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Abstract

We continue the study of mixing properties of generic hyperbolic
flows started in [4]. Our main result is that generic suspension flow
over subshift of finite type is exponentially mixing. This is a quanti-
tative version of one of the results of [8].

1 Introduction.

Let S* be a smooth flow on a manifold M preserving a measure u. If A and
B are L*(p) functions on M let

panlt) = [ A(S's)B()dn(z),

paB(t) = pas — u(A)u(B).
Call S* rapidly mixing if for A, B € C°*°(M) pa p is in Schwartz class S(R) (i.e
Vng,ng [t (0% pap(t))| — 0ast — oo) and the map p : C°(M)xC>®(M) —
S(R) is continuous. In a previous article ([4]) we discussed metric prevalence
of rapid mixing. Namely, we considered an n—parameter family of flows
having a hyperbolic invariant set. We proved that if a certain non-degeneracy
condition holds then the set of parameters for which corresponding flows are
rapidly mixing with respect to any Gibbs measure on the hyperbolic set is
conull (and moreover the Hausdorff dimension of its complement is zero). The
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set of parameters for which our proof worked was a union of Cantor sets of
positive measure. So the dependence on parameters of the constants defining
rapid mixing is very irregular. Therefore there is a question if there are flows
in a neighborhood of which these bounds hold uniformly (some partial results
were obtained in [3], [4]). It seems reasonable that the following stronger
statement holds

Conjecture 1. For any r > 1 the set of exponentially mizing Axiom A flows
contains an C"—open and dense subset of the set of all Axiom A flows.

In this note we give one evidence in favor of this conjecture by proving
this bound in an easier setup of suspension flows over subshifts of finite type.
(We refer the reader to [7] for background on subshifts of finite type and
their suspensions.)

To state our result we need some notation. Let (X,0) be a topologi-
cally mixing subshift of a finite type. We equip ¥ with metric dy such that
do(w',w?) = 0N where N = max{k : wj = w} for |j| < k}. Let Cy(X) be
the space of dy-Lipschitz functions. For 7 € Cy(X) let 7,(w) = X725 T(07 ).
Call 7 eventually positive if there exists n such that 7,, > 0. Clearly the set of
eventually positive elements is open in Cy(X) and hence it is a Baire space.
If 7 € Cy(X) is an eventually positive function let ™ = ¥ x R/{(w,s) ~
(ow,s + 7(w))}. (The assumption that 7 is eventually positive (or eventu-
ally negative) is needed to guarantee that X7 is a compact Hausdorff space.)
Suspension flow S* on X7 is defined locally by S*(w,s) = (w,s + t). Let
do((w', 51), (wW?, 52)) = dg(w',w?) + |51 — s3] and denote by Cy(X7) the space
of dg—Lipschitz functions. If F' € Cy(X7) denote by pp the Gibbs measure
with potential F. Call S*(7) exponentially mizing if VF V8’ 3C, « such that
VA, B € Cg/(ZT)

lup((Ao SY)B) — ur(A)ur(B)| < Ce™||Alle || Blle (1)

Actually it is enough to verify (1) for some ¢’ because if " < 6’ then any ele-
ment A € Cpr(X7) can be e—approximated in L?(pup)-norm by A, € Cpr(27)
with || Ac||er < Const (0, 60")e=NE0")|| Al|g». Our main result is the following

Theorem 1.1. For all0 < 6 < 1 the set of T such that S*(7) is exponentially
mixing contains an open and dense subset of (eventually positive elements of )

Cy(X).
It is easy to see from the proof of Theorem 1.1 that the constants C, «
can be chosen uniformly in a neighborhood of (7, F).
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Remark. To prove this statement we demonstrate that certain twisted trans-
fer operators do not have poles near imaginary axes (see Lemma 4.1). It is
known that the same bound guarantees exponential error bound in the Prime
Orbit Theorem (see [9] for details.) More precisely, let 7(7,T) be the number
of closed orbits of S*(7) of period less than T. Denote by h(7) the topological

t
entropy of S*(7). Finally let li(t) = [ 2. The estimates of Section 4 together
2

with the results of [9] imply that
For all 0 < 6 < 1 the set of T such that there exists 3(7) > 0 such that

7(r,T) =1i("DT)(1 4+ O(ePT)), T — o0
contains an open and dense subset of (eventually positive elements of ) Cp(X).

