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Abstract

We study a particle moving at unit speed in a channel made by
connectedself-similar billiard tables that grow in sizeby a factor r > 1
from left to right (this model was recently introduced in physics lit-
erature [1, 2]). Let q(T) denote the position of the particle at time
T. Our main result is the existenceof an asymptotic distribution of
q(T)=T as T ! 1 and f ln T=ln r g ! � for some0 � � < 1.

1 In tro duction.

A billiard is a mechanicalmodel in which a point particle movesin a container
D and bounceso� its boundary @D. This is a Hamiltonian systempreserving
a smooth Liouville measure.The corresponding return map constructedon
@D (also called the collision map) preservesa smooth measure,too.

If the billiard table D is unboundedand spatially isotropic, as is a peri-
odic Lorentz gas, then billiard dynamics represents a mechanical systemin
equilibrium. The billiard particle in a planar periodic Lorentz gaswith �nite
horizon exhibits a di�usiv e behavior without drift [6, 13]. If the horizon is
in�nite, the di�usion becomesabnormal [5, 18], but the drift is still absent.

In order to inducea non-equilibrium steadystate with sometransport of
mass(manifestedby the particle's drift), onecan apply a constant external
force on the particle [11, 12, 16]. Then the drift may be observed and the
invariant measure(steady state) may becomesingular. Though one has to
prevent an inde�nite acceleration(heat-up) of the particle by introducing
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a thermostat. For example,Gaussianthermostat [11, 12, 16] keepsthe ki-
netic energyof the particle constant; the corresponding equationsof motion
(betweencollisions) read

(1.1) _q = v _v = e � he; v ihv; v i � 1v;

whereq is the position and v the velocity of the particle, e is the (constant)
external �eld, and h�; �i denotesthe scalarproduct of vectorsin R2. It is easy
to seethat hv; _vi = 0, thus kvk2 = const.

Planar periodic Lorentz gaseswith �nite horizonwherethe particle moves
in a small external �eld e accordingto (1.1) were studied in [11, 12]. It was
shown that the systemhad a unique (singular) invariant measure,� e, with
smooth conditional densitieson unstablemanifolds (i.e., SRB measure),the
average speed of the particle was � e(v) = De + o(e), where D was the
di�usion matrix corresponding to the unperturbed system(with e = 0).

The Gaussianthermostatted dynamics(1.1) canbedescribedby Hamilto-
nian formalism,aswas�rst noticed in [14]. A generaltheoremby Wojtk owski
[19, 20] statesthat the billiard table canbe transformedby a conformalmap-
ping to the socalled torsion free connection(called the Weyl connection)so
that the tra jectoriesof (1.1) are mapped onto geodesiclines (tra jectoriesof
the Weyl 
o w), and the specular character of re
ections at the boundary is
preserved. The unit cell of the periodic Lorentz gasis then transformedinto
a distorted (asymmetric) domain, seebelow.

Now considera unit cell of a periodic Lorentz gas (with �nite horizon)
and imposeperiodic boundary conditions in the y direction but not in the
x direction. Then onegets the so-calledLorentz channel [15], a 1D chain of
identical connectedcells. Supposethe particle movesin the Lorentz channel
accordingto (1.1) under a small horizontal external �eld e = (e;0), e > 0.
Then Wojtk owski's transformation mapsthe Lorentz channelonto a chain of
connectedself-similar dispersingbilliard tables that grow in sizeby a factor
r = exp(e) > 1, see[3], from left to right.

Such a channel of self-similar billiard tables was recently independently
introduced by Barra, Gilbert, and Romo [1], who studied the resulting dy-
namicsheuristically and numerically. They madeseveral interesting conjec-
tures on the existenceof a singular SRB measure,on the asymptotic drift
of the particle, and on the relation between Lyapunov exponents and the
entropy production rates. Someof their conjecturesactually follow from the
results of [11, 12] if onemakesuseof Wojtk owski's theorem[19, 20], seethe
latest papers [2, 3].
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Here we obtain rigorous results related to someother conjecturesmade
in [1, 2], speci�cally thoseconcernedwith the asymptotic drift of the particle
in the Barra-Gilbert-Romo (BGR) channel.

2 Statemen t of the result

To de�ne a BGR channel of self-similar billiard tables we �rst describe its
fundamental cell D0, seeFig. 1.

We �x an r > 1 (the scalingfactor, seebelow). The cell D0 is madeof a
trapezoidwith unequalvertical sidesof length d

p
3=r and d

p
3r , respectively,

and equal top and bottom sides,hered is the (horizontal) distancebetween
the vertical sides. Our cell D0 is the trapezoid minus �v e disks: one of
radius R centered on the intersection of the diagonals,two disks of radius
R

p
r centered on the right hand sidevertices,and two disks of radius R=

p
r

centered on the left hand sidevertices.
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Figure 1: The cell D0 and the action of ~F on ~
 .

