TOTALLY ASYMMETRIC DYNAMICAL WALKS IN RANDOM
ENVIRONMENT

D. DOLGOPYAT AND D. KARAGULYAN

ABSTRACT. In this note we study dynamical random walks with internal states.
We consider a one dimensional model where a particle which moves to the right
ballistically, and moreover out of every three steps it moves to the right at least
twice. We provide sufficient conditions for z, to satisfy the central limit theorem.

1. THE RESULT.

Dynamical random walk (DRW) is a map F defined on M x Z¢ where M is an
internal state of the walker. Namely, for each z € Z¢ we have a map T, : M — M

and a partition M = U W,.. (gate partition) where V is a finite subset of Z¢. Let
veVY

F(z,z)= (Tzaﬁ, Z+ Z 1va) :

In other words, the internal state of the particle changes by the local dynamics and
then it moves to a neighboring site as prescribed by the gate. In the case the local
dynamics is random, that is, the pairs (., {W. ,}) are independent for different z € Z?
we have Dynamical Walk in Random Environment.

We note that the DRW introduced above contain several classical examples of
random motion. As an example, consider the following system: let d = 1, M = T*,
T.(z) = 2z (mod 1) and W, _y = [0,3), W.; = [3,1) for all z € Z. One can see
that the DRW defined in this way is equivalent to the one dimensional random walk
with the transition probabilities (1/2,1/2). More generally it shown in [I] that DRW
with expanding local dynamics and Markov gates can model random walks in random
environment (RWRE). In particular, all types of behavior observed in RWRE, appear
also in DRW, so the particle can be transient with zero speed ([14]) or it can exhibit
Sinai behavior ([13]) where after n steps the particle is located at the distance of order
In? n from the origin. However, Markov condition on the gates is pretty restrictive
and so it is of interest to develop tools to handle non Markovian dynamics. This is
the goal of the present article.

In this note we consider a simple model of DRW where d = 1, M = T and T, :
T — T are smooth uniformly expanding maps. We will also assume that the particle’s
coordinate changes every time, thus T = W,, _; UW,, ; and moreover that the forward
gate is much larger, so that that among every three moves at least two are to the right.
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2 D. DOLGOPYAT AND D. KARAGULYAN

Thus the particle moves to the right ballistically. Namely z, > n/3 and z, > z,, — 1
for n > m. We are interested in the central limit theorem for the particle motion.
We consider the following models.
Model A. There are constantﬂ 3 <v < K and K; > 0, such that for all n and all
x,y € T we have

T (z) = T, ()|

(1.1) v <|T!(z)] < K, sup < K;.
" #yeT |z =y
There exists ¢ > 0, dg, so that for all n € Z
(1.2) cbo < W1 < do,
and
(1.3) To(Wh )N Wyq 1 =0, Th T (W, 1)) N W,y = 0.

Model A’. In addition to properties ((1.1)—(1.3)), we assume that for some largeﬂ
N > 0 we have that for alln € Zand 1 <k < N

(1.3n) (Thyk—10---0T, 0T,y 0T, (W, mWn—i—k =0

To assure the reader that all the conditions (|1.1))-(1.3y]) above can coexist, consider
a sequence of expanding maps {7}, }nez satlsfymg 1 D such that there is o € T, so
that T,,(x¢) = zo, for all n € Z. Then take 2’ such that 2’ > z( and |z — 2/| is so
small that the points

{IE,, Tn,n<wl)7 s 7Tn,n+N(x/)}7

are disjoint for all n € Z (where T, nix = Dok (Tnsk—1---Tn(z))). Also note that
Tk (2") — Tomtrr1(2")] > |2’ — x|, for all & with £+ 1 < N. Hence, for d
sufficiently small and for gates satisfying W,, C [2' — do/2,2" + 0o/2], Vn € Z, the
conditions and ((1.3y]) will be satisfied.

Model B. We fix a map T and a segment W such that TPWNW = 0 for p = 1,2. We
now suppose that for a sufficiently small §; we have that for all n |7}, T\C1+L1P(T) < o
and the Hausdorft distance between W,, _; and W is smaller than d.

Our first result is the CLT for the hitting time. Namely let 7,(2, k) be the smallest
time ¢ such that F'(z,k) € T x {n}. Define the maps G, : T — T by

(1.4) Gp(x) = mpF™@ (z

,n) where r,(z) = T,41(x,n).

We shall also write 7,,(x) := 7,(, 0). Note that
n—1

(1.5) (1) =Y 1i(Groy 0+ 0 Goa).
k=0

We say that the DRW satisfies the CLT for hitting times if

T — B ):>N(0 1) asn — oo

/ Var(r,)

10One could replace the condition 7 > 3 by v > 1 at the expense of increasing IV in the condition
(1.3n]). We prefer to keep the present assumption v > 3 in order to simplify the argument.
The precise conditions on N will be given later as they depend on the mixing rate of the family

{T,}, see (4.5)).

(1.6)
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where N (a, 0?) denotes the normal distribution with mean a and standard deviation
0. Here and elsewhere in this article we assume (unless it is explicitly stated otherwise)
that x is uniformly distributed on T.

Theorem 1.1. (a) Given v, K, Ky, c there exist 8o and N such that if (L.I) (1.3
hold with 6y < &g then the DRW from Model A" satisfies the CLT for hitting times.
(d') Given v, K, K, c there exist &y such that if f hold with 5y < &y and
the variance of Ty tends to infinity then the DRW from Model A satisfies the CLT
for hitting times.
(b) Given T there exist &y such that if 5y < 0y then the DRW from Model B satisfies
the CLT for hitting times.

The random setting. One way to verify the conditions of Theorem [1.1a’) is to
assume that the environment is stationary. Let E = {(T;,W1),..., (Tm, W)} be a
finite collection of pairs of maps and gates, so that any sequence (7},, W,,)nez, with
(T,,W,) € E, satisfies the conditions of Model a A or Model B. We make an iid
selection from this collection. The next Corollary follows from Theorem 1.1(a’) and
Lemma [T.1]

Corollary 1.2. Assume that any realization (T,,, Wy, )nez satisfies the conditions of
Model A or Model B with 6y sufficiently small. Then for almost every realizations

(T, W )nez, T satisfies (|1.6)).

