Particle'sdrift in self-similabilliards

N. Chernov! and D. Dolgopyat?

In memory of Bill Parry.

Abstract

We study a particle moving at unit speedin a channel made by
connectedself-similar billiard tablesthat grow in sizeby afactorr > 1
from left to right (this model was recerly introduced in physics lit-
erature [1, 2]). Let q(T) denote the position of the particle at time
T. Our main result is the existenceof an asymptotic distribution of
q(T)=TasT! 1 andfInT=Inrg! for some0 < 1.

1 Intro duction.

A billiard is a medanical model in which a point particle movesin a cortainer
D andbounceso its boundary @. This is a Hamiltonian systempreserving
a smooth Liouville measure.The correspnding return map constructed on
@D (also called the collision map) presenesa smooth measure,too.

If the billiard table D is unboundedand spatially isotropic, asis a peri-
odic Lorentz gas,then billiard dynamicsrepresets a medanical systemin
equilibrium. The billiard particle in a planar periodic Lorentz gaswith nite
horizon exhibits a di usiv e behavior without drift [6, 13]. If the horizon is
in nite, the di usion becomesabnormal [5, 18], but the drift is still absen.

In order to induce a non-equilibrium steady state with sometransport of
mass(manifested by the particle's drift), onecan apply a constant external
force on the particle [11, 12, 16]. Then the drift may be obsened and the
invariant measure(steady state) may becomesingular. Though one hasto
prevert an inde nite acceleration(heat-up) of the particle by introducing
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a thermostat. For example, Gaussianthermostat [11, 12, 16] keepsthe ki-
netic energyof the particle constart; the correspnding equationsof motion
(betweencollisions) read

1.1 =v v=e hevihv:vi tv;
(1.1) a V.

whereq is the position and v the velocity of the particle, e is the (constart)
external eld, andh; i denotesthe scalarproduct of vectorsin R?. It is easy
to seethat hv;vi = 0, thus kvk? = const.

Planar periodic Lorentz gaseswith nite horizonwherethe particle moves
in a small external eld e accordingto (1.1) were studied in [11, 12]. It was
shown that the systemhad a unique (singular) invariant measure, ., with
smaoth conditional densitieson unstable manifolds (i.e., SRB measure),the
average speed of the particle was ¢(v) = De + o(e), where D was the
di usion matrix correspnding to the unperturbed system(with e = 0).

The Gaussianthermostatted dynamics(1.1) canbedescribed by Hamilto-
nian formalism, aswas rst noticedin [14]. A generaltheoremby Wojtk owski
[19, 20| statesthat the billiard table canbe transformedby a conformalmap-
ping to the socalledtorsion free connection(called the Weyl connection)so
that the trajectoriesof (1.1) are mapped onto gealesiclines (tra jectories of
the Weyl ow), and the specular character of re ections at the boundary is
presened. The unit cell of the periodic Lorentz gasis then transformedinto
a distorted (asymmetric) domain, seebelow.

Now considera unit cell of a periodic Lorentz gas (with nite horizon)
and impose periodic boundary conditions in the y direction but not in the
x direction. Then one getsthe so-calledLorentz channel [15],a 1D chain of
identical connectedcells. Supposethe particle movesin the Lorentz channel
accordingto (1.1) under a small horizortal external eld e = (e;0), e > 0.
Then Wojtk owski's transformation mapsthe Lorentz channelonto a chain of
connectedself-similar dispersing billiard tablesthat grow in sizeby a factor
r = exp(e) > 1, see[3], from left to right.

Sud a channel of self-similar billiard tables was recenly independerily
introduced by Barra, Gilbert, and Romo [1], who studied the resulting dy-
namics heuristically and numerically. They made se\eral interesting conjec-
tures on the existenceof a singular SRB measure,on the asymptotic drift
of the particle, and on the relation between Lyapunos exponerts and the
ertropy production rates. Someof their conjecturesactually follow from the
resultsof [11, 17] if one makesuse of Wojtk owski's theorem[19, 20], seethe
latest papers|2, 3].



Here we obtain rigorous results related to someother conjecturesmade
in [1, 2], speci cally thoseconcernedwith the asymptotic drift of the particle
in the Barra-Gilbert-Romo (BGR) channel.

2 Statement of the result

To de ne a BGR channel of self-similar billiard tables we rst descrike its
fundamertal cell Dy, seeFig. 1.

We x anr > 1 (the scalingfactor, seebelgy). The cell Do is madeof a
trap ezoidwith unequalvertical sidesoflengthd 3=r andd 3r, respectively,
and equaltop and bottom sides,hered is the (horizontal) distancebetween
the vertical sides. Our cell Dg is the trapezoid minus v e disks: one of
r%hus R certered on the intersection of the diagonals,two disks of radj S

r certered on the right hand side vertices,and two disks of radius R=
certered on the left hand side vertices.

