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1. INTRODUCTION

An important discovery of the 20th century mathematics is that many deterministic
systems exhibit stochastic behavior. The stochasticity is caused by exponential diver-
gence of nearby trajectories. This instability causes many important objects associated
to dynamical systems, such as attractors and invariant measures, to be fractal.

Piecewise expanding maps of the interval are among the simplest and most studied ex-
amples of chaotic systems. They admit absolutely continuous invariant measures (a.c.i.m)
[10] which are ergodic, mixing, enjoy exponential decay of correlations and the Central
Limit Theorem for Holder observables (see e.g. [1, 19]). In this paper, we consider a
class of simplest piecewise expanding maps, so called piecewise expanding unimodal maps
(PEUMSs)' of the unit interval. PEUMSs are piecewise expanding maps with only two
branches. We study regularity of the density of a.c.i.m for PEUMs. A classical result of
A. Lasota and J. Yorke [10] says that the density, which we denote by p, is of bounded
variation. Recall that a bounded variation function is differentiable almost everywhere
(See e.g., [6], Corollary 6.6). Therefore the set of non-differentiability of p is a natural

!The precise definition of PEUMs is given at the beginning of Section 2.
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fractal set associated to our PEUM. Let us describe the previous results about the dif-
ferentiability. In the smooth case, R. Sacksteder [15] and K. Krzyzewski [9] proved that
when map f is expanding of class C" then p is of class C"~1. Later, B. Szewc [18] showed
that if f is a piecewise expanding continuous map with finitely many critical points (those
points where the derivative of f is not defined) then a density function will belong to the
space
{¢ € BV[0,1] : ¢ € C" " in [0, 1]\ B},

where B is the union of the closures of the critical orbits. In this paper, we improve
on r = 1 case of the Szewc’s theorem for PEUMs by showing that the set where p is
differentiable is larger. Namely, we need to discard not all points in the closure of the
critical orbit, but only points which are approached by the critical orbits exponentially
fast. We also obtain a partial converse, by showing that if x is approached exponentially
fast by the critical orbit and the exponent is sufficiently large then p is not differentiable
at x.

We also show that a similar improvement is possible for > 1 if we consider smoothness
in the sense of Whitney, that is, we study the points where of the density admits a Taylor
expansion of order r. (Of course Szewc’s result is optimal for classical smoothness since
the the set where the density is not differentiable is dense in B). This leads to the question
of describing the Taylor coefficients of the density. Here we make use of the recent result
of V. Baladi [2] ? saying that the density p belongs to the set

BV, = {¢ € BV[0,1] : ¢ € BV[0,1]}.

In other words, the derivative of p coincides with a function of bounded variation almost
everywhere. Accordingly, we can differentiate that function almost everywhere and call
the result the second derivative of p. We then show that this procedure can be continued
recursively and that the resulting functions indeed provide the Taylor coefficients of p.

More precisely, the main results of our paper can be summarized as follows. Let f be
a PEUM such that both branches of f are C**2.

Theorem 1.1. There is a sequence of functions pg, p1, - - ., pr € BV such that pg = p and
for j <k, p}; = pjy1 almost everywhere.

Theorem 1.2.  (A) The set of points where p is non differentiable has Hausdorff di-
Mension 2ero.
(B) If the critical orbit is dense then the set of points where p is non differentiable is
uncountable.
(C) There is a set Ny such that HD(Ny) = 0 and p is k differentiable in the sense of
Whitney on [0,1] — Ny. That is, if T & Ny then

o(x) — () = o) (4 o (2 - ).

2Baladi was motivated by the question of regularity of invariant measure with respect to parameters
raised in the work of D. Ruelle [12, 13, 14]. Applications of Baladi’s result to Ruelle’s question are
described in [2, 3, 4]. Our results also have applications to the regularity question as will be detailed
elsewhere.
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Note that since [0, 1] — N} is not closed, p in general can not be extended to a smooth
function on [0, 1].

Remark 1.3. The set Ny, is typically much smaller than the set B used in [18]. Indeed, if
fi is a family of PEUMSs satisfying a certain transversality condition then B(f;) contains
an interval for almost all t (see e.g. [16, 17]).

The paper is organized as follows:

In Section 2, we give the necessary definitions. In particular, we introduce a special
family of transfer operators used in the proof of Theorem 1.1. We then prove several
auxiliary facts of independent interest.