To deduce an information about the distribution of z coordinate from this result
we need some additional terminology. The scale function is defined by S(z) = E(r).
This function is obviously monotone so we can consider an inverse function

Z(s) = max(x : S(x) < s5). Let 6, = y/Var(rz(y)).
Theorem 1.3. Under the conditions of Theorem[I1.1] we have
S(zn) —n

A

On

Theorem 1.4. Consider DWRE of Model A and Model B and take 0y so small that
every realization of {(T,,, W,)}nez satisfies the conditions of Corollary|1.3

(a) (QUENCHED CLT) There is a constant o such that for almost all realizations
of the pairs (T,,,W,) there are constants b, = b,(w) such that if x is uniformly
distributed on T then

= N(0,1) as n — oco.

Zp — b
o\/n
(b) (ANNEALED CLT)There are constants v,o such that if x and {(T,,,W,)} are

independent, x is uniformly distributed on T and (T,,,W,,) are chosen from E in an
iid fashion, then

= N(0,1) as n — oco.

S = N(0,1) as n — oco.

ovn

Remark 1.5. The ballisticity condition ensures that the time needed to move
to the right is in BV as a function of the initial condition z. This allows us to
apply existing results about the central limit theorem for non-autonomous dynamical
systems, such as [2, B, [4, [0, 12]. In case the return time is unbounded one needs to
extend the existing result allowing much less regular functions. This will be done
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in a separate paper, while here we will present the method in a simplest possible
setting. We hope that our approach will be useful for other models of motions is
random media, including the random Lorenz gas studied in [I] and the systems with
deterministic dynamics and random jumps studied in [10].

The rest of the paper is organized as follows. Section [2] contains necessary back-
ground about piecewise expanding maps of the circle. In particular, we recall a CLT
for non stationary compositions of piecewise expanding maps from [3]: see Theo-
rem below. To apply this theorem we need to establish good mixing properties of
the maps as well as a growth of variance for non-stationary sums. In Sections |3| and
we verify mixing and variance growth respectively for Model A’, and in Sections
and [6] we do the same for Model B. Section [7] establishes the linear growth of variance
for DRW in random environment. The CLT for the particle position on the same
setting is obtained in Section [0] The proof consists in two parts. In Section [§ we
establish the CLT for the scale function (Theorem [1.3)). This theorem is valid for any
fixed environment. In Section [9 we show that in iid environment the scale function
is close to linear completing the proof of Theorem [I.4 Finally in Section [I0] we give
an example showing that without stationarity assumption the scale function does not
need to be linear; and as a result the CLT for particle position may fail.

2. MAIN TOOLS

2.1. Central Limit Theorem. Let n,m € 7Z, with n < m. For the sequence of
maps {G, }n>1, we define maps G, ,, as follows

Gom(z) = (Gpo---0G,) ().

We denote by V the space of all functions with bounded variation and denote by
V(f) the variation of the function f € V. The space V is equipped with the norm

[flo == V) + 1
where L' norm in ||f||; is taken relative to the Lebesgue measure. For f € V, we

have: || f||s < |f]s. Define also Voz{fGV:/fdx:O}.
T

We are interested in maps satisfying the following hypothesis.

Hypothesis 1. T : T — T is such that there exists a finite or countable partition
(1;) of T such that the restriction of the map to each interval I; is strictly monotone
and T|;, € C'(1;). We also assume that

YWT) :=inf inf [T'(z)] > 2
J IEI]'

T'(x) = T'(y)

K(T) :=sup sup
r—y

J xFyel;

<

It is well known that the transfer operator of a map satisfying Hypothesis|I|is given
by the following formula

Prf(e) = Y £ (030) oo Loa ()
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where o; is the inverse function of the restriction of 7" on I;. It is clear that the
mappings {G,,} and {T},} satisfy the Hypothesis[I] Recall that

/(PTf)gdx:/f(x)g(Tx)dx, Vfe L', ge L™

Let P be a set of contractions on L' (a set of linear operators satisfying || Pf]|; <
Il f]l1, for every P € P). We say P is exponentially mizing on V, if there exist 6 < 1
and D > 0 such that, for all integers [ > 1, all [-tuples of operators Py,..., P, in P
we have

(Dec) VfeVy, |P--Pf], < DO,

We say that the sequence of operators {P,},>1 satisfies the condition (Min), if
there exists o > 0 with

(Min) P.P,1...P1(x) >0, VeeT, Vnel.
In sequel we will denote
(2.1) P"=PFP,P,1...P.
The relevance of and comes from the following result.

Theorem 2.1. [3, Theorem 5.1] Let (f,,) be a sequence of observables so that sup,, | fn|, <
oo. Assume, that for a sequence of transformations {T,,},>1 the corresponding set of

transfer operators { Pr, }n>1 satisfies the conditions (Min|) and (Dec). Let

n—1

Sp(r) = an(Tn —-Thw) — /0 Ju(Tn - - Th)do.

—

If the norms ||S,||2 are unbounded, as n — oo, then
Sn

15l

2.2. Sufficient conditions for mixing. We recall several definitions from [3]. For
p > 1, we define the following metric between two contractions R, R’ € P

d,(R.R)= sup |Rf—Rf|,.
{feviflu<i}y

= N(0,1).

For P € P we denote
B(P,§) :=={ReP:di(R,P) < d}.
We say that the sequence {P,},>1 is exact if
(Exa) Ve, liT{r1||Pn---P1f||1:0.
If P, = Pr,, where the maps T,, are defined on a probability space (X,.4, m), define
(2.2) A =T T HA).