Thus our cell is a billiard table boundedby one full circle, four circular
arcs,and four short line segments connectingthe endpoints of the arcs. We
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assumethat R is largeenoughto ensurethe �nite horizoncondition (meaning
that every billiard tra jectory collideswith the circular part of the boundary),
but not too large to prevent the disks from overlapping. This imposessome
restrictions on d and R, seedetails in [1, Appendix A].

The ratio of the vertical sidesof our cell is r > 1. Now we attach to D0

a bigger cell, D1, identical in shape to D0 but scaledby r ; we glue the right
sideof D0 with the (equal in size)left sideof D1. Similarly, we attach to D0 a
smallercell, D � 1, scaledby r � 1, gluing the left sideof D0 with the right side
of D1. Repeating this proceduregivesa chain of self-similar cellsD i , i 2 Z,
and we call D = [ i 2 ZD i the Barra-Gilbert-Romo (BGR) channel (Fig. 2).

Figure 2: The Barra-Gilbert-Romo (BGR) channel.

Observe that the size of D i is proportional to r i , so our cells grow ex-
ponentially from left to right, and the negative `half' of the chain [ i � 0D i is
actually bounded. Also note that each pair of adjacent circular arcs in the
neighboring cells D i and D i +1 have the samecenter and radius, thus their
union is a (bigger) circular arc. Furthermore, every circular arc is perpen-
dicular to the adjacent (top or bottom) sideof the cell. This all implies that
our billiard table essentially hasno cornerpoints (they can be eliminated by
a standard unfolding scheme[13, Section1.2]), and our dynamicsequivalent
to a dispersingbilliard with smooth boundary.

We considera particle moving in D at unit speedand bouncing o� @D.
Note that the common vertical edgeof every pair of neighboring cells D i

and D i +1 is not a part of @D, thus the particle is free to move from cell to
cell all acrossthe channel D. We supposethat the initial position q(0) of
the particle is uniformly distributed within D0 and its initial velocity v(0) is
uniformly distributed on the unit circle. Let (q(t); v(t)) denote the state of
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the particle at time t.

Theorem 1. There is " 0 > 0 such that for 1 < r < 1 + " 0 the following
holds. Supposethat Tn ! 1 so that the fractional part f ln Tn

ln r g ! � 2 [0; 1).
Then the distribution of q(Tn )

Tn
convergesto a limit (which may depend on � ).

Our theorem statesthat the limit distribution of q(Tn )
Tn

, as n ! 1 , exists
but it doesnot specify how (and if ) it dependson � . In particular, it may
be constant, i.e. q(T )

T may simply convergeto a limit as T ! 1 .
However, our explicit formulas in Section5 suggestthat the limit of q(Tn )

Tn

has a non-trivial dependenceon � . In addition, recent computer simula-
tions [4] reveal that the ratio q(T )

T doesnot converge to a limit but evolves
periodically, in accordancewith our theorem (more precisely, q(T )

T changes
periodically with respect to the variable ln T; and its period is ln r ).

3 Collision map

The self-similarstructure of the BGR channelallowsus to reducethe dynam-
icsof the particle in D to the motion of a (model) particle in the fundamental
cell D0. Precisely, if the real particle (q; v) moves in D i , our model particle
(~q; ~v) movesin D0 so that

(3.1) ~q = q1 + (q � q1 )=r i ; ~v = v=r i ;

where q1 = (� d=(r � 1); 0) is the accumulation point of D i as i ! �1 .
We denoteby � the projection (3.1) of the phasespaceM = D � S1 of the
real particle on the phasespace ~M = D0 � R2 of the model particle. Then
we have ~� t � � = � � � t , where � t : M ! M and ~� t : ~M ! ~M denote the
corresponding phase
o ws.

The motion of the model particle in D0 is governedby the following rules.
Let � L and � R denote the left and right (vertical) sidesof D0, respectively.
When the particle hits � R at a point (d;y) with velocity v, it instantly reap-
pears on � L at the point (0; y=r) with velocity v=r. When it hits � L at a
point (0; y) with velocity v, it reappearson � R at the point (d;yr ) with ve-
locity vr . Theseare `periodic' boundary conditions with rescalingof the y
coordinate and the velocity.

Let 
 denote the cross-sectionof the phasespaceM consistingof pair
z = (q; v) whereq lieseither on the boundary@D or on a commonvertical side
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of someneighboring cells D i and D i +1 and (for q 2 @D) v is the `outgoing'
(postcollisional) velocity vector. We call 
 the (extended) collision space
and denoteby F : 
 ! 
 the corresponding return map, or the (extended)
collision map.

