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Abstract

We continue the study of mixing properties of generic hyperbolic
ows started in [4]. Our main result is that generic suspension ow
over subshift of nite type is exponertially mixing. This is a quarti-
tativ e version of one of the results of [8].

1 Intro duction.

Let S' be a smooth ow on a manifold M preservinga measure: If A and
B areL?( ) functionson M let
z
ae ()= A(S'X)B(x)d (x);

ag (1) = as (A) (B):

Call St rapidly mixing if for A;B 2 C! (M) A isin Scwartz classS(R) (i.e
8ny; Ny jt" (@2 ag(t))j! Oast! 1 )andthemap :C! (M) C!(M)!
S(R) is cortinuous. In a previousarticle ([4]) we discussednetric prevalence
of rapid mixing. Namely, we consideredan n parameter family of ows
having a hyperbolic invariant set. We provedthat if a certain non-degeneracy
condition holdsthen the set of parametersfor which correspnding ows are
rapidly mixing with respect to any Gibbs measureon the hyperbolic setis
corull (and moreover the Hausdor dimensionofits complemetn is zero). The
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set of parametersfor which our proof worked was a union of Cantor sets of
positive measure.Sothe dependenceon parametersof the constarts de ning
rapid mixing is very irregular. Thereforethere is a questionif there are ows
in a neighborhood of which theseboundshold uniformly (somepartial results
were obtained in [3], [4]). It seemsreasonablethat the following stronger
statemert holds

Conjecture 1. For anyr > 1 the setof expnentially mixing Axiom A ows
contains an C"{open and densesubsetof the set of all Axiom A ows.

In this note we give one evidencein favor of this conjecture by proving
this bound in an easiersetup of susgension o ws over subshiftsof nite type.
(We refer the readerto [7] for badkground on subshifts of nite type and
their susgensions.)

To state our result we need somenotation. Let ( ; ) be a topologi-
cally mixing subshift of a nite type. We equip  with metric d sud that
d( %12 = N whereN = maxfk :!/l=12forjjj < kg: LPet C () be
the spaceof d -Lipschitz functions. For 2 C () let (') =" [ ( 'x):
Call eventualy positive if there existsn sud that |, > 0: Clearly the set of
ewventually positive elemetts is openin C () and henceit is a Baire space.
If 2 C () isan ewntually positive function let = R=f(!;s)
(';s+ ('))g (The assumptionthat is ewertually positive (or evernu-
ally negatiwe) is neededto guarartee that is a compactHausdor space.)
Suspgension ow S' on is de ned locally by St(! ;s) = (! ;s+ t): Let
ad(('5s1);(0%s)=d (512 +js;  s,j anddenoteby C () the space
of @ Lipschitz functions. If F 2 C () denoteby ¢ the Gibbs measure
with potential F: Call St( ) exmnentially mixing if 8F 8 °9C; sud that
8A;B2Co )

i F(A SHB)  £(A) £(B)] Ce 'KAk kBko (1)

Actually it is enoughto verify (1) for some °becausdf %< Othen any ele-
mert A2 Cof ) canbe"{approximatedin L?( ¢){norm by A. 2 C o )
with jjA-jj o Const( ¢ 9" NC% *jjAjj o Our main result is the following

Theorem 1.1. Forall0< < 1thesetof suchthat S!( ) is expnentially
mixing contains an open and densesubsetof (eventualy positive elementsof)
C():

It is easyto seefrom the proof of Theorem 1.1 that the constaris C;
can be chosenuniformly in a neighborhood of ( ; F):
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Remark. To provethis statemen we demonstratethat certain twistedtrans-
fer operators do not have polesnear imaginary axes(seeLemma4.1). It is
known that the samebound guararteesexponertial error boundin the Prime
Orbit Theorem(see[9] for details.) More preciselylet ( ;T) bethe number
of closedorbits of S'( ) of period lessthan T. Denoteby h( ) the topological

Ins

R
ertropy of St( ): Finally let li(t) = -9: The estimatesof Section4 together
2

with the results of [9] imply that
For all 0< < l1lthesetof suchthat there exists ( ) > 0 suchthat