The exactness condition is equivalent to the triviality of the algebra A.,, where

(2.3) Ao =[] Ar-

k>1
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We say that the collection of contractions P satisfies Doeblin-Fortet-Lasota- Yorke
inequality, or (LY]) for short, if there exists p € (0,1) and C' > 0, so that for any
P € P we have

(LY) vieV, [Pflo<plflo+Cll Sl

It follows from (LY]) that for any P,,..., P, € P, there exists M > 0, so that ([3
Lemma 2.4])

(2.4) [P Pufl, < M|fls, n>1.

We say that P is compact if for any sequence (R,) C P there is a subsequence
(Rn,) and an operator R € P, such that

(C) VfeW, 1i§nHanf—RfH1:0.

Proposition 2.2 (Proposition 2.11, [3]). Let P be a collection of contractions verify-

ing the condition (C)). Assume also P satisfies (LY|) and that any sequence {P,} C P
is exact, i.e. (Exal) holds. Then any sequence in P satisfies (Dec)).

We also need an extension of Proposition 2.10 in [3].

Corollary 2.3. Let P be a collection satisfying (LY|) and {P,}n,>1 C P a collection
for which (Dec|) holds. Then there exists 6 > 0, so that any sequence { R, }n>1 C P,

with R, € B(P,,0), for alln > 1, satisfies (Dec)).
Proof. The proof follows from Lemma below and Proposition 2.7 of [3]. O

Lemma 2.4. Let P be a collection satisfying (LY]|) and {P,},>1 C P a sub-collection
satisfying (Dec|). Then for every e > 0 there are integers q(€) > 1 and a real number
d(e) > 0, such that for all g operators Ry, ..., R, in Uy>1B(P,,(€)) NP, we have

VieVo, Ry Ruflly <elflo.

Proof. Without loos of generality we can assume Ry € B(Py,0(e)) NP, for all k < n.
By (Dec|) we can find ¢ > 1, so that for every f € V), we have
€
1By PufI < 149171 < S

Next, observe that

Ry Baf = Qn-- - Quf [ S [|[Ru(Roor -+ Ra) f = Qu(Rp—1 -+ Ba) flla
+ HQn(Rn—l T Rl)f - Qn(Qn—l t Ql)f”l
S d(Rm Qn)|Rnfl e lelv
T Qu(Ry—1- - B — Qur - Q1) fh
< d(Rp, Qu)M| flo + [ Rp1 -+ Bif — Qne1-- Q11

In the last line we used the estimate (2.4]). Iterating the last estimate we get

k=1
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Hence for any f € V)
Ry Raflli <Ry Baf =Py Puflli + [Py Piflla
< qMo(E)|flu + S| fl < el fl,
if §(e) is such that gMd(e) < /2. O

2.3. Lasota-Yorke inequality. We need the following standard fact those proof
could be found in [3] or [7].

Lemma 2.5. (a) Let [u,v] C [e,d] C [0,1], and f be of bounded variation. Then

2 d J

(b) In particular

o]+ 150 < Vi () + 7 [ (Ol

Lemma 2.6. Let T satisfy (1.1) and suppose that there is an interval W C T such
that T is smooth everywhere except, possibly, at the endpoints of W. Then there exists
p€(0,1) and C = C(K) > 0 such that for alln € N

(26) V(P < 2V(D) +Clf .
Proof. Recall that
Prf(z Zf o0& |T’ o I.)|1T(Ij)($)7

where o; is the inverse function of 7" on its intervals of monotonicity (/;). We can
assume that |[W| < % Otherwise, we will switch W and W¢. Since T" has only two
discontinuity points, the partition (I;) can be chosen in such a way that there will be

at most one interval I € (I;), with |I| < 2[K] —- Indeed, we can define the partition

(I;) on W€ so that |[;| = [‘I?]/—Jr‘l, j=1,...,[K]+ 1. Since W |I| < +, then
T'|;; will be one-to-one on each one of these intervals. If now |[W| < [K] sy then we

will take W to be one of the partition intervals, otherwise we divide W 1nto intervals

of size m and a reminder interval I;, so that |I;| < m

Note that )
V(Ppf) < Zv( mlm)) <

v |(77) o] + E 7l

where T(Ij) = [a;, B;]. By an inequality in [3], page 106, we have

()] -4 ()] 425 o

oja;) + )% (Jjﬂj)} = I+1
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Summing over j we get
(2.7) I<—=+—|fl

Y Y

Next for all monotonicity intervals except the shortest one we use Lemma [2.5(b)
obtaining

(000) + |5 |(360) < T 151(0s0) + 11036

1
‘ T v

Ij( 2
(2.8) § ’y \I]/‘f x)|dx < +2[K]+1/Ij|f(:r)|dx.

It remains to handle the shortest interval I;. Let I, be a partition element adjacent
to I; and set [ = I; U ;1. Then |I| > [K]+1 and by ({2.5)), applied to I; C I = [e,d],

we have ‘ (%> (00%) +‘ (%) (0:6:)

1 1 2
(2.9) ~Uf (o) + 171080 € “Vilh + = / flde.

Summing the above estimates we obtain

V(Prf) < %V(f) el

where the factor % is the sum of three terms of size %y coming from (2.7, (2.8)), and
(2.9) respecively. This completes the proof. O

2.4. Positivity of density.

Lemma 2.7. Let {T,},>1 be a sequence of maps satisfying (1.1). Assume that the
sequence of intervals {W, },>1 is such that for each n > 1 T, is continuous everywhere
on T, except possibly at the endpoints of W,,. Then there exists o such that

(P,---P1)(x) >0, VexeTn>1,
where P, is the transfer operator for T,,.

Proof. According to Proposition 2 in [2], it is sufficient to show that for each I C T,
there exists N = N(|I]) so that Gy y(I) = T.