Then ~
 = � (
) is a cross-section(the collision space)for the 
o w ~�; it
consistsof points z = (q; v) whereq 2 @D0 and v points insideD0. Wedenote
by ~F : ~
 ! ~
 the corresponding return map; note that ~F n � � = � � F n . The
action of ~F is illustrated in Fig. 1 (b). It is clearly independent of the speed
kvk of the model particle, sowe may for simplicity normalizeall the velocity
vectors in the space~
 .

When the original particle moving in the channelD crossesfrom onecell
D i into the neighboring cell D i +1 or D i � 1, our model particle appearson � L

or � R, respectively. Accordingly, we de�ne a function � on ~
 such that

�( q; v) =

8
<

:

+1 if q 2 � L

� 1 if q 2 � R

0 elsewhere

Let

I n =
nX

i =1

� � ~F i :

Observe that the original particle, after n re
ections (n iterations of F ), will
be exactly in the cell D I n .

As we said, Wojtk owski's theorem[19, 20] allows us to transform the tra-
jectoriesof the 
o w � t into thoseof the Gaussianthermostatted particle in
a periodic Lorentz channel with �nite horizon under a small external �eld
e = (e;0) (whosevalue is determinedby r , preciselye = ln r , see[3]). Even
though Wojtk owski's transformation doesnot necessarilypreserve convexity,
the imagesof the curved boundariesof D0 will remain convex when " 0 in
Theorem 1 is small enough. While this transformation does not synchro-
nize time between collisions, it certainly establishesa conjugacy between
the corresponding collision maps. Thus the map ~F : ~
 ! ~
 has all the
sameproperties asthe collision map of the thermostatted particle studied in
[11, 12, 8].

In particular, the map ~F hasa unique SRB measure,� (invariant proba-
bilit y measurewhoseconditional densitieson unstablemanifoldsaresmooth),
which is ergodic, mixing, Bernoulli, and positive on open sets. This measure
enjoys exponential decay of correlations, satis�es the central limit theorem,
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and has other strong statistical properties [11, 12, 8]. For r = 1, we recover
the billiard map ~F 1 on a (symmetric) fundamental cell of the periodic Lorentz
gasthat preservesa smooth measure� 1.

If 
 � ~
 is a su�cien tly smooth unstable curve and � a su�cien tly
smooth probability density on it, we call ` = (
 ; � ) a standard pair, see
precisede�nitions in [9, Section 4] or [13, Chapter 7] (as usual, we only
considerhomogeneousstable and unstable curves, on which we can control
distortions, see[8, page216]or [13, Chapter 5]). Wedenoteby P` the measure
on 
 with density � . For any function A : ~
 ! R we put E` (A) =

R

 A dP` .

We say that ` = (
 ; � ) is proper if length(
 ) > � 0, where � 0 > 0 is a small
but �xed constant.

A standard family [13, Chapter 7] is a (countable or uncountable) collec-
tion G = f ` � g = f (
 � ; � � )g, � 2 A, of standardpairs with a probability factor
measure� G on the index set A. Such a family inducesa probability measure
PG on the union [ � 
 � (and thus on ~
), and we write EG(A) =

R
~
 A dPG. To

control the sizeof curves
 � in a standard family G, we use

ZG : = sup
"> 0

PG(LG < ")
"

= sup
"> 0

R
P` �

�
x 2 
 � : LG(x) < "

�
d� G(� )

"
;

whereLG(x) denotesthe distancefrom x 2 
 � to the closerendpoint of the
curve 
 � . A standard family G is proper if Z G � C0, where C0 is a large
constant (so that any proper standard pair makesa proper standard family).
If a family G is not proper, but Z G < 1 then its image ~F nGwill beproper for
n � C1 ln ZG, whereC1 > 0 is a large constant. In particular, if a standard
pair ` = (
 ; � ) is not proper, then its image ~F n ` will be a proper standard
family for n � C1

�
� ln j
 j

�
� .

For any proper standard family G the iterations of the measurePG under
~F weakly convergeto � , so that

EG(A � ~F n ) ! � (A);

and the convergenceis exponentially fast for H•older continuous functions.
(For billiards, this fact was proved in [13, Section7.5], and in our casethe
sameargument applies,cf. [8].) Moreover, it is proved in [11] that the ther-
mostatted Lorentz particle hasa non-zerodrift, thus

�� : = � (�) > 0:
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More precisely,

�� = De+ o(e) = D(r � 1) + o(r � 1)

whereD = 1
2

P 1
i= �1 � 1

�
(� � F i

1)�
�

is half the sumof autocorrelationsof the
function � in the unperturbed (classicalbilliard) system.

The functions I n have the following standard statistical properties:

Prop osition 1 (Cen tral Limit Theorem, see [8]). For any proper stan-
dard family G the sequence n� 1=2(I n � n ��) converges in distribution to a
normal random variable with respect to the measure PG.

Prop osition 2 (Large Deviations). For any constant 0 < a < �� and for
any proper standard family G wehavePG(I n � an) � c1� n

1 for someconstants
c1 > 0 and � 1 2 (0; 1), which depend on a.