~
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Figure 1: The cell Dy and the action of F on ~

Thus our cell is a billiard table boundedby one full circle, four circular
arcs, and four short line segmets connectingthe endpoints of the arcs. We
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assumehat R is largeenoughto ensurethe nite horizoncondition (meaning
that ewery billiard trajectory collideswith the circular part of the boundary),
but not too large to prevert the disks from overlapping. This imposessome
restrictions on d and R, seedetails in [1, Appendix A].

The ratio of the vertical sidesof our cellisr > 1. Now we attach to Dy
a biggercell, D,, identical in shape to Dy but scaledby r; we glue the right
sideof Dy with the (equalin size)left sideof D;. Similarly, we attach to Dy a
smallercell, D ;, scaledby r 1, gluing the left side of Dy with the right side
of D;. Repeating this proceduregivesa chain of self-similarcellsD;, i 2 Z,
and we call D = [ j,zD; the Barra-Gilbert-Romo (BGR) channel (Fig. 2).

O

Figure 2: The Barra-Gilbert-Romo (BGR) channel.

Obsene that the size of D; is proportional to r', so our cells grow ex-
ponertially from left to right, and the negative "half' of the chain [ ; ¢D; is
actually bounded. Also note that eat pair of adjacen circular arcsin the
neighboring cells D; and D;;; have the samecerter and radius, thus their
union is a (bigger) circular arc. Furthermore, ewvery circular arc is perpen-
dicular to the adjacen (top or bottom) side of the cell. This all implies that
our billiard table essetially hasno corner points (they can be eliminated by
a standard unfolding scheme[13, Section1.2]), and our dynamicsequivalert
to a dispersingbilliard with smooth boundary.

We considera particle moving in D at unit speedand bouncingo @D.
Note that the common vertical edge of every pair of neighboring cells D;
and Dj,; is not a part of @, thus the particle is free to move from cell to
cell all acrossthe channel D. We supposethat the initial position g(0) of
the particle is uniformly distributed within Dy and its initial velocity v(0) is
uniformly distributed on the unit circle. Let (g(t); v(t)) denotethe state of
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the particle at time t.

Theorem 1. Thereis "y > 0 suchthat for 1 < r < 1+ ", the following
holds. Supmsethat T, ! 1 sothat the fractional part f'Tn—T;‘g! 2 [0;1).

Then the distribution of ¥1*) convemesto a limit (which may degendon ).

Our theorem statesthat the limit distribution of @ asn! 1, exists
but it doesnot specify how (and if ) it dependson . In particular, it may
be constar, i.e. “T2 may simply corvergeto a limit asT! 1 .

However, our explicit formulasin Section5 suggesthat the limit of %)
has a non-trivial dependenceon . In addition, recert computer simula-

tions [4] reveal that the ratio Q(T—T) doesnot convergeto a limit but ewlves

periodically, in accordancewith our theorem (more precisely Q(T—T) changes
periodically with respect to the variable In T; and its period is Inr).

3 Collision map

The self-similarstructure of the BGR channelallows usto reducethe dynam-
ics of the particle in D to the motion of a (model) particle in the fundamerial
cell Dy. Precisely if the real particle (g;v) movesin D;, our model particle
(6, ¥) movesin Dy sothat

(3.1) g=oq +(q o )=r; w=v=r

wherequ = ( d<r 1);0) is the accurnulation point of D; asi ! 1 .
We denoteby the projection (3.1) of the phasespaceM = D S! of the
real particle on the phasespaceM™ = D, R? of the model particle. Then
we have ™ = t, where :M ! M and ~': M ! M denotethe
correspnding phase o ws.

The motion of the model particle in Dg is governedby the following rules.
Let | and r denotethe left and right (vertical) sidesof Dg, respectively.
When the particle hits g at a point (d;y) with velocity v, it instantly reap-
pearson | at the point (0;y=r) with velocity v=r. When it hits | at a
point (O;y) with velocity v, it reappearson g at the point (d;yr) with ve-
locity vr. Theseare "periodic' boundary conditions with rescalingof the y
coordinate and the velocity.

Let denotethe cross-sectionof the phasespaceM consisting of pair
z = (q; v) whereqlieseither onthe boundary @ or onacommonvertical side
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of someneigtboring cells D; and Di;; and (for g2 @) v is the “outgoing'
(postcollisional) velocity vector. We call  the (extended) collision space
and denoteby F: ! the correspnding return map, or the (extended)
collision map.

Then == () is a cross-sectionthe collision space)for the ow 7 it
consistsof points z = (q;v) whereq2 @ andv points insideDy. We denote
by F: =1 = the correspnding return map; note that F" = F". The
action of F is illustrated in Fig. 1 (b). It is clearly independen of the speed
kvk of the model particle, sowe may for simplicity normalizeall the velocity
vectorsin the space™.