If WiN1I # 0, then the intersection with OW; divide I into at most three com-
ponents. Let [; be the largest component. Then |I;] > |I|/3. Consider the image
G1(I1). Then |G1(I1)| > 7|{1|, since Gy is continuous both inside and outside of
Wi. Next, we choose the largest interval Iy C Gi(I;), so that either I, C W, or
Iy N Wy = (0. Hence, |I] > |G1(11)|/3 > Z|Ii|. Repeating this argument, we will
obtain a sequence of intervals (/,,),>1, so that

Ll > (3) 11l

Since 7 > 1, then the image of I; will cover the circle in time O (ln (ﬁ)) ([l
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3. MIXING FOR MODEL A’.

Let P, and P, be the transfer operators of T, and G,, respectively. In the sequel,
instead of the notation W, _; for the backward gate we will use W,,.

By (1.3) we have
T.W,) NW,_1 =0, and T,, _(T,,(W,,)) N W,, = 0.
This implies that

(3.1) Gn(z) = {

Hence the hitting times are

To(Th1(To(x))) if zeW,,
T, (z) if z¢T\W,.

(3.2) Tn(x):{?) if e,

1 if forxeT\W,.

Our main tool for proving the central limit theorem is Theorem 2.1 To apply it
we need to verify (Ded]) and (Min)) for the operators { P, }ncz. We start by verifying
(Ded) for {P,}. Once we have established this, we can apply Corollary [2.3 . to obtain
the same property for {P,} for dp small. The unboundedness of the variance needed
in Theorem 2.] will be established in Section [l

To show (Dec) for arbitrary sequence 17, Ts, ... satisfying (1.1]), we verify for
the following class of maps
(3.3) {T € C*™UP(T) : T satisfies (I.1)) with constants v, K, K }.

To show for the class (3.3)), we use the Arzela—Ascoli theorem to find a sequence
{7}, } which converges uniformly to a Lipschitz function 7" with the same constant.
Next, we choose a subsequence of {ny}, so that T, converges uniformly to a function
T, which will be from class (3.3]). It remains to show that any sequence of mappings

from (3.3 is exact. We start by obtaining the classical distortion estimate for a
composition of expanding maps satisfying the condition ([1.1)). Note that

T(x) | _|T=) — Té(y)‘ < Kifz—yl
T5(y) T5(y) I
We are going to obtain the distortion estimate

() (@)
K Sy S Ko

for all 0 < n < N and z,y belonging to the same injectivity interval of 7} ,,. We have

N
|(T1N |T/ Tln 1
S 1+ C\Tp-1(x) = Tip 7
\(Tuv H 1T (T s ( ) g( Tin-1(2) = Trna(y))

where C' = Kl/y. Next,
T (@) = Ton ()] < (1/9) " [Tin (@) — Tun(y)]-

Hence

(3.4) ”(<T1N,,x gH( >:K0<oo.
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It follows from ([3.4)) that for any intervals A, B which belong to the same monotonicity
interval of T3 n, we have

o 41 < (D] 1
Bl = ITn(B) = 18]

We now show the exactness of the sequence {7, },>1. Let A be in the asymptotic
o-algebra A, of T} ,,, with |A| > 0. We need to show that |A| = 1. Since the lengths
of injectivity intervals of 77 ,, go to zero uniformly, as n — oo, we can find J, so that
Ti,(J) =T and |J N A| > |J|(1 —¢€), where ¢ > 0 can be taken arbitrarily small.
Next we find an open set G C J, so that AN J C G and |G| < 2¢|J|. Using (3.5),

we can write

(3.5)

’TLN(ACO J)| S ‘TI,N( )| < ‘Tl N( )‘ |’J||K0 < 26K0

Therefore

|T1’N(A N J)| Z 1-— ZEKQ.
Since A = (T1,) '(T1.,)A and € > 0 is arbitrary, it follows that |A| = 1. This finishes
the proof of exactness for the sequence {7, },>1.

The (LY)) property for {P,} is shown in Lemma . It now follows from Propo-
sition that any sequence of operators {P,},>1 of mappings from (3.3|) satisfies

[Ded).
We next prove, that {F,} also satisfy the property (Dec) for §y sufficiently small.
Note that (LY]) for {P,} also follows from Lemma [2.6| In view of Corollary 2.3 it

suffices to show that the operators P, are close to P, in d; metric. To show the
closeness we need to check that

(3.6) sup || Puf — Puf||, < Cdo.
{(fevilflo<iy

Indeed, we have that
|Gn(W)| < KP|W,| < K%6, Vn €N,
Hence

Pof(x) = Puf(z), Vo ¢ Gu(W,)
350

and so

||Pnf_Pnf||1 = ||f||oo§0/|f| 50

Thus, {P,},>0 satisfies (Dec). The property (Min)) for {P,},>o follows from
Lemma 2.7, as v > 3 and G, is continuous everywhere except, possiblly, at the

endpoints of W,,.

4. HITTING TIMES FOR MODEL A’.

We now prove that the variance in Model A’ grows linearly, if N is large enough
and g is sufficiently small. Recall that

- (Z Gt - [ n(Gl,xy))der) i

i=1

where {G}, }n>1 and {7,,},>1 be given by (3.1) and (3.2).
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Lemma 4.1. There are constants &y, N such that if holds and 5y <y then
o2 >Cn

for some C = C(dp, N) > 0.
The precise restrictions on N and d, will be given later (see (4.5 and (4.6} - ) below).
Proof. Define
Ty = Tk — / Te(G1p(x))d.
We have '

(41) o2 _Z/~2 (Grn(x))dz+2 ) /TZ (G14(2))75(Gy () da.