(;T)=li(@ON)@+0 OT); T! 1
contains an open and densesubsetof (eventualy positive elementsof) C () :

Remark. Let besomeelemen of C () sud that the conclusionof The-
orem 1.1 holdsand let > : Then C C soit make senseto ask if
small C perturbations of presene exponertial mixing. Unfortunately it
is not the case. Indeed (see[7]) can be arbitrary well C {approximated
by locally constart functions 0): By another small appraximation we can
achieve that there is M; sud that for any t; in the rangeof () M;t; 2 Z:
Then A(x; s) = exp(2 iM;s) is an eigenfunctionfor St( ()): (In particular,
exponertial mixing is not open sinceC Cofor > ©) This is the main
reasonwhy Theorem 1.1 can not be applied to obtain Conjecturel. In fact,
to any Axiom A ow we can asseiate a suspensionover subshift of a nite
type via synmbolic dynamics. Now, looselyspeaking, xing  correspndsto
xing the regularity of hyperbolic splitting but there is no reasonto expect
that the splitting would not becomelessregular after the perturbation (see
[5]). Let us remark howewer that there is an open subsetof cortact Anosos
o ws satisfying bunching conditions of [6] there the splitting is actually C*
and Conjecture 1 could be veri ed ([3]).

Thus opennesss major problemin proving Conjecture 1. Howewer den-
sity is alsounknown. The problem is that the correspndencebetweenthe
smaooth ow and the synbolic systemis not cortinuous so if we change
inside C () the correspnding Axiom A perturbation would be probably
be discortinuous let alonesmaoth. One can hope that the situation may be
better if non-wandering setis small (i.e. its Hausdor dimensionis closeto
one) but ewen in this casethe problem seemsto be open. (By cortrast, if
non-wandering set is large (e.g. locally connected),then di erent methods
probably should be used. See[1], [2], [8].)

3



Let us descrike the organization of the paper. First we presen the set
of good roof functions (strong non-integrability condition of Section2). In
Section3 we show that this setis openand dense.In Section4 we prove that
that strong non-integrability implies exponertial mixing. The proof is mod-
eledon that from [3]. Howewer in [3] we usedheavily geometryof our phase
space ,whereasherewe shawv that in fact our argumerts are purely symbolic.
Moreover our proof hereis little bit simpler becausan symbolic setting mea-
sure and metric structure of the phasespaceare nicely related. The lack
of sudh a relationship in smaoth caseexplains di culties in extending the
results of [3] about three{dimensionalcortact o ws to higher dimensions.

Sothe newingrediert in the proof of Theorem1.1is densenessf strong
non-integrability. This part is motivated by a paper of Parry and Polli-
cott ([8]). Among other things they showved that the set of mixing ows is
open and dense. In Section3 we re ne their argumens to get strong non-
integrability which implies exponertial mixing via argumeris of [3]. Let us
also note that our setis much smaller then that from [8]. In fact it is not
hard to prove that the latter setcorntains functions with arbitrary slov deca
rates.

Acknowledgmen t. Part of this researb wasdoneduring my stay at Manch-
ester University and | thank M. Pollicott for his hospitability. | am also
grateful to the refereewho has pointed out 96 errors and misprints in the
rst versionof this paper. This work is supported by Miller Institute of Basic
Researb in Science.

2 Scheme of the pro of.

Here we give the scheme of the proof of the main theorem. Proposition 2.1

and Lemma 2.2 are proven in Section 3 while the proof of Lemma 2.3 is

given in Section4. The proof of the main theorem consistsof three steps.

Let C*() bethe setof functions dependingonly on the 'future' coordinates
M")= (Cotaiilni:

() It is enoughto prove our result with C () replacedby C*() : Indeed
let B () be the spaceof coboundariesB () = f 2 (} () sud that
of 2C() « (M)=1f() f(!yxf2C()gB" =B C'():B()
is closedin C () by Livsic theorem (see[7]). If © %2 B then Cis
ewertually positivei  %is evertually positive. In this caseS'( 9 and S'( %
are Lipschitz conjugated (by a change of variables (! ;t) = (! ;t+ f(!)))
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and Holder spacesare presened by this conjugation. Thus we can speak
of an elemen of C =B being exponertially mixing. Now, accordingto ([8],
Proposition 4) there is an isomorphism :C =B ! C3# =B#- sud that if
[ 1= []then 2 BP-: From this it is easyto seethat following
statemerts are equivalert:

exponerial mixing is genericin C ;

exponerial mixing is genericin C =B ;

exponertial mixing is genericin C3-=B# -;

exponertial mixing is genericin C?3 -:

