QUANTUM  COHOMOLOGY OF ORTHOGONAL
GRASSMANNIANS

ANDREW KRESCH AND HARRY TAMV AKIS

Abstra ct. Let V beavector spacewith a nondegenerate symmetric form and
OG be the orthogonal Grassmannian which parametrizes maximal isotropic
subspacesin V. We give a presentation for the (small) quantum cohomology
ring QH “(OG) and show that its product structure is determined by the ring of
P-polynomials. A ‘quantum Schubert calculus' is formulated, which includes
guantum Pieri and Giambelli formulas, as well as algorithms for computing
Gromov{Witten invariants. As an application, we show that the table of 3-
point, genus zero Gromov{Witten invariants for OG coincides with that for a
corresponding Lagrangian Grassmannian LG, up to an involution.

1. Intr oduction

Considera complex vector spaceV together with a nondegeneratesymmetric form.
Our aim is to study the structure of the small quantum cohomologyring of the
orthogonal Grassmannian of maximal isotropic subspacesin V. In a companion
paper to this one [KT2], we provide a similar analysis in type C, i.e., for the
Lagrangian Grassmannian, and the reader is referred there and to [FP] [LT] for
further badkground material. The story in the orthogonal caseis similar, but with
signi cant di®erencespoth in the results and in their proofs.

Assumingthe dimensionof V is evenand equals2n+2 for somenatural numbern,
then the spaceof maximal isotropic subspaceof V hastwo connectedcomponerts,
ead isomorphic to the even orthogonal Grassmannian or spinor variety OG =
OG(n+ 1;2n+ 2) = SO2n+2 =Ph+1 . Here P41 is the maximal parabolic subroup of
SOzn+2 assaiated to a ‘right end root' in the Dynkin diagram of type Dp+ . We
note that OG(n + 1;2n + 2) is isomorphic (in fact projectively equivalernt) to the
odd orthogonal GrassmannianOG(n; 2n + 1) = SOy, =P,. Therefore, it suzces
to only work with the even orthogonal exampleand we do sothroughout this paper.
We agreethat a class® in the cohomologyH 2¢(X;Z) of a complex variety X has
degreek to avoid doubling all degrees.

The cohomologyring H ®(OG; Z) hasa Z-basisof Schubert classeg, , onefor eah
strict partition , = (,1 > ,2 > ¢¢¢> - > 0) with ,; 6 n. Their multiplication
can be described using the B-polynomials of Pragacz and Ratajski [PR]. Let X =

for each i > 0, where g (X) denotesthe i-th elemenary symmetric polynomial in
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X . For nonnegative integersi; j with i > j, set
X1 _

Q) B (X)=BOOBX)+2 (i DBk(X)B k(X) + (i 1) By (X);
k=1

and for any partition , of length * = “(, ), not necessarilystrict, de ne

5

(2) |ﬁ (X) = Pfatan [[& i (X )]16 i<j 611
wherer = 2b(" + 1)=2c. Let D,, be the set of strict partitions , with ,; 6 n.

Let o denotethe Z-algebrageneratedby the polynomials B (X ) for all , 2 Dp;
a9 is isomorphic to the ring Z[X ]>" of symmetric polynomials in X . By results of
[P, Sect. 6] and [PR] we have that the map sending® (X) to ¢ for all , 2 D,
extends to a surjective ring homomorphism A : ©% I H®(0G;Z) with kernel
generatedby the relations B; (X) = 0for 16 i 6 n. The map A can be realized as
evaluation on the Chern roots of the tautological quotient vector bundle Q over OG
(note that the top Chern classof Q vanishes). In this way we obtain a presenation
for the cohomologyring of OG, and equations (1) and (2) becomeGiambelli-type
formulas, which expressthe Schubert classesn terms of the special ones.

We presert an extension of these results to the (small) quantum cohomology
ring of OG, denoted QH "(OG). This is an algebra over Z[q], where q is a formal
variable of degree2n (the classicalformulas are recovered by setting g= 0).

Theorem 1. The map which sends® (X) to ¢, for all , 2 D, and B, (X) to q
extendsto a surjective ring homomorphisma® I QH “(OG) with kernel geneated
by the relations B;; (X) = Ofor 16 i 6 nj 1. The ring QH?(OG) is presente as

a quotient of the polynomial ring Z[¢a;:::; ¢én; gl modulo the relations
X1 .

©) F+2 (i Dskaiw+(Déa=0
k=1

for all i < n, togetherwith the quantum relation

Q) i=4d

(it is understaod that ¢; = O for j > n). The Schulert class¢, in this presentation
is given by the Giambelli formulas
1
) gi =aa+2 (i Dlaskaint (i any
k=1
fori>j >0, and

(6) ¢, = Pfatan[¢ ;  lisiq 6r;

where quantum multiplication is employa throughout. In other words, classial
Giambelli and quantum Giamkbelli coincide for OG.

We remark that the statemerts in Theorem 1 are direct analoguesof the cor-
responding facts for SL -Grassmannians[Be]. Howewer, these results stand in
cortrast to the caseof the Lagrangian GrassmannianLG (n; 2n), where quantum
Giambelli doesnot coincide with classical Giambelli on LG (n; 2n) (see[KT2] for
more details).

Our proof of Theorem 1 follows the schemeof [KT2], with two main di®erences.
We require a Pfatan identity for type D Schubert polynomials [KT1, x3.3], which
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givesa key relation in the Chow group of a certain orthogonal Quot schemeOQy.
The latter scheme compacti es the moduli space of degreed maps P* | OG;
however our de nition of OQq di®ersfrom that in the Lagrangian caseof [KT2],
as the direct analogueof the Grothendiedk Quot scheme [G1] here is not suitable
for doing computations.
In QH(OG) there are formulas
X
¢t = Noiaiae dh

where the sum is over d > 0 and strict partitions °© with j°j = j,j+ j*ji 2nd,
and ® is the dual partition of °, whoseparts complemen the parts of © in the set

Witten invariant for OG, and is a nonnegative integer. We presen explicit formulas
and algorithms to compute these numbers. This includes a quantum Pieri rule,
which extends the classicalresult of Hiller and Boe [HB]. As an application, we
shaw that there is a direct identi cation betweenthe 3-point, gerus zero Gromov{
Witten invariants on OG with corresponding onesfor the Lagrangian Grassmannian
LG(nj 1;2nj 2) (Theorem 6).