Remark. Let 7 be some element of Cy(3) such that the conclusion of The-
orem 1.1 holds and let § > 6. Then Cy C Cj so it make sense to ask if
small Cpz perturbations of 7 preserve exponential mixing. Unfortunately it
is not the case. Indeed (see [7]) T can be arbitrary well Cy—approximated
by locally constant functions 7). By another small approximation we can
achieve that there is M; such that for any ¢; in the range of V) M;t; € Z.
Then A(z,s) = exp(2miM;s) is an eigenfunction for S*(r)). (In particular,
exponential mixing is not open since Cy O Cyp for > ¢'.) This is the main
reason why Theorem 1.1 can not be applied to obtain Conjecture 1. In fact,
to any Axiom A flow we can associate a suspension over subshift of a finite
type via symbolic dynamics. Now, loosely speaking, fixing # corresponds to
fixing the regularity of hyperbolic splitting but there is no reason to expect
that the splitting would not become less regular after the perturbation (see
[5]). Let us remark however that there is an open subset of contact Anosov
flows satisfying bunching conditions of [6] there the splitting is actually C!
and Conjecture 1 could be verified ([3]).

Thus openness is major problem in proving Conjecture 1. However den-
sity is also unknown. The problem is that the correspondence between the
smooth flow and the symbolic system is not continuous so if we change 7
inside Cy(X) the corresponding Axiom A perturbation would be probably
be discontinuous let alone smooth. One can hope that the situation may be
better if non-wandering set is small (i.e. its Hausdorff dimension is close to
one) but even in this case the problem seems to be open. (By contrast, if

non-wandering set is large (e.g. locally connected), then different methods
probably should be used. See [1], [2], [8].)
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Let us describe the organization of the paper. First we present the set
of good roof functions (strong non-integrability condition of Section 2). In
Section 3 we show that this set is open and dense. In Section 4 we prove that
that strong non-integrability implies exponential mixing. The proof is mod-
eled on that from [3]. However in [3] we used heavily geometry of our phase
space, whereas here we show that in fact our arguments are purely symbolic.
Moreover our proof here is little bit simpler because in symbolic setting mea-
sure and metric structure of the phase space are nicely related. The lack
of such a relationship in smooth case explains difficulties in extending the
results of [3] about three-dimensional contact flows to higher dimensions.

So the new ingredient in the proof of Theorem 1.1 is denseness of strong
non-integrability. This part is motivated by a paper of Parry and Polli-
cott ([8]). Among other things they showed that the set of mixing flows is
open and dense. In Section 3 we refine their arguments to get strong non-
integrability which implies exponential mixing via arguments of [3]. Let us
also note that our set is much smaller then that from [8]. In fact it is not
hard to prove that the latter set contains functions with arbitrary slow decay
rates.

Acknowledgment. Part of this research was done during my stay at Manch-
ester University and I thank M. Pollicott for his hospitability. 1 am also
grateful to the referee who has pointed out 96 errors and misprints in the
first version of this paper. This work is supported by Miller Institute of Basic
Research in Science.

2 Scheme of the proof.

Here we give the scheme of the proof of the main theorem. Proposition 2.1
and Lemma 2.2 are proven in Section 3 while the proof of Lemma 2.3 is
given in Section 4. The proof of the main theorem consists of three steps.
Let Cy () be the set of functions depending only on the *future’ coordinates
T(w) = T(wo, Wi, .+ Wy . . .).

(I) Tt is enough to prove our result with Cy(X) replaced by Cy (2). Indeed
let By(X) be the space of coboundaries Bs(X) = {7 € Cy(X) such that
Af € Co(B) 1 7(w) = f(w) — flow), f € Co(X)}, By = BeNCy (X). By(X)
is closed in Cyp(X) by Livsic theorem (see [7]). If 7/ — 7" € By then 7' is
eventually positive iff 77 is eventually positive. In this case S*(7) and S*(7")
are Lipschitz conjugated (by a change of variables (0,t) = (w,t + f(w)))
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and Holder spaces are preserved by this conjugation. Thus we can speak
of an element of Cy/By being exponentially mixing. Now, according to ([8],
Proposition 4) there is an isomorphism ¢ : Cy/By — C, /B, such that if
[7*] = ¢[r] then 7* — 7 € B j. From this it is easy to see that following
statements are equivalent:

exponential mixing is generic in Cl;

exponential mixing is generic in Cy/By;

exponential mixing is generic in C\% / B\J;g;

exponential mixing is generic in C’\%.