In what follows we have many exponential bounds similar to the one
above, and we will denoteby ci > 0 and � i 2 (0; 1) various constants whose
valuesare not important.

Prop osition 3 (Mo derate Deviations). For any constant 1
2 < b< 2

3 and
for any proper standard family G we havePG(jI n � n �� j > nb) � c2� n2b� 1

2 .

For the proofs of the last two propositions, see[9, SectionsA.3{A.4].
Thesepropertiesimply that I n = n �� + O(

p
n) growslinearly in n. On the

other hand, let L(q; v) denotethe free path length, i.e. the distance(in D0)
from q 2 ~
 to the next collision (in the `extended'senseasde�ned above) at
the point q0 2 @D0, where(q0; v0) = ~F (q; v). Then the time elapsedbetween
the 0th and the nth collision of the original particle at @D will be

(3.2) Sn =
n� 1X

k=0

r I k L � ~F k :

Thus we should expect that Sn � r I n , and the x-coordinate of the particle
at the nth collision is also q(Sn ) � r I n , which indicates that q(Sn) should
be asymptotically proportional to Sn . However, the terms in (3.2) grow
exponentially , sothe major contribution comesfrom the fewlast terms, which
makesthe limit distribution of Sn strongly dependent on that of the few last
terms. (This makesit necessaryto imposerestrictions on ln T in Theorem1.)
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Lastly we recall the Growth Lemma(see[9, Section4.4]or [13,Chapter 5]
or [8]) for the map ~F . Let G = f ` � g = f (
 � ; � � )g, � 2 A, be a standard
family. For n � 1 and x 2 
 � denoteby L n (x) the distance from ~F n(x) to
the closerendpoint of the corresponding component of ~F n (
 � ).

Prop osition 4 (\Gro wth Lemma"). There existsa constant C1 > 0 such
that for any proper standard family G and n � 1 we havePG(L n < ") � C1"
for all " > 0: In addition, for every 1 � n1 � n2

(3.3) PG

�
max

n1 � i � n2
L i < � 0

�
� c3�

n2 � n1
3 :

Lastly, for any standard pair ` = (
 ; � ) its image under ~F n is a proper
standard family for all n � Aj ln length(
 )j+ B , where A; B > 0 are constants
determined by the shape of D0 alone.

4 Adv ance map

It is convenient to `reduce'the collision map ~F in a somewhatunusual way.
Consider

~
 L = f (q; v) 2 ~
 : q 2 � Lg

the part of the collision spacerestricted to the vertical left sideof D0 (recall
that the velocity vectorsv always point into D0). Then the map ~F induced
the �rst return (Poincar�e) map ~F L : ~
 L ! ~
 L , which preserves the measure
� (restricted to ~
 L ) and is ergodic.

Furthermore, given z 2 ~
 we denoteby

N (z) = minf n � 1: I n (z) = 1g

the �rst collision when the original particle starting in D0 crossesfrom D0 to
D1. We call the map R : ~
 L ! ~
 L de�ned by

R(z) = ~F N (z)(z)

the advance map, as its iterations correspond to the instanceswhen the
original particle advancesone cell further to the right. Observe that for
every m � 1

R m (z) = ~F N m (z) (z); where Nm (z) = minf n � 1: I n (z) = mg;
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alsonote that Nm (z) =
P m� 1

i=0 N (R i z).
It follows from the statistical properties of the map ~F that the function

N (z), and thus the map R(z), are de�ned almost everywhereon ~
 L (with
respect to the Lebesguemeasure). Moreover, due large deviations, for any
proper standard family G in ~
 we have an exponential tail bound

(4.1) PG(N (z) � n) � PG(Nan (z) � n) � c1� n
1 :

Unlike ~F L , the map R is not one-to-one. For example,a point z 2 ~
 L

may leave � L , enter D0, then (beforecrossing� R) bounceback to � L , move
into D � 1, then bounceback to � L again, crossit at someother point z0 6= z,
move into D0 and then keepmoving to the right and cross� R; in that case
R(z) = R(z0). Thus the inversemap R � 1 may be multiple-valued. For a
similar reason,many points x 2 ~
 have no preimagesunder R.

Still the action of R agreeswith the hyperbolic structure in ~
 L in two
important ways. First, N (z) is constant on stable manifolds of the map
~F , thus R maps stable manifolds into stable manifolds. Second,R maps
every unstablemanifold onto a �nite or countable union of (whole) unstable
manifolds; thus the restriction of R � 1 onto any unstable manifold W u has
several branches,each of which takesW u into another unstablemanifold.