When the original particle moving in the channelD crossedrom onecell
D; into the neighboring cell Di+; or D; 1, our model particle appearson
or R, respectively. Accordingly, we de ne a function on ~ sud that

8 .
< +1 |f q 2 L
(gv)=. 11ifg2 &
0 elsewhere

Let

i=1
Obsene that the original particle, after n re ections (n iterations of F), will
be exactly in the cell D, .

As we said, Wojtk owski's theorem[19, 2(] allows us to transform the tra-
jectoriesof the ow ! into those of the Gaussianthermostatted particle in
a periodic Lorentz channel with nite horizon under a small external eld
e = (e;0) (whosevalue is determinedby r, preciselye = Inr, see[3]). Even
though Wojtk owski's transformation doesnot necessarilypresene corvexity,
the imagesof the curved boundariesof Dy will remain convex when " in
Theorem 1 is small enough. While this transformation does not syndiro-
nize time between collisions, it certainly establishesa conjugacy between
the correspnding collision maps. Thus the map F: = ! =~ hasall the
sameproperties asthe collision map of the thermostatted particle studied in
[11, 12, 8].

In particular, the map F hasa unique SRB measure, (invariant proba-
bility measurewhoseconditional densitieson unstablemanifoldsare smaoth),
which is ergadic, mixing, Bernoulli, and positive on open sets. This measure
enjoys exponertial decg of correlations, satis es the certral limit theorem,
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and hasother strong statistical properties[11, 12, 8]. Forr = 1, we recover
the billiard map F; on a (symmetric) fundamertal cell of the periodic Lorentz
gasthat presenesa smooth measure ;.

If ~ is a suciently smaooth unstable curve and a su ciently
smooth probability density on it, we call = = ( ; ) a standard pair, see
precisede nitions in [9, Section 4] or [13 Chapter 7] (as usual, we only
considerhomogeneoustable and unstable curves, on which we can cortrol
distortions, se€[8, page216]or [13, Chapter 5]). We denoteby P- thegneasure
on with density . For any function A: ©! R weput E-(A) = AdP.
We say that ~ = ( ; ) is proper if length( ) > ,, where o > 0 is a small
but xed constarnt.

A standard family [13, Chapter 7] is a (courtable or uncourtable) collec-
tonG=f g=1f( ; )g, 2 A, ofstandardpairswith aprobability factor
measure g on the index setA. Sud a family inducesa probabgity measure
P on the union | (and thuson 7, and we write Eg(A) = _-AdPg. To
cortrol the sizeof curves in a standard family G, we use

Ps(Lg< ") _ RP\ X2 le(x)<" dg().

Zg: = sup = sup -

">0 ">0

where L g(x) denotesthe distancefrom x 2 to the closerendpoint of the
curve . A standard family G is proper if Zg  Cqy, where Cy is a large
constart (sothat any proper standard pair makesa proper standard family).
If afamily Gis not proper, but Zg < 1 thenits imageF"Gwill be proper for
n C;InZg, whereC; > 0 is a large constart. In particular, if a standard
pair ~ = ( ; ) is not proper, then its image F"" will be a proper standard
family forn CyInj j.

For any proper standard family G the iterations of the measurePg under
F weakly corvergeto , sothat

Ee(A F") ! (A);

and the convergenceis exponertially fast for Helder cortinuous functions.
(For billiards, this fact was proved in [13, Section7.5], and in our casethe
sameargumen applies,cf. [8].) Moreover, it is proved in [11] that the ther-
mostatted Lorentz particle hasa non-zerodrift, thus

= () >0



More precisely
= De+oe)=D(r 1)+or 1)

P . _ .
whereD =1 ., ( F]) ishalfthe sumof autocorrelationsof the
function in the unperturbed (classicalbilliard) system.
The functions I, have the following standard statistical properties:

Prop osition 1 (Central Limit Theorem, see|[8]). For any proper stan-
dard family G the sequene n *?(I, n) oonvemgesin distribution to a
normal random variable with respect to the measure Pg.

Prop osition 2 (Large Deviations). For any constantO< a<  and for
any proper standad family GwehavePg(l, an) c¢; ! for someconstants
¢, > 0and ;2 (0;1), whichdependon a.

In what follows we have many exponertial bounds similar to the one
above, and we will denoteby ¢, > 0 and ; 2 (0;1) various constarts whose
valuesare not important.

Prop osition 3 (Mo derate Deviations). For any constant% < b< %

n2b 1

for any proper standad family G we havePg(jl, n j>n® ¢ §

and

For the proofs of the last two propositiong, see[9, SectionsA.3{A.4].

