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ABSTRACT. This paper studies the representation and large-sample consistency for non-
parametric maximum likelihood estimators (NPMLEs) of an unknown baseline continuous cumu-
lative-hazard-type function and parameter of group survival difference, based on right-censored
two-sample survival data with marginal survival function assumed to follow a transformation model,
a slight generalization of the class of frailty survival regression models. The paper’s main theoretical
results are existence and unique a.s. limit, characterized variationally, for large data samples of the
NPMLE of baseline nuisance function in an appropriately defined neighbourhood of the true function
when the group difference parameter is fixed, leading to consistency of the NPMLE when the
difference parameter is fixed at a consistent estimator of its true value. The joint NPMLE is also
shown to be consistent. An algorithm for computing it numerically, based directly on likelihood
equations in place of the expectation-maximization (EM) algorithm, is illustrated with real data.

Key words: adjoint differential equation, frailty model, large-sample theory, likelihood
equation, restricted NPML, variational method

1. Introduction

A common problem in the analysis of clinical trials or epidemiological survival data is to infer
the way in which survival over time depends upon auxiliary medical variables or risk-indi-
cators, called covariates. Right-censored survival data are collected in the form of triples
(T, A, Z}) € [0, 00) x {0, 1} x R? for subjects i, and idealized in terms of the latent failure
model, according to which each subject comes equipped with an unobserved random death-
time X; random censoring time C; and discrete p-vector of covariates Z; with
T; = min(X;, C;) and A; = Iix<c;. We impose the usual assumption that the vectors
(X;, C;, Z;) are independent and identically distributed, with C; conditionally independent of
X; given Z;. The objective is to estimate the conditional survival function S(¢|z) for X; given Z,.

By far the most common model for the influence of covariates is that of Cox (1972),
according to which a factor depending upon covariates multiplies the hazard intensity. In this
paper, we study a generalization of that model,

S(t|z) = P{X > #|Z = z} = exp(—=G(¢PA(2))), (1)

where G is assumed known and satisfies additional smoothness and regularity conditions
discussed below. Both the true finite-dimensional coefficient-vector f = , € R” and the true
baseline continuous cumulative-hazard function A, are generally unknown. The problem of
simultaneous estimation of (ff, A) is called semiparametric because A is infinite-dimensional.
Cox’s (1972) model is the case G(x) = x.

The groupwise survival functions R.(f) = P{C>t|Z = z} for censoring, as well as the laws of
the random vectors Z; € R”, are assumed not to depend upon the parameters (ff, A). In
addition, all remaining study-subjects are right-censored at a fixed non-random time 7, such
that A(tg) < oo. Equivalently, in terms of the group-z probabilities ¢, = P(Z, = z) and
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qz(t) = P(Tl 2 t,Zl = Z) = C‘ZRZ(l‘)eiG(e:,on(Z))7 (2)
we have
D g:(t0) >0 and > Ri(to+) = 0. (3)

As a consequence, for all large n the longest durations in the observed dataset will almost
surely be right-censored, with A; =0, at time 7; = t9. This is reasonable because
biomedical studies will virtually never be continued until all subjects are dead. Even in
accelerated-failure reliability studies, where all tested devices might be observed until
failure, extremely delayed failures are more sensibly deemed censored, as accelerated
stresses cannot be assumed to have the same effect on extremely long-lived devices as on
others.

We study local maxima near (fy, Ag) of the log-likelihood for model (1) of survival data
{(T;, Ai, Z})}._,. Throughout most of the paper, p = e is a known positive scalar, with
Z; € {0, 1}, and A, A lie in the space of cumulative-hazard-like functions defined by

Sy ={A € D0, 7] : A(0) =0, A non-decreasing},

and D is the space of right-continuous real-valued functions with left limits.

Denote the log-likelihood at A for the two-sample right-censored survival data under model
(1), with p = ¢#, by logLik(A, p). The standard likelihood for right-censored survival data,
with continuous A absolutely continuous with respect to the fixed dominating measure, is

n

dAA oo VY [ i (1-4)
H{PZ‘G/(PZ/A(E‘))d—(me G(p A(T,))} {e G(p A(ﬂ))} .
i1 v

When the data {(T;, A;, Z;)}_, are summarized through counting processes
N(t) = jZlAil[T,guz,:z]7 Y() = il[renz,:z],
and N(7) = > .N.(1), Y(1) = >.Y.(¢), the logarithm of the likelihood is
oeLik(A, ) = S [1oe(sG (@) ) + [ Grama)}. 0

As in Nielsen et al. (1992), we define log-likelihood by the same formula more generally for
A € Sy with v from now on defined to be the sum of Ay and counting measure for the jumps
of N. Although standard, this choice will be justified later (in section 2).

The objective of this paper is to prove large-sample (local) existence and consistency of the
generalized non-parametric maximum likelihood estimator (NPMLE) of (p, A) for model (1)
when p is fixed in a sufficiently small neighbourhood (not depending on n) of p,. We are
interested in consistency of NPMLEs for A in the sense of uniform convergence on the
compact interval [0, 7o), where the non-random point 7, is as in (3) above.

Various authors have studied estimation in this setting, beginning with Clayton & Cuzick
(1986) and Hougaard (1986). Dabrowska & Doksum (1988) proposed but did not rigorously
justify an estimation method for frailty models. Nielsen et al. (1992) devised an estimator
specifically for the Clayton—Cuzick frailty model, by modifying the EM algorithm. Klein
(1992) implemented this estimator on real data, and Murphy (1994, 1995) established its
asymptotic properties (consistency and asymptotic distribution). Klaassen (1993) proved
existence of a consistent and efficient estimator of f§ in the uncensored Clayton—Cuzick model.
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Cheng et al. (1995) and Bagdonavicius & Nikulin (1997) established asymptotic properties for
estimating equation-based estimators in general transformation models. Parner (1998) has
shown the joint NPMLE for (f, A) in the right-censored Clayton—Cuzick model to be con-
sistent, asymptotically Gaussian, and semiparametric efficient. Murphy & van der Vaart
(2000) present a theory of semiparametric profile likelihoods which would apply to our log-
likelihood maximized over A for fixed p, but we cannot verify the hypotheses of their theorems
in our setting.