Remark. It is alsoclearfrom (I1) that the condition we useto prove expo-
nertial mixing is formulated in terms of C*=B* rather then C :

(I Now we introducethe condition of strong non-integrability we useto
obtain exponertial mixing. To this end we recall the de nition of temporal

distanae function. Write WS(! )= f$ :9nwith $; = !';fori ng,WU(!) =
f$ :9n with $; = !; fori  ng: Considera quadruple! %;! 2;1 3,14 sudh
that 1 22 WU(I 1); 142 Wyl 3); 132 ws(l1); 142 Ws(! 2): Denote

)1

CEEIEIIY= LMY (MY (MY (U @)
1

n=

This seriescornvergesexponertially fast (cf. the proof of Proposition 2.1).
To explain geometricmeaningof ' recall the notion of the local product

structure. For! 2 let!,;! bethe sequence$! g-,;f!ig, :If!1d=
I2let[!1;! 5] denotethe local product of ! * and ! 2 that is[! ;! 2] =11;
['412, =12 For(!;s) 2 de ne its strong stable and strong unstable

setsasfollows.
WSS(1;8) = f($;s) :d(S'( )(!;9);($;9)! 0, ast! +1 :q:
WUW(:s)=f($:9):d(SY()!;9):($;s)! 0, ast! 1 g
It is easyto seethat
WsSS(1;s)=f($;s):$2W3(!) ands s= (';$)g
WU ;s)=f($;s):$2WH(!) ands s= (;9%)g

here
W %

(1:8)= [ (58
=0

n
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%

u(158) = [CiY) (8
n=1

We can also considerlocal versionsof these sets, that is W3 (!) = f$ :
S, =g W) =1F$ :8% =1 g W2(;s)=f($;s) 2 Wss(;s):
$ 2 WS.g W(I;s) = f($;8) 2 WW(l;s) :$ 2 Wi Nowif 102
WS(1 9§ (192 wu(1 %) let H, o, o0 be the holonony map from f! g R to
f1 % R alongthe strong stable (strong unstable) setsof the ow. Thus
Hiojo! 85) =19 R WS ie.

Hiorof! 5) = (1 %s+ (1 51%)
(respectively Hy oy of! %5) = 100 R T WU je.
Hioiof! 25) = (1 s+ (1 %1 %)):
Then
Hisyr Hyzgs Hyayo Hyngact! t+ " (0510203109%:

It is clearfrom (2) that ' remainsthe sameif we change by a coboundary,
so,actually ' isde ned on C"=B*: Weuse asa subscriptif it is not clear
which roof function is considered. The following bound is immediate. (See
Section3.)

Prop osition 2.1. If 11 =13 12=1%andd (1412 N;d(3!9%

Nthenjt (1 5121318 2k k N:

De nition. Call 2 C*() strongly non-integrableif 9C; ;$%;$2:$1 =
$ 2 and a neighborhood U($ 1) suc that 8! 1 2 U such that

1t=gt o314 12=¢g% 13=14=g¢2;, 13=11. 14=

~

+ N
w
~—

d(¢tr?d Nd@¢3t4  Nand
jrehrEr Y N (4)

Let usexplainthe meaningof (4). Although ' appearsto be a function of
four variables, it is actually determinedby ! * and! 4 since! 2= [! ;! 4] and
2= 411 Now (4) says that on a large subsetof ' is asirregular
aspossible. (In the above de nition we askthat !  and! # lie on xed local
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unstable sets, but it is donein order to simplify the proof of the denseness.
We then showv in Lemma 4.8 that this requiremen can be disposedof.)

It is easyto see([4]) that if ©  0then S' hasa cortinuouseigenfunction
(i.e. S'is integrable). So strongly non-integrable systemsare as far from
integrable onesas possible(accordingto Proposition 2.1). This proposition
alsoshaows that strong non-integrability is an open property.

