(!):

Let ¢ be the Gibbs measurefor f (that isL; ¢ = ¢); then by Ruelle-
Perron-Fobeniustheorem

(LY "iLethi)(t)  ¢(Lp'h))+ C7 M "kLp'hk

By Proposition 2 kL "hk C/jb: On the other hand j(L,"h)(!)j] 1
ﬁ for I 2 B(! O;W): Now there are constarts Cy4; g sud that
t(B(! 0 og=r)) 5% Hence ¢(jLp’hj)) 1 &4 and

jb 8" jbi
KLNhke 1 S35 4, N nib:
g e
Take N = n( ;b where ; then
C
N 15 .
KL, hky 1 20
Take N> N then
C
N N 15
KL, hko KkLp hko 1 20 o
whereas c !
N 15 b+ N Nipi-
Soif N = n(7;b) where ~ then
C15
kLN hk 1 —
O 4

The estimate of the lemmanow follows easily =
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8. Construction of appro ximate eigenfunction. In this sectionwe use
Lemma 3 to construct appraximate eigenfunctionsfor L :

Lemma 4. Assumethat (v) fails then given thereis ( ) suchthat one
can nd arbitrary large b suchthat

k1 Ly 'k >jd

andVQ( ) has(é€ ;ZCGjH;ﬁ) approximate eigenfunctionof absolutevalue
1.

The proof proceedsby a seriesof lemmas. Take some ¢ then by Lemma
3 onecan nd arbitrary large b sudh that

k(1 Lp) 'k >jb
and there is a function h(! ) sud that
8n:0 n 3n( ;b8 jLy"N)(M)] 1 ijio (3)

Write h = L"CPh; h = L2 CPh; h(1) = r(1)e O); h(!) = r()e ¢);
h(l)=r(1)éd O

Lemma 5. 8 ; 9 %suchthat if (3) holdsthen8($;!):! = n(Dg
. . 1
jexpibncn($)+ (3) (1)) 1 TR (4)
, : 1
jexpibncn($)+ (3) (1)) 1 T (5)
Pr oof: We show only (4), proof of (5) is the same.By de nition
r(l )e' ") = X e(f+ib )n( b)($)r($ )e' ($)
n( b)g =1
Thus
X
1 r(M)= erem® 1 r($)exp(ilbn n($)+ () (1)
n( b)g =1
sothat
|
X . : 1
ereo® 1 explifon n($)+ ($) (1)) =0 =
n( b)g =1 Jq
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Sincethe real part of ead term is positive 8($ ;! )

drns 1 elibap(8)+ () () =0
Using the estimate
h i Cie
exp fo (') expl n( ;bkf ko] G Kk
we get
I
. 1
< 1 exp(ilon n®)+ ($) t)) =0 W -

Lemma 6. If in the previouslemmais large enoughthen there exists
suchthat 8!

: . . 4

jexpi[ (*) () D 4 h
Pr oof: Let B be a ball of radius 206% in :Then 9 {; , sud that
8% 2 Bjg &) ¢ 1j ﬁ; j€ &) g zj m#: If is large enough

8! 9% 2 Bsuhthat " P$ =1 andthe statemert follows by Lemma5.
Let > : Weclaimthat H(!) = e ' () is the required eigenfunction.
Indeed

VS( ;b) H
H

(") =expifonc p(t)  ("CIN)+ (1)) =
exp(if +ba () ("®)y+ (1)) 1+0 jl]i

. 1
= + [
exp(i) 1+0 b

by Lemmab. m
9. Perturbation estimates. Combining the result of the previous section
with Lemma 1l we get
Lemma 7. If (v) fails then given there exist ( ) such that one can
nd arbitrary large b; a constant  and a function H satisfying jHj 1,

kHkgy = 1 suchthat if K denotesthe operator Kh = He' L{ ;b)(ﬁ) then
kL Ly 'k b
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. 1
k(Lp"C P K)hkg khkojbj—.:
We now shaw that the last two inequality imposesomerestrictions on the
value of :
Pr oposition 3. L((L,"*® K)h) 5L (h) + Cirjbkhko:
Pr oof: Direct calculations

Recall that khk(y) = max(khko; ¢%}): By Proposition 3

. 1 C17. .

K(Lp"t ™ K)hkp) jh—'+ Wlbl-

We shaw that if bis large enough,then je 1j ﬁ;
assumethat this inequality is false. Then by Lemma 2

= —2: Indeed

k@ € LP'P) %k, Cugbi (njbi+ InN):
Now if N > 2Cgjlg multiplication by H hasnorm lessthan 2 and so
k(1 K) 'kny Cuejby

On the other hand if N = j§ *2 thenkL, Kkn) Coxjbj **: Therefore
k(l Lb) lk(N) Cz;_jtj and

k(1 Lp) 'k 2CNk(1 Lp) 'kny = Cofli® ™ = Cojli %
acortradiction. Henceactually j¢  1j 5 :Since ! 1 as ! 1

the implication (x) ) (v) is proven. m
10. Decay of correlations.