This paper is organized as follows. Section 2 relates model (1) to survival frailty models
(section 2.1) and gives general regularity conditions; then section 2.2 discusses alternative ex-
tensions of log-likelihood, and section 2.3 establishes equations for the NPMLE. Section 3
proves asymptotic absolute continuity for NPMLE sequences of A for fixed p, leading to a
variational characterization of the limits for such sequences. Consistency results are collected in
theorem 3 and corollary 2. In section 4, the NPML equations of theorem 1 lead to a con-
venient algorithm for calculation of the NPMLE. A related algorithm for simultaneous NPML
estimation of p and A is illustrated for a previously analysed dataset of Christensen ez al. (1985)
on a clinical trial concerning primary biliary cirrhosis (PBC). In section 5, we sketch extensions
of these results to right-censored regression models and to models with additional nuisance
parameters such as the constant in the Clayton—Cuzick model. A brief discussion concludes the
paper. Key technical calculations throughout the paper are deferred to appendices. Longer,
more standard, calculations can be found in the report of Slud & Vonta (2002).

2. Background and assumptions
2.1. Frailty and transformation models

How do functions like G in model (1) arise? Most of those considered in the survival-analysis
literature (cf. Clayton & Cuzick, 1986; Hougaard, 1986) derive from proportional hazard
models (or Lehmann-alternatives two-group models) with an unobserved multiplicative ran-
dom effect called frailty. That is, suppose there are, in addition to survival-time variables T
and group-indicators Z, unobserved positive random variables &, and

S(tlZ = z, &) = exp(—EPA(1)).

The distribution function F: of ¢ may either be known, or known except for a parameter, but
in the latter case it is crucial for identifiability of (f, F¢, A) that there not be two permissible F:
functions differing only by a scale change. Then the stratumwise unconditional survival
function becomes

S(tl) =S(4Z =2) = /0 " exp(—xePA(0)dF (x) = exp(—G(EPA (1)),

where

GO) = —ln< /0 xe*xdei(x)). (5)

Model (1) and (5) with Gamma-distributed frailty, i.e. with F: a I'(1/c,1/c) d.f., is the
‘semiparametric Pareto model’ of Clayton & Cuzick (1986). We refer to this special case, in
which G(x) = In (1+cx)/c for fixed ¢ > 0, as the Clayton—Cuzick model. Murphy (1994,
1995) proved consistency and efficiency of the simultaneous NPMLE of (¢, A) in this model
when f (assumed = 0) is known. When F; is the d.f. of a positive-stable r.v., G(x) = x* with
0 < o<1 as in Hougaard (1986).
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Recently the family of semiparametric transformation models, which have been studied
intensively in the case of uncensored data (Bickel ez al., 1993), have been extended for use with
right-censored data. These models are coextensive with model (1), as can be seen from the
formula g(S(zz)) = h(t) + z’p (1.3 of Cheng et al., 1995), where g is known and / unknown,
through the correspondence g(x) = log(G™'(- log x)), h(7) = log A(7).

Throughout this paper, we are concerned with models S(¢|z) in formula (1) defined in terms
of a known function G, about which we assume that:

(G.1) G is three times continuously differentiable, strictly increasing, and concave on (0, c0),
with G(0) = 0;

(G.2) —xG”(x)/G’(x) is uniformly bounded on (0, co);
(G.3) | exp (—G(x)) log (G'(x))G’(x)dx > —o0; and

(G.4) G(0) < .

Condition (G.1) is easy to verify, via simple properties of Laplace transforms, when G arises as
in (5) from a frailty model, but (G.1) holds more generally. Condition (G.2) holds for all frailty
models with either inf(supp(dF:)) > 0or Fx(¢) = at® for & near 0, for some positive constants a,
b. Itis used to ensure dominatedness of the integrand in the integral for the expected gradient of
logLik, which we need in order to differentiate under the integral sign. Condition (G.3) is a
specialized assumption to make Kullback—Leibler information integrals finite, which holds in
the most commonly applied frailty models, the Clayton—Cuzick and inverse-Gaussian
(Hougaard, 1986) and positive-stable, but not in all frailty models. Condition (G.4), which
excludes the positive-stable case, is needed in the proof of proposition 1. However, the positive-
stable frailty model can be analysed separately using standard theory for the Cox model under
the re-parameterization A = A%, p = p*

2.2. Likelihood definition

As indicated above in the introduction, the log-likelihood under model (1) takes the form (4)
when A is continuous. However, the extension of log-likelihood to functional parameters A
which are allowed to have jumps can be made in several different ways. The one most accepted
in the literature is due to Nielsen et al. (1992) and follows a clear train of thought, as follows.
The likelihood for the model of Cox (1972), the special case of (1) in which G(x) = x, had been
written by Johansen (1983) as

exp <22: /{log (pz (2—/:) dN,(t) — szsz}>, (6)

for v from now on defined equal to the sum of Ay and counting measure for a fixed
countable set of (possible) jumps of A. The jumps of A enter this likelihood only in the
terms (AA(1)*V" exp(—p” Yo(1)AA(1)), with the interpretation that the failures at ¢ consist of
independent Poisson(p“AA(7)) numbers AN.(¢) in groups z = 0, 1. The likelihood (6) — which
coincides with the usual censored survival data likelihood for continuous A — also makes
sense for cumulative hazard functions A with jumps, and has the ideal property, established
by Johansen (1983), that the Cox (1972) partial likelihood is derivable as (6) maximized over
cumulative hazard functions A for fixed p. Nielsen ef al.’s (1992) likelihood, with logarithm
(4), is the one which results in frailty models (1) and (5) by: (i) replacing A in the
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contribution to (6) of individual i by A for a Fs-distributed frailty variable &; and (ii)
integrating out the &; variable in the resulting expression with respect to the measure dFg(&;).
Nielsen et al. (1992) argue and Gill (1992) proves that this likelihood is also the one which
results directly by consideration of intensities for the observed-data filtration, and according
to Slud (1992) it can also be viewed as the limiting product of conditional likelihoods of
observed-data increments over sequences of finer and finer partitions of the time-axis by
stopping-time sequences.

The reasoning which led Johansen to the likelihood extension (6) for the Cox model also
leads directly, in our setting with general G which may not arise from a frailty model, to the
likelihood extension

exp(Z/{lo ( (Ge pZA)) (1) + G(p A)dYZ}>. (7)

Jumps in A contribute terms (A(G o p°A)(1)*N? exp(-Y.()A(G 0 p°A)(¥)) to this likelihood,
corresponding to independent Poisson(A(G o p°A)(¢)) distributed numbers of failures at ¢ in
groups z = 0, 1. The logic supporting the logLik extension (7) is no more or less compelling
than that of Johansen (1983). We argue in this way only to confirm that meaningful semi-
parametric likelihood extensions are not unique. Another extension was studied, with methods
like those of this paper, in Vonta (1992) and Slud & Vonta (2002). It seems likely, and is true in
the Cox (1972) model although we cannot yet prove it in general, that the NPMLEs obtained by
these variant likelihood extensions are all asymptotically equivalent.