Thesepropertiesimply that I, = n +O(" n) growslinearly in n. Onthe
other hand, let L(q;v) denotethe free path length, i.e. the distance(in D)
from q2 ~ to the next collision (in the “extended'senseasde ned above) at
the point ¢°2 @,, where(q® v9 = F(q; V). Then the time elapsedbetween
the Oth and the nth collision of the original particle at @ will be

Xl
(3.2) S.= r'xL FX
k=0

Thus we should expect that S,  r'", and the x-coordinate of the particle
at the nth collision is also ¢(S,)  r'", which indicates that ¢(S,) should
be asymptotically proportional to S,. Howewer, the terms in (3.2) grow
exponenially, sothe major cortribution comesrom the fewlast terms, which
makesthe limit distribution of S, strongly depender on that of the few last
terms. (This makesit necessaryo imposerestrictionsonIn T in Theorem1.)

8



Lastly werecallthe Growth Lemma (see[9, Section4.4]or [13, Chapter 5]
or [8]) for the map F. Let G=f  g=f( ; )g, 2 A, bea standard
family. Forn landx 2 denoteby L ,(x) the distancefrom F"(x) to
the closerendpoint of the correspnding componert of F"( ).

Prop osition 4 \Gro wth Lemma"). There existsa constantC; > 0 such
that for any proper standad family Gandn 1 wehavePg(L, < " C,"
for all " > 0: In addition, for everyl n; n,

(3.3) Pec max Li< o C3 52 "
ny 1 N2
Lastly, for any standad pair ~ = ( ; ) its image under F" is a proper

standad family for alln  AjInlength( )j+ B, where A; B > 0 are constants
determined by the shape of D, alone.

4 Adv ance map

It is corveniert to ‘reduce'the collision map F in a somewhatunusual way.
Consider
L=f(gv)2 T:1q2 g

the part of the collision spacerestricted to the vertical left sideof D (recall

that the velocity vectorsv always point into Dg). Then the map F induced
the rst return (Poincare) map F.: ~L ! ~_, which presenesthe measure

(restricted to ~_) and is ergadic.
Furthermore, givenz 2 ~ we denote by

N (z) = minfn 1:1,(2) = 1g

the rst collision whenthe original particle starting in Do crossegrom Dy to
D;. WecallthemapR: = ! ~ dened by

R(z) = FN@(2)

the advan® map, as its iterations correspnd to the instanceswhen the
original particle advancesone cell further to the right. Obsene that for
eeerym 1

R™(z) = FN»®@(2); where Nn(z) = minfn  1:1,(2) = mg;
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alsonote that Ny, (z) = P m, N (R'2).

It follows from the statistical properties of the map F that the function
N (z), and thus the map R(z), are de ned almost everywhereon ~ (with
respect to the Lebesguemeasure). Moreover, due large deviations, for any
proper standard family G in ~ we have an exponertial tail bound

(4.1) Ps(N(z2) n) Pe(Nan(z) n) o :

Unlike F, the map R is not one-to-one. For example,a point z 2
may leave |, erter Dy, then (beforecrossing r) bouncebadk to |, move
into D 4, then bouncebadk to | again, crossit at someother point z°6 z,
move into Dy and then keepmoving to the right and cross g; in that case
R(z) = R(z9. Thus the inversemap R ' may be multiple-valued. For a
similar reason,mary points X 2 ~ have no preimagesunder R.

Still the action of R agreeswith the hyperbolic structure in = in two
important ways. First, N (z) is constart on stable manifolds of the map
F, thus R maps stable manifolds into stable manifolds. Second,R maps
ewvery unstable manifold onto a nite or courtable union of (whole) unstable
manifolds; thus the restriction of R ! onto any unstable manifold W' has
seeral branches,eat of which takesW" into another unstable manifold.

Next we considera decreasingsequencef subsets ™ 1 2
dened by , = R"(7.) andthe "attractor' =\, ,. Obseneeah , (as
well as ) will be a union of (whole) unstable manifolds of the map F. We
denoteby ( ;R ) the natural extensionof ( ;R), i.e. the set of sequences
Z = fzg, i 0, such that zz = R(z 1) and zo 2 , on which the map
R: | ipducesthe left shift R : ! . Weendav  with a metric

(2;29 =" ', 'dist(z i;2%) for some xed 2 (0;1).

Similarly, for eath n 1 we denote by | the set of nite sequences
Z=1zg, n 1 0, sud that z -—PR(zi )fori> nandz 2 ,. We
endov |, with ametric (Z;2z%9 =, 'dist(z ;2°).

For eath m < n we have a natural projection ., from , (and )
into ,, which is de ned by discarding all coordinatesz;, i < m. Then
f .( ,)dl.,, isadecreasingsequencef setsshrinkingto ,( ); moreover

() liesin a O( ")-neighborhood of ., ( ). Notethat [ ]!, isa
pseudo-metricon  that uniformly cornvergesto . Every unstable manifold
wt m (or WY ) canbe naturally lifted to nitely or courtably many
unstable manifoldsin |, (resp.,in ).