Lemma 2.2. Strong non-integrability is densein C* () :
The proof is given in the next section.

Remark. It is also possibleto de ne strong non-integrability for elemeits
of C () : In this casethe upper boundisj' (! 1;!2;1 3;14)j Consk k =
and thus one should requirej' (! L;d 2,1 3,1 4)j ¥ in place of (4). (The
appearanceof % hereexplainsthe = in (I).)

(') The last ingrediert in the proof is the following.
Lemma 2.3. Strong non-integrability implies expnential mixing.

The proof appearsin Section4. Clearly, (I)-(1 I1) prove Theorem1.1.

3 Prevalence of strong non-in tegrabilit .

Pr oof of Proposition 2.1: Writing

K1
_[(!1) 3 )+ (9=

n=0

X1 X1
[¢hH 9 [ 9
0 _

n= n=0
we seethat if 11 =12:12 =14 then all positive terms in (2) vanish sowe

can write
ez =T ey nE e my (nep
n=1 n=1

The result follows sincethe n th term in the both sumsis bounded by
k k N*": m
Proof of Lemma 2.2: First we describe the choice of $1;$2 and U:
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Since the number of periodic points of period n grows exponertially, for
somem, there are two periodic points ' and 2 of prime period m, with
=2 andsud that the orbits of *and 2 aredierent. Let = (w!)?!;
2= (w??! beinnite concatenationsof words w*; w? of length mo; that is
wh = 4 4iir ), 1 Choose$!and$?sothat $* = 1;$2 = 2;and
sothat the words corresmnding to the rst my symbolsof $1 (= $2) are
di erent from the words correspnding to the rst mg symbols of of 1 *
and 1 2for0 | < mg (for large mq this is possiblesincethe number of
words of length mg starting with a given synbol a grows exponertially). Let
Uu=f!:d(;$H Mg
Before proceedingfurther let us make a commen. It appearsthat for
xed N condition (4) involvesan in nite number of inequalities. Howe\er,
it is enoughto verify a nite number of them as we now explain. Given a
word W = wow;:::w 1 denoteby Gy the cylinder Gy = f! :1; = wj
for0 | | 1g: Let , be the set of words of length n: It is su cient
to prove that 9m sud that 8N 8W 2 .y sud that Gy O = p(U)
ol 11213142 Gy satisfying (3) and sud that

esrseshp o m (5)

Since  Is nite (5) cortains nite number of inequalities for any xed
N: To show that (5) implies (4) consider~ 2 U suc that ~ = $?! and let
n=[$2+]: GivenN let N = [N]: Consider! %;! %1 31 4 with || = & for
0 j m(N+1)andj (1121319 m(N+1) . We have

N I e B T (o B AT B N (B S B

so at least one of the terms on the RHS is greater than 5 ™M+ =N
whereasd (~;!'1)  Niod(~1?%) N

Now for ead symbol b choosea sequenceW® 2 |, sud that bWP® is
admissible(here bWP denotesconcatenationof band WP®). Forany W 2
let V(W)= WWWm 1 We will considerperturbations of the form

X X
~= + "w TNy oy (6)
N W2 n
wherel, ... , is the indicator function of the setf! :!; =1; forO | ng:
We show that given we can choose ;m and "y = soasto satisfy (5).

Indeed x No and W 2 n,: Consider! ;1 2,1 3;1 4 suc that (3) holds,
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!i2CW;!12Q,(W);!ZGZG,(W):Write'~:' + ' + ! + ' .