Section 3 starts with some explicit formulas for the first and second derivatives * of p
which are proven to belong to BV[0, 1]. Then we extend our analysis to repeated differ-
entiation of arbitrary order proving Theorem 1.1.

Section 4 begins with some results on the regularity of the saltus part of p. Then we
show that the regular part of p is not only continuous but also absolutely continuous. In
the remaining subsections we prove Theorem 1.2. That is we show that p admits a Taylor
expansion after we remove an exceptional set of zero Hausdorff dimension.

2. PRELIMINARY

2.1. Piecewise Expanding Unimodal Maps. We work with piecewise expanding uni-
modal maps. f :[0,1] — [0,1] is a piecewise expanding unimodal map (PEUM) if there
is a point ¢ called the critical point, a number € > 0 and a constant A > 1 such that

) filz) ifx<ec
) f<x>{ s

where f; is a C*? map defined on [0,c¢ + €] and f is a C* map defined on [c — €, 1] such
that fi(c) = fa(c) and |Df;(x)| > A for all z from the domain of f;.

PEUMSs have unique a.c.i.m. [10] which is ergodic (in fact it is mixing and even expo-
nentially mixing [1, 19]). Let us denote by p the density of the a.c.i.m. p is a function of
bounded variation.

From now on, A will mean \ := 1r7léf |Df(x)].

2.2. Auxiliary facts and Transfer Operators. Denote by £(2) = %7((;)). In the argu-

ments of this section we will need to represent D(|Df™y|) as a sum. Namely we have

1Df™y|

DD y)) = 5

m—1
y m . .
3 Zs Fy)Dfiy and D(Df™y) = 3" €(fiy) Dy,
j=0
Both formulas are easy consequences of the chain rule.
We need to introduce a family of transfer operators acting on the space BV[0, 1] of
functions of bounded variation. BV[0,1] it is a Banach space with the norm || - ||py =

| - |0 + var(:), where || - || is the usual supremum norm and var(-) is the total variation
(cf. [6], page 116).

3the derivatives are understood in the sense of Theorem 1.1
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¢(y) =
The first operator in our family is E ————————_ Note that L preserves
D= 2 Bibrwl

BV[0,1]. More generally, we shall use the following transfer operators acting on BV[0, 1].

m

Definition 2.1. For ¢ € BV[0,1], define the operator L (¢) by

m B ¢(y)
L@)z)= ) (Df ()™ Df(y)|’

f(y)=z

where m s a nonnegative integer.

1
Note that L= L.

Definition 2.2. Let k s Uyt and my > -2 > my, be positive integers. For functions
hi, ..., hy, define D" L at (hy, ... hy) by

.....

mi i1 m2 i2 Mk ik
Dot (e ) = ( L ) <h1( L ) (hg ( L > (hk)))-
We shall often use

Proposition 2.3.
||©i1,i2 ,,,,, ik mk(hla N hk)” < M( —21) (/\—ig)mz . ()\—zk)mk

mi1,M2,...,

Proof. We use induction on k. For £ = 1 we have

m B h |
el fiyms (Df"(y))m\Df"(y)!‘ = Z ‘\Df"(y)’mVDF’@)"
| O||h|!
=~ )\zm|£( )( )l — )\1,m :

Now, let us suppose the result is true for £ — 1, we have

|®:7"22n71222, k(hl,,hk)(l'ﬂ = '(£>(h1 @lz ,,,,, is (hg,...,hs))‘

i th @m """ is (hg,...,hS)H
77 A m
Iy sz ORI RS

.....

fors = D)
< Ay Dizg e (o BIIC] < MY D (o, )]
< RO Iy oo (A7 < M) (A
Thus the claim holds for & and the Proposition is proven by induction. U

If a series consisting of functions in BV[0, 1] converges to a function g, then the series
of the derivatives of each term does not always converge to the derivative of g. However,
assuming that the series of derivatives converges in L' we have the following result.
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Lemma 2.4. If >} _,gv — g in BV and >_}_, g;, = h in L1— then ¢ = h a.e.
Proof. Let € > 0. Then, there exists N > 0 such that, for all n > N,

lg =D gellsv < e
k=1

Since |||z, < || fllsv for any function f € BV, then

lg =3 il < llg =Y oullow < e
k=1 k=1

Therefore, Z g;. converges to ¢’ in Ly, hence ¢’ = h as claimed. 0
k=1
Another simple but useful fact is the following.