2.3. NPML equations

We first find necessary conditions for a maximum at O = 0 of log-likelihood under model (1)
over one-parameter families A = Ay defined (Gill 1989) by

r= [ (149 9())dAs),

where O varies over a small neighbourhood of 0, and 7y is a bounded measurable function on
[0, 7o]. This approach leads to local or relative NPMLEs in the sense of Kiefer & Wolfowitz
(1956). The maxima are often taken for fixed values p (generally different from pg), in which
case we speak of restricted NPMLEs.

As we employ the same logLik extension (4) as Nielsen et al. (1992) and virtually all later
authors, the joint NPMLEs we study agree precisely with the Cox (1972) maximum partial
likelihood estimators in the case G(x) = x, according to Johansen (1983), and to the NPMLEs
studied by Klein (1992), Murphy (1994, 1995) and Parner (1998) in the Clayton—Cuzick
model. However, the asymptotic behaviour of restricted NPMLEs has not previously been
studied in models (1) other than Cox’s.

The space Sy of allowable functions A is large enough to contain all potential NPMLE:s. It
suffices to check that an extended real-valued A which attains the value oo within [0, 7]
already makes logLik negatively infinite. To show this, we first take v to be the sum of dAg and
a counting measure on a countable set of potential jumps, and rewrite (4) as

A feelor (s 4) (B)

Now remark that Y, + N, is non-increasing on [0, 79] by definition; that Y(zo) > 0 while
Y(zo+) = 0 by (3), and that yG’(»)/G(y) < 1 for y € (0, co) by concavity of G. Therefore the

(Ge ) )sz+ / G(pzmd(mzvz)}. (3)

A A
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second integral in (8) is at most —G(p“A(tg)) Y-(10), and the argument of the logarithm of the first
integral is finite at all points of (0, 1), including any ¢ for which A(f) = co > A(z-). This shows

Lemma 1

logLik(A, p) as displayed in (8) is only increased, as a function on the space of extended real-
valued cumulative hazard functions on [0, 1o, if A is restricted to lie in Sy, i.e. to satisfy
A(tg) < oo.

The first Gateaux derivative (9/09) logLik(Ag, p)lo—o at the parameter-location A in the
direction Ay — A has the general formula

Z:{/ (V(f) + PZ% (/Ot“/d/\)) (Iaa@w=0) + Taa)>0))dN:(t)
+ [x@tm{ ([ 1a8)a(G o 70 + 66 A00an}
+ [rm{awame( [ tydA) LGN Manoodh ) )

for all A € Sy and all bounded measurable y. Lemmas 3 and 4 of appendix A show that a
necessary condition for (9) to be 0 for all bounded measurable y, for fixed (A, p), is that A be a
pure-jump function with jumps occurring at precisely the locations of jumps of N, i.e. for

S, = {A €Sy :fort>0, I[A,\:()]dN +I[AN:0]CIA = 0}, (10)

A isaNPMLE = AcS,. (11)

The non-zero terms in formula (9) for such A result in a tractable finite set of NPML
equations, stated here and proved in appendix A.

Theorem 1
For A € S, to be an NPMLE for model (1) based on the data (N(t), Y.(t), z = 0, 1) with
fixed p = P, the following system of equations must hold: if s < t are any two successive jumps
of N, and t, is the last jump of N, then

B G (x)

ZpZ{G%x)(Yz(s) v - ANZ“)}MW: ROl (12)

"

Epz{”*’*DG’(ﬂZA(a)) +%

pZA(T*)ANZ(t*)}+ . (13)

3. Existence and consistency of NPMLE

By (11), A € S, is necessary for A to be an NPMLE. When A € S,, (4) provides
logLik(A, p) equal to

3 [(Gop AL + 3 log(s"G' (5 AD) AA (D) ANL(0). (14)

We study the maximization of logLik for fixed p by grouping the terms in the last sum-
mation of (14) in a special way. Fix, for all large n, a non-random finite system
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i=

Ym < Ym+1 = To, and satisfying the following condition, with L] denoting greatest integer:

y = {y,-,,}:":(;') = {y;}1., of intervals (y;, y;+1] partitioning (0, 7o), where 0 =y < 7; < --- <

(P.1) Ag(iyr) — Ao(y) = 220 i <m = m(n),

m

where m(n) = [Ao(t0)v/n - min: g-(70) p5 G' (P50 (%0)) -

As the underlying distributions of the failure-times X; are continuous, a.s. AN(y;) = 0 for all
i. Now define for each i<m, z =0, 1,

Viz = NZ(VHI) - Nz(yi) = Z ANZ(t)v

1€ (7is7i1]

E(%) = / " g (0d(G o piA0) 1),

&
N
Il

CoN) = 3 PG FA)ANDIAN), A € Sp.

1€ (1yim1]

Note that all of the quantities y;, m, r;., n;., C;.(A) depend upon n, but for convenience we
suppress this dependence.
In terms of these notations, we have

logLik(A, p) = 3 / (Go pA)dY.

AN (1) p°G'(p°A(t))AA(t)
+ ri-4 log(C;-(A)) + log . (15)
,Zz ,:,6%;/_])< e ) ( Cj=(A) )

The idea of grouping terms in just this way is that for fixed (j, z), each of the vectors of
dimension r; . indexed by the jump-points ¢ for N. within (y;, y;+ ] with components

{7 G (p°A(1)AA(D)}
r/_z and C/Z,z (A)

is a probability vector. It is a simple consequence of Jensen’s inequality that for a fixed positive
probability vector x of finite dimension d,

max{Zxklogpk: p € [0,1]",Zpk = 1} = Zxklogxk. (16)
x X %

So we have proved an upper bound for logLik in the following lemma which will turn out to
be asymptotically attainable.

Lemma 2
For arbitrary A € S, if N.(y;) < N.(yj+,) forallj<mand z =0, 1,

logLik(A,p) <> / (Gop N)dY. + > rj:log <er7(/\)) '

The log-likelihood at (A, p) is negatively infinite if either A(y;) = oo or A(y)) = A(y;+1) for some
j<m.