Next we considera decreasingsequenceof subsets~
 L � � 1 � � 2 � � � �
de�ned by � n = R n ( ~
 L ) and the `attractor' � = \ n � n . Observe each � n (as
well as �) will be a union of (whole) unstable manifolds of the map ~F . We
denoteby (� � ; R � ) the natural extensionof (� ; R), i.e. the set of sequences
Z = f zi g, i � 0, such that zi = R(zi � 1) and z0 2 �, on which the map
R : � ! � inducesthe left shift R � : � � ! � � . We endow � � with a metric
� � (Z; Z 0) =

P 1
i=0 � i dist(z� i ; z0

� i ) for some�xed � 2 (0; 1).
Similarly, for each n � 1 we denote by � �

n the set of �nite sequences
Z = f zi g, � n � i � 0, such that zi = R(zi � 1) for i > � n and z0 2 � n . We
endow � �

n with a metric � �
n (Z; Z 0) =

P n
i=0 � i dist(z� i ; z0

� i ).
For each m < n we have a natural projection � �

m from � �
n (and � � )

into � �
m , which is de�ned by discarding all coordinates zi , i < � m. Then

f � �
m (� �

n)g1
n= m is a decreasingsequenceof setsshrinking to � �

m (� � ); moreover
� �

m (� �
n) lies in a O(� n )-neighborhood of � �

m (� � ). Note that [� �
m ]� 1� �

m is a
pseudo-metricon � � that uniformly convergesto � � . Every unstablemanifold
W u � � m (or W u � �) can be naturally lifted to �nitely or countably many
unstable manifolds in � �

m (resp., in � � ).
Next we establisha (weaker) analogueof the �rst part of Growth Lemma

(Proposition 4) for the map R. Givena standardfamily Gon ~
, wedenoteby
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Lm (x) the distancefrom R m (x) to the closerendpoint of the corresponding
component of R m (
 � ).

Prop osition 5 (W eak Gro wth Lemma). (a) There existsa constant C2

suchthat for all " > 0 for any proper standard family G and m � 1 we have
PG(Lm < ") � C2"0:9:

(b) Moreover for proper standard familty G = f ` � g for any m and any
m(� ) suchthat m

2 � m(� ) � 3m
2 we have

PG(Lm(� ) < ") � C2"0:9

for all " > 0:

Clearly it su�ces to prove (b). We considertwo cases:

Case I : m � " � 0:1. By (4.1) we have PG(Nm � " � 0:1) � c1� " � 0:1

1 � "0:9, and
by Proposition 4

PG

�
min

k� " � 0:1
L k � "

�
� C1" " � 0:1 = C1"0:9;

thus PG(Lm < ") � (C1 + 1) "0:9.

Case I I : m > " � 0:1. Our goal is to �nd proper standard pairs ` � = (
 � ; � � )
such that

(a) each 
 � is a component of ~F n � (G) for somen� > 0, with density � �

induced by ~F n � PG;

(b) their preimages ~F � n � (
 � ) are disjoint piecesof the family G;

(c) their total PG-measureis � 1 � " 0:9;

(d) on each ~F � n � (
 � ) we have Nm(� ) > n� and m(� ) � I n � 2 [0; " � 0:1].

Then we can apply the argument of CaseI to each proper standard pair ` � ,
sum up the resulting estimates,and obtain PG(Lm(� ) < ") � (C1 + 2) "0:9.

Our construction of f ` � g has inductive character. At the �rst step, we
put m1 = m(� ) and n1 = m1=��. It follows from Proposition 3 that

(4.2) PG

�
jI n1 � m1j > n0:6

1

�
= O

�
� n0:2

1
2

�
� "0:9
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and

(4.3) PG

�
jN m1 � n1j > n0:6

1

�
= O

�
� n0:1

1
2

�
� "0:9;

Due (3.3), there is a family of proper standardpairs `0
� = (
 0

� ; � 0
� ), each being

a component of ~F n � (G) for some

(4.4) n� 2 [n1 � n0:65
1 ; n1 � n0:6

1 ];

whosepreimagesunder ~F � n � are disjoint, and whosetotal PG-measureis
� 1 � c3� n0:65

1 � n0:6
1

3 .
Observe that I n � is constant on the preimage
 00

� = ~F � n � (
 0
� ) of every


 0
� (becauseI n � is the cell number where F n � (
 00

� ) lies). Curves on which
Nm1 � n� canbediscardeddueto (4.3), then wehave I n � < m1 on every (not
yet discarded)curve. Curveson which I n � < m1 � 2n0:65

1 canbediscardeddue
to Proposition 3 and (4.4), then we have m1 � I n � 2 [0; 2n0:65

1 ]. Now curves
on which m1 � I n � 2 [0; " � 0:1] are `good', we include them in our `target'
family ` � = (
 � ; � � ). On the remaining curvesm1 � I n � 2 [" � 0:1; 2n0:65

1 ], and
we will deal with them next.