Next we establisha (wealker) analogueof the rst part of Growth Lemma
(Proposition 4) for the mapR. Givenastandardfamily Gon 7 wedenoteby

~
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Lm(x) the distancefrom R™(x) to the closerendpoint of the correspnding
componert of R™( ).

Prop osition 5 (W eak Growth Lemma). (a) There existsa constant C,
suchthat for all " > 0 for any proper standad family Gandm 1 we have
Po(Lm < ") C"%

(b) Moreover for proper standad familty G = f* g for any m and any
m( ) suchthat 2 m( ) 3 wehave

Po(Lm¢y<™) C," %9
for all " > O;

Clearly it su ces to prove (b). We considertwo cases:

Case I:m " %1 By (41)wehave Pg(Ny, " %) ¢ ;"0 "% and
by Proposition 4

PG min Lk n Cln n 01 = CllIOZQ;
k " 0:1
thusPg(Lym < ") (Cy+ 1)"08,
Case Il: m>" %1 Our goalisto nd proper standard pairs™ = ( ; )

sud that

() ead is a componert of F" (G) for somen > 0, with density
inducedby F" Pg;

(b) their preimagesF " () aredisjoint piecesof the family G;
(c) their total Pg-measureis 1 "09;
(d) oneah F " ( )wehaveNp(y>n andm( ) I, 2[0;" 1.

Then we can apply the argumen of Casel to ead proper standard pair = ,
sum up the resulting estimates,and obtain Pg(Ly( )y < ") (Cy+ 2)"%9.

Our construction of f* g hasinductive character. At the rst step, we
put m; = m( ) andn; = m;=. It follows from Proposition 3 that

(4.2) Pojln, mij>nf® =0 g o0
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and

(4.3) Pc jNm, nij>n® = 28:1 "0,
Due (3.3), there is a family of proper standard pairs *° = ( °; ©), ead being
a componert of F" (G) for some

(4.4) n 2[n; n¥n; n%9;

whose preimagesunder F~ " are disjoint, and whosetotal Pg-measureis
1 C3 28'65 ng.Gl
Obsene that |, is constart on the preimage = F " ( %) of every
O (becausel, is the cell number where F" ( % lies). Curveson which
Nm, n canbediscardeddueto (4.3), thenwehavel, < mjonewery (not
yet discarded)curve. Curvesonwhich I, < m; 2n$® canbediscardeddue
to Proposition 3 and (4.4), then we have m; |, 2 [0; 2n%%5]. Now curves
onwhich m; 1, 2 [0;" %1] are "good', we include them in our “target'
family * = ( ; ). Onthe remainingcurvesm; I, 2 [* %%;2n%%%], and
we will dealwith them next.

At the secondstepwe apply the above procedureto ead remainingproper
standard pair % = ( 9; ) (which wasnot discardedor addedto the “target'
family). Precisely on eat "° we denotem, = m; |, (obsene that 0 <
m, C3zm§® for someconstart Cz > 0), put n, = m,=, and then repeat
our procedureword for word, only changingindex 1 to index 2. In the course
of this construction, someimagesof “° will be discarded,someaddedto our
“target' family, and somewill remain for the third step; the latter will start
by setting ms = m, |, (note again, asbefore,that ms  Csm9®°), then
setting n3 = m3=, etc.

In nitely many stepswe arrive at 2n¥® < " %1 thus no curveswill be
left, and our construction will stop (obsene that k = O(In Inm)). The total
measureof all discardedcurveswill be O 29' "09 This completesthe
proof of Proposition 5.

Corollary 6. Let A and B be the constantsof Proposition 4. Then for any
standad pair ~ = ( ; ) and m > 2AjInlength( )j + 2B we haveP-(L,, <
") C,"%° for all " > 0.

Proof. Let mg = AjInlength( )j+ B: By Proposition4, G= F™°" isa proper
standard family and sowe can apply Proposition 5(b) with m( )= m |,
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(obsenethat the last expressiordependsonly on which curve in G our points
lands on).

In other words, short unstable curves grow under the iterations of R
exponenially fast into standard families that consistof predominartly long
unstablecurves. Sud propertiesare instrumental in the construction of SRB
measuredor hyperbolic mapswith singularities. We turn to that next.