Remark. It is also clear from (II) that the condition we use to prove expo-
nential mixing is formulated in terms of Cj /B, rather then C.

(IT) Now we introduce the condition of strong non-integrability we use to
obtain exponential mixing. To this end we recall the definition of temporal
distance function. Write W*(w) = {w : In with w; = w; for i > n}, W*(w) =
{w : In with w; = w; for i < n}. Consider a quadruple w!, w? w3 w* such
that w? € W*(w!), w* € W*(w?), w? € W5(wh), w* € W#(w?). Denote

“+oo

pwhw? W w') = > [r(c"w') — 7(c"W?) — T(0"W®) + T(c"wh)].  (2)
This series converges exponentially fast (cf. the proof of Proposition 2.1).

To explain geometric meaning of ¢ recall the notion of the local product

structure. For w € 3 let w,, w_ be the sequences {w;}:2,, {wi}l . fwj =
w? let [wy,ws] denote the local product of w! and w? that is [w! w?_ = w!,

[wh w?, = w? For (w,s) € X7 define its strong stable and strong unstable
sets as follows.

W (w, s) = {(w,5) : do(SY7)(w, s), (w,5)) = 0, as t — +00.}.
W w, s) = {(w@,35) : dg(S*(7)(w, 5), (w,5)) — 0, as t — —c0.}.
It is easy to see that
W (w,s) ={(w,s) 1w € W*(w) and 5§ —s=As(w,w)}
W w,s) ={(w,s) :we W*w) and §—s=A,(w, @)},

where
o0

Ay(w, @) =Y [r(ojw) — 7(0;@)],

n=0



Au( = — Z T(ojw) — 1(0;w)].

We can also consider local versions of these sets, that is W .(w) = {w :
Wy = w-l-}v I/Vltotc((“)) = {?IJ W = w—}7 ‘/Vlfasc(wvs) = {(w7§) < Wss(w75) :
w € Wit Wiel(w,s) = {(w,s) € W"(w,s) : w € Wy} Now if ' €
We (W) (W € W*(W")) let Hy » be the holonomy map from {w'} x R to
{w"} x R along the strong stable (strong unstable) sets of the flow. Thus
Hw’,w” (w’, 8) =uw" % RﬂVVlSOSC i.e.
Hy (W' s) = (W' s+ Ag(w', "))
ie.

respectively H,/ (v, s) = w” x ROW,
( y

loc
Hw’,w” (w,a S) = (W”, s+ Au(("/> w”)))'
Then
Hw37w1 o sz’ws o Hw4’w2 o le’w4 =1+ gp(wl,wz,wg,w4).

It is clear from (2) that ¢ remains the same if we change 7 by a coboundary,
s0, actually ¢ is defined on C /B, . We use 7 as a subscript if it is not clear
which roof function is considered. The following bound is immediate. (See
Section 3.)

Proposition 2.1. Ifw} =w?, w} = wl and dp(w*,w?) < OV, dp(w?,w?*) <
ON then |p(wh, w?, w3, w?)| < 1T29H7'H€N-

Definition. Call 7 € Cyf () strongly non-integrable if 3C, 6, w', w? : @} =
w2 and a neighborhood U(w?') such that Vw!' € U such that

w! =w! et W =wl, W=w =0, W =Wl wl=W
do(wh, w?) < OV dg(w?,w?) < OV and
lo(w!, w?, WP, wh)| > 66N, (4)

Let us explain the meaning of (4). Although ¢ appears to be a function of
four variables, it is actually determined by w! and w* since w? = [w?, w?] and
w? = [w*, w!']. Now (4) says that on a large subset of ¥ X X ¢ is as irregular
as possible. (In the above definition we ask that w! and w? lie on fixed local
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unstable sets, but it is done in order to simplify the proof of the denseness.
We then show in Lemma 4.8 that this requirement can be disposed of.)