This paper is organized as follows. In Section 2 we study the P-polynomials
and type D Schubert polynomials, and prove a remarkable Pfatan identit y for the
latter. The orthogonal Grassmanniansare introducedin Section 3, which includes
a proof of the preseration for QH“(OG). The proof of the quantum Giambelli
formula (6) of Theorem 1 is done in Sections4 and 5, by studying intersections
on the orthogonal Quot scheme. In Section 6 we formulate a "quartum Schubert
calculus' for OG. Finally, the Appendix establishesan identity for B-polynomials
which is usedin [KT1].

The main results of this article and its companion paper [KT2] were announced
at the Bonn Mathematische Arb eitstagung 2001[T]. The authors thank the Max-
Planck-Institute fiv Mathematik for its hospitality during the preparation of this
paper. We also thank Anders Buch and Bill Fulton for useful correspondence.
Both authors were supported in part by National ScienceFoundation post-doctoral
researt fellowships.

2. B-pol ynomials and type D Schuber t pol ynomials

2.1. Basic de nitions. All the notational convertions usedin this section follow
[KT1] and [KT2]. In particular, for strict partitions , and !, the di®erence, r ?*
denotesthe partition with parts given by the parts of , which are not parts of 1 . A
composition is a sequenceof nonnegative integerswith only nitely many nonzero
parts. The PB-polynomials make sensewhen indexed by any composition ©, and
satisfy Pfatan relations

1
@ Bo(X)= (i 1)1 B 0 (X) OBy, o 0 o(X);

j=1

whereg is an even number sud that °; = Ofori > g. De ne alsothe @-polynomial
Q. (X) = 2 B (X) for each composition © with *~ nonzeroparts. The @-polynomials
have integer coexcients, and span the ring Z[X]5" of symmetric functions in n
variables.
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Let W, bethe Weyl group for the root systemD ,, whoseelemeris are denotedas

barred permutations. Recallthat W, is generatedby the elemerns Sy ;S1;:::;Sn; 1:
fori > 0, s; is the transposition interchangingi and i + 1, and s, is de ned by
(U1;Uz;U3; 111 Un)S = (Uz;UpjUg; i Un)

Let Wy denote the elemen of maximal length in an. For each , 2 D,; 1 we have
a maximal Grassmannianelementw  of ., dehed asin [KT1, x3.2].

Each generator s; acts naturally on the polynomial ring A[X], where A = Z[%];
for i > 0, s; interchangesx; and Xj+1, while s, sends(Xy;X2) to (j X2;i X1); all
other variables remain xed. There are divided di®erenceoperators @ and @ on
A[X]; for i > 0 they are de ned by

@f)=(fi sf)=(xise i x)
while

@(f)=(fi s2f)=(x1+ Xx2);
for all f 2 A[X]. Thesegive rise to operators @ : A[X]! A[X] for ea elemen
w2 W,, asin [KT1, x3.2].

For all w 2 v, we have a type D Schulert polynomial D, (X) 2 A[X] de ned
by 3 .

Dw(X) = (i "M V2@, 1, X715 2 600Xn; 1By 1(X)
These type D polynomials were de ned in [KT1, x3.3]; they agreewith the or-
thogonal Schubert polynomials of [LP] up to a sign, which dependson the degree.
The polynomial D, (X) represerts the Schubert classassaiated to w in the coho-
mology ring of the °ag manifold SO,,=B. Let us dene D°(X) = Dw s, (X). It
follows from the de nitions and [KT1, Theorem 7] that Df’ZX) = @ (P (X)), for
all non-zeropartitions , 2 Dp; 1.

B

2.2. A Pfatan identit y. Werequire the identity in the following theorem for our
proof of the quantum Giambelli formula for OG(n + 1;2n + 2).
Theorem 2. Fix , 2 D, of length™ > 3, and setr = 2b(" + 1)=2c. Then

N1 )
®) (11)11D°,  (X)D%, . ,(X)= 0O

j=1
Proof. We “rst obsene, using the homogeneiy of the two sides,that (8) is equiv-
alert to the identity

N1 )
©) (Y@@, (X)e@(Q rr ; ,¢(X)=0

=1

for @-polynomials, which should hold for , and r asin the theorem.

I'yS i .
] _ o oxXIxs+ x3x, ifr 6 s;
Mrs(X1;X2) = 7 )

X x5 ifr=-s

to be the monomial symmetric function in x; and x,. For any partiton , and
nonnegative integersa and b, let C(,; a;b) denote the set of compositions * with
il Yy 2f0;L,2gforalliand,jj iy =21(resp.,;j i = 2) for exactly a (resp.

b) valuesofi.
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Prop osition 1. For any nonzeio strict partition

X
(10 @@ (X)) =2 Mrs (X1 X2) Si

06s6r6 " a+2 b=r+s+1 12C(,;ab)
r+s even 06 b6 s

., we hav?]
X Hoo ! X
' @: (X%:

Proof. Let X %= (x2;:::;Xpn). According to [KT2, Prop. 1], for any partition , of
length ~ (not necessarilystrict), we have

X X
(11) @ (X)=  xi ®: (X9;

k=0  12B(;k)

where B (,; k) is de ned to be the set of all compositions ! sud that j,ji j1j =k
and,;j ! 2 f0;1g for eah i. By applying (11) twice we obtain

X x M
(12) @ (X)= My;s (X1 X2) Si

06s6r6" j+2k=r+s 12C(0 k)
06 k6 s

@ (X%:

Supposethat r > s> 0. If r + sis even, then @ (M, s(X1;X2)) = 0. If r + s'is
odd, we have

X
@ (Mr:s(X1;X2)) = 2 (i 1) SxSxd:

ctd=r+sj 1
cd>s

We now apply this to (12) and gather terms to obtain (10). 2
Example. For all a, b with a> b> 0, we have

@(@ab(x)) =2 ©a| 1b(x O(j + @abl 1(X () 3
+ 2X1X2 @aj 210y 1(X %Y+ @qy 11y 2(X Y :

In the equation (13) and later on we agreethat ®: (X °y = 0if any of the componerts
of 1 are negative.