1<i<j<n
By
/Tk(Gl,k(I))dI =1+ 2/ Lw, (G x(z))dx.
Next, ’ '
/1wk(G1k< o= | P

where P*¥ = Pi ... P, (see . Using (2.4 and ( m we see that there is

a constant C' such that
x< / (G d < O
It follows that
(4.2) —6_'50§%k§—6—£0nT\Wk; 1<7.<2onW,.
Thus
/T 2(Gha(2))dz = /T (Pi1) 2de > o / R > cd,

where the first inequality follows from (Minl) and the second inequality follows from
[£2). Next,

/T 7G5 Gasla))dn = [ [P Py (5P'1)] da

T
Note that

/[(le)%j]@)dy = /fj(GLﬂ)dﬂC =0
T T

by definition of 7. Hence by (Dec)
/ﬂ-Pi---PjH (77P’1) du

for some constants D, D’. Here we used that ‘%ﬂ?e”v < 3M]|r|,. where M is from
1} and ||7;]|; < Cdy where C' = max(C,2) with C' coming from (4.2)). Therefore

< DX=N7Pi |15 < D616,

N

4 0
Z /Tl (Gh,i2)7;(Gy ) dx‘< (n—3i)D'0'5y < D&y Z n@’ﬁD’n(S()l

i,j<n;li—j|>N N<i<n N<i<n

-0



12 D. DOLGOPYAT AND D. KARAGULYAN

We now consider the terms in (4.1)) with |i — j| < N. By (2.4)

(4.3) Hz : Gim(x) € W} = / Tw, (G1n(z))de = /(P”l)ﬂwn (x)dx
< \71;”1\@|Wn] < Méy. )
Recall that by forallneZ and 0 <k <N
Gk (Wn) D Woppa = 0.
Split

4 [ #Cu@)H (G dx—</ /\) (G1al@))5 (G () da.

where

Lij={2:G1i(x) € Wisy or Gy (z) € Wi}
Since |i — j| < N, then Gy ;(z) € Wi4;y and Gy ;(z) € Wi4q can not take place at the
same time. Thus, if Gy j(x) € W44, then Gy ;(x) ¢ W;y1. Hence by ,

|7:(Gry(@))] < Co.
Also by (4.2) |7:(G1i(x))] < 2 everywhere. Hence, by ({4.3))
I,']'
For the second term in 1 , we have by (4.2 .

]/ F(Gra(2))75 (G (x dx’<0252
T\I;;

Hence
| / 7(Gi2)7(Grga)da| < (ACM + G52,
T

Since Card{i,j:1<1i,5 <n,li —j| < N} <nN we have
N

2> coon — nN(ACM + C?)63 — D'(Sole

—" + O(1).

Therefore
oN - =
0121 > ((c — D’—) — (4CM + 02) 50> don 4+ On s (1).

Take N so large that

c(1—0)

4. o

then the first term in parenthesis is at least ¢/2. Hence taking
= c

4.6 dp=—=——"—

(4.6) °7 34CM + C?)

we obtain that for &y < dy

oN - -
(C — D/m) > (4CM + 02) (50
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giving the required estimate 02 > Cn. O

The estimates established above prove Theorem (a). We note that the condition
(1.3n]) is used only in the proof of Lemma [4.1, Hence part (a’) of Theorem also
holds.

5. MODEL B. EXPONENTIAL MIXING.
Let P denote the transfer operator of T. By assumption
TP"WNW =0 forp=1,2.
We shall use the following notation.
= {3 § TSt G- (T e

Note that if T}, = T+h,,, where h,, € C*THP(T), ||k, || crive < & and |[WAW,,| < &,
then for §y sufficiently small we will have

Hence, for perturbed maps T}, = T+ h,,, the induced maps G,, in (1.4]) and the hitting
times functions 7, are given by the formulas and . As earlier, we denote by
P, the transfer operator of G,,.

We now show that the sequence { P, } satisfies the condition it 9y is sufficiently
small. (Dec) for P follows from Lem and the covering argument in the proof
of Lemma [2.7.  Applying Corollary to the sequence P,P,..., we can find a
neighborhood of P, where property is preserved. Hence, to establish (Dec)
for the sequence G1, G5 ... for §y small, it suffices to show that the norms d; (P, P)
are small when ¢y is small.

To this end, we recall the following fact from [3]. Let

. w(f,t) = su — f(x)|dx.
(5.1 0= sw 150) - 5o
Then

(5.2) B(f,1) < 24V (f).

As earlier, we need to estimate the norms
1Pt = Pfll = [ 1Puf = Pflde.
T
For z € W,, N W we have that

Gu(@) = To(To1(Tu(2))) = T(T(T(2)))) + gu(2),

where [|gp || 1o, nwy < Cdo. Hence, away from a set A C T of measure O(dy) we
have |G =Gy || cr+uiv(m 4y < Ldg, Vn € Z. As both G and G, are continuous everywhere
away from the endpoints of the intervals W and W,,, then for every preimage y;, with
G~1(z) = y1, there is a preimage y2, G,,'(x) = y» close to it. The set B of all x for
which the pairing described above does not exist between all of its preimages, is of
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measure O(dy). Since |G!| < K3, then for each z there are at most [K?] + 1 many
inverse branches of G,,. One can also see that |y; — ya| < Ldg/y. We now write

Pe, f(x) — Paf(z) = Ey(z) + Z é’((yyll)) N Z (Z’C/(ng))
y2:G(y2)=2 "

ZE0($)+Z {é/(yl) B f(yz)] +Z {f(m) _ f(yz)]

y1:Gn(y1)=a

=Gy G)] =G Gy
where Ej is supported on B. In particular, ||Ep||; < Cd. Now note that
o1 Ki(y1 — ) o1 <L<K150+@)
G'(y1)  GLly2)| ~ 1G'Ww)G (w2) | G (y2)  GhLly2)| — o)

Thus
f(y1) f(y2) f(yl) . f(y2)

< — dr < / <
/IF\B G'(y1)  Gh(y2) ne|G(y)  G(n)
For the first term on the right, we have by (/5.2))

dx

L,
f(y1) _f(?JQ) . l B )

/T\B G'(y)  G'(y) dz < /T\B|f(il/1) f(ya)ld

f(y2) _ f(y2)

G G| ™

y

2 2L,
< ; sup |y1 - y2|VT(f) < ’YQOVT(JC)‘

f(y2) _ () ’ (ﬁ i)
/E\B G’(yl) G (y2) @7 < [flloctol 3 +72 '

As the set B is of order O(dy), we also have

Next

/ Pof — Pfldz < Li||f ||| Bl < Labol fw.
B

Recall that ||f]lco < |f|.. Hence summarizing the estimates above, we finally obtain
|Puf =PIl < L'éol fl.-
This completes the proof of (Dec|). The (Min) condition for P"1 follows from
Lemma [2.7] Thus, we have established (Dec) and (Minl) for the sequence {P,}.
6. MODEL B. THE GROWTH OF VARIANCE.

