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Abstract

Rotations are among the basic object transformations sup-
ported by virtually any modern 3D interactive visualization
software. A common technique for rotating 3D objects via
2D mouse movement is the virtual trackball. It relies on
a suitably constructed correspondence between the image
plane and a sphere of proper radius (trackball) so that a dis-
placement vector representing a mouse move induces a per-
ceptually consistent rotation of the sphere. We propose a
new virtual trackball technique based on two notions from
Differential Geometry, namely the exponential map and par-
allel transport along geodesics on a smooth manifold. We
develop a robust mathematical framework for the trackball
model and we argue that the inherent correspondence be-
tween a mouse move and its induced rotation is more in-
tuitive and coherent in comparison to other existing tech-
niques.

Keywords: virtual trackball, 3D rotation, 2D mouse, ex-
ponential map, parallel transport, differential geometry

1 Introduction

The idea behind a virtual trackball is the following. Take a
sphere S centered at the origin in R

3. Let p be the intersec-
tion point of S with the positive z axis. Identify the image
plane with the plane Tp tangent to S at p. The display win-
dow identifies with a rectangle R in Tp centered at p (see
Fig. 2). A mouse move, represented by a starting point Qs
and an end point Qe in R defines a directed line segment
−−−→
QsQe. In a virtual trackball model,

−−−→
QsQe is mapped to a

directed great circular arc on S, which in turn gives rise to
a rotation of S. Thus, a motion of the tangent plane Tp is
converted into a motion of the sphere.

A trackball model relies essentially on two steps:

1. Choose a suitable mapping from Tp to S that estab-
lishes a one-to-one correspondence between R and a
subset of S, usually the upper hemisphere.

2. Use this correspondence to associate a directed line
segment in R with a unique rotation of S.

Existing virtual trackball techniques have been recently sur-
veyed be Henriksen et al. [2004]. A mapping typically used
in step (1) by existing techniques is orthogonal projection
along the z-axis. One model [Bell 1988] uses an orthogonal
projection onto a union of the trackball sphere and a suit-
ably matched hyperbolic surface of revolution. For step (2)
all surveyed techniques, except [Chen et al. 1988], project
the end points of a mouse motion vector onto the trackball
using step (1) to obtain a pair of vectors in R

3. The two
vectors are normalized and associated with a rotation that
carries one unit vector to the other.
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We propose the following alternatives to the techniques sur-
veyed in [Henriksen et al. 2004]. For projection we use the
exponential map expp at p, restricted to an appropriate re-
gion in the tangent plane Tp. The exponential map, like
orthogonal projection carries straight radial lines through
the origin O in Tp onto geodesics through p, which for the
sphere are precisely the great circles through p. However
distances along each such geodesic are preserved in the fol-
lowing sense. A segment on a straight radial line through
O is mapped by the exponential map to an arc of the same
length lying on the great circle through p. This is in con-
trast to orthogonal projection which distorts radial distances
further away from the origin in Tp.

For step (2), we use the differential of the exponential map
to “transport” the directed line segment

−−−→
QsQe to a vector w

in the tangent space Tqs of S at the point qs = expp(Qs). Fur-
ther, we apply the exponential map expqs

to w to obtain a di-
rected great circular arc through qs. This arc represents the
rotation that we ultimately associate with the mouse move
−−−→
QsQe. The differential of the exponential map is in general
a linear isometry of Euclidean vector spaces, in our case of
two copies of R

2. In particular, the lengths of
−−−→
QsQe and w

are the same, and equal to the angle of the rotation associ-
ated with w. Moreover, if w′ is a vector in Tqs tangent to the
great circular arc through qs and p, the angle ](

−−−→
QsQe,

−−→
OQs)

is equal to the angle ](w,w′). Thus in our model a mouse
move is completely “in sync” with its induced rotation both
in magnitude and direction.