From condition (P.1) along with properties (G.1) and (G.4) of G, the following useful
properties of {y, r;.:0<i<m + 1,z=0, 1} are derived in Slud & Vonta (2002): for

z =0, 1, a.s. for all sufficiently large n,
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forall i<m, as. m.>1/\/n and |r.—nm.| <n’/®, (17)
G (" No(yiv1)) 7:(7)0° G (0" Ao (7:)) (Ao (yis1) — Ao(;))
13“{ '“’g( o) )| T I108 -0
(18)

3.1. Limiting behaviour of NPMLEs

The maximizers of log-likelihood over A € Sy have been shown in (11) to lie in the finite-
dimensional set S,,, and for fixed p, logLik(A, p) is continuous in A and tends to —oco as A
tends to the boundary of S,,. Therefore, the maximization can without loss of generality also
be restricted to a compact subset of S,, and it follows immediately that relative maximizers
A € 8, of the log-likelihood (4) do exist. In the next two results, proved in appendix B, we
establish further properties which must almost surely be satisfied by any NPMLE sequence A,,
based on data samples of size n as n — oc.

Proposition 1

Assume model (1) with fixed underlying parameters (Ag, po) and continuous Ay, for survival-data
samples {(T;, A;, Z)),i = 1,....,n}. Let p be fixed (not necessarily equal to py), and let {yj}}":l
satisfy (P.1) and (18) as above. Then for any finite constant K > Ao(1o), there exists a finite
constant C not depending upon n, such that if {A,, € S,} is any sequence of relative maximizers
of (4) within {A € S, . A(to) £ K}, then almost surely for all sufficiently large n, for all j < m,

A1) = Aa(;) < C- (Ao (7j41) = Ao (7)))- (19)

Theorem 2
Under the hypotheses of proposition 1,

1

limsup — [logLik(A,) + N(oo) logn] < sup J (L, p), (20)
n n L

where the supremum is taken over non-decreasing functions L absolutely continuous with respect

to Ay (i.e. such that the corresponding measures satisfy dL < dAy), and the objective-functional
L, p) is defined for functions L € Sy by

ILp) =Y [ [Gorvae+ [ q.10e" 5 a(Go i)

z

1
-> / ¢.log <Z quH’G’(pH’Ao)> d(G o piAo). (21)
z w=0

Corollary 1
Under the same hypotheses as proposition 1, if an NPMLE sequence {A,/} along a subsequence
of samples of size n’ falls within a set

A={A € Sp:sup |A(t) — Lo(¢)| > 6},
t<19

for a fixed function Ly € Sy and é > 0 not depending upon n’, then

lim supl, (logLik(Ay, p) + N(o0)logn') < sup J(L, p),
o N Led
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where the supremum runs without loss of generality over functions L € Sy absolutely continuous
with respect to Ay, as in the theorem.

3.2. Variational characterization of NPMLE limits

We next study the variational problem of maximizing J(-,p) over elements L € Sy which are
absolutely continuous with respect to Ay. The expression J(L, p), without the last line of (21)
which is free of L, is the expectation under the true parameter values (po, Ag) of n”!
logLik(L, p) for data right-censored no later than 7,. It is verified in Slud & Vonta (2002)
that the functions A for which J(L, p) > —oo all satisfy

L<Ay and ) / ¢.G'(p°L)dL < . (22)

Now fix a parameter value (p, L) satisfying (22) With L(ty) < oo, and consider the one-
parameter family of functions Ly(u fo dL(s) in the neighbourhood of ¢ =0,
where  is an arbitrary fixed smooth non- decredsmg scalar function from the whole real line to
the positive half-line such that ¥(0) = 1, y’(0) = 1, and where / is an arbitrary element of the
linear space

Hsp = {h € Lo(RT,dAy): sup /thdeL < oo}.
z,p €Bs(pg) 4O
We introduce v, following Bickel ez al. (1993), in order that the directions /4 fill out a linear
space, without awkward constraints. The (small) constant ¢ will be chosen below.
The condition that E(logLik(Ly, p)) is extremized with respect to ¥ at 0 for arbitrary #, i.e.
has horizontal derivative, can be written

) / hdL)qz{ng/(png)dAo —p°G'(p°L)dL} = 0.
)y

ZGH
Z:/(h—t—p E L

After integration by parts, we obtain as an equivalent condition for this extremum at L to hold
simultaneously for all 4, that for s < tq:

> iﬂéG’(péAo(S))qz(s) - ddTLOPZ <qz(S)G’(pZL(S)) +p / " G (L)L)

) To G// )
—PE/S G pZLG (pgAO(”))qu/\o(u))} =0,

or
Ay = 2 P34=(5) G (P5Ao(s)) .
dAo . PP [a:()G (°L(s)) — [ q:(G"(p°L)/G'(p*L))d (G o pjAg — G 0 p°L)]
(23)
Next re-parameterize (23) using
z 0 G” z z
2= =307 [0 @G i)~ d(Go L)), (24)

so that the right-hand side of equation (23) becomes
ZZ oG (P50 (5))g:(s)
24 S T + [ 0:6/G)] @G o i)~ d(Go pi)
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By (G.1) and (G.4) making G”'/G’ bounded on a neigbourhood [0, €] of 0, and by (G.2) making
it bounded on each interval [e, 1¢], this parameter o will be finite for any L satisfying (22). Now
treating o as an unknown parameter and defining

/"

z N G
P(s) = P(s,a,p) = o+ » _p /0 9o

(d(Gopih) — d(Go L)),

we transform equation (23) to obtain the second order system

AL 3 pha=()G (PiAo(s)
it = T )G (L) + P) (25)

dpP . G’
TM(S) = Z:P Clz(s)ﬁ

<06G’(p6/\o(8)) PG (L)) (S)> (26)

p°L TM

L(0) = 0, P(0) = a. (27)

It follows from the particular choice of o defined in (24), for a calculus-extremum L of J(, p),
that P(trg) = 0, and we seek to characterize o in this way implicitly but uniquely from the
system (25)—(26).

Proposition 2

For all p lying in a sufficiently small interval (py — 0, po + 9), the expression J(L, p) in (21) is
uniquely maximized over non-decreasing L € Sy at the function L = L, which solves the
equation system (25)—(26) subject to the conditions L(0) = 0, P(ty) = 0.