For a standard family G, we denoteby G, = R"(GQ) its image and by
Ps, = R"(Pg) the correspnding measureon G, n. The latter naturally
inducesa measureP; onthe "extendedset’ |, asfollows: let , bethe map

I ,denedby[ ,(2)]i = R""z, thenwesetP; = ,(Pg). All these
measureshave absolutely corntinuous distributions on unstable manifolds.
Lastly note that ead R-invariant measure on canbe naturally lifted to
aR -invariant measure on

Prop osition 7. For everyproper standard pair G, the Cesao averages: P "o Pa
weakly convelge,asn! 1 , to a unique R-invariant SRB measure on

It is ergddic. It is either mixing or cyclically permutesK 2 componentsso
that R is|5nixing on each one. Moreover, for each xed m 1 the Cesano

averages% i”:Ol m(Pg) weakly convegeto the measure ().

Proof. Our rst obsenation is that the map F.: = ! 7 is ergddic since
it isa rst return map of an ergadic transformation. It may not be mixing,
though, but due to generalresults [17, 21] it is either mixing or cyclically
permutes K 2 componerts of ~ (eah has measurel=K), and then FX
is mixing on ead componen.

Furthermore, a usefulcouplinglemma provedfor dispersingbilliards in [9,
Appendix A], seealso[13, Chapter 7], can be easily adaptedto the map F_
and give a valuable extra information. Namely, for any two standard pairs
~= (~~ and = (5,9 in ~_ there is a measurepreservingmap (coupling
map)

~ [0;1;P~- Leb ! = [0;1P- Leb

and a measurablemap
~ [0;1]' N

(called coupling time map) sud that if (x;s) = (¥ 5), then thereis m =
m(x; %) 2 [0;K 1] sudh that the two points

(4.5) 99" and FO9Y%
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belongto the samestable manifold of the map F_ (if FL is mixing, then m
is always equalto 0).

This allows us to shawv that for any standard pairs 7 ~and a cortinuous
function A on ~

1 X1t z : 1 X1 z .
(4.6) - A(F x) dP(x) - A(Fix)dP(x)! O
j=0 j=0

Obsene that sincethe two points (4.5) belongto the samestable manifold,
the points R™x and R™% belongto the samestable manifold (of the map
F.) for somem;m 0. Thusthe argumert proving (4.6) alsoshows that

1X 1% . 1X 1% .
4.7) - A(R!x) dP(x) - AR'xX)dP(x)! O:
i=0 j=0

In turn, (4.7) implies that for any two standard families G and G

1X 14 . 1X 14 .
(4.8) o A(R’ x) dP4(x) o AR x)dPg(x) ! O
j=0 j=0

Ney take any standardfamily Gandlet bea limit point of Cesaroaverages
1 ",'R' Pg : Then isinvariant under R and absolutely cortinuouswith

respect to unstable leaves, henceit correspndsto a standard family G( ):
Applying (4.8) with G= Gand G= G( ) we prove that in fact

1X 14
(4.9) = ARIX)dPg(x) ! (A):

j=0

In particular, is a unique R-invariant measurewith smooth densitieson
unstable leaves.

Moreover using the fact that the image an unstable curve is a union of
unstable curvesit is not di cult to deducefrom (4.9) that

1X 14

(4.10) n (X)AR'x)dPg(x) ! Pg( ) (A)
j=0
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rst for any piecewiseconstart function , and then for any bounded mea-
surablefunction : In particular

1X 14

njzo

COARIX)d () () (A);

and thus R is ergadic with respect to

Lastly, we addressthe mixing properties of the map R. It will be mixing
if R¥ is ergadic for every k 2, see[21], otherwisethe return times to the
baseof Young's tower will have a common multiple K, see[21, Lemma 5],
and then R will cyclically permute K componerts, on ead of which R¥ will
be mixing. This provesthe rst part of Proposition 7.

The secondpart (involving natural extensions)follows from thq:,rst, be-
causefor every cortin uousfunctiorll_,A the corvergenceof averages% i Ec(A

R1) implies the corvergenceof | Eg(A R! ™) foreverym O

We notethat if K 2, then all periodic points of R have periods propor-
tional to K (see[21]) and this fact can be usedto chedk mixing of R. Given
acell Dy, if onecan nd two periodic points for the map R with incommen-
surate (mutually prime) periods then R is in fact mixing. We beliewe that
this fact can be usedto prove that the advancemap for BGR channelis in
fact mixing but we do not pursuethis point here sincemixing is not usedin
the proof of our main result.

In fact the foregoinganalysisgives more preciseconclusions.Namely; if
the measure is mixing, we canreplaceCesaroaverageswith just iterations
of Pg. If K 2pwe rst needto averagethe rst K iterations of our
measure:Pg = & *, " Pg, this givesus a “well balanced' initial measure
whoseiterations will corvergeto . (It is clear that the averagemeasureis
alsosupported by a standard family, which we denoteby G.)

Corollary 8. For everyproper standad pair G the measure P, weakly con-
verges,asn! 1 ,to , and for each xed m 1 the measure (P )
weakly convegesto ().