In this Sectionwe prove that (vi) ) (i): Let F(!) = FUF(! ;S) ds and be
suhthat F(')=f(1)+G(!) G(!)+ Pr(F) andEflz 1: Let A( ;)
be Laplacetransform of A A(! ; ) = FUF(! ;s)e °ds: We usethe following
expressionof the Laplacetransform ofoRA;B (F;t) (see[P2])

1
()

whereR is an entire function boundedin any strip j< | M:

z h i
Ras (F; ) = BC;)@ Ly )*AC; ) di+R()

13



We already noticed that (vi) ) (vi) and moreover for Lipschitz A; B we
have the following inequality in the regionj > 1;,a> j j 2

Rag (F;a+ ib)  CoskAkkBkyjh ©:

Now considerthe casewhen A;B 2 D( ): In this caseRag (F;t) is a
smooth function and @@RA;B (F;t) = Rgas @ being the derivative along
the orbits. Considerthe Taylor expansion

% TRY% (0) 4 (s o
. = i J . - < .
RA,B (t) i J i t + i R@A,B (S) (N 1)| ds:

Laplacetransform of the last term decas not slower than

CoskAky kBKyjl © N

in the regionabove (Here klc(! )a(t)ky means 1 ' kaken @) It hasthe only
pole of the N th orderat O.

Applying the inversionformula for Laplacetransform and moving the cortour
of the integrationto f a= min("; jj 2)g we get

X 1R{L(0);  “ (s oM
j T t+ 0 Reas (S)(N i dsj

A
CoskAkykBk: jb * Nexp( tjj 2)db

1

which implies (ii): m

11. Polefree regions. In this sectionwe prove that (vi) ) (ix): To this
end it is enoughto shaow that if for somef (2:1) holds then the poles of
(1 L) !accunulate to the imaginary axis fasterthan any power of (L is
ashorthandfor L¢,. ): Theideais to establishthe analyticity of the leading
eigervalue of L and then useRoude'stheoremto shav that 12 Sp(L ): v
So assumethat for someb there exists G; jGj 1, kGk  jb 3 sud that

M h= L P(Gh) satis es
KLiC™® Mko b

14



DenoteM = 1L "0 P(Gh): L isinvertible if and only if M is invertible.
Weshowv that M has1 asan eigervaluefor closeto il A direct calculation
shows that 1 Cuili-

kM LMD L, L

f (N) Jq N

where ~= 2 5+ 1 (sincekb k = O(jlj); kGk = kG 'k = O(jj 2)). Take
N = jbj *
Lemma 8. There are constantsC,s; Co7 suchthat uniformly in b; suchthat

ECE
k@@Mk n)  Caslnjb;
k%Mk (N) C27|n2jkj:

Pr oof: We prove only the rst estimate, the proof of the secondone is
similar. Sincemultiplications by G;G ! are (uniformly) boundedoperators

it is enoughto bound k2L Pky:
@

“@

@

: X :
L™ Pk = k (g

j<n (b

L )Ln( b lk(N)

Applying Proposition 2to
Cogj< | we get

m and usingthe boundPr(f +<( ) )

kL'knny Caon( ;b

and we are done. m
Let bethe circlefjzj = 1"79; where is the constant from Section6. By
Lemmaz2for 2

k(L) kwy Caolnjby
and so
k(' M) kn) Cailnjh:

From Lemmas8it followsthat inj il jb *M hasonly oneeigervalue
( ); this eigervalue is simple and the correspnding eigenfunctionis

17
a(:!')=1 5T (z M) 1dz
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Moreover ( )isanalyticinfi i< ﬁg: By standard perturbation theory
j (i 1 Cgib  Injh;
@ .. P
— Csszln®jlby;
@ ()i Cssln®jby
@ | . .
igs ) CasIn®jhy;
kg(ib!) 1ko Cssilg Injb

and
kK= 9( ko Csslnjh:

12. Deriv ativ e of the elgenvalue. It remainsto estlmate () from
below. Di erentiating

1 X Foi G n( () Cey — _
- en( ;b n( ;b) G(%$ ,$ - ’!
G() o g, ($)g(:$)= ()a(;:!)
at = ibwe obtain
! !
Miv o P9 + My, @@g = @@(ib) g+ (ib)@@g:

Integrate this idertity against ¢

Injhj Injj

@ _ n( :b) @ _ @ _
Miy=g = ¢ LI o3 - Zyio .
| |
(ib) @? @Y + O 'jl] ,
@ In2j
— (ib =1+0 :