Next we show that the linear growth of variance will persist under small perturba-
tions of G and T.

Proposition 6.1. Assume ¢ € V is not cohomologous to a constant under G . Then
there exists 6 > 0 and Cy > 0, so that if P, € By(P,d), for allm > 1, then for any
sequence of observable { fi.}32,, with supy, | fx|, < Co < o0 and

(6.1) sup || fe — ¢ll2 <9,
k>1

we have

Var S,, > Cn,
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where

n—1
5,(0) = 3 flGua(@) - [ H(Gaalw))do.
k=0
Proof. We will use ideas from [3] and Theorem 4.1 in [I1]. Let

f=tu= [ 5Gralw)d.
Note that - -
Then, in view of Corollary [2.2, we take § so small that {P,},>1 satisfies (Dec).

Consider the following martingale coboundary decomposition. Set

(6.2)
H, — % [Pn <fn,17?"’11> + PP, (fn,ﬂ?“*H) Y.+ PP,,.. . P (fopol)] ,

(63) wn = fn +H, — Hn+1 o Gn+17
Un - ¢n o Gl,n-
Then
n—1 ~ n—1
Z(fk: oGhy) = Z Up +H, oG p.
k=0 k=0

It is shown in [3] that {Ux} is a reverse martingale sequence with respect to the
filtration (A,,) defined by (2.2). We thus have

n—1 n—1 %
‘||Sn||2 - ||2Uk||2 = ’HSnHQ - <Z/U1§($)d$> ’
k=0 k=0
n—1

<|1Sn =Y Uil < sup|H,|, < oc.
k=0 nzl

Therefore it is enough to show linear growth for the sum

/ U2(2)dz.

[y

n—

e
Il

0

Observe that (Min)) inplies that
i@ = [iGrmde = [ i) P iy = 0 [ v
We will now show that there exists 7 > 0 so that for all large n € N we have ||1),,||3 > 7.
This will imply linear growth of the variances ||S,||2, i.e.
|Snll2 > oin + C.

We first consider the case where we iterate only one map, i.e. G, = G and o=
for all n € N. Let h denote the absolutely continuous invariant density for G. Let

0o = — [ (x)h(x)dz. Then

(64) wn,é = %o =+ Hn,G_’ - H’nJrl,é ° Gv
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where

1 _ _ _ _ _ _
(6.5) H.o=57 [P (poP"'1) + P2 (poP" 1) + -+ + P (poP°1)] .

We now show that there exists 7 > 0, so that ||¢,, ||z > 7 for all large n € N. Observe
_ - 1 1

that P"1 — h in |- |, norm and by (Min]) we also have Bl 7 7 in |- |,. Also note

that

(66) |PnPn—1 s Pn—k: <.fn—k+1pn_k]—> |v S K9k|fn—k+1pn_k1|v S Koek;

since ffn,kHP”_kldx = 0. Hence the |- |, norm of the terms in (6.2) decays
exponentially fast in n. By this and the continuity of P in L? metric, we have that

- 1S .
(6.7) HooopH=x) P (heo) ,
n=0
as n — 00. Set
(6.8) Y=po+H-—HoG.

We have H € V. Since ¢y is not cohomologous to 0 under G, then [|¢||5 # 0. Hence,
in view of ([6.7)), there exists 1 such that for all large n

(6.9) [ngllz >0 > 0.

We now show that ¢y and H,, 5 remain uniformly close to f,, and H,, respectively in
L? metric as § goes to zero. This will yield that 1, have uniformly large L? norms.

Comparing (6.3) and (6.4) we get
(6.10) = tnc = |Fa— 0| + [Hu = Hyg] = [Hupi 0 Gy — Hypu g0 Gl
By (6.10) and it is enough to show that for ¢ sufficiently small and for all large

n, we have

(611)  [H,—H,gl2 <5 [HunoGu—Hyigo Gl < 1
10 10
and
7 n
6.12 — folls < —.
(6.12) o = Full < 1%
By Lemma 2.13 of [3], for any p < n we have the bound
(6.13) [P "1 — Pr1|, < C' (ps+ (1—0)""o7).
Taking p = [\/Lg] + 1, we see that for small §
(6.14) |P"1— P 1|, < C"VG.

Recalling that [P"1|, < M and |P"1|, < M, we obtain

(6.15) [P~ Pra, < /20 |[Pr1— Pra||, < \/2MCV = Crot.
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Combining (6.14]) with - we get
/fn (Gin(x))de — /go(G"(x))dx‘ < V6.

Using ((6.1)) once more, we obtain (|6.12)) if § is sufficiently small.
Now we estimate the second term in (6.11)). We have
[Hyi1 0 G —Hypq 60 Glla < do(Po, P)[Hppa]y + [[Hpgr 0 G = Hyyy g0 Glla
< dsup [Hy|, + M||H, 1 — Hn—i—l,GHQ'

Hence, it is enough to bound the norms ||H,, s — H,||2. To this end note that by
we can find a number N such that

H, ;= 1 [P (0oP"'1) + P? (poP" 1) + -+ + PN (g P N1)] + g(NV, n),

Pr1
and
H, =[P (fn,m“*l) oot BBy P (o 1)] + bV,

satisfy [|g(N,n)|js < — 40M |A(N, n)||2 < 40LM for all n > N.