2 Trackball Model Construction

We now elaborate on the construction of our trackball model
and discuss some of the relevant mathematical background.
We first consider a special case. Assume that a mouse move
starts at the origin O ∈ Tp and ends at Qe. The exponen-
tial map projects

−−→
OQe onto a directed great circular arc Cp

through p of length |OQe|. In this case our trackball model
agrees with all other models with respect to the axis of ro-
tation: it is a straight line through the center of S that is
perpendicular to the plane of Cp, or equivalently parallel to
Tp. This coincidence reflects a common intuition about a
physical trackball, namely that a (infinitesimal) rotation of
the trackball initiated at a point p leaves invariant a great cir-
cular arc through p and thus its axis must be parallel to the
tangent plane at p. The rotation angle is equal to the length
of the arc Cp, which in our case is equal to |OQe|. This en-
sures the “naturality” of trackball control: the difference in
length between any two mouse displacements originating at
O is the same as the difference between the angles of their
induced rotations.

Assume now that a mouse move starts at Qs 6= O and ends
at Qe. In this case we try to mimic the above situation by
first projecting Qs to the sphere via the exponential map at
p. Let qs = expp(Qs). Note that here we implicitly identify

Qs with the vector represented by
−−→
OQs. Using qs as a start-
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Figure 1: Trackball Model

ing point for the induced rotation we apply the method out-
lined for the special case above. In particular, we transport
the displacement

−−−→
QsQe to the tangent space Tqs and pretend

that the mouse move actually occurred in Tqs starting at the
origin.

Recall that for any smooth manifolds M and N, the differ-
ential (d f )p of a smooth map f : M −→ N at p ∈ M is a
linear operator that carries the tangent space at p ∈ M to
the tangent space at f (p) ∈ N in a way consistent with f
and the local parametrizations for M and N. In our case the
differential of the exponential map

(d expp)Qs
: TQs

(Tp) −→ Tqs

is an isomorphism and a linear isometry between the tangent
spaces of Tp and S at Qs and qs = expp(Qs) respectively.

The directed line segment
−−−→
QsQe gives rise to a displace-

ment vector W = Qe −Qs which lives in the tangent space
TQs

(Tp). Let

w = (d expp)Qs
(W)

We use w ∈ Tqs to generate a rotation of S as if the mouse
move occurred in Tqs with initial point at the origin. In par-
ticular we apply the exponential map at qs to project w onto
a directed circular arc that lies on the great circle through qs
tangent to w. The length of this arc and hence the angle of
rotation is equal to the length of w by the length-preserving
property of the exponential map.

Let W′ be the vector represented by the directed line seg-
ment OQs in Tp and let W be as above. By a Lemma of
Gauss (compare [Carmo 1993], p. 69):

〈

(d expp)Qs
(W),(d expp)Qs

(W′)
〉

=
〈

W,W′
〉

where 〈,〉 denotes the standard Euclidean scalar product. In
particular the differential of expp is an isometry and thus
preserves the angle between W′ and W. This property con-
tributes to the perceptual coherence of our trackball model.

3 Mathematical Details

In this section we provide more mathematical details and
explicit formulas for the trackball construction outlined in
the previous paragraphs. First, we give a general descrip-
tion of the exponential map. Let v be a non-zero vector in
the tangent space Tp at a point p of a smooth manifold M.
There exists (locally) a unique geodesic line γv on M, whose
tangent vector at p is equal to v, i.e.

γv(0) = p,
d
dt

∣

∣

∣

∣

t=0
γv(t) = v (1)

The exponential map at p is the function expp : Tp → M,
such that

expp(v) = γv(1)

When v = 0, we set expp(0) = p for all t ∈ R. The point p
is called the base point of expp. In the case of the sphere,
the geodesic γv is defined globally and is just the great circle
through p that is tangent to v and parametrized so that (1)
holds.