N No N
where .; n, and , correspnd to the summationsove? the terms with
N < Ng; N = Ngand N > Ng in (6). Assumethat "\, are already chosen
for N < No: Wehave' | (! 5121314 ="y m(No+1) - |ndeed, due to our
choiceof $ 1;$ 2 and U only onenegative term (j = myg) in (2) is di erent
from O and all positive terms vanish as in Proposition 2.1. By the same
argumert

m(No+2)

i (EhTE Y] m o= : (7)
No i = No+2 1 m
Take = Tm: If mis large, > lzmm: Choose "\, of the samesign as
¢+ ) )(! L1201 314 then
0
¢ DEEBIS ey MmN = g oy (g)

Finally, (7) and (8) imply that j' (! ;! 2;1 3;1 %); mNo asneeded.m

4 Proof of Lemma 2.3.

g)
Herewe prove Lemma2.3. Solet F 2 C () andf = F(!;s)ds: Intro-

0
ducethe operatorLy: C*() ! C*() givenby (Lgh)(!) = $P_'e9($)h($):

Let sg bethe root of Pr(f so ) = O; wherePr standsfor topollogicalpres-
sure. It is proved in [3] that exponertial mixing is the consequencef the
following estimate.

Lemma 4.1. 9C;p;"; R> 0and < 1suchthatfor j<s sgj<"j=sj> R
KLY ¢ hk C "jbPkhk:

As in [3] we useLemma4.1to prove exponertial mixing for obsenables
from the spaceC .,( ) of functions two times di erentiable in the direction
of the ow and then appraximate elemens of C () by thosefrom C .,( ):
In this sectionwe shav how to verify Lemma4.1in our setting.

Lets=sp+a b;

f@=f (sp+a) InPr(f (sp+a) )+Inhy Inh ;



whereh;, is the leading eigervalue of Ly (., : INntroducea norm

Ly

khkiy = max khky; —=
(b) 0 Jli]

whereL (h) is the Lipschitz constart of h

jih(' )  h(! ?)]
0 o Mg

(Note that this de nition is slightly di erent from the usualde nition of the
Lipschitz constart. This is donein order to simplify the formulae below.)
Becauseof analyticity of Pr(f (sp+ @) ) and Inh, in a and sincelL 4 and
Lg+g0 g areconjugatedby multiplication by e’ it is enoughto prove

Lemma 4.2. 9C;p;"; R> 0 and ~ < 1 suchthat for ja sgj< " jg>R
kL?(a) ib hk(b) C~njt].pkhk(b):
Write Lab: Lf(a)+ib .
Prop osition 4.3. If is a local branchof " (that is " = id and
d(!'Y 12)= "d(!112) then

) kkd(l!il;!z):

Pr oof:
X 1 . . X 1 :
Pa(th  a( ] joith () kkd (1512 "
j=0 j=0
This bound implies (cf. [7], Ch 4)
Prop osition 4.4. There existsa constantK = K (f; ) suchthat
IiL Bohiiw K (ihijez o)+ "l hij )
Denote gii i
_ 4.
9= 7 9)

Dene Ky = fH O0:L(nH) Ag Leth 2 C"() : We sy that H
dominatesh (writing h H) if H 2 Kgy; jh(!)j H(')andford (! ;! 2) %
the dierence jh(! 1) h(!?)j qhbH(( Hd (! ;! 2): We prove the following
estimate
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Prop osition 4.5. There are "; n so that given s there is a nite number
N1(s); N2(s) :::Ny(s) of linear operators on C* () suchthat

(@) Nj(s) preservesKgy;

(b) for H 2 qubj

Z Z

(NjH)2d 2 (1 ") H% 4
whee , is the equilibrium state for f ¥;
(c) If h H then9j = j(h;H) sothat (LJ,h) (N;H):

Let us ched that Proposition 4.5 implies Lemma4.2.
Pr oof of Lemma 4.2: Let n = RInjj whereR is large enough,then

i iR (10
Indeed, gjj hjj ;1 dominatesh and sojjhjj 2 ,)
L 2N Niy 3 2ot N (difhjj g D)Lz )
i hjj iiN i Ni 4 22N Ljeg )
djhjjp@ "™

wheren = r+ nn: Combining (10) with Proposition 4.4 we get the following
matrix inequality

iLhiccy 0 F ey
JIL Zohii o) K &  lihip

Iterating we get
N N K, . . K.. .
L3hiie o= (Kiihjje )+ @+ )iihjiw):
jo ja
This provesLemma4.2with ~ beingany number greaterthan exp( %) and

p=Rin:)m

The proof of Proposition 4.5 occupiesthe rest of the paper.
We begin with describingN;: Denote

L.
T (1D
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where comesfrom (4). Let ", be a small number (more precisely we require
that