Proof. A solution (L, P) of (25)—(27) for p = pgy, « = 0 is given on [0, 7] by L(s) = A(s),
P(s) = 0, and the right-hand sides of (25)—(26) are uniformly bounded and smooth on [0, 7]
and smooth for (o, p) in a neighbourhood of (0, pg). Standard ordinary differential equation
(ODE) theory (cf. Coddington & Levinson 1957, Chapter 1) and the smoothness assumptions
on G imply that for («, p) in a sufficiently small neighbourhood U/ of (0, py), the solution (L, P)
of (25)—(27) on [0, 7¢] depends smoothly on the parameters («, p). Thus, there exists a rec-
tangular neighbourhood (-0, d) X (pg — 0, po + ) < U of values (a, p) such that the solu-
tions (L(s, o, p), P(s, a, p)) are continuously differentiable with respect to s, o. We study next
the behaviour of the partial derivatives

oL opP

L*(S) E%(&O’Po)v P*(S) E%(&O?p(])v (28)

when (a, p) lies in a small neighbourhood of (0, pg), by means of the adjoint system
obtained by formal differentiation of the system (25)—(26) with respect to o at the point

(O(, p) = (05 pO):

dL. (s) = PU(s) + X, pFG" (P3A0(5)): ()L (s) .
Ao 5. 265 (030 (5))4:(6)
j—iz (S) = - Zz: Pf)qz(s) (%) " <PéZGH(p(7)A0)L*
_ G (03 A) (P + 35, 98" G (P Ao)g:L) (30)
Zw p(‘)vqu/(PBVA()) 4
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subject to the initial condition L.(0) = 0, P.(0) = 1. Under our regularity assumptions, the
solution of (29)—(30) exists and is unique, and satisfies
inf P.(s) >0, (31)
s€[0,70]
which is proved in appendix C. Therefore (dP/da)(to, 0, pg) > 0, so that, possibly after

making the neighbourhood still smaller, for some positive constant b, and neighbourhood 4,
of (0,p0) € RxR™,

bty

opP
L(‘C(),OC, P) 2 b7 7(1-070(7 P) Z b7 ‘P(T(),OC, p)' S 2 .

Ou

Thus, for each p close enough to po, there is a unique « = a(p) such that

(32)

(x(p),p) € Uy and  P(zo,a(p),p) = 0.

Moreover, the inverse function theorem implies that this locally defined function w(p) is
continuously differentiable.

The reasoning immediately preceding the statement of the proposition showed that a local
extremum of the functional J(-, p) on Sy for fixed p must necessarily satisfy (25)—(26) with a
real parameter « and function P such that P(0) = «, P(tg) = 0. For p € (py — 0, po + 9),
such solutions exist and are unique within the set of Sy functions which are bounded and have
bounded density derivatives with respect to Ag on [0, 7o]. However, the collection of such
continuous functions on [0, 7] is relatively compact in uniform norm by the Arzela—Ascoli
theorem. Hence the continuous functional J(-, p) on (S, ||‘[|ec o, ) has a maximizer. In
summary, the functions L, = L(-, a(p), p) smoothly parameterized by p are each unique local
maximizers of J(:, p) over Sy, as was to be proved.

The function L, characterized in proposition 2 is the unique function to which the NPMLE
based on the fixed local value p a.s. converges.

3.3. Consistency theorems

Theorem 3

Denote by po = e® and Ay the true values of the parameters p and A governing the data
{N(0), Y1), z= 0,1, t 2 0} under model (1), together with (3) and (G.1)~(G.4), and assume that
the groupwise sample-sizes n, = Y_(0) grow with n in such a way that almost surely

n;/n—c; as n — o0, (33)
where ¢. > 0 are constants. Then almost surely, for each fixed p in a sufficiently small interval

(po — 9, po t+ 0) and each sufficiently large sample size n, there exists an NPMLE sequence A,
which satisfies limsup ,, _, o A, (t9) < 00. For every such NPMLE sequence,

lim% [logLik(A,) + N(oo)logn] = JT(L,,p), (34)

where J(,p) is the functional (21), and where the unique solution L, of the differential equations
(25)—(26) (with auxiliary function P(*) such that P(tg) = 0) is also the unique maximizer of J(,p).
Moreover,

sup |Au(t) —L,(t)| — 0 as n— oco. (35)

t€[0,79)
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The proof of this theorem is given in appendix D. This proof shows that when p is fixed at
po, the functions L, determined by the system (25)-(26) of ODEs converge uniformly on
compact sets as p — po to L, = Ao. Therefore, we have also proved:

Corollary 2

Under the assumptions of theorem 3, if p is fixed either precisely at po or at a strongly consistent
estimator p, of po, then there exist NPMLEs with values at 1o bounded for all large n by
Ao(to) t+ 1, and any such sequence A, of NPMLEs is strongly consistent as n — 00.

Theorem 3 and corollary 2 imply that any (restricted) NPMLE sequence over the set
S, N {A : A(tg) £ Ag(tg) + 1} will be consistent, a remark with a very attractive computa-
tional consequence.

Corollary 3
Under the assumptions of theorem 3, define Axyr to be the Nelson—Aalen cumulative hazard
estimator based on the data from group z = 0, 1, and define the estimator p of py by

- G '(log2)
Ak (AKMO( !(log 2)))
in terms of right-continuous inverses. Then any restricted NPMLE of A, within

Sy N A{A : Aro) < Amo(ro) + 1}, with p fixed either at or in a small neighbourhood of p,
is a consistent estimator, respectively, of Ag or L,.

The idea of the preliminary estimators used in corollary 3 is first that the groupwise Ka-
plan—Meier estimators are consistent, second that the (smallest Ay support-point greater than
or equal to the) corresponding group-0 median survival time is consistent, and therefore that p
consistently estimates py.

4. Numerical algorithm and data example
4.1. Algorithm for estimation

Let t, i = 1,...,r denote the ordered jump-times for N, and z; denote the corresponding
group-indicators of the individuals failing at these times, where r = N(7y). Equation (12) for
the NPMLE, given in theorem 1, says for i = 1,...,r — 1 that for fixed p

PGP A) 1
G ("0 A1) AA(I@) A/\( (i+1))
= 37 G Al (1) — o). (36)

while (13) says that

1
2 P Y-(tn) G (PP A1) = (070 G (00 A1)/ G (70 Alt()))

Alte-n) = Alty) —
(37)

Equations (36) and (37) enable a backwards induction according to which A(t(k_l)) is
determined uniquely from A(ty), i = k for k ranging from r to 1. In these recursions, A(z,) is
a finite unknown constant, to be determined from the system of equations (36) and (37),
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along with equation (36) at i = 0, where ¢y, = 0 by definition, and A(#)) must be set equal
to 0.

Theorem 1 and the backward recursions (36) and (37) lead immediately to a strategy for
constructing the restricted NPMLE A = Ap for fixed p. The idea is analogous to the ‘shooting
method’ in numerically solving two-point boundary-value differential-equation problems. For
fixed p, define the function D(u) of the starting value u = A(t)) = A(to) for the recursion, to
be equal to the value of A(#()) obtained by following the recursion (36) or (37) back to i = 0.
Then the estimated value A(t(,)) is defined as the value for which D(u) = 0. In the present
setting, this function D(') is well-defined, and the root of D(u) = 0 has always been found in
our numerically computed examples, although we are not able to prove it generally, to be
unique. For each root u = A(#)) of D(u) = 0, there will exist a corresponding value of A(#(y)),
and we remark that the entire sequence of values A(#y)), k = 2, can be recovered from A(#())
via a forward recursion using (36) and (37).