Lemma 2.5. Let g(s,r) be a function from (Z U {0}) x (ZU{0}) to R.  Suppose the

oo i—1
series Z Zg(z — j,J) converges absolutely. Then,
i=1 j=0
oo i—1 0o 00
> > 9li—id)=)_ ) glcd)
i=1 j=0 e=1 d=0

We leave the proof to the reader.

3. REPEATED DERIVATIVES OF THE DENSITY FUNCTION

3.1. Explicit formulas for the first and the second derivatives. Before analyzing
repeated derivatives of p of arbitrary order, we will start by giving explicit formulas for
o and p”.

Let us define

1= —ZE@'P)

Note that the series converges (absolutely) by Proposition 2.3 since p and £ belong to
BV[0,1].

Lemma 3.1. (a) Let p be the density of the invariant measure of f. Then, p' = p1 almost
everywhere.
(b) (L™1) (x) converges to pi(x) uniformly for x which are not on the orbit of c.

Proof. Since p is a fixed point of £, then p = L"(p) for all n. Because p is of bounded vari-
ation so is L"(p), hence both are differentiable almost everywhere. In fact, differentiating
both sides, we get p’ = (L"p)" almost everywhere. Next if h € BV then

RN W (y) B h(y) - D(IDf"(y)])
(W@ =D prprl 2= PP

fry=x

a. e.
f(y)==
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Note that

Lr(h')

Y _ —n (! T
fngfn@)'Dfn(y)"_ <AL () (),

h(y) - D(IDf"(y)|)
Dfy)*

converges to 0 in L' and almost everywhere. Thus we focus on Z

fry)==
Assuming that y ¢ {c, f(c),..., f"*(c)} for each y with f"y = = we have

h(y)- D(IDf(y)]) h(y) .
2 TDpGE = 2 1Dfn<x>|2D<H)'Dﬂf y)')

fr(y)== fr(y)==
_ hy)  [DF" W) K= . g ary hy) &)
= 2 P Dty 2P0 = D 5 2 B )
Wy £(2) h(y)
‘Zf;) f" a<> Z A Zfz Dfr=(z ern (2 >|fa%:zu>fa<y>r

—

3

£(2) f () — S Fre(e( Lo
B DS () = 2 B e m)a)

Il
=)

a

()=

= > e m)@)

Proposition 2.3 shows that we can take the limit n — oo term-by-term. Since

i (e 0)) = ([ heda ) ote)
both parts (a) and (b) follow. O

At this point, we could get po by differentiating each term in (3.1). This is possible due
to Lemma 2.4.

Proposition 3.2. The function py is almost everywhere differentiable and

(2) h=33 L eler) +2Z£ (%) — Zf@'p)

=1 j=1

In particular, there exists po € BV such that p| = py almost everywhere.
Proof. By Lemma 3.1 p; = =32, EZ(S p) almost everywhere. Therefore by Lemma 2.4

——i(zpﬂ o) - ZZ(W’ )

i=1 i=1 fiy
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almost everywhere. Decompose

( §Wry) )’: EWe®)  EWpW)(DF W)IDF )]
DFWIDFWI)  DEGIDIW)| DI WPDIWE
0 (1)

Let us first work on (I). We have

S _ €'(y) Dyp(y) +E)e'(y) Dy
X = Y

=1 fiy=x i=1 fiy=x J
_ P(y) §w)r'(y)
;fz (Treira * TrmoRa)

= Zﬁ (&'p+&p)(x)

By Lemma 3.1 |
Zc (&) ZZﬁ (L7(&p))-

Therefore o

3) S S =S L) - S L (L ().

i=1 fiy=g i=1 i=1
Now, let us analyze (I1).
Z S (1) Z 3 EWrWIDWDIYIDIy| + DUDFWDIYW 1 iz iy

T e D foma (Dfy)*|Dfyl?
< o) AP S s } .