(13)

As in [KT2, x2.3], the rest of the argumert can be expressedusing only the
partitions which index the polynomials involved. We thus begin by de ning a
commutativ e Z-algebra B with formal variableswhich represen theseindices. The
algebra B is generated by symbols (a;;a;:::), where the entries a; are barred
integers; eat a can have up to two bars. The symbol (a;;az;:::) corresponds to
the polynomial @: (X %9, where? is the composition with 1 ; equalto the integer &
minus the number of bars over a;. We identify (a;0) with (a).

Let ! be a barred partition, that is, a partition in which bars have beenadded
to someof the ertries. For “(*) > 3, we imposethe Pfatan relation

i 1
(14) M= GOt e fLtng);
j=1

which correspondsto (7) for © = 1 (herem = 2b("(*) + 1)=2c, asusual). Iterating
this gives X

(15) ()= 2(% °)(°1;°2) ®(°m; 1;°m);

wherethe sumis overall (mij 1)(m;j 3) ¢¢¢(1) ways to write the setf;:::;t mg
as a union of pairs f°1;%,g[ ¢¢¢[ f°y; 1;°m g, and where 2(*; °) is the sign of
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that ©; 1 > %5.

We also de ne the square bracket symbols [a] = (a) and [a;b] = (a;b) + (a;b),
wherea and bareintegers,each with up to onebar. For example,the right hand side
of equation (13) corresponds to the sum 2[a;b] + 2x1x5 [@;0] in B[x1;x»]. Finally,
we imposethe relations

(16) [a;b] = @)(b) i (a)(b)
for integersa, b, with up to onebar ead; this agreeswith a corresponding identit y
@ai 10+ @a;bi 1= @ai 18 i @a@bi 1

of @-polynomials.
Using thesecornventions and equations(10) and (13), we are reducedto showing
that S; + S, = 0, where

x My Twe X
i i
Si = o p  GDTL *);
a+2b=r+ s+l I j=1 12C(,rf,;; gab)
06 b6 s
X Moo T A X
S, = )i . 1):
= i1 G )
a%+2p’=r+sj 1 i=1 12C(,r f, 5, rg;:alho)

06 b% s 1
andr > s> Oare xed integerswith r + s even. The proof of this is rather similar
to the proofs of Theorems2 and 3 of [KT2], and we will point out only the main
di®erencehere.
We rst apply (15) to expandthe terms (1) in both S; and S,. The cancellation
technique of [KT2, x2.3], notably, the identity

(17) [a;bl[c;d] i [a;c][b;d] + [a;d][b;c] = O;

implies the vanishing of the sum of those summandsin S; which contain a pair
with exactly one bar, or at least two pairs with exactly three bars. The remainder
is a sum S? consisting of those summandsin S; with a unique pair containing three
bars, and no pair with only one bar. In the sameway, one cheds the vanishing
of the sum of those summandsin S, which contain a pair with exactly three bars,
or at least two pairs with exactly one bar. There remains a sum S? consisting of
those summandsin S, with a unique pair containing only onebar, and no pair with
exactly three bars. Hence, it is enoughto show that S?+ S? = 0.

There is an obvious bijection betweenthe summandsin S? and S9, obtained by
adding two bars to the unbarred part of the pair in S which cortains only one bar
(note that the corresponding binomial coexcients agree,as (a;b) = (a% B+ 1) for
thesetwo summands). To prove that the sum of all corresponding terms is zero, it
suicessto show that the expression .,

(18)  [abcdli [acbid]+ [a;dlbic + [ablc;d]i [aclb;d] + [a; dlb;c]

vanishesidentically in B (we then apply this with a = |, always). To ched this,
begin from the basic identities

(19) [a;bl[c;d] i [a;c][b;d] + [a;d][b;c] = O
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and

(20) [a bl[c;d] i [a;c][b;d]+ [a&d]bic]=0

which are easily shavn using (16). Let hx;yi = [X; y] + [X; Y] and note that
(22) ha;bi hc;di | ha;ci hb;di + ha;di hb;ci = 0;

which is shawvn using hx; yi = (3)(b) i (a)(B) (another consequenceof (16)). The
vanishing of (18) follows by combining (19), (20) and (21). 2

3. Orthogonal Grassmannians

3.1. Schubert varieties and incidence loci. Let V bea xed (2n+2)-dimensional
complex vector spaceequipped with a nondegeneratesymmetric bilinear form on
V. The principal object of study is the orthogonal GrassmannianOG(n+ 1;2n+ 2)
which is one componert of the parameter spaceof (n + 1)-dimensional isotropic
subspacesof V. When n is xed, we write OG for OG(n + 1;2n + 2). We have
dimc OG = n(n + 1)=2. The identities in cohomology that we establish in this
section remain valid if we work over an arbitrary base eld, and use Chow rings in
place of cohomology

Let F: bea xed completeisotropic °ag of subspacef V. By convertion, then,
OG parametrizes maximal isotropic spaces§ % V sud that 8 \ F,.1 hasewven
codimensionin Fn.; . We dene the alternative °ag I to be the °ag F; ¥ ¢¢tYs
Fn % B, .1, where B,,, is the unique maximal isotropic spacecortaining F, but
not equalto Fn+1 . We let

F: ifi” (n+ 1) mod 2;

22 F =
(22) . otherwise

The Schubert varieties X %2 OG are indexed by partitions , 2 D,. We record
two ways to write the conditions which de ne the Schubert variety X :