For a compact surface, such as the sphere, the exponential
map can never be one-to-one globally, but theory guarantees
the existence of a neighborhood of p (called normal), for
which the map will be one-to-one (and hence a diffeomor-
phism). For a sphere of radius r, and centered at the origin
in R

3, such a neighborhood can be easily computed: if u is
a unit vector in Tp, and p is the unit vector corresponding
to the point p, both viewed as vectors in R

3, the map expp
wraps the radial line along u around the great circle through
p to which u is tangent, i.e.

expp(tu) = r[cos(t/r)p+ sin(t/r)u] (2)

It follows that the exponential map is one-to-one for 0 ≤
t < πr. In our context, the parameter t represents distance
from the display window’s center point in screen coordi-
nates. Thus to ensure the injectivity of the exponential map
it suffices to take r such that

r >
d

2π

where d is the length of the window’s diagonal. We use,
however, a larger radius for the following reason. Mouse
displacement vectors whose starting point is mapped to a
point below the equatorial circle do not, in general, induce
perceptually intuitive rotations. This observation has been
confirmed in the context of other trackball models as well
[Henriksen et al. 2004]. One possibility to ensure that no
points in the window are mapped by expp to the lower hemi-
sphere is to choose:

r =
d
π

In this case the four corners of the window are mapped to
the equatorial circle of S and all other points are sent to the
upper hemisphere. This however would make it impossible
to generate certain rotations, including for instance, a ro-
tation around the z axis, since the only way to induce one
would be to start at a point Qs that maps to the equator and
move in direction perpendicular to OQs.

As a compromise, we have chosen for our model:

r =
w
π



where w is display window’s width. In this case the in-
scribed disk D of radius w/2 is mapped onto the upper
hemisphere, which guarantees that the full set of rotations
of S can be generated. However, the complement of D, i.e.
union of the four corners outside of D, is mapped into the
lower hemisphere, which as mentioned before, is not desir-
able. To prevent this, we modify our projection map so that
it coincides with expp in D and is equal to the restriction of
expp to the boundary ∂D, outside of D. Thus points in the
complement of D are mapped always to the equatorial circle
of S. This is not unreasonable since from a user’s point of
view, a mouse move is unlikely to be entirely contained out-
side of D. Even in case that happens, the induced rotation
will be along the equatorial circle, which is close to what is
intuitively anticipated.

We now get back to the explicit formula for the exponential
map. In the special case when p is on the positive z-axis,
u is a unit vector parallel to the xy-plane, and formula (2)
reduces to the following:

expp(tu) =





r sin(t/r)ux
r sin(t/r)uy
r cos(t/r)



 (3)

where ux and uy are respectively the x- and the y-
coordinates of u.

Next, we focus on d expp. Using the analytic definitions
directly to compute an explicit formula for d expp is cum-
bersome and less intuitive, so we resort to a more geometric
argument instead. It is based on the observation that in this
context d expp induces parallel transport along geodesics
through p. In particular, let V ∈ Tp be a vector tangent to S
at p and let W be a vector in the tangent space TVTp. Using
the fact that R

2 ∼= Tp ∼= TVTp and the inherent parallelism
of R2, we consider W as an element of Tp (simply translate
W to the origin of Tp). Parallel transport along the geodesic
γ(t) tangent to V at p gives rise to a vector field W(t) along
γ , such that W(0) = W and 〈W(t),γ ′(t)〉 = const.. In par-
ticular

〈

W(0),γ ′(0)
〉

= 〈W,V〉 =
〈

W(1),γ ′(1)
〉

(4)

But by definition γ(1) = expp(V), and

γ ′(1) = (d expp)V(V)

and hence by Gauss’ Lemma, and Equation (4)
〈

W(1),(d expp)V(V)
〉

=
〈

(d expp)V(W),(d expp)V(V)
〉

(5)
Since the tangent spaces of S are two dimensional, Equa-
tion (5) implies that (d expp)V(W) is collinear with W(1),
i.e. equal up to a scalar. Furthermore, since parallel trans-
port is an orientation preserving isometry of tangent spaces
along γ , that scalar must be 1:

W(1) = (d expp)V(W) (6)

Thus, one way to compute (d expp)V(W) is to:

a. choose an orthonormal frame F = {v,v⊥} in Tp, such
that v is a unit vector collinear with V and v⊥ is a unit
vector perpendicular to v.

b. express W in the frame F

c. parallel transport F along the geodesic γ(t) into the
tangent space at expp(V); the image of F is a frame
F = {v,v⊥} in Texpp(V)

such that v = γ ′(1) and v⊥ is

the orthogonal unit vector that completes F to a frame
that has the same orientation as F.

d. compute W(1) in terms of F using the expression for
W in F.