3 / £y ijyﬁ(f] )
_Z Z (D fiy)2| D fiy|? ZZ Z sz 2D fiy|

=1 fiy=x i=1 j=0 fiy=g

By making the change of variable z = f/y, we obtain

oo t—1 D]
LD NN I

=1 fiy=x i=1 j=0 fiy=g

< il p(y) (D) (y)E(2) s E(y)p(y)&(2)
P22 e 22,2 2 D pyiDI DT

co i—1

233 3w Epy foywﬁm”i?z ( ) (e2en).

lJOsz:v =1 j=
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By Lemma 2.5
oo i—1 i—7J o0 00 1—j -
> < ) (w £p> ZZ( ) (w<£p>>-
i=1 7=0 i=1 7=0

Therefore

(@) =33 (2) (&)

oo ~ (e olNe ) ~i - (e lNe ) ~ 7 —
h=- L+ XLl + XY () (B
i=1 =1 j=1 i=1 j=0
335 LB ) +2Z< ) (é p)_sz
i=1 j=1 =1
almost everywhere as claimed. O

3.2. Higher order derivatives. Lemma 3.1 shows that p’ is in BV. Then we saw in
Proposition 3.2 that p}| = py € BV. Here we show that these results can be extended to
repeated differentiation of arbitrary order. We start with the following general result.

Proposition 3.3. Letk, iq,...,1, andmy > --- > my be positive integers with iy, . .., i >
1. Let hq,..., hy be BV functions whose derivatives are in L.
(a) If n > 1, the derivative of Z @iﬁbm; (ha, oo ) ds a finite sum of func-

k<ii+-+ig<n

) P1ennsis ~ - _ _ B
tions of the type* Z @;LH”;%Z) ..... mg(hla"whié)f where k < k < k+1 iy, ... iz > 1,
E<ii+-4iz<n
iy > - > iy, are positive integers and hu, ..., by € {hy, .o b by B, €,€7)
(b) The derivative of

o0 00
i1=1 ip=1

equals almost everywhere to a finite sum of functions of the type Z Z

m+1 m2 ..... mk

Z ’L:
1 k

where k < k <k+ 1,71,...,% > 1, 7%1 > e > ﬁzi are positive integers and
h1,--~,hz€ {hi,. .. hi, by, b, €€}

4That is, the sums coincide at the points where both of them are defined.

(ha,...
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Proof. We will prove (a) by induction on m. For m = 1, we need to compute Z D (E’(h)) )

=1

so let us work on

D(£() ). Then
p(Em)e= 3 <m>— > [oribr - “torbre

(y)== fi(y)==
_ Z { )(D(Dfiy)|Dfiy|+Dfin(|Dfiy|))1
i Df%y\Dny| (Dfry)*|Dfryl?
_ 1 (y) _ hy)@ID Sy S0 E(f(2)DfI ()
2= |DFens (DFwRIDFP
) V)DFi(y))
- 2]2;%: sz E
Let z = f7(y). Then
i _ . ij( ))
p(£m)w - 2]20“; I
= h(y)é(2)
_ 2 ) -2
]Zof% (Dfi=iz)2|Dfi=iz|(D fiy)| D fiy|
= E —QJZijzzx (Dfi~ JZ |sz jz’ Z ny ]foy]
= LN@) -2Y L (€E(h)
Hence
ZD(U(h)) = Z —2225 gm
=1 =1 =1 7=0
- i;:i(h’ —225 ¢h) —2%225 (€L (h
_ if(h/ —225 -2 % (D
1 2<it+j<n

Therefore, the derivative is a finite sum of terms as described in the statement.
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Assume the statement is true for [ < m. Let us prove that it also holds for m. We are
interested in the derivative of

k+1<i+i1+-+ig<n
with ¢ > 1,4y > 1,...,7 > 1. For this, note that

n—k m 7
Z Otttk (hyohy, .. he) = Z (Z) (h Z Dyt (ha, . .,hk))
=1

k4+1<i+ig-ip<n k<iy+-tip<n—i

Thus, if we are interested in the derivative of (5), we need to analyze

nz_kDK%>z<h Z Qﬁg;jjffmk(hl,...,hk))l

k<ii+-+ip<n—1i

(Dfiy)mIDfiyl ’
hy) SO (e, i) (y)D {(Dfiyfmwf"yﬁ]
(Dfiy)?m|D fiy|?

(1) =

and ) means Zk§i1+--~+ik§n7i‘
Let us first work on (/7). Note that

D [<foy>m|foy|} — m(Dfiy)y™ D(Dfiy)|Dfy| + (D iy D(Dfy)

= m(Df'y)™" 1|szy|Z§fj )Dfly+ (Dfiy)"
= m(Df'y)™" 1|szy|Z£fj )Dfly+ (Df'y)™ 1|Df’y|Z€f] )Dfly

= (m+1)(Df'y)" " |Dfy| Z&(ij)ijy
7=0
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n—k _——_

Then ZZ Z (I1) equals

fiy=x

(m+ Dh(y) Dixit (he, . hi) () (D)™ YD foyl Yo €(Fy) D fy
ZZ > : :