At the secondstepweapply the aboveprocedureto each remainingproper
standard pair `0

� = (
 0
� ; � 0

� ) (which wasnot discardedor addedto the `target'
family). Precisely, on each `0

� we denote m2 = m1 � I n � (observe that 0 <
m2 � C3m0:65

1 for someconstant C3 > 0), put n2 = m2=��, and then repeat
our procedureword for word, only changingindex 1 to index 2. In the course
of this construction, someimagesof `0

� will be discarded,someaddedto our
`target' family, and somewill remain for the third step; the latter will start
by setting m3 = m2 � I n � (note again, as before, that m3 � C3m0:65

2 ), then
setting n3 = m3=��, etc.

In �nitely many stepswe arrive at 2n0:65
k < " � 0:1, thus no curveswill be

left, and our construction will stop (observe that k = O(ln ln m)). The total
measureof all discardedcurveswill be O

�
� n0:1

1
3

�
� "0:9. This completesthe

proof of Proposition 5. �

Corollary 6. Let A and B be the constantsof Proposition 4. Then for any
standard pair ` = (
 ; � ) and m > 2Aj ln length(
 )j + 2B we haveP` (Lm <
") � C2"0:9 for all " > 0.

Proof. Let m0 = Aj ln length(
 )j + B : By Proposition 4, G = ~F m0 ` is a proper
standard family and sowe can apply Proposition 5(b) with m(� ) = m � I m0
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(observe that the last expressiondependsonly on which curve in Gour points
lands on). �

In other words, short unstable curves grow under the iterations of R
exponentially fast into standard families that consistof predominantly long
unstablecurves. Such propertiesare instrumental in the constructionof SRB
measuresfor hyperbolic mapswith singularities. We turn to that next.

For a standard family G, we denote by Gn = R n (G) its image and by
PGn = R n (PG) the corresponding measureon Gn � � n . The latter naturally
inducesa measureP�

Gn
on the `extendedset' � �

n asfollows: let � n be the map
� ! � �

n de�ned by [� n (z)]i = R i + nz; then we set P �
Gn

= � n (PG). All these
measureshave absolutely continuous distributions on unstable manifolds.
Lastly note that each R-invariant measure� on � can be naturally lifted to
a R � -invariant measure� � on � � .

Prop osition 7. For everyproper standard pair G, theCesaro averages1
n

P n� 1
i=0 PGi

weakly converge, as n ! 1 , to a unique R-invariant SRB measure � on � .
It is ergodic. It is either mixing or cyclically permutesK � 2 componentsso
that R K is mixing on each one. Moreover, for each �xed m � 1 the Cesaro
averages 1

n

P n� 1
i=0 � �

m (P�
Gi

) weakly converge to the measure � �
m (� � ).

Proof. Our �rst observation is that the map ~F L : ~
 L ! ~
 L is ergodic since
it is a �rst return map of an ergodic transformation. It may not be mixing,
though, but due to general results [17, 21] it is either mixing or cyclically
permutes K � 2 components of ~
 L (each has measure1=K ), and then ~F K

L
is mixing on each component.

Furthermore, a usefulcoupling lemmaprovedfor dispersingbilliards in [9,
Appendix A], seealso [13, Chapter 7], can be easily adapted to the map ~F L

and give a valuable extra information. Namely, for any two standard pairs
~̀= (~
 ; ~� ) and ~~̀= (~~
 ; ~~� ) in ~
 L there is a measurepreservingmap (coupling
map)

� :
�
~
 � [0; 1]; P~̀ � Leb

�
!

�
~~
 � [0; 1]; P~~̀ � Leb

�

and a measurablemap
� : ~
 � [0; 1] ! N

(called coupling time map) such that if � (~x; ~s) = (~~x; ~~s), then there is m =
m(~x; ~~x) 2 [0; K � 1] such that the two points

(4.5) ~F �( ~x;~s)+ m
L ~x and ~F �( ~x; ~s)

L
~~x

13



belongto the samestable manifold of the map ~F L (if ~F L is mixing, then m
is always equal to 0).

This allows us to show that for any standard pairs ~̀; ~~̀and a continuous
function A on ~
 L

(4.6)
1
n

n� 1X

j =0

Z
A( ~F j

L x) dP~̀(x) �
1
n

n� 1X

j =0

Z
A( ~F j

L x) dP~~̀(x) ! 0:

Observe that sincethe two points (4.5) belongto the samestable manifold,
the points R ~m ~x and R ~~m ~~x belong to the samestable manifold (of the map
~F L ) for some ~m; ~~m � 0. Thus the argument proving (4.6) alsoshows that

(4.7)
1
n

n� 1X

j =0

Z
A(R j x) dP~̀(x) �

1
n

n� 1X

j =0

Z
A(R j x) dP~~̀(x) ! 0:

In turn, (4.7) implies that for any two standard families ~G and ~~G

(4.8)
1
n

n� 1X

j =0

Z
A(R j x) dP~G(x) �

1
n

n� 1X

j =0

Z
A(R j x) dP~G(x) ! 0:

Now take any standard family G and let � bea limit point of Cesaroaverages
1
n

P n� 1
i=0 R i

�
PG

�
: Then � is invariant under R and absolutelycontinuouswith

respect to unstable leaves, henceit corresponds to a standard family G(� ):

Applying (4.8) with ~G = G and ~~G = G(� ) we prove that in fact

(4.9)
1
n

n� 1X

j =0

Z
A(R j x) dPG(x) ! � (A):

In particular, � is a unique R-invariant measurewith smooth densitieson
unstable leaves.