(23) X =f820Gjrk(8 ! V=Fns1; ;)6 n+1j i i=1:::57()9
(24) =1§20GjrkE ! V=R )6n+1iii,i;i=Li()+1g

Let ¢, bethe classof X in H*(OG;Z). The classicalGiambelli formula (6) for
OG is equivalert to the following identity in H"(OG; Z):

X1 ,
(25) ¢ = GOt e
j=1
forr = 2b(C(,) + 1)=2c. Let Y4 = (n;nj 1;:::;1) and for * 2 D,, denote by
b= %r 1, the dual partition. The Poincar§ duality pairing on OG satis es
z

¢ & = Lol
oG
Givenanisotropic spaceA %V of dimensionnj k (k > 0), the variety of maximal
isotropic spacescortaining A is a translate of the Schubert variety Xn.n; 1.k +1 -

We have the following result on intersections of such varieties with the Scubert
varieties X_; this is analogousto a similar result in type C ([KT2, Prop. 3]).
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Prop osition 2. Letk > 0and, 2 D,. Let A be an isotropic subspmce of V of
dimensionnj k, andlet Y %2 OG be the subvariety of maximal isotropic subsmces
of V which contain A. Then X \ Y is a Schutert variety in Y ' OG(k+ 1; 2k + 2).
Moreover, if “(, ) < k then the intersection, if nhonempty, has positive dimension.

Proof. As in [KT2], the intersection is de ned by the attitude of §=A with respect
to F2, where F® = ((F; + A)\ A?)=A. For the intersection to be a point would
require at least k rank conditions, and hence(, ) > k. 2

The spaceOG(n i 1;2n + 2) is the parameter spaceof lines on OG. For a
nonempty partition |, the variety of lines incident to X is the Sdubert variety
Y , consisting of those §°2 OG(nj 1;2n + 2) such that
(26) rk(g °! V:F,Sifl?i D6n+1jij g fori=21L: 7+ L
The codimensionof Y isj, ji 1. Note that (i) the rank conditions (26) are identical

to those in (24); (ii) the rank condition correspondingto i = “(,) + 1, which was
redundant in de ning the Schubert varieties in OG, is necessaryhere.

3.2. A Pfazan identity on OG(nj 1;2n + 2). Let F = Fgo(V) denote the
variety of completeisotropic °agsin V = C?"*2 | There is a natural projection map
from F to the orthogonal GrassmannianOG(n i 1;2n + 2), inducing an injective
pullback morphism on cohomology Intro ducean extra variable x,.+; andlet X * =

class[Y ]in H?(OG(ni 1;2n+ 2)) pulls bac to the classrepreseried by D%(X *)
in H?(F), for eadr, 2 Dy, ;. Here X ™ correspondsto the vector of Chern roots of
the dual to the tautological rank n + 1 vector bundle over F, ordered asin [KT1,
Sect. 2]. Theorem 2 remainstrue with X * in place of X, and gives

Corollary 1. For every, 2 D, oflength™ > 3 andr = 2b(" + 1)=2c we have

X1 ,
(27) GUIY Y v, .6]=0
j=1

in H*(OG(nj 1;2n+ 2);Z).

3.3. Quantum relations and two-condition Giam belli. Recallthat in QH (OG),
the degreeof q is 7

C1(Tog) Cép = 2n:
oG
It follows, for degreereasonsthat the relations in cohomology(3) and the quantum
Giambelli formula for the two-condition Schubert classes(5) { which we know to
hold classically{ hold in QH (OG). The degree2n quantum relation (4) follows from
the elemenary enumerative fact that there is a unique line on OG through a given
point, incident to two generaltranslates of X,,. Arguing asin [ST], now, we obtain
a preseriation of QH"”(OG) as a quotient of the polynomial ring Z[¢1;:::;¢én;d]
modulo the relations (3) and (4) (seealso[FP, Sect. 10]).

The proof of the more dizcult quantum Giambelli formula (6) occupiesSections
4 and 5.
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4. Orthogonal Quot schemes

4.1. Overview. In the next two sections,we de ne the orthogonal Quot scheme
and establish an identity in its Chow group, from which identity (6) in QH *(OG)
readily follows. We make use of type D degeneracyloci for isotropic morphisms
of vector bundles [KT1] to dene classes[W (p)lx (p 2 P') of the appropriate
dimensionk := n(n+ 1)=2+ 2ndj j,j in the Chow group of the orthogonal Quot
sthemeOQq, which compacti es the spaceof degreed mapsP? ! OG. Let p°2 P!
be distinct from p, and denote by W° the degeneracylocus de ned by a general
translate of the "xed isotropic °ag F.. We produce a Pfatan formula analogous
to (25):

1 1
(28) [W, (p)]k = (l 1)” l[W,j;,r(p)\ W’Or f’i;’,g(po)]k;

j=1
forany , 2 D, with “(,)> 3andr = 2b("(,) + 1)=2c.

As in [KT2], we needthe cyclesin (28) to remain rationally equivalent under
further intersection with some(general translate of) W: (p%, for ¢t 2 D, and p°°2
P! distinct from p, p° Also, asin loc. cit., we accomplish this by working on a
modi cation OQq(p%J, on which the evaluation-at-p®°map is globally de ned, and
employing re ned intersection operation from OG.

The rational equivalencesthat we produce| (28) and a similar equivalenceon
0Qq4(p*Y | comeby combining equivalencesof the following types: (i) the classical
Pfatan formulason OG (25); (ii) the Pfatan identities (27) on OG(ni 1;2n+ 2);
(iii) rational equivalencesfpg » fpY% on P! Indeed, the essenceof (iii) is that
we can replace p° with p in (28); the intersection W .. (p)\ WOrf . rg(p) now
has k-dimension componerts supported in the boundary of the Q’uot’sc’heme. The
cancellation of these cortributions in the Chow group is precisely equation (27).