To facilitate computations in steps (b) through (d) we make
use of the following observation. The standard embedding
of S in R

3 allows us to treat vectors in the tangent spaces of
S as vectors in R

3. For instance extending vectors in Tp to
R

3 amounts to adding a third coordinate equal to 0. We use
the same notation for the extensions of F and F to R

3. Aug-
ment each frame with a third unit vector that is orthogonal to
both vectors in it to obtain a new right-oriented orthonormal
frame, again denoted, by abuse of notation, with the same
symbol. There is an orthogonal 3×3 matrix A, such that:

F = A ·F

Therefore W and W(1) are related by A accordingly:

W(1) = A ·W

To compute A, we arrange F and F in matrix form by list-
ing their elements as column vectors. Let F and F be the
corresponding matrices. Then:

A = F ·F−1 = F ·F t (7)

where F t denotes the transpose of F and the second equality
follows from the orthogonality of F .

It now remains to give explicit formulas for F and F in
terms of the data associated with a mouse move. Assume,
as above, that we are given an initial point Qs and a terminal
point Qe in the tangent plane Tp and that p is on the positive
z-axis. Let O be the origin in Tp. We have the following
recipe:

a. let V = (Vx,Vy,0) and W = (Wx,Wy,0) be unit vec-
tors representing respectively

−−→
OQs and

−−−→
QsQe in R

3.
Let t = ‖

−−→
OQs‖ and let s = ‖

−−−→
QsQe‖.

b. the orthonormal frame F in R
3 is then:

F = {ez,V,ez ×V}

where ez is the unit vector along the z-axis, and ×
denotes the standard vector product of R

3. Conse-
quently, in terms of the standard basis of R

3 the matrix
F is given by

F =





0 Vx −Vy
0 Vy Vx
1 0 0



 (8)

c. find the elements of the extended orthonormal frame
F at expp(Qs):

F = {expp(V),u,expp(V)×u}

where u is the unit tangent vector of γ(t) at expp(V).
Using formula (3), the coordinate expression for F is
readily computed:

F =





sin(t/r)Vx cos(t/r)Vx −Vy
sin(t/r)Vy cos(t/r)Vy Vx
cos(t/r) −sin(t/r) 0



 (9)



Combining equations (7), (8), and (9) we obtain an explicit
formula for A.

Finally, we compute the axis of the rotation induced by
A ·W = (d expp)V(W). To do that it suffices to take the
cross product of A ·W and expp(V), since these two vectors
span the plane containing the great circle tangent to A ·W
at expp(V). From the discussion above, this great circle
contains the image of (d expp)V(W) under the exponential
map based at expp(V) and therefore is left invariant under
the induced rotation. Thus the axis of rotation is collinear
with the vector:

(A ·W)× (sin(t/r)Vx,sin(t/r)Vy,cos(t/r))t

The angle of rotation is equal to the length of W, by virtue
of the exponential map definition.

4 Conclusion

We have proposed a new virtual trackball technique that is
based on a different mathematical framework compared to
existing techniques. In particular we use exponential map
to project points from the image plane to the virtual track-
ball. Also, we transport the vector associated with a mouse
move along trackball geodesics in order to mimic the ba-
sic case of inducing rotation when the initial point of the
move is at the origin. We believe that since the exponential
map and parallel transport preserve distances and angles in
a sense rigorously defined above, rotations computed with
our technique are more natural and intuitive for the user. It
is our intention to assess the validity of this statement with a
robust performance evaluation study based on current HCI
methodology.
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