(D fry)?>™|D fry|?

fiy=x

CEEAS (o Dh(y) D, (e, )
> > D'

(y)¢ (ij)ijy_

(Dfry)™ D fry

n—k _——_

Let z = f/y. Then ZZ Z (I1) equals

fly=x

hi)(W)E(f7y) D fry

- n—k i—1 m+1 @llv’ﬂ’k (hl,..., k
=>>> Z (D fiy)m+L|D fiy|

=1 5=0 fly=x

_ Z 1/2\ Z (m + Dh(y) Dizis (b, hi) (W)E(z) D fy
=1 =0 fig—z Df’ Iz)m D fi=iz|(D fiy)™ 1D fiy|
n—k i—1 _—_

B (m + Dh(y) Dirte,, (b, i) (9)€(2)
= LIT T s mrmn

=1 7=0 fiy=x
n—k i—1 _—_
_ £(2) (m + Dh(y) Dyyte,, (- ) (y)
- 222 2 Gappr 2 (DFy)" Dy

= (m+1) nzki/i(mﬂ) (f(l@)J(h@“";:_’i’“ (hy,. ..

m+1 m N\ J '
(m+1) ( L > ( ( ) (h @“";jfﬁ (h
1<z+]<n k

1<4,1<3

The last two terms can be rewritten as

) ) @)

A=(m+1) > (mfl )(g (h L (T hk)>> (2),

1§i+i1+--~+ik§n

B=(m+1) Z (mfl)l(f (m)j(h Dt (hl,...,hk)))(a:).

k+2<it+j+i1+-+ir<n

11
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Therefore Y7777 fiy=s(IT) is a sum of terms described in the statement.
Now, let us analyze (I). Note that 3.7 3" fiy—e(I) equals to

nk h’(y)DyZQ“ ~~~~~ (s ) M7 {Zg i (hl""’hw(y)}

-----

I
o
S
T
\—§J
p
IS
s
<

(Dfiy)m!Dfiy\

i=1 fiy—z
nek pmpiNi s — o h(ED {9“";:7%(% s hk)(y)}
_ 2 ( i ) (h’ > D (B, ) Z f; DF ) D]
Using our inductive hypothesis, the derivative of Z@ ";:.’:7 (h1, ..., hy) is the finite sum
of terms of the type Zk§i1+~-~+ig§n—i @;llfilﬁz 7777 m-];(hh . ,ﬁ-kj,) Hence, let us take one of

these terms and analyze the expression

141,32, iy

WD g (s ) (0) - Dy
Sy ¥

Dz m|[)fe
=1 k<) - +’L <n—i fly=z f ) | fy’

i1+ 12,00 ~
=k h(y)gnlnﬂfmg <h17 cee hk)(y)

) sy M0

Dfi m+1 Dfi
=1 k<iy o tip<n—i fly= (DD

n—k m+1 \ @ ~ ~
> () (e )

( L ) (h @T;ﬁ;;;;j_i%(hl,...,hz)>.

Since we have a finite sums of terms as above, we obtained that our proposition also
holds for m.Therefore, part (a) is established by induction.

(b) Lemma 2.4 and Proposition 2.3 allow us to take the limit n — oco. Then the
condition k£ < 41 + -+ + 4, < n becomes k < i 4+ --- 4+ i < 00 and using the condition
t1>1,...,4 > 1the sum k <11 +--- + i, < n converges to

o0 o0
=1 ip=1

Therefore part (b) follows from part (a). O

™

k+1<1441 +-+ip<n

Proposition 3.3(b) allows us to derive Theorem 1.1.
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Proof of Theorem 1.1. We have already defined p; in Lemma 3.1 and p, in Proposition 2.
Continuing this procedure, Suppose that we have already defined p,_; € BV. Let pp =
Pr_1- Then Proposition 3.3(b) can be used to show inductively that

=3 ) Dt (b hep)

finite i1,...,is>1

where s > 1, k—1>my > --- > mg, and hy,..., hs_1 are C' away from ¢ (in fact h;
are rational functions of derivatives of f). Now Proposition 2.3 implies that p, € BV as
claimed. ]

4. DIFFERENTIABILITY SET FOR THE DENSITY.

4.1. Saltus part. Any function of bounded variation ¢ can be decomposed as

¢:¢r+¢s

where ¢, is a continuous function, called the regular part, and ¢, is constant except at
discontinuities of ¢. ¢, is called the saltus part, it is discontinuous on a countable set (see
[11], page 14)

In fact, in the case of p, ps can be explicitly written as ([2])

= Z OéjHC].