We now show that for arbitrary fixed N, there is a constant C', depending only on
N and Cj, so that for all £ < N we have
=P (0P ) | < Gyt
2

PPt Paci (Jain P41 -

HP - 1- k{ fnokt1 Pl

In view of (Min]) and (6.15)) it is enough to show that

nin—1--- Pn—k <fn—k+lpnik1) - PkJrl (Wopnfkl) H < 045i-
2

(6.16)

By Lemma 2.4 of [3], we have

k
dy (P Py, PY) <MY dy (P, P) < kM6, k>1.
j=1

Therefore, for all £ < N we can write
‘ PnPn—l o Pn—k (fn—k—lpn_k_l].> — Pk—H <fn_k_1pn_k_1]_>

Next, by (6.14]) and (6.15) we have

| fookoa PRI — oo PR < Ceb7.

‘2 < Cs(k + 1),

Hence, by the continuity of the operator P* in L? norm, it follows that for all k < N
we have

(6.17) | P+ ( fn_k_m”*’ffll) — PR (PR ||y < C5

Summarizing, we get
N
H,-—H,|. < 57 + ——
|| 7’LG ||2 — 8 4 + 20M

Taking 0 sufficiently small we will get the estimates and ( -
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Combining the foregoing estimates with (6.10]), we see that for § sufficiently small
and n sufficiently large we have

no_
[l > 5~ 33 =10
finishing the proof. ([l
Lemma 6.2. 7 is not cohomologous to a constant under G.

Proof. Assume 7 is a coboundary for G. Since 7 € V, then similarly to the proof of

Proposition (see and (6.8)) we can find g € V, such that the equation

#(z) - / F(e)h(z)dz = g(z) — 9(C(x))

holds almost surely. Let A" C T be the set of all z € A" for which the equation above
holds for all the forward and backward images of x under G. Clearly |A’| = 1.
Note that there is o € T, so that G(zg) = xo. Take x € A’. Then

S #(GH ) — n / H@)h(@)dz = g(z) — g(G™(z)).

k=0 T

Observe that 7(z) = T(z) for x sufficiently close to xy. Hence

(6.18) InF(z) —n/Tf(x)h(;c)dﬂ — |7 (z0) — /Tf(x)h(x)dxy < 2lg]le.

We have |7(xzg)| = 1 or 3. However, 1 < | [.7(x)h(z)dz| < 3 because h is positive on

both the set {7 = 1} and the set {7 = 3} due to (Min|). Hence, for large n, (6.18))
can not take place. This finishes the proof. ([l

We have shown that Pi, P, ... satisfies (Dec)) and (Minl) if d is sufficiently small.
Proposition [6.1] gives linear growth of the variance for the sequence

n—1

To(x) = Zrk(Gk_l o---0Goyx),

k=0

for &y sufficiently small. Now Theorem [L.1|c) follows from Theorem [2.1]

7. WALKS IN RANDOM ENVIRONMENT. GROWTH OF VARIANCE.

Lemma 7.1. Let E = {(T1,W1),..., (T, W)} be a collection of maps and gates,
so that each sequence (T,,, Wy )nez, with (T,,,W,,) € E, ¥n € Z satisfies the conditions
of Model A or Model B. Then for all 6y sufficiently small, for almost all 7id choices
of the pairs (T,,, Wy )nez we have

o, > On,

o2 = / [i (n (Criz) — /T 7 (Griy) dy>rdx

=1

where
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Proof. Since E is finite, then from it follows and that there are only
finitely many induced maps G, and 7, appearing in all realizations of environments
(T, Wo)nez. Let {(G1,7),...,(Gm,Tm)} be the set of all possible such pairs. Suppose
that (G, 7;) appears with probability ¢;. We assume that all ¢; are positive (otherwise
we drop G;s which have zero probability).

Take g so small that both (Dec]) and (Min)) hold for any realization (7,,, W,,)nez.
Set

fol) = 7a(z) — / (G (4))dy = Tu(z) — / o (9) (P"1) (4)dy.

T
As before, we consider the martingale coboundary decomposition

H, = % [Pn (fn,m”—ll) + PP, (fn,QP”—H) 44 PP, .. P (fopol)] ,
and define the functions
(7.1) Un = fon+H, —H,10Gpi1.

As in the proof of Proposition [6.1] it is enough to show that there is a constant C'
such that for almost all environments if n is large enough then

n—1
Z/i/},z(x)dx > Chn.
k=0

Let hy, = P, Pp_1... P,_;1. We claim that the limit A, = klim o, i existﬂ in BV
—00
and moreover there are constants D > 0,19 < 1 such that ||k, — hy||s < DY*. Indeed

hn,k - hn,k+1 - PnPn—l ce. Pn—k(]- - Pn—k—11)~

Since for each /Pmldx = /1dx = 1, (Dec) implies that ||h,x — hp 1], decays

exponentially in k proving both estimates of the claim.
Define

~ 1 & . .
Hn - h_n kZ:; PnPn—l ce. Pn—k—l—l (fn—khn—k:> where fm(x) - Tm(x')_/Tm(y)hm(y)dyv

'Lﬂn = fn +Hn - Hn+1 o Gn+1

Proceeding as in Section @ we conclude that defini ||¢),, — 1, ||2 is exponentially small
with respect to n. Accordingly it suffices to show that there is a constant C' such that
for almost all environments if n is large enough then

(7.2) i / V2 (x)dx > Cn.