Moreover using the fact that the image an unstable curve is a union of
unstable curvesit is not di�cult to deducefrom (4.9) that

(4.10)
1
n

n� 1X

j =0

Z
� (x)A(R j x) dPG(x) ! PG(� )� (A)

14



�rst for any piecewiseconstant function � , and then for any boundedmea-
surablefunction �: In particular

1
n

n� 1X

j =0

Z
� (x)A(R j x) d� (x) ! � (� )� (A);

and thus R is ergodic with respect to � :
Lastly, we addressthe mixing properties of the map R. It will be mixing

if R k is ergodic for every k � 2, see[21], otherwisethe return times to the
baseof Young's tower will have a commonmultiple K , see[21, Lemma 5],
and then R will cyclically permute K components, on each of which R K will
be mixing. This provesthe �rst part of Proposition 7.

The secondpart (involving natural extensions)follows from the �rst, be-
causefor every continuousfunction A the convergenceof averages1

n

P
j EG(A�

R j ) implies the convergenceof 1
n

P
j EG(A � R j � m ) for every m � 0: �

We note that if K � 2, then all periodic points of R have periods propor-
tional to K (see[21]) and this fact can be usedto check mixing of R. Given
a cell D0, if onecan �nd two periodic points for the map R with incommen-
surate (mutually prime) periods then R is in fact mixing. We believe that
this fact can be usedto prove that the advancemap for BGR channel is in
fact mixing but we do not pursuethis point heresincemixing is not usedin
the proof of our main result.

In fact the foregoinganalysisgivesmore preciseconclusions.Namely, if
the measure� is mixing, we can replaceCesaroaverageswith just iterations
of PG. If K � 2, we �rst need to average the �rst K iterations of our
measure:P �G = 1

K

P K � 1
i=0 PGi , this gives us a `well balanced' initial measure

whoseiterations will convergeto � . (It is clear that the averagemeasureis
alsosupported by a standard family, which we denoteby �G.)

Corollary 8. For everyproper standard pair G the measure P �Gn
weakly con-

verges, as n ! 1 , to � , and for each �xed m � 1 the measure � �
m (P�

�Gn
)

weakly convergesto � �
m (� � ).

Lastly, it is easyto generalize(4.1) as follows: for any proper standard
family G and any m; n � 1 we have

(4.11) PG(N (R mz) � n) � PG(Nan (R m z) � n) � c4� n
4
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and due to Proposition 7 we alsohave

(4.12) � (N (R mz) � n) � � (Nan (R m z) � n) � c4� n
4 :

(Here c4 and � 4 do not depend on m becausethe estimate in Proposition 5
is uniform.)

5 Pro of of Theorem 1

First, for every initial point z 2 D0 � S1 denote by �̂ (z) the �rst time the
tra jectory � t (z) crosses~
 L and by �̂ (z) = � �̂ (z)(z) the crossingpoint. Then

�
�q

�
� T (z)

�
� q

�
� T (�̂ (z))

� �
� �  (z);

where (z) doesnot dependon T. Thus the limit distribution of q(T)=T will
not be a�ected if we replaceeach z with �̂ (z); thereforewe replacethe initial
uniform distribution on D0 � S1 with its image on ~
 L , i.e. with a smooth
probability distribution, � 0, on ~
 L . Similarly, given a k � 1 we have

�
�q

�
� T (z)

�
� q

�
� T (R k(z))

� �
� �  k(z);

where  k(z) doesnot depend on T. Hencethe limit distribution of q(T)=T
will not be a�ected if we replaceeach z with R k(z); thus we can replace� 0

with the average

�� 0 =
1
K

K � 1X

i =0

R i (� 0):

This is alsoa smooth probability distribution on ~
 L , soit canbe represented
by a proper standard family G in a usual way (e.g., onecan foliate ~
 L with
unstablemanifolds of the map ~F ), hence�� 0 = PG. Now, due to Corollary 8,
the measureR n ( �� 0) = PGn convergesto the SRB measure� .

Next consider the similarity transformation Sr of the phase spaceM
de�ned by

Sr (q; v) = (q1 + (q � q1 )r; v);

cf. (3.1); observe that Sr � � t = � r t � Sr . We canalways choosethe coordinate
frame so that q1 = 0, this will simplify our formulas.