@ (ib) ¢ (9) + i |

. n | 2.t
f Mis(ncy "o = ( o n(m (:bg) +0 r.]q.m =

——

. Inz"' In?j
G "9 w0 B an(ip()r0 T8
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Hence

Lo
@@(ib):m By ()+o M8

jb
Remark. Actually we have shovn that
|
Q. @. : In?jb
= _. M = —| = n(’b)l_ + O T :

Taking into account the bound on the secondderivative of ( ) we conclude
by Roudhe's theoremthat in fj b jb g the equations () = 1 and
(ib) + ( ib) () = 1 have the samenumber of solutions. That is both
have onesolution. m
13. Pro of of Theorem 3. In this sectionwe show that conditions of Theo-
rem3imply (x): Indeedlet H be(1;j 5;jb ) appraximate eigenfunction
of Vi{ ®: that is
@b nc my( )H( n( b )
H()

ib
Substituting ! = ! ; we get
jeibn( b)l1 1J Ju

Sobn( ;bl; = 2 my+ O(j ) for somem; 2 Z: Similarly bn( ;bl, =
2 my+ O(jb ):Hence

|1 _m e _ . .
E_m2+om —m2+Oszl
If jj is large enoughthis implies 6 Where ¢ is Diophantine exponert

of li:m

14.|2 Concluding remarks. As we have seenabove topological power mix-
ing plays quite important role for suspgension o ws over subshift of a nite

type. Now seweral examplesof dynamical systemssatisfying this condition
are known. We mertion just few of them: any topologically mixing Anosos
ow, somemapson the boundary of Anosor di eomorphisms, certain Henon
mapsetc. We expect that someconveniert setof axiomscould be formulated
which would cover all this cases.Of course,in the generalcaseone cannot
get anything better then powerlike correlation decgy.

17



Another problem is whether genericAxiom A ow is actually exponertially

mixing. The samequestion may also be asked for synbolic ows. Even if

the answers to thesetwo casesare the samethe proofs would probably be
di erent. We expect that the question about the exponertial bound is of
topological rather than arithmetic nature.

It is alsointeresting to know to what extert Theorem 1 can be generalized
to dealwith exponertial mixing. More speci cally, we would like to ask two
guestions. Is it true that topological exponertial mixing imply exponertial

correlation decg for any Gibbs measure? In particular is it true that if

correlationsdecg exponertially for someGibbs measurethen the sameholds
for any potential? Of course,the conditions of this theoremif true would be
even more di cult to verify than for power mixing.

App endix.
Dimension and Rapid Mixing.

1. Two-sided subshifts. Above we gave seeral necessaryand su cien t
conditions for a symbolic ow to mix faster than any power of time. We
alsodescriked an arithmetic property (incommensurability of periods) which
imply theseconditions. Herewe presei a topologicalmedanismfor a rapid
mixing.

Herewe let ( ; ) be atwo-sidedsubshift of a nite type sinceto formulate
our condition for one-sidedsubshift we needto passto its natural extertion.
If 1 ! and!* standfor fljg o andf!;g; o respectively. C () and
C*() aresubspace®fC () dependingonlyon! (!*). Asbefore( ;g')
meansthe suspension ow with the roof function

Recallthat any symbolic ow hasa certain geometricstructure, namely the
structure of a Smale space([R1]). For the suspension( ;g') of the two-
sided subshift of a nite type ( ; ) with the roof function 2 C () the
Smalestructure consistsof the following objects.

{the unstable manifold WY(! ;t) = f(!;t):! " =1"g;

{the stable manifold Ws(! ;t) = f(!;t):! =1 g;

{the strong unstable manifold Ws" = f(! ;t) 2 WY(! ;t):t t= (';")o

where (!;!):j:[( iy (g
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{the strong stable manifold Wss = f(!;t) 2 Ws(!;t) :t t= *(';!)g
where  (131)= " [ (1) (1))

j=0
{the local product structure: if ! o = ! g then[! ;! ] is de ned asfollowing.

L if] 0
= gl o

)

{the temporal distancefunction (see[Ch])
U (R D R (R D E N (R D E R (AR

The geometricmeaning of the temporal distanceis the following. Let p(! )
denote the projection to W (! ;t) (along the leaves of the complimertary
foliation). Then

pC O pl @ pl O pl Oy = (it ()

Since' is de ned geometricallyit is clearthat it is invariant in the sensehat
dependsonly on the cohomologyclassof : This can also be seendirectly
sincethe replacemenof (! )by (1)+ T() T(!):alter *(';!) by
T() T(¢)and (1) byT() T(¢):If 2C*(')then ¥ vanishes
and