Suppose we have fixed A(#;), j = 0, 1,...,i, i 2 1. Then there is only one possible value of
u = A(t;+ 1)) (the root of a monotone decreasing function of u) as can be observed by (36).
This reasoning shows that the roots u = A(t() of D stand in one-to-one correspondence with
the associated values A(f(1)). As a root-finder for D(-) requires a starting point, it is reasonable
to begin by using a simple consistent empirical estimator Zp for the limit L, of NPMLEs for
fixed p. The choice of the 1:,, estimator was given in corollary 3. The suggested initial value for
uis Zp(t(,)). The NPMLE is obtained as the solution of (12)—(13) for the root u corresponding
to the largest value of log-likelihood (4).

As restricted NPMLE’s A,, in the class S, N {A: A(to) < L,(t9) + 1} defined in corol-
lary 3, exist and are consistent, it must be true a.s. for all sufficiently large n, that such A, lie in
the relative interior of S,, and therefore satisfy (12)—(13). In any case, the NPMLE can now be
defined, measurably with respect to p, as the estimator of A obtained from that admissible
solution u of D(u) = 0 for which the log-likelihood (4) is largest. For the NPMLE defined in
this way, the theorems of section 3 apply to prove consistency.

The algorithm described here is a semiparametric elaboration of a finite-dimensional para-
metric estimator of Vonta (1996a,b). It has been implemented computationally with good results,
as both on real and simulated data we have found generally that over a much longer interval than
necessary, the function D(u) for which we are finding a root is monotone increasing.

4.2. Iterative joint estimation of NPMLE for (p,A)

The joint maximization of log-likelihood over (p, A) also yields consistent estimators. The
following theorem is proved in Slud & Vonta (2002) using the theorems above, and is illu-
strated numerically in the next subsection.

Theorem 4
Under the assumptions of theorem 3, there exists a sufficiently small 6 > 0, such that almost

surely as n — oo, there exist joint NPMLE’s (A,, p,) satisfying |p, — pol < 0 and

limsup, A,(t9) < A¢(t0) + 1. For all such joint NPMLE sequences, as n — oo almost surely

P, — po and A, is consistent for Ay uniformly on [0, 1)

4.3. PBC data example

We illustrate the joint NPMLEs of the previous section with a frequently analysed clinical trial
dataset on PBC (Christensen et al., 1985). The trial consisted of 216 subjects, randomized

© Board of the Foundation of the Scandinavian Journal of Statistics 2004.



34 E. V. Slud and F. Vonta Scand T Statist 31

either to a placebo or azathioprine treatment group. Survival data were recorded, together
with covariates which play no role in our analysis. Of the study subjects, nine had survival
times essentially equal to 0 and are excluded from our analysis, and 103 were lost to follow-up
before death; 98 of the 207 subjects analysed here were in the treatment group, the remaining
109 on placebo. Previous analyses of this dataset showed a non-significant treatment effect
based upon a two-sample logrank statistic, but a good fit to the Cox proportional hazards
model based on five to seven covariates and a highly significant (p-value <0.02) treatment
effect after adjusting for these covariates. Here we treat the two-sample data using a Clayton—
Cuzick (Gamma-frailty) model with unknown parameter ¢ and treatment-effect parameter p.
We implemented in Splus the algorithm described in section 4.1 to calculate the restricted
NPMLE A for fixed values of the unknown parameters p, c. On a grid of approximately 500
pairs p, ¢, within [1, 1.2] x [0, 1], profiled log-likelihood values were calculated by substituting
into formula (4) the restricted NPMLE’s A (found to be unique in every case). Using the
Splus-supplied bivariate-interpolation and contour functions, we produced the contour plot
given as Fig. 1.

As the limiting case of the Clayton—Cuzick model, with parameter ¢ going to 0, is the
standard Cox model, previous findings of adequacy of Cox-model fits to the PBC data, agree
with the figure showing the profiled PBC log-likelihood to be largest in the neighbourhood of
¢ = 0. Thus the two-sample PBC data continue to indicate that Lehmann, or proportional
hazards, alternatives fit the data as well as any Clayton—Cuzick frailty model. The parameter p
maximizing log-likelihood appears to be located near 1.15, although the log-likelihood con-
tours are not nearly sharp enough in that neighbourhood to indicate a significant treatment

1.5

1.4

1.3

1.2

1.1

1.0

—

0.0 0.1 0.2 0.3 0.4

Clayton-Cuzick ¢ parameter
Fig. 1. Smoothed (Splus) contour plot of profiled log-likelihood surface for the PBC data, with respect to

parameters p and c. The contoured log-likelihood is equal to 590 plus (4) with the maximizer A, for fixed
(p, ¢), substituted for A.
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effect. (By analogy with finite-dimensional likelihood theory, p significantly different from 1
would be indicated only if the log-likelihood contours were at least 1.92 = %(1.96)2 lower at
p = 1 than at the maximum near ¢ = 0, p = 1.15.)

5. Extensions
5.1. Nuisance parameters in G

A very interesting extension which can be treated by the methods of this paper is the case
where additional unknown finite-dimensional nuisance parameters 0 enter the model through
G(') = G(:, 0). For example, in the model with Gamma-distributed frailty, the scalar parameter
¢ = 0 is generally unknown and must be estimated from the data. Our results carry through in
this situation. An analogue of theorem 2 continues to hold, but the preceding algorithm must
be modified in order to provide joint NPMLEs of (0, p, A). As a first attempt at such an
algorithm, we profile the log-likelihood as a function of the finite-dimensional parameters
(0, p) by substituting into (4) the maximizer over A for fixed (0, p), restricted as in corollary 3,
and then optimize in (6, p) by applying a general-purpose function-maximizer on the resulting
(spline-smoothed) surface.

5.2. Extension to regression models

The case where the structural parameter is a vector of regression coefficients for observed
covariates is of great importance for applications and can be easily handled by our methods.
The model is (1) with € R’ and z denoting a p-dimensional vector of non-constant ex-
planatory covariates. The log-likelihood (4) evaluated at Ay has the same form as before,
namely,

3 { / log (eﬁ’zc'(eﬂ’ZA(t))%) AN (1) + / G(eﬁ’ZA(t))de(z)},
where the sum in z ranges over the distinct observed covariate values. This restriction to finite,
as opposed to bounded, support is primarily to enable the use of the explicit preliminary
estimator (38) in place of the more complicated density-based estimators of Cheng (1989).
Results analogous to the NPML equations (12) and (13) and to theorems 2 and 3 do hold in the
regression case. For details, see Slud & Vonta (2002). As an indication of the overall consistency
result in this case, we state only one result. In that result, a specific preliminary estimator is cited
in equation (38), but any of the others of Cheng et al. (1995) would do just as well.