It is easy to see ([4]) that if ¢ = 0 then S has a continuous eigenfunction
(i.e. S* is integrable). So strongly non-integrable systems are as far from
integrable ones as possible (according to Proposition 2.1). This proposition
also shows that strong non-integrability is an open property.

Lemma 2.2. Strong non-integrability is dense in Cy (2).
The proof is given in the next section.

Remark. It is also possible to define strong non-integrability for elements
of Cy(X). In this case the upper bound is |p(w!, w? w?, w?)| < Const| 7|6
and thus one should require |p(w!,w?, w?® w?)| > 662 in place of (4). (The
appearance of & here explains the v/ in (I).)

(IIT) The last ingredient in the proof is the following.
Lemma 2.3. Strong non-integrability implies exponential mizing.

The proof appears in Section 4. Clearly, (I)-(III) prove Theorem 1.1.

3 Prevalence of strong non-integrability.

PROOF OF PROPOSITION 2.1: Writing

f;ww) () — () 4 ()] =
zf:Z[f(wl) W) - zf:Z[f(w?) W)

we see that if w! = w3, w? = w? then all positive terms in (2) vanish so we

can write

ol w0, w) = Y [r(o ") (o) = Y [r(o ) — rlo ")
n=1 n=1

The result follows since the n—th term in the both sums is bounded by

|70V,

PrOOF OF LEMMA 2.2: First we describe the choice of w!, @? and U.
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Since the number of periodic points of period n grows exponentially, for
some my there are two periodic points a! and a? of prime period mg with

af = o and such that the orbits of a! and a? are different. Let o' = (w!)>,

o = (w?)™ be infinite concatenations of words w', w? of length my, that is

bod .. od, ;. Choose w' and w? so that w! = o!, w? = o2, and

w = o
so that the words corresponding to the first mg symbols of w! (= w?) are
different from the words corresponding to the first mq symbols of of o/at
and o’a? for 0 < j < my (for large mg this is possible since the number of
words of length myq starting with a given symbol a grows exponentially). Let
U={w:dg(w,w") <™}

Before proceeding further let us make a comment. It appears that for
fixed N condition (4) involves an infinite number of inequalities. However,
it is enough to verify a finite number of them as we now explain. Given a
word W = wow, ... w;—; denote by Cy the cylinder Cy = {w : w; = w;
for 0 < 7 <1 —1}. Let 3, be the set of words of length n. It is sufficient
to prove that Im such that VN VIV € ¥,y such that Cy C U = p(U)

Jwt, w? w3 wt € Cy satisfying (3) and such that
ol 2 )| 2 07 )

Since ¥,,n is finite (5) contains finite number of inequalities for any fixed
N. To show that (5) implies (4) consider @ € U such that ©@_ = w! and let
& = [w? @]. Given N let N = [%] Consider w!, w?, w?, w* with w] = @; for
0<j<m(N+1)and |p(w',w? w? wh)| > §0™N+D  We have
(W', w?, W wh) = (@, W O, w*) — (@, wh, &, w?),
so at least one of the terms on the RHS is greater than gé’m(t(N ) > SON
whereas dg(@, w') < OV, do(©, w?) < 6N,
Now for each symbol b choose a sequence W’ € ¥, such that bW' is

admissible (here bW denotes concatenation of b and W?). For any W € %,
let V(W) = WWWm~-1_ We will consider perturbations of the form

T = T+Z Z EWHm(N+1)]w1V(W) (6)

N WeX,N

where Iy, g, is the indicator function of the set {w : w; = w; for 0 < j < n}.
We show that given € we can choose 6, m and ey = =£e so as to satisfy (5).
Indeed fix Ny and W € ¥,,n,. Consider w!, w? w3 w? such that (3) holds,