Lastly, it is easyto generalize(4.1) as follows: for any proper standard
family Gandany m;n 1 we have

(4.11) Po(N(R™z) n) Ps(Nan(R™z) n) ¢4

15



and due to Proposition 7 we also have
(4.12) (N(R™z) n)  (Na(R™2) n) ¢ y:

(Here c, and 4 do not depend on m becausethe estimate in Proposition 5
is uniform.)

5 Pro of of Theorem 1

First, for ewery initial point z 2 Dy, S! denoteby ~(z) the rst time the
trajectory !(z) crosses™ andby ~(z) = "(®(z) the crossingpoint. Then

a '@ aq (") (2);

where (z) doesnot dependon T. Thusthe limit distribution of g(T)=T will
not be a ected if we replaceeadt z with ~(z); thereforewe replacethe initial
uniform distribution on D,  S? with its imageon ~, i.e. with a smooth
probability distribution, o, on 7. Similarly, givenak 1 we have

g (@ a "(R*2) «(2);

where (z) doesnot depend on T. Hencethe limit distribution of q(T)=T
will not be a ected if we replaceead z with R*(z); thus we can replace

with the average
1

K1
L R'( o):

0= —
K i=0
This is alsoa smooth probability distribution on =, soit canbe represeted
by a proper standard family G in a usualway (e.g., one can foliate =~ with
unstable manifolds of the map F), hence ¢ = Ps. Now, dueto Corollary 8,
the measureR"( o) = Pg, cornvergesto the SRB measure .
Next considerthe similarity transformation S, of the phase spaceM
de ned by
S(gv) = (a +(q o)r;v);

cf.(3.1); obsenethat S, '= 't S;. Wecanalways choosethe coordinate
frame sothat ¢ = O, this will simplify our formulas.

Forz 2 = and n 1, let ,(z) denote the cortinuous time elapsed
between the points z and FNr(®)(z), i.e. the time it takesthe trajectory

16



t(z) to readh the left side of the cell D,,. Obsene that
X1 o X
a(2) = (R'2)ri=r"  r ¥ (R *R"2):
i=0 k=1
Now recall that Theorem 1 assumeghat InT,, = ninr + Inr + o(1), i.e.
T, = r™ o) Therefore

ATn(2))=Th

r as "( (@) + o)
=r g "M oGS (FNP(2) + ofD);

because "@(z) = FN"(@(z). SinceS, "(FN"@(z)) = R"(z), we have

(5.1) ATa(@)=To=1 a "( """@R"@) + o)
Now a changeof variable R"(z) 7! z transforms (5.1) into
(5.2) oTn R ")=Th=r of ' ")+ o(1);
where
(5.3) wﬂa=wrk1mkﬂ

k=1

is a function de ned on , (we recall that | consistsof sequenceZ =
fz,g. ., but herefor the easeof notation we identify Z with z = z,). Note
alsothat our changeof variable transforms Pg into P, on .

Next, dueto our nite horizon assumptionand (4.11),

(5.4) Po( 1(R™2) M) ¢}

for all m;M > 0 and someconstart ¢) > 0, and a similar estimate holds if
we replacePg with |, accordingto (4.12). Thus the terms in the sum (5.3)
decy exponertially in k, sothe value of w,(z) is mostly determinedby the
rst few pre-imagesof z. In fact (5.4) implies an exponertial tail bound

(5.5) Pg,(Wn(2) M) G ¢

uniformly in n, and a similar bound holdsif we replacePg with ,(Pg ) for
any k> n, orwith ,( ).
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Also considerthe “limit" function

P
w(z) = r (R ¥2);
k=1

which is well de ned a.e.on . Our tail boundsimply
jw ow, . r "™ Cs o
forallM > 0andn 1, andatail bound similar to (5.5):
w M) c
Theorem 1 immediately follows from the next proposition:

Prop osition 9. Let A be a continuous function on R? with compact supyort.
Then,asn! 1 , wehave

Z
(5.6) Ec A(Q(Th)=Tn) ! Ar o " ") d

The integral here determinesthe limit distribution of q(T,)=T,; obsene
its explicit dependenceon

Proof of Proposition 9. Accordingto (5.2),
Z
(5.7) Ec A(q(Tn)=Ta) =  Ar o " ") dPg + o(1):

n

Obsene that the function w, is piecewisecortinuous, has courtably many
domains of cortinuity, and may be unbounded. We will construct a nicer
appraximation to w, asfollows.