1
1< (12)
and 84 AB C sudh that 6A & and jAB]j J'Al_?
jBCj  JABj+ (1 "1)JAC)) (13)
Let m be a natural number sud that
m < "o
10 (14)

Let U = pU whereU is a the setwhere(4) holds. Let
n=ne+n; (15)
whereng is the smallestnumber sud that
ng= * (16)
and n; be the smallestnumber sud that
N min(%; ﬁo) a7)

DenoteM , = L},: Givenbdenoteby N = N (b) the smallestnatural number
suc that N Y —: Thus

4bjj i -
T ) N 1
< I 18
4ibjj jj 4ibjj jj (18)
If J is a subsetof Nim+n Write 5 = P lg,: FOrJ 2 N+m+n and
w2J

positive number " dene N (H) = M4(1 " ;)H): Call J denseif
8W 2 \9V 2 J sud that V = W;WW, where W; and W, are words of
length n and m respectively.
Prop osition 4.6. (@) N U0 1 Ky ! Ky

(b) If h H thenford (! ;! ?) < J.%

JLRDED (LD gbi(N O IH)( Hd (1512,

(c) If J is densethen there exists", = "»(f; m; n) suchthat for all H 2 Ky
z z

(NO™DH)Zd o (1 ") HZd o
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Pr oof: To prove (a) notethat (1 "; ;) 2 K where~™! QOas";! O
DenoteH = (1 "y ;)H, then B 2 Ky, 45 Now if 1 =15 then

X (a)
(M oF)(1 Y = e Ir (S
ngil=11
X £ (3) (g 2)4 i@y g (112 2ya d (151 2)(T+g)jhy
en 1 o H($ )e ST =
n 2=12
$2=1 1

f (@
o dexp S0 (=4 gt

wherethe inequality follows from Proposition 4.3. If bis largeand ~is small

jif @jj L
LA +aig db;

B LY L= PR,y @O aEIng ) =

ng =1
X [e(fr(,a)+ibn)($1)(h($1) h(s )1+ X [(e(féa)+ibn)($l) e(féa)+ibn>($z>)h($l)]
ng =1 .
=)+ ():
Now
IOV T IO N O L R s T 1 T 1>H)('1)L11'2>

X a ) a . .
i(nj j(efn G S (@it ) 2y )j+
ng =1
(e(fga>($ 1)je”° M) @b n)®2Y)iih($)j= (11L) + (1)
ng =1
where

X @ ijf @jid(r 12
(1) . j(eenl Ji( )
dit 4! 3ji i

2 1

LA 512 i (N TR Y
1 1 "

H($Y

(MaH)(! )
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(the rst inequality usesthe fact that d(! *;! ?) is very small) and

(g VO gy gy 080D (NO"IH) (Y

1 1 1 ")
1 2((1JJ : ;L(ljbm "ij))('\' GEOH)(1 (%1 )
and so
- R )
JLaphC Y (Lph)(P D) b 1 . (NC"DH)( bHd (1 L1 2):

If n and b are large then (recall (12))

q"+ G jj+ ”f”)
i

(19)

(One can che that
3 (20)

and jbj > 1001} su ces for (19) .)

(c)LetW 2 N;V=WWW,2 yim+n; V 2 J: DenoteW = WWsy:
By Caudy-Scwartz 8! 2 Gy (NYtH)(') (@ )M aH)(' ): Now (c)
follows from (a) and the fact that there is a constart ¢ = ¢(q) sud that for
allH 2 qubj; 7 7

H% , c H2 ,

Gw W)

(see[3], Lemma 12 for details). m

Thus it remainsto prove that if h H then there existsa denseJ = J(h;H)
sothat j(Lo,h)(1)j (N G"IH)(1): Given two inversebranches ; and
of " sothat 8W 2  denote

jelfa”+ib 1R 1)+ @fa?+ i 2DR( )

) e R+ 6P R )

jelfa”+ i) aDpC 1)+ @+ 2Dh( 1)
€ CH( )+ (1 T DH( )

2(')_
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Lemma 4.7. ; and , can be chosenin sucha waythat 8W 2  9j 2
f1,29;V 2 n+m suchthatW V and8! 2G, (') L

(Herewewrite WV to meanthat W is the beginningof V). The proof
of the lemmais given later.