Jj=1
where ¢; = fi(c), aj = hTm p(x) — him p(x) and H., is defined as
1 ifr<g
(6) He(x) =43 ifz=¢
0 ife>g¢

Lemma 4.1. If ¢ is not periodic then

a; = £p(c)

1 1

— : ,
|Dfi(0)] IDfi(C)II
where the expression takes the sign + (resp. the sign —) if f has a mazximum (resp.
minimum,) at c.

Proof. We have
a; = lim p() — lim p(x).

ztc; zlc;

Using the fact that p is a fixed point of £ and Lp(z) = Py we can see

= Dy
that p has a discontinuity at z = ¢;. In fact, among all the y's in the set {f7¢;}, the
discontinuity comes from y = ¢, therefore

Py PW)

vie Dfi(y)  wie Dfi(y)

(l/j:
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Proposition 4.2. For k > 0, the element py, of the sequence from Theorem 1.1 can be de-

composed as (pg)r+ (pr)s, where (pg), is a continuous function and (pg)s = ng oy He,,

with H., defined in (6) and ay; = liTm pr(x) — liim pr(z). Moreover there exists 0 < 1 such
X Cj ZX. Cj

that oy ;| < K67

Proof. The existence of decomposition follows from the fact that, due to Theorem 1.1,
pr. € BV-function. We need to show that all discontinuities of py lie on the critical orbit
and bound the size of discontinuity.

Let z be a discontinuity point of p; which is different from ¢; for ¢ = 1...5. Let
p = L7(1). In the proof of Proposition 1.1 we saw that

Z Z @21;2:“" (hh R hsfb p)

finite i,i2,...,is>1

=> > ot (e )+ > Y Dt (b, by, p— ).

finite i,ia,...,is>1 finite i,ig,...,is>1

Denote A(h) = limgq, h(z) — lim,, h(x). Then

A(Z > Dyt (hl,---,hs_l,p—p)>=0(9j)

finite iyig,...is>1

in view of Proposition 2.3 and the fact that p — p = O(67).

k ) my s
Note that if i,49,...,75 < j then ( L ) and ( L ) are continuous at z for r =

2,...,8, 80

> A( > @ S(hl,...,hs_l,p)> = 0.

finite 1,82,y 0 <J

Applying Proposition 2.3 again we see that

Z Z @Z?@: " (h1, coishs1,p) =0 Z )\~ itz tis)

finite max(i,iz,...,is)>] max (i,i2,...,is)>j

and since the expression in the right side is O (j¥A\77), we have

Al Z Ot (e hea,p) | SO (A7),

finite max(i,i2,...,is)>J

In particular if z is not on the critical orbit then Ap, = 0 and if 2z = ¢; then Apy, is
exponentially small in j as claimed. U
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4.2. Absolute continuity. As we mentioned before, the regular part of p is continuous.
In fact, it is absolutely continuous.

Theorem 4.3. The regular part of p is absolutely continuous. That is

pri2) = pr(an) = /gﬁ2 o (z)dz.

x1

Proof. Let n > 1 and let xo, x1 € [0,1]. Then

") (£ () (w) = (1)) o)
- [way@is Y ae),
Cjej[ij;n:l’Q]

where A;(L£"(1)) = limgye, £7(1)(2) — limg, £(1)(x).
As n — oo, (L"(1))(z) = p(x). Hence, A;(L"(1)) = Ajp. By Lemma 3.1 (£"(1)) —
p1 as n — 0o. Thus letting n — oo in (7) we get

plas) — plar) = /”m(a:)dﬁ S A

z1 cj€lx1,xa]

= /I2 pr(w)dx + ps(z2) — ps(71)

1

Therefore p,.(z2) — p(x1) = f;f p1(x)dx. O
Proposition 4.4. There exist constants K > 1, D > 1 and ¢ < 1 such that if T satisfies
(8) d(cjvj) > €,

for j <n and d(z,z) < €, then
|p(x) = p(7)] < Ke+ D™,

Proof. Decompose

(9) p(x) = p(z) = (pr(2) = pr(2)) + (p(x)s — ps(T)).
Combining Theorem 4.3 with the fact that p’ = p; € BV[0, 1], we get
(10) Ior(2) — po(3)] < Ke