Wt e Cw, wl e CV(w), w2 Q CV(W)' Write pr = pr + 907_&0 + P, + SDT;O,
where 7y .7y, and 7y, correspond to the summations over the terms with
N < Ny, N = Ny and N > Ny in (6). Assume that ey are already chosen
for N < NO We have @r (W', w? w3, w') = ey ™+ Indeed, due to our
choice of w!, w? and U only one negative term (j = —mo) in (2) is different
from 0 and all positive terms vanish as in Proposition 2.1. By the same
argument

L2 s Ay« % emj B 9m(N0+2) -
|()0T;(w7w7w’w)|—€ Z _El—Qm ()

0 j=Ny+2
Take 6 = 69; If m is large, 0 > €1—m 6% —m- Choose ey of the same sign as

(or + SOTEO)(W w?, w3, wt) then
|(SOT + SOTJ; )(wl’w2’w37w4) + gwem(No-l-l)‘ > €6m(No+1) _ 256mN0. (8)
0

Finally, (7) and (8) imply that |p(w!, w? w? w")| > 6™ as needed. W

4 Proof of Lemma 2.3.

(W)

Here we prove Lemma 2.3. So let F € Cy(X7) and f = [ F(w, s)ds. Intro-
0
duce the operator £, : Cy () — Cf (X) given by (L,h)(w) = Z 9@ h(w).

Let sy be the root of Pr(f — so7) = 0, where Pr stands for topologlcal pres-
sure. It is proved in [3] that exponential mixing is the consequence of the
following estimate.

Lemma 4.1. 3C,p,e, R > 0 and X < 1 such that for |[Rs — so| < ¢ |Ss| > R
L7 g hl < CA™BIP||A]].

As in [3] we use Lemma 4.1 to prove exponential mixing for observables
from the space Cy2(X7) of functions two times differentiable in the direction
of the flow and then approximate elements of Cy(X7) by those from Cpo(X7).
In this section we show how to verify Lemma 4.1 in our setting.

Let s =s9g4+a—b,

f(a) = f— (30+a)7‘—lnP7“(f— (SO‘I‘(I)T) +1nha —ll’lhOO',
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where N, is the leading eigenvalue of L7_ 14),. Introduce a norm

L(h)) |

hll = max (nhuo, he

where L(h) is the Lipschitz constant of h

L) — sup 1) = h)]

wé:wg d@ (wlv w2)

(Note that this definition is slightly different from the usual definition of the
Lipschitz constant. This is done in order to simplify the formulae below.)

Because of analyticity of Pr(f — (so + a)7) and Inh, in a and since £, and
Lg+q—g00 are conjugated by multiplication by ed it is enough to prove

Lemma 4.2. 3C,p,e, R > 0 and A < 1 such that for |a — so| < e |b| > R
1L s hll ey < CA"BIP[1A]| -
Write £ab = ‘Cf(“)-i-ibT'

Proposition 4.3. If v is a local branch of o= (that is ¢™ oy = id and
do(yw!, yw?) = 0"dg(w,w?)) then

dg(wt, w?)
[Ta(@!) = T(W?)] < |75
1—-0
PROOF:
n—1 n—1
T (wh) = Tu(W?)] < Y r(07w!) = 7(07w?)| < Y ||7]do(w, )" m
j=0 j=0

This bound implies (cf. [7], Ch 4)
Proposition 4.4. There exists a constant K = K(f,T) such that
Lawhl o) < K (] 220y + 0" (011D ] 5)-
Denote 4pr]
-
q= 1-6 (9)

Define K4 = {H > 0 : L(InH) < A}. Let h € Cy(X). We say that H
dominates h (writing hoH) if H € Kgpp), |h(w)] < H(w) and for dp(w',w?) < 7
the difference |h(w!) — h(w?)| < q|b|H (wh)dy(w?, w?). We prove the following
estimate
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Proposition 4.5. There are €,7 so that given s there is a finite number
Ni(s),Na(s) ... Nys)(s) of linear operators on Cyi (X) such that

(a) Nj(s) preserves Kqp);