4.2. De nition  of OQqg. Let V be a complex vector spaceV of dimension N =
r+ sand x d> 0. Following Grothendiedk [G1], there is a smooth projective
variety Qq, the Quot scheme which parametrizes °at families of quotient sheares
of Op1 - V with Hilbert polynomial p(t) = st+ s+ d. This variety compacti es the
spaceof parametrized degreed mapsfrom P* to the Grassmannianof r-dimensional
subspacesf V. On P! £ Qq there is a universal exact sequenceof sheaves

(29) oij! Eij! O-Vij!l Qj! O
with E locally freeof rank r. From now on, we x V asin Section3andr = s = n+1.

De nition 1. Let d be a nonnegative integer. The isotropic IocusQ‘dS° is the closed
substhieme of Qg which is de ned by the vanishing of the composite

Ei! Op- Vi? Op- Vol FE°
where ® is the isomorphism de ned by the given bilinear form on V.

The embedding of OG in the GrassmannianG(n+ 1; 2n+ 2) of (n+ 1)-dimensional
subspaceof V is degree-doubling,that is, in the sheafsequencg29) corresponding
to degreed maps P! ! OG, the sheafQ has degree2d. For any d, Q59 cortains
an open substiemeisomorphic to the moduli spaceM ¢.3(0OG; d):

De nition 2. Let d be a nonnegative integer. Then OMy is the open subsheme
of Q59 de ned by the conditions (i) E! Op: - V has everywhere full rank; (ii)
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the imageof E! Op - V at any point has intersection with F,.; of dimension
congruert to (n+ 1) mod 2.

Unfortunately, Q59 generally has componerts of dimension larger than the di-
mension of OM4. The remedy is to throw away any point of (29) where the rank
of E!' O- V dropsby just 1 at somepoint of P1. We can do this, and still be left
with a closed subsdhieme of Qi;g, becausein any degenerationsituation in which
the rank of E! O - V drops from full to lessthan full, the drop is by at least 2.

De nition 3. For d 2 (1=2)Z, the orthogonal Quot schemeOQy is the subset of
Qi;g consisting of points whosesheafsequencg29) satis esrk(E, ! V) 6 n for all
p 2 P!, and such that whereit hasfull rank, the image has intersection with F .1
of even codimensionin Fn.; . This subset, evidertly constructible and closed by
virtue of Proposition 3, below, is given the reduced scheme structure.

Lemma 1. LetA: Cy! G(n+ 1;2n+ 2) be a morphism, with Co 2 P!, and let C
ke a tree of P's containing Cp and' : C! G(n+ 1;2n+ 2) a map which restricts
to A on Cy. Let
€= Cl[ Cz[ ¢¢¢[ Cn

(m > 1) denotea chain of componentsin C, with C; 6 C, for all i > 1, and assume
C1 meets Cy at the point p and C; is collapsed by ' for all i with 16 i 6 mj 1
Let ¥4 C ! Cp denotethe morphism which collapsesall components of C except
Co. Let

0! B! O-V!I Q! O
denotethe pullback of the universal sequene via A, and let

o! E! O-Vv!I Q! O

denote the pullback of the universal sequene via ' (so that Ejc, ' Ep). Assume
the restriction of E to C, splits as

O(j by) © ¢t¢© O(j h) © O+ i ]

with by;:::; 3 > 1. Then the morphismY%E! %(O- V)= O- V factors through
B, and the cokernel of %4E! Ey is a torsion sheaf whose ber at p has dimension
at least j .

Proof. We may choosen | j independert sectionss;, :::, Sy;j of Ejc,. These
extend uniquely to nj j independen sectionsof Eje, and hencespanan (nj j)-
dimensional subspace§ of the 'b er of E at the point p. The map (Y4aE)p, ! (E)p
on bersat p hasimage cortained in §. Hencethe dimension of the b er at p of
the cokernelof Y%4E! Ky is at least]j. 2

Prop osition 3. For any d 2 (1=2)Z, the subsetOQq Y% Qizsg is closal under
specialization.

Proof. Supposex; 2 OQqg specializesto xg 2 Q»q. Then there is a discrete valua-
tion ring R and a morphism' : SpecR ! Q4 suc that the genericpoint mapsto
X1 and the special point mapsto Xp.

Denote the fraction "eld of R by K and the residue eld by k. It sutces to
consider the casewhere Xq is a closedpoint, hencek = C is algebraically closed.
We show that given the exact sequenceof coheren sheavesat the genericpoint

(30) 0! E! O-V! Q! 0
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on P% , we can reconstruct the map ' and hencethe sheafsequenceat the special
point (possibly replacing R by its integral closurein a nite extensionof K). Then,
we note that the torsion of the quotient sheafat the special point cannot have rank
1 at any point of P}.

Let the sequencg30) be given. The support of Q°'s specializesto a well-de ned
closedsubsetZ % P}; welet Y = Supp(Q™) [ Z. Now consider:

(31) 0! E°' O- V! Q=Q“s! 0

on P . This correspondsto a morphism Pt ! OG (the actual map to the orthog-
onal Grassmannianunderlying the sheafsequencg30)). By replacing K by a nite
extension and R by its integral closurein the extension, if necessarythen there
exists, by semistablereduction, a modi cation

YiS! Pk
with exceptional divisor a tree of P''s, and a morphism S! OG, sud that Yare-
stricts to the given morphism P% ! OG. We considerthe pullback of the universal
exact sequence
0! E! O-Vv! @' 0
on S. Pushing forward the map E! O - V by Yyields an exact sequence
(32) 0! “%E! O-V! C! 0

The cokernel C, being a subsheafof %@, is torsion-free over SpecR, and hence’at:
(32) corresponds to the map from SpecR to the (possibly smaller degree) Quot
stheme determined by (31).