Also, (8) implies

(1) ) = @) = 3y He, () — H ()]
jzn
2
By Lemma 4.1 |o;| < % Hence, we can bound (11) as

1
<ol

Jjzn

|ps(2) = pa(@)] < |y

Jjzn

H. (z) — H.,(x)
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1 1 A 1
— 2oz X 55 = 2ol (527 ) 3

Jj=1

Taking D = 2||p||oo(ﬁ), ¢ = 3, we have

(12) |ps(x) = ps(@)| < D™
Combining (9), (10) and (12) we obtain the result. O

4.3. Differentiability points. Recall that there is a constant # < 1 such that
eri= | [ )iz oto) + 0 @11lav).

(see e.g. [1], Proposition 3.5, item 4)
Theorem 4.5. If 1 > 3 > max(#,1/\) and if T is a point such that d(Z,c;) > 37 for all
J > jo then py is differentiable at .

Proof. Let € > 0 and let « such that d(z,z) = e.
Let n be the maximal number such that

(13) ¢j ¢ [z;z] for all j < n.
Then ¢ > ™, hence eA™ > " A\" and o7 = g—:.

By definition of 5, A > 1 and g > 1. Hence, g"\" — oo and g—: — 00 as n —
oo. Therefore,

e = o0
and
£ L
Qn
as n — oo.
By Theorem 1.1

pe(e) =Y > Dt (b s ).

finite i1,..., =1
Let p = L£"(1). Since p = p + O(0"), Proposition 2.3 implies that we can write the
above expression as