Theorem 5

Denote by By and Ag the true values of the parameters  and A governing the data {N_(t), Y.(1),
z € Z,t20} under the model (1) together with (3) and (G.1)«(G.4), and assume that as
n — oo, the roup sizes n, = Y(0) grow with n in such a way that a.s. n./n — c¢.> 0. Assume also
t@at E((le le) ) is a positive-definite (p + 1) x (p + 1) matrix. Define preliminary estimators

(B, A) through the (p+ I)-vector equations

> C) %SEM) = E C) %exp(fG(ez'ﬁf\(t))), (38)

z

first by solving (38) at a fixed value t, such ast = (n™'3", nZS,((ZA)l)_l(l/2), and then by solving
the first component equation of (38) for all t. Then any restricted NPMLE of Ay within
S N A{A: A(rg) < A(to) + 1}, with B fixed at B, is a consistent estimator of A.
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6. Discussion

In the general right-censored semiparametric transformation model, we have studied like-
lihood equations and asymptotic behaviour of the log-likelihood functional in the neigh-
bourhood of the true parameter (fy, Ag) governing a large data-sample. The restricted
NPMLE:s of A for fixed p gave information not previously available concerning the profile log-
likelihood surface on a non-shrinking neighbourhood of p values. This approach differs from
the usual one, expounded in Bickel er al. (1993), of studying the semiparametric likelihood
only through its differential properties at the true parameter point.

As the transformation-model likelihood considered here coincides with that of Nielsen et al.
(1992), the NPMLEs we studied coincide with theirs. Thus a very useful outcome of our
likelihood equations in theorem 1, is the fast algorithm of section 4 for NPML estimation of
A, in the same setting where Klein (1992) and others apply the EM algorithm. Estimation of p
and any other unknown parameters such as the constant ¢ in the Clayton—Cuzick model then
proceed via a profiled likelihood.

An important direction for further work on the NPMLEs studied in this paper is to es-
tablish asymptotic normality and (semiparametric) efficiency (Gill and van der Vaart 1993).
Parner (1998) has done this for the specific case of the Clayton—Cuzick model.

The standard idea followed here in proving consistency of NMPLEs has been to charac-
terize expected log-likelihood maximizers uniquely over a sufficiently large subset of param-
eters within the infinite-dimensionsal parameter space and then to show that, to top order, the
log-likelihood and expected log-likelihood have the same maximizers. Two key steps were to
establish asymptotic absolute continuity (proposition 1) for restricted NPML sequences A,
and to apply the theory of adjoint parameterized ODEs to characterize variationally the
maximizer of expected log-likelihood (proposition 2). These steps may prove useful inde-
pendently in other contexts.
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Appendix A: Derivative of logLik

Lemma 3

Let A be an NPMLE in the space Sy, for fixed p, and let J = {t : AA(t) > 0} be the countable
set of its jump points. Then A is a pure jump function, all jumps of N occur at jumps of A; and for
t e J

AN (1) . i G(FA®)
M(t)+gp{<—yzm>c<p A+ Gory MO

* ;o (07 A(s
o (@ e i + TEESaN)} =0 (39)

Proof. The steps of the proof are only summarized here, with full details in Slud & Vonta
(2002). We successively set to 0 the first Gateaux derivative of the log-likelihood function,
given in (9), for specific choices of y. First, with y = ][AN(t)#O_’ AR =0] , the derivative equation
(9) implies that I[AA(t):O]dN(t) is the 0-measure. Next, with y = N L equation (9) reduces
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after integration by parts and some algebra, to show via (G.1) that I[M(S):O]dA(s) is also the
0-measure.

The remaining non-zero terms in the differentiated likelihood (9) lead, after changing the
order of integration in the terms involving f( ydA and noting I[M(t)>0] = l ae. (dA(?)), to

AN (G AW
Z{/ M(AM) v {<( OGO A ANZU))

+ [ ((Yz(s»d(c;' o FA)(s) +G”LA(S”ANZ<SJ) DM} -

G'(p°A(s))

The last equation must hold for all bounded measurable functions y, implying (39) and
completing the proof.

Lemma 4
For an NPMLE A € Sy, {t : AA(t) > 0} = {¢: AN(¢) > 0}.

Proof. By lemma 3, Aisa pure-jump function. Integration by parts in (39) implies

M0, G AW) [ orror o SRS V)
AMNE”{G%pzA(t))ANZ(” o <(G TS )>}_O'

If A had a jump at ¢t < 79 and AN(f) = 0, then only the integral in the last equation remains.
The integrand is <0 by (G.1), while by (3), .G’ (p*A(0))AY.(19) < 0. This contradiction
completes the proof.

Proof of theorem 1. Lets < tbe two successive jump points of A. By subtracting (39) taken
at s from (39) taken at 7, we get

AN (1) 2 'z G"(p*A(1))
M(t)+§sz{ EOG (AW) + o 2 AN
ANy oA - S EAED) gy
MG HOGEAE) - Z LT A
' oA G"(p*A(x))
— —Y.(x)d(G o p*A)(x) + ————=AN.(x =0.
/( ()G o FAY) + o T AN ))}
As s and ¢ are successive jumps of A, the last term above is equal to
sl N i 0)

After some obvious cancellations we obtain equation (12).
Now let 7. be the last jump point of A. Then for ¢ = ¢., equation (39) leads to equation (13),
as there are no jumps of A after #., making the integral from z. to co equal to 0.
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Appendix B: Proofs of proposition 1, theorem 2

Proof of proposition 1. Theidea of the proofis to define, for sequences of A, € S, satisfying
A,(t0) £ K such that (with positive probability, for arbitrarily large n and) for some j < m,

An(yj+l) - An(yj)
AO(V/H) - AO(V_/)

a new sequence A = A, <A, in S, such that (for all large n)

> C, (40)

logLik(A, p) > logLik(A,, p),

where the log-likelihoods throughout this proposition and throughout the paper are all
calculated for the fixed value p, not for po. The sequence A is defined at all jump-points ¢ of
N(-), with j fixed satisfying (40), by

Ton _ JAA(0)  fort £ (y5,7541)
AA() = {bAAn(t) for t € (7,71)

for an arbitrary positive constant b € (1/2,1). Note that A so defined does satisfy
A(‘Eo) S A,,(T()) S K.
Using this definition, (14) and (40) with

> P
> PG (p°K)g:(10)’

straightforward estimates — full details of which can be found in Slud & Vonta (2002) — show
that for all large n, and arbitrarily small 1 — b,

¢ = 26/ (0)(1 —b)"' log(%)

logLik(A, p) — logLik(A,, p) > 0.
Thus A, cannot have been the NPMLE, and the proof is complete.