(b) fOT H e ’Cq\b|

/(/\GH)Zdua <(1-¢) /szua

where fiq is the equilibrium state for f(@;
(¢c) If hoH then 35 = j(h, H) so that (L7 h)o(N;H).
Let us check that Proposition 4.5 implies Lemma 4.2.
PROOF OF LEMMA 4.2: Let n = RlIn|b| where R is large enough, then
n 1
1£ashlle20u) < 7 11R 0. (10)
Indeed, q||h||p)1 dominates h and so ||A||L2(.,) <
| LaNiNiy - Ny (@l Bl D22y <
allhfl o)W Ny -+ Ni [ r2(ua) <

g/l (L — &)™,
where n = i+ nn. Combining (10) with Proposition 4.4 we get the following

matrix inequality
) < A 22 () )
Al

( Lo £2(0) ) < < 0 5
Jreiey TA\K
K
(KRl 220 + (4 o1l 6)-

|~

S

\
Iterating we get
K

Izl <

This proves Lemma 4.2 with \ being any number greater than exp(—%) and
p=Rln\)m
The proof of Proposition 4.5 occupies the rest of the paper.

We begin with describing A;. Denote

0(1 — 6)5
I (1)
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where 0 comes from (4). Let £; be a small number (more precisely, we require
that

1
e < (12)
and VAABC such that /A > & and |[AB| > A<
|BC| < |AB[ + (1 —e1)|ACY) (13)
Let m be a natural number such that
om < % (14)
Let U = pU where U is a the set where (4) holds. Let
n=mng+ny (15)
where ng is the smallest number such that
o =xt (16)
and n; be the smallest number such that
o < min(g, o) (a7)

Denote M, = L7,. Given b denote by N = N(b) the smallest natural number

such that O < Wﬁ”' Thus

(1-0)0 1-6
<" < .
4(b]| ] 4(b]| ]
If Jis a subset of X¥nyy+n write vy = > Ig,. For J € Ynipyn and
WeJ
positive number ¢ define NV (H) = M,((1 — ep;)H). Call J dense if

VW € X x3V € J such that V = W, W W, where W; and Wy are words of
length n and m respectively.

Proposition 4.6. (a) N1 . Kol — Kqpp;

(b) If hoH then for do(w', w?) < ﬁ

(18)

[(Laph) (@) = (Lh) (W?)] < qlb| (N H) (wh)dg(w!, w?);
(c) If J is dense then there exists €5 = eo(f, m,n) such that for all H € Ky

/(/\f@’f%r)2 djie < (1 — &) /H2 djie.
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PROOF:To prove (a) note that (1 —¢e1¢,;) € K5, where 6 —0ase; — 0.
Denote H = (1 — ey4),)H, then H € K (g15)p Now if wp = wg then

M)W = 3 M EIH@Y) <
ohml=wl
T ST ) (2 S Gl

o2 =2

i) e (L0 06+ ).

where the inequality follows from Proposition 4.3. If b is large and 4 is small

||f H 005+ q)|b| < qlb;

(B) (LR W) —(LER)(w?) = 3 [ Hm@) (g ) — U Fibra) (2 b o5y)] =

ow=w

(a) (a)
U@ N+ Y (U ) i @) o)

ocNw=w ow=w

= (1) + (II).

(a)

Now
0" dy(wt, w?)

(D] < glbl(MaH) (") dp (", )" < glb|(N) H) () == -

Y

(D] < 3 () e )

(a) 1 b7 b7 ) (o
5 () — D) ()| = (1) + (1)
where @ e
(II,) < (e féa)(wl)QHf !d_(u; W )H(wl) <
1,2
2dw , W )HTH(MGH)(Wl)S
1-6
5 d(w! ,wQ)IITH (N H) (W)
—0 1-— S
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(the first inequality uses the fact that d(w!, w?) is very small) and

bl el WO E 1)
(h) < T M) < T —1—7)
Honce 211711+ bllirlD
(D = A=y -y VDA )
and so
i _ 0"+ 25 (Irl + .
() )= (L8R w3)] < 15 ‘f(” 7l B0 e ) oy ).

If n and b are large then (recall (12))

q0™ + 25 (171 + )
<
1 — &1
(One can check that

0" < (20)

|~

and |b| > 100% suffices for (19) .)