pe() =Y > Dt (b, b p)+ O (AT 407
finite k<iy,...,ir<n
1<y, 1<,

Therefore

(14) pi(x) — pi(T) =
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Z Dtk (hy, .. b, p) (@) — D (hay . e, )(E) + O (AT 67)

~~~~~
k<iy,..., ip<n
1<i1,...,1<0,

Note that ’D“ """ i (P, ..., hy, p) is differentiable in [z;Z] since hy ...~y are C! away

77777

from ¢ and (13) ensures that f~"[x, Z] does not contain c.
Thus

.....

(19 = [ (Rt )) s

By Proposition 3.3

.....

,,,,,

+ / {@gﬂ;._,m%(ﬁl,...,Ekrn)(s) — D (B I Y)(@) | ds

.....

We now invoke Proposition 3.3 again which together with (13) implies that @m}"{ﬁl - (%1, .

-----

is differentiable on [x; Z]. Moreover, by Proposition 2.3 its derivative is bounded by a con-

stant M. Hence the last integrand in the above formula is O(¢) and so the integral is
O(€?). Accordingly

(15 Z Z D(ha,. .., Yn)(Z) + O().

Hence

£

iﬂ% lm " ZZ@hl,.. Tn)(x)+0<e+w>.

finite 1<iq,...,ix<n finite7. i

As x approaches T, n goes to oo, hence T, converges to p or p;. Thus,

. 777‘/’67 Tn)
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i 20 =0 5§ g > D0, @) = praa(a). O

T T finite i1,....ix=1 finite, 7
In particular, we have the following result which also follows from [18].

Corollary 4.6. If ¢ is periodic of period p, then p differentiable except for a finite set of
points.

Proof. 1f & does not belong to the orbit of ¢ (which is a finite set) then we can pick any
B > max(f,1/)) and pick jo > 1 large enough so that d(z,¢) > 7 for all j > jy, where
¢ =max{cy, c2,..., 6} O

4.4. Whitney smoothness.

Proof of Theorem 1.2, part (C). The case k = 1 follows from Theorem 3.3.
Let k > 2 and pick 1 > 8 > max{\"k,0%}. Let T € N3, let € > 0 be very small.
Once again, let n be the maximal number such that ¢; ¢ [z; 7] for all j < n.
Then, similar to the proof of Theorem 4.5,

(16) >\ and & > 9"
Since p = L™(1) + O(0"), for 0 < s < k — 1, Proposition 3.3 implies
pe= D Y Dt (ha. By £7(1) + O(AT" 4 607).

,,,,,
finite k<iy,...,ir<n
i1>1,00ik>1

To simplify the notation, let
=Y > D (hie. b £7(1)).
finite k<iy,...,ir<n

i1>1, 0 >1

By definition of n and since f € C**2 p;._y ,,is C? in B(Z,¢) = {y : |y—Z| < ¢}. Hence,
if x € B(z,¢),

Pr—1(2) = pe-1(T) = pr—1n(2) = pr—1n(T) + OA" +0")
= / Pr1.2(y) dy + O +0")

- / ) — P @)y + (@) — F) - O + 67

= O() + ph_10(@)(@ = 7) + O(NT" +07).

By Proposition 3.3, pj,_; ,(Z) = pr(7) + O(A™" + 0"). Thus
prr () — prr () = prl@)( — 3) + O(eA ™ + ™) + O™ +67) + O(&).
Inequalities (16) imply that
(17) prsr(@) = prr(Z) = pi(@) (2 — T) + O("1) + O(e") + O(€) = pi()(x — 7) + O(€%).
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Now, note that if z € B(Z,¢), then
(18) Pr—2(2) = pr—2(Z) = pr—2.n(T) = pr—2n(T) + O(XT" +0")

xT

= [ Phon(y) dy+ONT" +6").

T

By Proposition 3.3, p)._, . (y) = pr_1(y) + O(A™™ + 6™). Combining (18) with (17) and
k—2n

Rl < b < 3 we get

using that €
pr2() = pra(T) = / pr—1(y) dy + O(e(A™" +6™)) + O(A™" +0")

- / pr-1(Z) + p(T)(y = T) dy + O(€") + O(e(A™" +67)) + O +0")

(z — 2)°

= P (@)(x = 2) + pi(7) 5+ 0(€").
Continuing this recursive argument we get
k—s—1 k—s—
ZE B .T) J s
pul@) - (Z )RR
—s—7)!
for all s =0,...,k — 1. In particular, when s = 0, we have the desired result. 0

4.5. Nondifferentiability set. As we saw in Proposition 4.5, if the critical orbit does
not approach a point x exponentially fast, then the density function p is differentiable at
x. In this subsection, we obtain a partial converse to this statement that is, if the critical
point does approach exponentially fast with sufficiently high exponent then we cannot
have differentiability.

Definition 4.7. For f < 1, define
N ={z : d(c,,z) < " for infinitely many n's}.
Proposition 4.8. HD(Nj) = 0 where HD denotes the Hausdorff dimension.

Proof. Define U, as the ball centered at ¢, of radius g”. Given € > 0 let ng > 1 such that
p" < e. Then, {U,}n>n, is an e—cover of N.
Note that |U,| = 28™. Hence, for any s > 0 we have that

HNG) < S 10 < S | = 26%5 < 0.

n>ng n>ng

Therefore HD(N3) = 0. O

Proposition 4.9. If {c,} is dense in some interval I C [0,1] then N3 is uncountable for
all B < 1.

We have already mentioned in Remark 1.3 the closure of {¢,} contains an interval for
a typical PEUM.
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Proof. Define L, = [¢,, — 5", ¢, + "]
Since {c,} is dense, there exists c¢,, such that L, is strictly contained in I. Set
My = L,.
Now, again using the density of {c,}, there exist ¢, ,, € (co, — 8™, ¢p,) and ¢, €
(Cny, Cny + B™) such that Ly, , and L, are strictly contained in (c,, — 8", ¢,,) and
(cny — B™, ¢y, ) respectively.  Set My = L,y ULy,

1,2)°

Continuing this procedure we inductively define M,, and set M = ﬂ M,,. M is a Cantor

n>1
set which is contained in M. Since M is uncountable, so is Np. O
Lemma 4.10. If
(19) Blmax|f'(z)]) < 1

and T € N3 then p is non-differentiable at T

Proof. Suppose p is differentiable at z. Since z € N, there exists a sequence n; d(Z, c,,) <
p"i. Without loss of generality, assume T < ¢, .
Let y; and y, be two arbitrary points such that

T <y <cCpy; <Yo <y + B

Since p is assumed to be differentiable at Z, we have that |p(y;) — p(Z)| < Mp" for
1 = 1,2 and hence

1p(y1) — py2)| < 2MB™.
Accordingly
c
(max [ f'])"s
where the first inequality follows from Lemma 4.1. For large j this inequality in incom-
patible with (19). Hence p can not be differentiable at z. O

<o, | = lm  [p(y2) — p(yr)| < 2M ™

y1Ten; yaden;

Parts (A) and (B) of Theorem 1.2 follows from Theorem 4.5, Proposition 4.9 and Lemma
4.10. Since part (C) was proven in subsection 4.4, the proof of Theorem 1.2 is complete.
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