ECHD R (L D R (L
2. Local integrabilit vy.
Definition.  fg'g is calledlocally integrableif ' 0:
The following statemen essetially goesbad to Anosov.
Pr oposition 4. (Anoso v alterna tive for symbolic flo ws.) If fg'g
is locally integrable where dependsonly on! .
Beforegiving the proof recall somestandard results about the cohomologyof
subshiftsof nite type. First, note that ([';!];!) doesnot dependon'!
SO we can write [ty = (st ) Similarly (] =

(R I

Pr oposition 5. ([S]) There is a constant C3; suchthat

q
(P PHEY) (L3i13,) Co d(hrhy+d(3t)+d(1s:!s)
and

q
(PP (Ppitoit3)  Cor d(lg;ly)+d(yst)+d(M3;!3):
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Cor ollar y 5. ([S]) Chaosefor anyi asequene! (i) suchthan (! (i))o = i:

SetT.(1)= " @) ;t ;r(@); "()= )+T(t) T(C!1)T()=
TaorrMTr@ ), ()= (MH)+T () T(!):Then *2C8-() ;
2Cr-() :
Pr oof of Proposition 4: By the discussionabove we may assumethat
2C*() :Consider (!)= (1) T @M)+T(!): doesnot depend
on!j;j > 0by Corollary 5. On the other hand

D N (RTINS NN (RETRSTRDY (6)

Thus' 0 just meansthat (! 7;!5;!3) doesnot depend on the third
variable. Hence  doesnot depend on| ;] < 0aswell and we aredone. =
3. The result. The aim of this appendlx Is to prove the following result.
Theorem 4. If gt is not rapidly mixing then the lower box counting dimen-
sion of the rangeof ' vanishes:

BD(Range( )) = 0.

Pr oof: By the discussionin Section1 we may assumethat 2 C*() : B

Theorem 2 we can nd sequances b.g and f hyg satis ng conditions (2:v):

Let N be somelarge natural number which we assumeto be a a multiple of
n( ;b): Take some! = ! 1*;1 =1 1" and moreoverlet! =1 ;
I =1 5 where y and y arewordsof length N: Inequalities

je e n (v IR (1Y) he(')j Njbj

je Pt DR (W) he(tF)] Njh
imply that

je P IRt T) e v v Dl (1)) 2Njhg
Using (2:v) oncemore we get

he( )
he( )

exp b n(n'T) (n!)] Css Njbj +jhj s ™
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Similarly

he( )

C N- . + . . 5 N
e ) 38 Njhb jbj

exp ibe[ n(n!T) (NPT

Thus
h i
exp ibe n(n!T) NON!T) NON!TT)+ N(N!T)

Cs Njbj +jhj "
In view of (6) this gives

jexpib’ (*51)) 1 Cse Njhj +jhj "

ChooseN In'(” ”’;;' , then

jexp(ibe" (1;1)) 14 Cagjhyj °
If alsoj' ] M then

2 m

[ 2 m .
Range( ) —  Cajhj ® ; i

+ Cajbj ®
L 41) 0]

jmj

which implies BD(Range( )) ( 5) 1 Since is arbitrary, Theorem4
IS proven. m

Acknowledgements. | am grateful to Ya. G. Sinai for his encouragemn
during my work on this problem and to the refereefor valuable commers.
References.

[A] Anosor D. V. 'Geodesic ows on closal Riemann manifoldswith negative
curvature." Proc. Steklov Inst. Math. v. 90 (1967).

[Ch] Chernor N. I. 'Markov approximations and decay of correlations for
Anosov ows' To appearin Ann. Math.

[D] Dolgopyat D. 'On decay of correlationsin Anosov ows.' preprint.

[K] Kaloshin V. Yu. 'Someprevalentproperties of smaoth dynamial systems'
(in Russian)in Proc. Steklov Inst. Math. ertitled 'Dier ential equations
with complexand real time', Yu. S. llyashenk editor

[PP] Parry W. & Pollicott M. 'Zeta functions and periodic orbit structure of

21



hyperbolic dynamics' Asterisque187-188 (1990)

[P1] Pollicott M. 'A complexRuelle-Perron-Fobeniustheoremand two coun-
terexamples'Erg. Th.& Dyn. Sys. 4 (1984) 135-146

[P2] Pollicott M. 'On the rate of mixing in Axiom A ows' Inv. Math. 81
(1985) 413-426

[P3] Pollicott M. 'Error term in "prime orbits theorems"for locally constart
suspended ows' Quart. J. Math. 41 (1990) 313-323

[R1] Ruelle D. 'Thermodynamic formalism." Addison-Wesley(1978)

[R2] Ruelle D.'"Flows which do not exponertially mix' C.R.A.S. Paris 296
(1983)191-194

[S] Sinai Ya. G. 'Gibbs measuresin ergaic theory." RussianMath. Surwveys
v. 27 (1972)21-70.

22