For z 2 ~
 L and n � 1, let � n (z) denote the continuous time elapsed
between the points z and F N n (z) (z), i.e. the time it takes the tra jectory
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� t (z) to reach the left sideof the cell Dn . Observe that

� n (z) =
n� 1X

i =0

� 1(R i z) r i = r n
nX

k=1

r � k � 1(R � kR nz):

Now recall that Theorem 1 assumesthat ln Tn = n ln r + � ln r + o(1), i.e.
Tn = r n+ � + o(1) . Therefore

q(Tn (z))=Tn = r � � q
�
S� n

r (� Tn (z))
�

+ o(1)

= r � � q
�
� r � n (Tn � � n (z)) (S� n

r (F N n (z) (z)))
�

+ o(1);

because� � n (z) (z) = F N n (z) (z). SinceS� n
r (F N n (z) (z)) = R n (z), we have

(5.1) q(Tn (z))=Tn = r � � q
�
� r �

(� � r � n � n (z) (R n (z)))
�

+ o(1):

Now a changeof variable R n (z) 7! z transforms (5.1) into

(5.2) q(Tn � R � n )=Tn = r � � q(� r �
� � � wn ) + o(1);

where

(5.3) wn (z) =
nX

k=1

r � k � 1(R � kz)

is a function de�ned on � �
n (we recall that � �

n consistsof sequencesZ =
f zi g1

i= � n , but here for the easeof notation we identify Z with z = z0). Note
also that our changeof variable transforms PG into P�

Gn
on � �

n .
Next, due to our �nite horizon assumptionand (4.11),

(5.4) PG(� 1(R m z) � M ) � c0
4� M

4

for all m; M > 0 and someconstant c0
4 > 0, and a similar estimate holds if

we replacePG with � , accordingto (4.12). Thus the terms in the sum (5.3)
decay exponentially in k, so the value of wn(z) is mostly determinedby the
�rst few pre-imagesof z. In fact (5.4) implies an exponential tail bound

(5.5) P�
Gn

(wn(z) � M ) � c5� M
5

uniformly in n, and a similar bound holds if we replaceP�
Gn

with � �
n (P�

Gk
) for

any k > n, or with � �
n (� � ).
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Also considerthe `limit' function

w(z) =
1X

k=1

r � k � 1(R � kz);

which is well de�ned a.e.on � � . Our tail boundsimply

� �
�
jw � wn � � �

n j � r � nM
�

� c6� M
6

for all M > 0 and n � 1, and a tail bound similar to (5.5):

� � (w � M ) � c7� M
7 :

Theorem1 immediately follows from the next proposition:

Prop osition 9. Let A be a continuous function on R2 with compact support.
Then, as n ! 1 , we have

(5.6) EG
�
A(q(Tn )=Tn )

�
!

Z

� �
A

�
r � � q(� r � � w)

�
d� � :

The integral here determinesthe limit distribution of q(Tn )=Tn ; observe
its explicit dependenceon � .

Proof of Proposition 9. According to (5.2),

(5.7) EG

�
A(q(Tn )=Tn )

�
=

Z

� �
n

A
�
r � � q(� r � � wn )

�
dP�

Gn
+ o(1):

Observe that the function wn is piecewisecontinuous, has countably many
domains of continuity, and may be unbounded. We will construct a nicer
approximation to wn as follows.

Our tail boundsimply that for any " > 0 there is m � 1 such that

� �
�
jw � wm � � �

m j > "
�

< " and P�
Gn

�
jwn � wm � � �

m j > "
�

< "

uniformly for all n > m. Furthermore, there existsm0 � 1 (that may depend
on m) such that

� �
�
Nm � R � m > m0

�
< " and P�

Gn

�
Nm � R � m > m0

�
< "
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uniformly for all n > m. Now de�ne a new function on � �
m :

ŵm (z) =
�

wm (z) if Nm (R � m z) � m0

0 if Nm (R � mz) > m0
:

The above estimatesshow that we can replaceboth w and wn in (5.6){(5.7)
with the newfunction ŵm � � �

m , and the errorscommitted by this replacement
can be madearbitrarily small by choosingan appropriate " > 0.

Lastly, observe that the function ŵm is bounded and has �nitely many
domainsof continuity; more precisely, their coordinatewiseprojections onto
~
 L are domains with piecewisesmooth boundary consisting of singularity
linesof the map ~F � m0 ; thus the � � -measureof the boundaryof thesedomains
is zero. Now the weak convergenceclaimed in Corollary 8 implies

Z

� �
n

A
�
r � � q(� r � � ŵm � � �

m )
�

dP�
Gn

!
Z

� �

A
�
r � � q(� r � � ŵm � � �

m )
�

d� �

(note that � r �
is always continuous). This provesProposition 9.
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