(c) Let W € Sy, V = WiWW,; € Snimyn, V € J. Denote W = WWW,.
By Cauchy-Schwartz Yw € Cyy (N'1H)(w) < (1 — §)(MH)(w). Now (c)
follows from (a) and the fact that there is a constant ¢ = ¢(q) such that for
all H € Ky,

H 2d,ua <c| _
Cw c(w)
(see [3], Lemma 12 for details). B
Thus it remains to prove that if hoH then there exists a dense J = J(h, H)
so that |(£L7h)(w)| < (N H)(w). Given two inverse branches v, and 7y
of 07" so that VIV € Xy denote

H?dj,

| +ibT) (010) y () + Un”+0T)(129) by (00|
(1 — g)efr%a)(“/lw)H(fylw) + eféa)(72w)H('y2w)

pilw) =

|eUn” ) (1) fy (yy00) 4 eUn”+i070) (29) by (00|
efrga)('YlW)H(fylw) + (1 — g)efrgza)(72w)H(f)/2w) ‘

pa(w) =
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Lemma 4.7. v, and s can be chosen in such a way that VW € X 35 €
{1,2},V € Bnim such that W CV and Yw € Cy p}'(w) < 1.

(Here we write W C V' to mean that W is the beginning of V'). The proof
of the lemma is given later.

PROOF OF PROPOSITION 4.5: Let {N} = {N <1} where ¢, is a fixed
small number and J runs over all dense sets of ¥ ,,+5. Then by Proposition
4.6 conditions (a) and (b) are satisfied so only (c) remains to be proved. Let
h, H be given with hoH. For each W € Xy choose one pair {j,V} so that
V€ Xngm, W C V and pj'(w) < 1 for w € Cy. (Given W the set of
such pairs is non-empty by Lemma 4.7.) Let J = {v,;(W)V(W)}. Then
J is dense. Now in view of Proposition 4.6(b) we only need to show that
[(L7h) (w)] < (NS H)(w). Let w € X and let W € Sy be a word with
w € Cw. If w & Cywy then (NU<VH)(w) = (M,H)(w) so there is nothing
to prove. If w € Cy and, say, 7 = 1 then

|(Loph)(@)] <

|6(féa)+ibm)(’nw)h(’}/lw)—l—e(féa)—i_ibm)(’yzw)h(’YQW)|—|— Z |e(f7%a)+ib7—n)(w)h(w)| <

w@{mw,vew}
SO () (1 - e) + O H )+ Y | H(w)]| <
w@{mw,yew}

N (w)m

To establish Lemma 4.7 we need two auxiliary estimates. The first one
essentially proves Lemma 4.7 when Arg(h) is constant while the second one
allows us to control oscillations of Arg(h).

Lemma 4.8. There exist two inverse branches v, and o of o= so that

VW e Sn YV € Syym W CV IV € Sypm : W CV such that if
(b(n) (wv ‘D) = Tn(’ylw) - Tn(’hw) - Tn(’Yl(’D) + Tn(72(*~‘))
then Vw € Cy,w € Cy;

=2 < 0™ (w, @) < —. (21)

Remark. The upper bound is easy and holds true whether 7 satisfies strong
non-integrability or not. The key estimate is the lower one. The point of the
upper bound is only to ensure that dist(|b|®™ (w',w?),27Z) > &o.
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PROOF:We prove the statement of the lemma for the case W C U with
n replaced by ny since if 4; work for U then ~vi = 4; o v work for Xt where
v : ¥ — U is an inverse branch of ¢™. Let V € W C U be given. Take
some w € V. By strong non-integrability Jw', w? v w* : wi = W} = w,
do(wh,w?) < OV, dg(w?, w*) < 0N and |p(w!, w? w3, wh)| > 66~. Thus ;’Tlf' <
ﬁ (the second inequality is by Proposition 2.1.) To
deﬁne 7; we have to specify (y;w); for i < ny. Set (w); = wi_, , (Fow); =

w}_, for i <mny. Then

p(w!, w?,w?,wh)| <

(p(nl)(wla w2a w3> (.4)4) - SO(W1> (.4)2, w?” w4) - CI)(nl)(w-li-a w—2|-)
satisfies [ (w!, w?, w3, wh)| < W (the proof is the same as in Propo-
sition 2.1 but now the first non-zero term is j = —ny). Thus if n; is so large
that ]
€o
g < 22
min(— 5 4) (22)