Our tail boundsimply that for any " > Othereism 1 sud that

'>II<II

jw wy, >t and P, IWn  Wm

uniformly for all n > m. Furthermore, there existsmy 1 (that may depend
on m) sud that

Npn R ™>mp <" and Ps, Nm R ">mg <"

18



uniformly for all n > m. Now de ne a new function on ;:
— Wm(z) if Nm(R mz) Mo .
(2= 07 i Np(R ™2) > mg
The above estimatesshawv that we canreplaceboth w and w,, in (5.6)Y(5.7)
with the newfunction Ww,, ,, andthe errorscommitted by this replacemen
can be made arbitrarily small by choosingan appropriate " > 0.

Lastly, obsene that the function W, is bounded and has nitely many
domainsof cortinuity; more precisely their coordinatewise projections onto
~_ are domains with piecewisesmooth boundary consisting of singularity
linesofthe map F ™Me; thusthe -measureofthe boundary of thesedomains
is zero. Now the weak cornvergenceclaimedin Corollary 8 implies

Z Z
Ar g " " ) dPg, ! Ar g " % m)d

n

(note that " is always cortinuous). This provesProposition 9.

Acknowledgmen t. We are grateful to T. Gilbert for drawing our atten-
tion to this problemand to the anorymousrefereefor many helpful remarks.
N. Chernos was partially supported by NSF grant DMS-0354775.D. Dolgo-
pyat was partially supported by NSF grant DMS-0555743.

References

[1] Barra F., Gilbert T. and Romo M. Drift of particles in self-similar sys-
tems and its Liouvillian interpretation, Phys. Rev. E 73 (2006) paper
026211,14 pp.

[2] Barra F. and Gilbert T. Steady-stateconductionin self-similar billiards,
Phys. Rev. Lett. 98 (2007) paper 130601 4 pp.

[3] Barra F. and Gilbert T., Non-equilibrium Lorentzgason a curved space,
J. Stat.Med.: Theory and Exp., to appear.

[4] Barra F., Chernovr N. and Gilbert T., Log-periodic drift os-
cillations in self-similar billiards, manuscript, available at
http://www.math.uab.edu/c hernov/pap ers/pubs.itml.

19



[5] Bleher P. M., Statistical properties of two-dimensionalperiodic Lorentz
gaswith in nite horizon, J. Stat. Phys. 66 (1992), 315{373.

[6] Bunimovich L. A., SinaiYa. G., and Chernos N. I. Statistical properties
of two-dimensional hyperkolic billiards, Russ. Math. Surv. 46 (1991),
47{106.

[7] Chernos N. Decay of correlations and dispersing billiards, J. Stat. Phys.
94 (1999), 513{556.

[8] Chernos N. I. Sinai billiards under smal external forces, Ann. Henri
Poincare2 (2001) 197{236.

[9] Chernor N. and Dolgopyat D. Brownian Brownian Motion-1, to appear
in Memoirs AMS.

[10] Chernov N. and Dolgopyat D. Hypertolic billiards and statistical physics,
ProceedingCM-2006, vol. 11, 1679{1704.

[11] Chernov N. I, Eyink G. L., Lebowitz J. L. and Sinai Ya. G., Steady-
state electrical conduction in the periodic Lorentz gas Comm. Math.
Phys. 154 (1993), 569{601.

[12] Chernov N. I., Eyink G. L., Lebowitz J. L. and Sinai Ya. G., Derivation
of Ohm's law in a deterministic mechanial model, Phys. Rev. Lett. 70
(1993), 2209{2212.

[13] Chernov N. and Markarian R. Chaotic billiards, Math. Surveys and
Monographs127 (2006) AMS, Providence,RI.

[14] Dettmann C. P. and Morriss G. P., Hamiltonian formulation of the
Gaussianisokinetic thermostat Phys. Rev. E 54 (1996), 2495{2500.

[15] Gaspard P. Chaos, Sattering and Statistical Mechanicg Cambridge U.
Press,Cambridge, 1999.

[16] Moran B. and Hoover W., Diusion in a periodic Lorentz gas J. Stat.
Phys. 48 (1987), 709{726.

[17] PesinYa. B., Dynamical systemswith genealized hypertolic attractors:
hyperbolic, ergadic and topological properties, Ergod. Th. Dynam. Sys.
12 (1992),123{151.

20



[18] SzaszD. and Varju T., Limit Laws and Recurrence for the Planar
Lorentz Processwith In nite  Horizon, manuscript.

[19] Wojtkowski M. P., W-ows on Weyl manifolds and Gaussian ther-
mostats.,J. Math. Pures Appl. 79 (2000) 953{974.

[20] Wojtk owski M. P., Weyl manifolds and Gaussian thermostats, Proc.
ICM-2002, Vol. 111, 511{523,Higher Ed. Press,Beijing.

[21] Young L.-S. Statistical properties of dynamial systemswith some hy-
pertolicity, Ann. of Math. 147 (1998) 585{650.

[22] Young L.-S. Recurrence times and rates of mixing, Israel J. Math. 110
(1999) 153{188.

21