3We note that changing T),s for n < —1 does not change the distribution of the walk. However,
the densities h,, are convenient because their stationarity allows us to use the ergodic theorem. The
independence of the walk from the T, with n < —1 will be reflected in the estiamte |hy,—hy 0], < DY”
proven below.
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Note that the expression in the LHS is a stationary functional of the environment.
Therefore applying ergodic theorem we see that ([7.2) provided that

(7.3) E ( / ;Z),f(x)dx) >0

where E is the expectation with respect to the environment (with C being any number
which is smaller that the above integral). It remains to check that the LHS of (7.3).
Otherwise we would have that ¥, = 0 almost surely and then the foregoing discussion
would imply that there is a constant D such that almost surely o2 < D (since

HITInHQ are uniformly bounded). On the other hand if all (7}, W) = (71, W,) for
all =1 < k < n then the results of Section [6] in particular, Lemma imply that
02 > cn for some ¢ > 0. If n is so large that cn > D we get a contradiction with the
assumption that the LHS of is zero. This completes the proof. O

8. NATURAL SCALE.
Proof of Theorem[1.5 Observe that
(8.1) P(S(z,) —n > to,) =P(S(2,) > n+to,) =Pz, > Z(n+ta,)).

Let 2z, = Max z. It is easy to see that
<n

(8.2) Zno10 < % < 2,
By definition of 7 for each p
(8.3) P(z;_, > x) =P(15 <n —p).
Hence
P(szhp > Z(n+t6,)) = P(Tz(my1s,) <1 — D)

_P (TZ(n—H&n) —n+p+to, to, )

< J—
A/ Var(Tg(nth&n)) 1/ Var(TZ(an,n))
0n = ¢/ Var(tzpm) < Cy/Z(n) < C'vn.

It follows that for fixed ¢ we have |Z(n + t6,) — Z(n)| < C1v/n. Since the variance
of 7,, grows linearly |Va1"(7'z(n+t&n)) - Var(Tg(n))| < Cq4/n and so

Recall that

to
- =t(1+0 (nY%).
Var(Tzm+t6,)) ( ( ) )

Therefore, Theorem [I.1] gives

n+tén) +p+t n tAn K 1
(8.4) lim P (TZ( o) " NTP T 7 ) :/ —26_“2/2du.
oo T

oo VVar(Tzm6,)) Var(7z(ni1s,))
Combining (8.2)), (8.3 and (8.4) we obtain the result. O
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9. WALKS IN RANDOM ENVIRONMENT. CONTROL OF DRIFT.

Let Fj.n be the o-algebra generated by {71}, W, }x<i<, and denote a,, = fT fm(Gim—1z)dx.
The properties of a,, are summarized below.

Lemma 9.1. There are constants Cy,Cs,C3 > 0 0 < 01,605,605 < 1 such that

(a) For each k there exist random variables ap, ;. such that a,,  is Fp_km measur-
able, for each k the sequence m — a,, i is stationary and |Gy, x — Gy,| < Clelf.

(b) There exists the limit a = lim E(a,,) and moreover |E(a,,) —a| < Cy65".

m— 00

(c) Cov(a,, a,,) < Cy0> ™,
m d -
(d) There exists D* > 0 such that Uz Tm(2)de] — ma = N(0,D?) as m — oo,
m

(e) For each € > 0 there exists C'(w) such that for each ni,ny < 10N such that
Ingy —ny| < N3 we have

‘E(Tnz) - E(Tm) - a(nQ - nl)’ < C(w)N3/8+6'

Remark 9.2. Note that D in part (d) might be equal to zero in some cases.

Proof. Let ap, . = E[fm(Gm-1 0 -+ 0 Gppx)]. (a) follows by exponential mixing
condition (Dec). Indeed, note that for m > k

’ /Tfm(Gml 00 Gy pr)dr — /Tfm(Gm1 o 0Gz)dz

< / (| P ... P11 — Py, ... Py dx < C16".
T

(b) By part (a)
(9.1) E(a,) = E(an) + O(6}) = Elago) + O(6)).

Hence, |E(a,) — E(a,,)| < C0%, for n > m > k, which shows that the sequence
{E(a,)}n>1 is a Cauchy sequence. Thus, we have the limit a = lim E(a,,). Next,
- m— o0

by letting m — oo in (9.1)) we get (b).
(¢) using the stationary of a,, and (b) we can write

E[(anl - E[am])(anz - E[ang])] < C|E[an1_n2] — a| + C'gln2—mal

< Cyom

(d) follows from (c), see [8, Chapter XVIII].
(e) also follows from (c) as is shown in [5]. O

We also need

= o2 with probabil-

Var(7,
Lemma 9.3 ([9]). There is a constant o such that lim ar(7)

n—00 n
ity 1.
Proof of Theorem [1.4). Let b, = Z(n). By Lemma [9.1f(e) for k& < n%6
S(by + k) =S(by) + ka+ O (n"*) =n+ka+ O (n**).

Therefore part (a) follows from Theorem [1.3]



22 D. DOLGOPYAT AND D. KARAGULYAN

To prove part (b) let v = 1/a and split

Zp—mnU  zZp—0b, b, —nv

i v

By part (a), the first term is asymptotically normal. Also similarly to the proof of
Theorem we can deduce from Lemma that the second term is asymptoti-
cally normal. Moreover, those terms are asymptotically independent since the second
term depends only on the environment, while the distribution of the first term is
asymptotically independent of the environment due to part (a). Since the sum of two
independent normal random variables is normal, the sum is asymptotically normal
with

0? =o?+ D?
where o is from Theorem [1.4(a) and D is from Lemma [0.1f(d). O
10. A COUNTER EXAMPLE.

Here we show that the conclusion of Theorem [I.4] does not hold for all environments
satisfying Model A and Model B (as opposed to Theorem . Consider the case

m(x)d
where W, € {W',W"}. Suppose that if W, = W' then lim Jrm(@dr e
mM— 00 m
m(x)d
if W,, = W” then lim Jr Tm(@)dz = a” with a’ # a”. Given n let k(n) be such that
mM—r 00 m

k* <n < (k+1)? and let W, = W' if k(n) is even, and W,, = W”" if k(n) is odd.
Using the argument of Lemma [9.1] we see that

28’k +O(1) kis even,
2 — Tg2 dr =
/T (T2 (2) = Tre2 () da 2a”k + O(1) k is odd.

Thus choosing t be the largest number such that E(7;) < k? we get E() = k*+0(1).
Since S has different slopes to the left and to the right of k2, Theorem shows that

the distribution of % is not close to a normal.
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