We extend (30) to all of P5 by patching and pushing forward. The sequences
(30) on P and (32) on PL r Y patch to give the sequence

ol Br o-v! &1 o0
on PL r Z. Pushing forward viai: Pk r Z ! P% gives
(33) 0! i,! O-V! D! 0

(where D is the indicated cokernel), °at over P} sincei. B s locally free. This gives
the morphism ' : SpecR ! Q24 that we started with.
We now considerthe restriction of (33) to the special b er:

0! (iaB)! O- V! D! 0

and verify it satis es the rank conditions. By semicoriinuity, the dimension of the
berof D is > 2 at every point of Z. Supposep is a point in Pi r Z. Then
Dk, on a neighborhood of p, is isomorphicto G := C- g k, soit sutcesto show
every nonzero b er of G hasdimension> 2. Letting ()« denoterestriction to the
special b er, we have: (YaE)x ! O- V factors through (Y%4)«(&)! O- V, which
in turn factors through a vector subbundle [(Y&)«(&)]° of O - V (the pullback
of the universal subbundle by the actual map Pt ! OG at the special b er),
and dim G - O, is greater than or equal to the dimension of the b er at p of
[(Y&)a(B)]°=(Y)=(&). But now wearein the situation of Lemma1: this dimension
is at least the number of negative line bundlesin the direct sum decomposition of
the pullback of the universal subbundle of OG under some positive-degreemap
from a copy of P; to OG, and this must be at least 2. 2
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4.3. Degeneracy loci. Degeneracyloci for vector bundlesin type D werede ned
using rank inequalities in [KT1].

De nition 4. The degeneracyloci W and W_(p) (, 2 Dn, with ~ = °(,), and
p 2 PY) are the following substhiemesof P £ OQq:
W =fx2P'£ OQqyjrk(E! O- v=fl)” W6 n+liij,;i=1+ g

n+lj
W (p) = W \ (fpg£ OQq)

De ne also
h(n;d) = n(n + 1)=2+ 2nd;
which is the dimensionof the orthogonal Quot schemeOQq4 whend is a nonnegative
integer. As in typesA and C, we establisha Moving Lemma, and deducefrom this
that all three-term Gromov{Witten invariants on OG cournt points in intersections
of degeneracyloci on OQy.

Mo ving Lemma. Letk be a positive integer, and let pq, :::, px be distinct points
on PL. Let 1, ::: X be partitions in D,, and let us take the degenemcy loci
W 1(p1), :::, W «(pk) to be de ned by isotropic °ags of vector spacesin geneal

position. Consider the intersection
Z:= W 1(py)\ ¢\ W i (px):

P .
Then Z has dimension at most h(n; d) j :‘:1 i.'j. Moreover, £\ OMy is either
empty or generially reduced and of pure dimeBsion h(n;d) i i 'j: also, Z \
(OQqgr OMy) hasdimension at most h(n; d) i :(:1 i L

The following are immediate consequencesf the Moving Lemma.

Corollary 2. Let p, p° p®2 P! be distinct points. Supmse,, !, © 2 D, satisfy
i.i+i*i+j° = h(n;d). With degeneilcy loci de ned with respect to isotropic °ags
in geneal position, the intersection W _(p) \ W: (p% \ We (p% consists of nitely
many reduced points, all contained in OM 4, and the correspnding Gromov{Witten
invariant on OG satis es

i ¢
o ieia=# W (D)) Wi (p9\ We(p? -

Corollary 3. If p and p° are distinct points of Pt and if j, j + jtj = h(n;d), then
W (p)\ W2(p% = ; for a geneal translate W2(p% of W: (p9.

The Moving Lemma itself is proved using an analysis of the boundary of OQg.
As in [Be] and [KT2], this boundary is covered by Grassmannbundles over smaller
Quot schemes.

Denition 5. For c 2 (1=2)Z, with ¢ > 1, welet %: G, ! P!£ OQq; . denote
the Grassmannbundle of (2c)-dimensional quotients of the universal bundle E on
P! £ OQq; c. The morphism ~¢: G. ! 0OQq is given by the modication of the
sheafsequenceE | O - V along the graph of the projection to P!. Precisely:
let F. denote the universal quotient bundle on G¢; if i denotesthe morphism
Gc.! PLE£ G givenby (pr, +%;id), then E; is de ned asthe kernel of the natural
morphism of sheaves(id £ (pr, £%))"E! 1% E composedwith i.. applied to the
morphism to F.

We also considerdegeneracyloci with respect to the bundles E..
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De niton 6. Wedene W, and W, (p) to be the following subshiemesof G¢:

We, (p) = We, (p)\ Y4 (fpg£ OQq; c)

4.4. Boundary structure of OQg. The boundary of OQq is made up of points
whereE! O - V drops rank at one or more points of P; note that wherewer it
drops rank, it doessoby at leasttwo (by our de nition of the Quot scheme).

Theorem 3. For any d 2 (1=2)Z, with d> 0 and d 6 1=2, we have
(

h(n; d) if d2 z;

dim OQq =
Qa h(n;d)j 5 otherwise

Furthermore, for c2 (1=2)Z, ¢> 1, themap .: G, ! OQq satis es

(i) Given x 2 OQyq, if Qy hasrank at leastn+ 1+ c at p2 P, then x lies in the
image of ..

(i) The restriction of ~; to ¥4 1(P* £ OMy; ) is a locally closel immersion.

(i) We have

W () = APHEW () [ W, (p)
whetre on the right, W_(p) denotesthe degeneacy locusin OQyq; .

The proof of Theorem 3, as well as that of the Moving Lemma (which uses
Theorem 3), is similar to that of the corresponding results in [Be] and [KT2].
Details are left to the reader.

5. Intersection  Theor y on OQq

The Chow group of algebraic cyclesmodulo rational equivalenceof a scheme X
is denoted A, X. We also employ the following notation.

De nition 7. Let p denote a point of P*,

(i) eW’: OMy4 ! OG is the ewaluation at p morphism;

(i) ¢(p): OQq(p)! OQq is the projection from the relative orthogonal Grassman-
nian OQq(p) := OGn+1 (Qjipge 0q4): that is, the closedsubsheme of the Grass-
mannian Grass,+1 Of rank-(n + 1) quotients [G2] of the indicated coheren sheaf,
de ned by isotropicity and parity conditions on the kernel of the composite mor-
phism from Ograss, ., - V to the universal quotient bundle of the relative Grass-
mannian;

(i) ev(p): OQq(p) ! LG is the evaluation morphism on the relative orthogonal
Grassmannian;

(iv) e: YA Y(fpgE OMgy; ¢) ! OG(n+ 1j 2c;2n+ 2) is evaluation at p.