Pr oof of Proposition 4.5: LetfN;g= fN U"g; where"; isa xed
small number and J runs over all densesetsof .+ m+n: Then by Proposition
4.6 conditions (a) and (b) are satis ed soonly (c) remainsto be proved. Let
h;H be given with h H: For each W 2 | chooseone pair fj; Vg so that
V2 nem; W Vand (1) < 1for! 2 G (Given W the set of
sud pairs is non-empty by Lemma 4.7.) Let J = f ;(W)V(W)g: Then
J is dense. Now in view of Proposition 4.6(b) we only needto show that
JLo () (NCGIH)(): Let! 2 * andlet W 2 be a word with
I 2 Gy: If ! 62G,w) then (NU"IH)(1) = (M 4H)(! ) sothere is nothing
to prove. If I 2 G, and, say, ] = 1then

J(Lash)(1)j

je(fr(ua)+ib (1! )h( )+ e(fr(]a)+ib n)( 2! )h( o))+ X je(f,(,a)+ib n)($)h($ )j
$62f1!; 2!g
. . X a
TG ")+ dTCDH( ) + je/H (8)
$62f 1! 2l g
(NUIH)(1 )m

To establish Lemma 4.7 we need two auxiliary estimates. The rst one
essetially provesLemma4.7 when Arg(h) is constart while the secondone
allows us to cortrol oscillationsof Arg(h):

Lemma 4.8. There exist two inverse branches ; and , of " so that
W2 N8V 2 Nem W VIWV2 yim:W V suchthat if

(n)(! H)= a(4!) n( 2!) n( M)+ n( 2H)

then8! 2 G ;~2 G

" 1

N B (I S | = 21
T (B b (21)
Remark. The upper bound is easyand holdstrue whether satis es strong
non-integrability or not. The key estimateis the lower one. The point of the

upper bound is only to ensurethat dist(jl ™M ;! 2):2 Z) "o
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Pr oof: We prove the statemen of the lemmafor the caseW O with

n replacedby n; sinceif ~ work for U then ; = ~ work for * where
I O is aninversebranch of ": LetV W U be given. Take
some! 2 V: By strong non-integrability 9! ;121314 11 =13 =1,
d(yrz  Nod(@3rd Nandj (P23 |\':Thus%
R EARAR] ﬁ (the secondinequality is by Proposition 2.1.) To
de ne ~ we have to specify (5! ); fori < ng: Set(~!)i =1}, (=!)=

3 ; .
13, fori<ng Then

l(nl)(' 1’| 2’|3,|4): [ (| 1,| 2,| 3’|4) (nl)(|1.’|f)

satis esj’ (")(1 ;121314 AL (the proof is the sameasin Propo-

sition 2.1 but now the rst non-zerotermisj = n,). Thusif ny is solarge
that "q
n ; 0,
! —; = 22
m|n(2,4) (22)
then o 3
S0 gtz = 23
T ( )i P (23)
(sincein this case
2jj jj Ntm "o 1
— m|n(T; —)
1 2ih " 4
by (18).) Now if ! & FOsatisfy ! °= 1 1; R0=12for0 i N + m then
j (nl)(! (1'LC) (nl)(! 1;! 42-)J J n1(~l! 41-) n1(~1! C)J+J n1(~2! 41-) n1(~2! C)J+

. . o 2j gj N
J n1(~l! E) n1(~1-l"0)1 + ) n1(~2! E) n1(~2!"% %

becauseead term is lessthan 2 1""" py Proposition 4.3. Now

2 j v
1 26 201

andsoV =fk:~=12for0 i N + mgisthe requiredset. m

16



Prop osition 4.9. Leth H then
(a) 8W 2 81122 Gy

1 OHGEY)

2 H(.(7) )
(b) 8i 2 f1,;2g either
815122 Gy (1Y SH( 1) (25)
or 1
815122 Gy jh(ithi ZH(?); (26)

(c) If for somei 2 f1;2g (26) holdsthen jArg(pi)i 18

Proof: (@) H( !'Y)  ettid (' 5tHH(12) i " ""H( 12) and
e " < e3 < 2 by (9), (17) and (18);
(b) If 91 ;1 2:

jh( i ZHC D) 27)

then 8~1; K2
jh( i+Y)j (domination)

ih( ' Hj+ gl N*"H( 'Y (domination)
HC DI+l VTHCEY @)
FHCID+AE VTHOY) @

2+t VH(H) (@) and (18)