then 5 3

o n 1

< @M)W, w?)| < -2 23

|b| | (w—i- w+)| 4|b| ( )
(since in this case

2||r||oN+m g 1

UL
by (18).) Now if ', & satisfy w} = w}, & = w? for 0 <i < N + m then

|00 (w', &) =@ (wh, W) < |7y (Frw) =Ty (1) [Ty (Fowl) =Ty (o) |+

o oy o 2Tl
[Ty (F103) = Ty (1@")] 4 [Ty (Fow?) — Ty ()] < T 1-0
because each term is less than M by Proposition 4.3. Now
N+m m
2|l o e
1—6 = 2] — 20[p|

and so V = {&: @; = w? for 0 < i < N 4+ m} is the required set.
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Proposition 4.9. Let hoH then
(a) VIV € TyVwlw? € Cy

1 _ Hu(Y)
—< <2 24
3 = Hue?) = (24
(b) Vi € {1,2} either
V' w? € G hr)] < S H () (25)
or 1
Vw',w? € Cw  |h(yiw')| > ZH(%wz); (26)

(¢) If for some i € {1,2} (26) holds then |Arg(24)] < £&.

PROOF:(a) H(yw') < ealblds (it ) [ (~,0%) < el F (4,02) and
ealblo"™ ™ < e85 < 2 by (9), (17) and (18);
(b) If Fw', w?:

bt < 3 H ) 27)
then Vo', &2
\h(v:0Y)| < (domination)
|h(yiwh)| + q|b|o¥ " H (yw?) < (domination)
|H (vwb)| 4 q|b|0N " H (vw') < (27)

1 _
TH(w?) + qbl0" " H (yw') < (a)

4
1 _
2(3 + gl H (,@%) < ((9) and (18))
1 _
(5 + 20™) H (v,0*).
Thus if 1
" < = 2
<3 (28)
then
|h(yoh)| < = H(viis)
as claimed;

17



(c) h(yiw) = h(yw) + §(w, @), where

[6(w, )] < b0 H (yaw) < 4g|blo™ " |h(yiw)]

Thus h
h(viw)
Thus (c) follows if
_ 80
"< —n 2
— 400 (29)

PROOF OF LEMMA 4.7: If for some j € {1,2} (25) holds there is nothing to
prove. (Recall (12).) Thus we can assume that (26) is satisfied for j € {1, 2}.
Consider some V' € Xy, W C V', Assume that

Jwhw? €Cr pt (W' >1 and  p5(w?) > 1. (30)
We claim that in this case

[Arg(e" " Ih(3w)) — Arg(e™ P Ih(p) < 20 @)

To prove (31) suppose that for some w® € V' |h(yw°)| > [h(72w?)]. Tt follows
from (26) that for all w € V’

h(vy;w)
h(%'wo)

Thus |h(yiw)| > %= |h(7ew)]. Now p5' (w?) > 1 implies (recall (12))

< <4,

1
4

[Arg(e"m ) h(10%) — Arg(e™ 02D h(007))| < 1o
Combining this with Proposition 4.9 (c¢) and Proposition 4.3 we get

[Arg(e ™ b)) — Arg(e 0 (7)) <

€0

T 101 [7a(new) = ()| + 18] [ (r2w) — 7 (r®)| +

‘Arg (Z((]j)))\ * ‘Arg (Z((]j)))} =

g0, 2[IT[I0MH 20
100 1-0 100 =

18



2%,
25

which proves (31). Let now V, V be a pair satisfying the conditions of Lemma

4.8. Suppose that (31) holds true both on Cy and on Cy. Then Vw € Cy,@ €

K b0 (w0, 2) + Arg (1)) _ ppg (2U22)) ) 20
(w,w) + Arg (M%@) g (h(%@))} o0

Combining this with Proposition 4.9(c) we obtain [b||®™ (w, ©)| < ey which
contradicts (21). Hence (30) is false either on V or on V as claimed. W
This concludes the proof of Lemma 4.1. Finally note that the requirements
on 7 are given in inequalities (20), (22), (28) and (29) so that (15) suffices
to satisfy them.
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