Lemma 2 ([KT2]). Let T be a projective variety which is a homagenousspace for
an algebaic group G. Let X be a scheme, equippad with an action of the group
G. Let U be a G-invariant integral open subschemeof X, andletf: U ! T bea
G-equivariant morphism. Then the map on algebmric cycles

V] 7! £f i 1(V)‘n

respects rational equivalen@, and hene induces a map on Chow groups AT !
AcX.
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Corollary 4. Fix distinct points p, p°2 P!. For any, 2 D, oflength> = *(,) > 3,
thegollowmg cycleéarS ratlonal ly exywalent to zero on OQq and og 0Qq(PY:

0) eVp)' (X)) gl LRGP ew)i (X \ XO g

@y LGyt Y (ev YRY L VYO . ),g)

Here, and in the sequel, X? and Y? denotethe translates of X. and Y: by ageneral
elemen of the group SOzp 42 .

As is standard, for any closedsubstiemeZ of a sthemeX, [Z] 2 A X denotesthe
classin the Chow group of the cycle assaiated to Z; we let [Z]x be the dimension
k componert of [Z].

Prop osition 4. (a) Supmse, and ! are in D,, and let p, p° p® be distinct
points in P!. Assumethat (,) equals 1 or 2 and * has even length > 2. Let
k = h(n;d) i é’,ji jtj. Then c
a
W (p)\ W2(p9) , = W (p)\ w(p) « I A=0Qq;

£ oq 1l 0 o £ og; 11 0 0

Y PW P\ WP, = e W (o) WO(p) , in AsOQq(p%;
where W0(p) denotes degeneacy locus with resgect to a geneal translate of the
isotropic °ag of subspces.

(b) In AcOQq, we have
£ o £ ) _o £_j ) ¢C_o
B4 W (m\WAp) = (@) X\ X)) + T eV Y\ YD)

. £ i a
andin AsOQq(p%, the cycleclass ¢(p%)' *' W, (p)\ W2(p)
hand side of (34).

Proof. By a dimension count which usesProposition 2, the irreducible componerts
of dimensionk in W_(p)\ W2(p) are the onesindicated on the right-hand side of
(34). As in [KT2], now, the result follows from the rational equivalencef pg» fp%
on P, pulled back to Y := (P*£ W (p))\ W2 (or further pulled back to OQq(p%),
once we know that the irreducible componerts of W (p) \ W.(p) of dimension k
are generically smooth and in the closureof the complemert of the b er of Y over
p (and that this remainstrue after pullback by ¢(p°). The “in the closure' portion
of the claim follows by an argumert involving the Kontsevich compacti cation of
OMy, asin op. cit. Genericsmoothnessis clear for (evP)i 1(X \ X?). Transverality
of a generaltranslate also establishesgenericsmoothnessfor the other componert,
once we notice that any point x in a denseopen subsetof ~1((ev])i (Y \ Y?))
has the property that for any local C-algebra R with residue eld R=m' C and
any A:R ! W (p)\ W2(p) with closedpoint mapping to x, the map A factors
through the restriction of ~; to ¥} L(fpg£ OMy; 1).

This assertionfollows from elemenary linear algebra, but becauseof sometric ky
casesinvolving parity, we give a sketch of the argumen. Fix a basisfvig of V so
that the symmetric form is given by hvi;vji = %+j.2n+3 . Without lossof generality,
the two general-position °ags are

is equalto the right-

and

where the latter speci es Gn+1 or €,,; equalto Spar(vn+2 ;111 Vo2 ) according
to parity; see(22). We will shav that the condition on x holds whenewer x is in
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the preimageof the intersection of the Schubert cells correspondingto Y and Y2,
subject to the further condition that the line on OG parametrized by the point in
OG(ni L2n+ 2)isincident to X and X9 at two distinct points.

Consider rst the case™(,) = 1. Let x correspnd to (nj 1)-dimensional A %
V at the point p. The condition to be in the Schubert cell for Y implies that
A\ F? = 0, sork(A! V:F,S'fl) = nj 1foranyi. By Denition 4, the sheaf
sequencecorresponding to A satis es the rank condition

(35) tk(E! O- Vv=F% )6 n; 1

Turning to the conditions coming from !, we have rk(A \ Gf}il) =nj °,from
membership in the Schubert cell. Supposen is even, so that F,E(i)l = E,+,; and
G®M = G, aredisjoint. Note that in this caseDe nition 4 imposesthe condition
(36) rk(E! O- V=Gh+)6 nj °

The following basic argumert is usedto shov that A factors through the re-
striction of ~; to ¥4} Yfpg £ OM d¢i 1)- We have a sheaf sequenceon P%; after
restricting to Ak the sheafE can be trivialized, solet us assumethe mapto O- V
is given by the (2n + 2) £ (n + 1) matrix L with valuesin R[t], with coordinates
assignedso the top half of the matrix correspndsto E,.; and the bottom half
correspondsto Gn+1 . We may assumet = 0 de nes p, and also assumethat mod
m, the rightmost two columns of L vanish at t = 0. We localize at m+ tR[t]. It
suzxcesto show that conditions (35) and (36) imply, after column operations, that
the rightmost two columns of L have valuesin the ideal generatedby t. We have
rk(A! V=F,.1) = nj 1,that is,some(nj 1)£ (nj 1) minor in the bottom half of
L hasfull rank. Now by performing column operations and invoking (35) we have
all the ertries in the bottom right (n+ 1) £ 2 submatrix of L lying in the ideal (t).
Let L% denotethe top right (n+ 1) £ 2 submatrix of L. The remaining isotropicity
and rank conditions amourt to UL®= 0 mod t for somematrix U, whoseertries are
polynomial functions of the entries of L in the rst nj 1 columns. The condition
that the line corresponding to A meets the Schubert varieties in distinct points
implies that the nullspaceof U is trivial, and hencel © hasertries in (t) aswell.