1
(5+2 "H( i+
Thus if

"< (28)

ol =

then 3
ih( i+Yj ZH( ir2)

asclaimed;

17



) h( i®=h(!)+ (;%); where
j (R il NTTH( ) Agig N )

Thus h( 1)
i 1 il N+n 4 n
n(m 9
Thus (c) follows if .
n 0.
400.l (29)

Pr oof of Lemma 4.7: If for somej 2 f1;2g (25) holdsthere is nothing to
prove. (Recall (12).) Thuswe canassumehat (26) is satis ed for j 2 f1;2g:
ConsidersomeV°2 yim: W  V© Assumethat

9 h122G0 #(!H>1 and H(1H)> 1L (30)
We claim that in this case

jArg(e” "(+h( 41))  Arg(e® " h( 21))j g (31)
To prove (31) supposethat for some! © 2 VOjh( 4! %)j > jh( 5! 9)j: It follows
from (26) that for all ! 2 V©°

1 h(;!)

4 h(,;9

Thusjh( {!)j> %jh( 21)j: Now L1(! ) > 1 implies (recall (12))

Arg(e® "1 Oh( 11 %)  Arg(e” (2 In( o1?) oo

Combining this with Proposition 4.9 (c) and Proposition 4.3 we get
jArg(e® "(h( 11))  Arg(e® 02 h( 2! )]

%’OHH n( 1) n(|1!2)+jlj a( 2!)| (o2 4
h( ) h(o!)

h( 2% h( 2!?)

o, Ahi§ T 2%

100 1 100

Arg

+ Arg

18



2
25

which proves(31). Let now V; ¥V be a pair satisfying the conditionsof Lemma

4.8. Supposethat (31) holdstrue both on G, andonG,: Then 8! 2 G,;~ 2

& ! !
h( 1!) Ar h( 2!) "0

h(:5 0 h(H) 5

Comrbining this with Proposition 4.9(c)weobtain jbj ™(!;+)j  £"o which
cortradicts (21). Hence(30) is falseeither on V or on V asclaimed. ®
This concludesthe proof of Lemma4.1. Finally note that the requiremens
on n are given in inequalities (20), (22), (28) and (29) sothat (15) su ces
to satisfy them.

b M :~)+ Arg

References

[1] M. I. Brin Topological transitivit y of a certain classof dynamical sys-
tems, and o ws of frameson manifolds of negative curvature, Func. An.
& Appl. v. 9 (1975),no0. 1, 9{19.

[2] R. Bowen Mixing Anosor o ws, Topology 15 (1976) 77{79.

[3] D. Dolgopyat On deca of correlationsin Anosor ows, Ann. Math. v.
147 (1998) 357{390.

[4] D. Dolgopyat Prevalenceof rapid mixing in hyperbolic ows, Erg. Th.&
Dyn. Sys.v. 18 (1998) 1097{1114.

[5] B. Hasselblatt& A. Wilkinson Prevalenceof non-Lipshitz Anosor folia-
tions, Erg. Th.& Dyn. Sys.v. 19 (1999) 643{656.

[6] M. Hirsch & C. Pugh Smaothnessof horocyclefoliations, J. Di. Geom.
v. 10 (1975) 225{238.

[7] W. Parry & M. Pollicott Zeta Functions and periodic orbit structure in
hyperbolic dynamics, Asterisquev. 187-188 (1990).

[8] W. Parry & M. Pollicott Stability of mixing for toral extensionsof hy-
perbolic systems,Proc. of Steklovinst. v. 216 (1997) 354{363.

19



[9] M. Pollicott & R. SharpExponertial error terms for growth functionson
negatively curved manifolds, Amer. J. Math. v. 120 (1998) 1019{1042.

20