Proof of theorem 2. By lemma 2 for A = A,, € S,

llongkAp Z/ Go p’A dY+ZZr” z_),

The Glivenko—Cantelli lemma implies that Y.(-)/n converges a.s., uniformly as n — oo, to non-
increasing continuous ¢.. Therefore,

1i£nzzj/(co,f/\) L _ Z/(GopZA)dqz.

The remainder of the proof, which uses proposition 1, the asymptotic smallness of
max;<,(A,.(y:+1) — Au(y;)) and the information inequality (16), can be found in Slud & Vonta
(2002).

Appendix C: Justification of (31)

The adjoint system (29)—(30) is a linear matrix equation

dL./dNy\ L, L.(0)\ (O
<dP*/dA0> _A(P*)’ (p*(()) =) (41)
with the entries 4;(s) of the 2 x 2 matrix A(s) given by
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Z pO qZ(S)G”(pf)AO(SD Alz(S) 1
3. Pq=()G (P A0(s)) 3 pha:(5)G (i Ao(s))

All(s) = 7A22(S) =
and

(3. PEg-(5)G" (P Ao s)))’ (G”2>
Ay (s) = z E ,
2(s) > P3d=(s)G' (P5 Ao (s)) e G J simats)
(

= —poqi ()0 () (G (oMo ()G (Ao(s)) — poG" (poAo(s))G (Ao(s)))?
Poq1\S)q0 G(p ())G’(Ao ))Z poqu,(POAo) .

By inspection of the foregoing definitions, 4,(s) < 0, A;;(s) >0, 4;5(s) <0 uniformly on each
interval [e, 1¢] for which Ay(to) > 0, and

R 0°4:(5)(G"/G') yepy (0
3. P34=(5)G (5 An(s))

(( S :Z)

det(B) = —A%, & A >0, & <A,

tr(A(s)) = 0, det(4(s)) =

Then if we define

o]
=

I

o\

S
=

>
=Y

Il

we have

with all inequalities uniform over [e, 7¢], where

&) = / CAn(wdAo(w), n(s) = — /0 " Ans(w)dAo(u),

0

S u 2 (u
K() = €6+ | %@fl“dm(@.

It is easily checked that (3, ¢ + A) and (5, ¢ — A) are, respectively, right eigenvectors for B
with eigenvalues —A and A, so that

p= (2 ma) (3 R)(eha oma)
E+A e—A)J\ 0 A)\e+rA e—A) ¢

1 n n e 0 A-¢ g
eXp(B):M—A(é+A 5—A) 0 eA)(A-i- —n)
B (cosh(A) + (¢/A) sinh(A) —(n/A) sinh(A) )

U ((€* = A%)/nA)sinh(A)  cosh(A) — (£/A) sinh(A)

It follows immediately that ¢® = cosh (A)I + (sinh (A)/A)B, and if u; <0, u, > 0, then

eB<ul) € {(Ul) cv1 < 0,0 ZefAuz}. (42)
us 1%}

Now the linear matrix ODE (41) has a unique solution, which can be expressed as the limit over
h — 0 of the solutions of the approximating linear system in which the coefficients A(s) are

and

AN
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replaced by the piecewise-constant function equal to A(kh) on the interval s € [kh, (k + 1)h).
That is, in terms of the matrices B(s) defined above, the solution on [0, o] is

(L*(S)> — lim H eB((k+1)h)—B(kh)(O)
P.(s) N0 s i< L)

where the multiplication in the product is done in the order with lowest- index terms furthest to
the right. Then by (42), we conclude that P.(s) > exp(— fo —det(4 1/zdl\o (x)). This
integral is bounded away from 0 on [0, 7] because the formula given dbOVG for det(A(x)),
shows that (— det(4(x))"/? is uniformly bounded above on [0, ).

Thus P(tg, a, p) is a well-defined and continuously differentiable function of (o, p) on a
neighbourhood of the point (0, pg) at which P(zq, 0, po) is 0, and (31) follows.

Appendix D: Proof of theorem 3

Proposition 1 has already shown that for fixed p and K > Ao(t), an NPMLE sequence exists
satisfying limsup,, A,(19) £ K. The main assertion of the theorem will follow when we exhibit
an element A,, € S, which is not necessarily an NPMLE but which satisfies (34) and
limsup,, A, ,(19) £ K < oo. In terms of the partitioning sequence {y;,} defined in (P.1), and the
maximizing function L, found in proposition 2, define the random element A,,, € S, by:

AN, (1) = rji_*(Lp(“//H) *Lp(y_/)) for € (V_/vV/HL AN(#) > 0. (43)
By continuity of A, there are a.s. no times ¢ which are simultaneously jumps of Ny and N;.
Clearly the functions A,, and L, agree at all points y,j=0,...,m + 1, and for fixed
K > Ay(19) and p in a sufficiently small neighbourhood of pg, the proof of proposition 2
shows that L,(t9) < K, which now implies that A, (7o) < K. Recalling that the discrete part
of v is the counting measure of jumps of N, we find from the definitions (43) and (4) that

%[mgLik(Ap_,,,p)JrN( )logn] = Z / Go pPA, ,dY,
1 Z [ 108 (G A0 1) = £, ),

which by (17) and (18) a.s. has limiting value J(L,, p) asn — oo.

As A, , is a random element of S, with limsup , A, ,(7¢) < K, with A,,, — L, uniformly
on [0, 7], it follows that for sequences A,, of maximizers of (4) within {A € S, : A(to) £ K},
n~'(logLik(A,) + N(oco) log n) must asymptotically on the one hand be at least as large as
J(L,, p), and on the other hand (by theorem 2) can be no larger than J(L,, p). Thus (34)
holds.

If (35) did not also hold, then with positive probability, for some ¢ > 0, a subsequence A,
would fall in 4 = {A : supe, -/ A(t) = L,(1)| = €}. By corollary 1, the quantities )™
(logLik(A,7) + N(oo) log n’) could be at most sup ;c4J(L, p), which by proposition 2 is
strictly smaller than J(L,, p). This contradiction proves (35) and the theorem.
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