If, instead, n is odd, we use the fact that rk(A\ G,+1) = n+ 1 ~ (also a
condition to be in the Scubert cell). From De nition 4,

(37) rk(E! O- V=Gu41) 6 rk(E! O- V=G})6 n+1j
n

Now Fﬁ)l = Fnh+1 and Gp.p are disjoint, and the basic argumert applies, using
(35) and (37).

In case™(,) = 2, we have A\ Frfofl = 0 and (35) still holds, sothe argumert is
the same. 2

We now establishthe rational equivalenceson OQq | andon OQq(p® | which
directly imply the quantum Giambelli formula of Theorem 1.

Prop osition 5. Fix , 2 D, with * = *(,) > 3. Setr = 2b(" + 1)=2c. Let p, p° p*°
denote distinct points in P!. Then we have the following identity of cycle classes
X1 o

38) vy 1) = G ey ik vy o, )"

j=1
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both on OQg and on OQq(p%, where X? denotesthe translate of X: by a geneally
chosenelement of the group SOz +2 -

Proof Combining parts (a) and (b) of Proposition 4 gives

(eVp)‘ HX O\ (@) X0, rg)

_ ¢ o
= (eV) l(>< e VX0 .;,rg) " 1 (evp)' YN YO

rg)

foreach j, with 16 j 6 rj 1. Now (38) follows by summing and applying (i) and
(i) of Corollary 4.

s

Theorem 4. Supmse, 2 D,, with * = *(,) > 3, and setr = 2b(" + 1)=2c. Then
we have the following identity in QH “(OG):

X1 ,
(39) &= GV bt g

j=1
Proof. The classicalcomponert of (39) follows from the classicalGiambelli formula
for OG. To handle the remaining terms, apply a re ned cap product operation [F,
x8.1] along ev(p®J to generaltranslates of X: for all * 2 D, with jtj = h(n;d)j j,],
and invoke Corollaries 3 and 2 (as in the proof of [KT2, Thm. 5]). 2

6. Quantum Schuber t calculus

Our aim in this Sectionis to use Theorem 1 and the algebra of B-polynomials
to nd combinatorial rulesthat compute someof the quantum structure constarts
that appear in the quantum product of two Schubert classes.

6.1. Algebraic background. Let E, denotethe setof all partitions , with ,; 6 n.
The main properties of @-polynomials that we needare collectedin [KT2, x2.1 and
x6.1]. They imply corresponding facts about the B-polynomials, in particular, that
the setf® (X) j, 2 E,gis a free Z-basis of the ring o that they span. Hence,
there exist integersf (,; 1; °) sud that

X
(40) BX)B(X)=  f(;*°)R(X)
the constarts f (,; 1; ©) areindependert of n, and de ned for any ,; ; © 2 E,. The

corresponding coexcients e(,; ; °) in the expansionof the product @ (X)®: (X)
are related to theseby the equation

(41) e(;1:0) = 2060 ()T ( 1y 0):

There are explicit combinatorial rules (involving signsin general) for computing
the integersf (,; *; ©), which follow from corresponding formulas for decomposing
products of Hall-Littlew ood polynomials; for more details, see[KT2, x6.1]. De ne
the connectedcomponerts of a skew Young diagram by specifying that two boxes
are connectedif they sharea vertex or an edge. We then have the following Pieri
type formula for , strict:

X
(42) B (X)B(X)= 2V B (X);
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where the sum is over all partitions * %, with j*j = j j+ k sud that = is a
horizontal strip, and N%(; 1) is onelessthan the number of connectedcomponerts
of 1=, . In particular, we have B (X)B,(X) = B, (X) forall , 2 Dy.

When ,, * and °© are strict partitions, the f(,; *;°) are classical structure
constarts for OG(n + 1;2n + 2),
X
& o = fl1 %) e;
°2D ,

and hence are nonnegative integers. In this case, Stenmbridge [St] has given a
combinatorial rule for the numbersf (,; 1; ©), analogousto the usual Littlew ood-
Richardsonrule in type A. Speci cally, f (,; 1; ©) is equalto the number of marked
tableaux of weight , on the shifted skew shape S(°=!) satisfying certain conditions
(see[St] and [P, Sect. 6] for more details).

6.2. Quantum multiplication.  Recall from the Introduction that for any ; * 2
D, there is a formula

¢ty = fi(ned

in QH®(OG(n + 1;2n+ 2)), with eac f (n) equalto a Gromov{Witten invariant
e, ;& énia (dened whenj, j+ jtj= jdj + 2nd). The nonnegative integerf"’l (n)
counts the number of degreed rational mapsA : P |  OG sud that A(0) 2 X,
A(1) 2 X. and A(1 ) 2 Xy, when the three Schubert varieties X , X: and Xy, are
in generalposition.

We adopt the corvertion that ¢ = O for all non-strict partitions , . Now Theo-
rem 1 and the Pieri rule (42) give

Corollary 5 (Quantum Pieri Rule). For any, 2 D, and k > 0 we have

X NI X N O -1
é k= ZARY )('}+ NG )Or(n;n)q

t 1 %(mn)

where both sumsare over* %, with j*j = j, j+ k suchthat *=, is a horizontal
strip, and the second sum is restricted to those® with two parts equal to n.

In recert work with Buch [BKT ], we give a more direct proof of the quantum Pieri
rule for OG, and the corresponding rule for the Lagrangian Grassmannian.
For any d;n > 0 and partition °, let (n9;°) denote the partition

where n appearsd times beforethe rst componert °; of °©. Theorem 1 now gives

Theorem 5. For any d > 0 and strict partitions ; 1; © 2 D, with j°j =, j+j]i

51

2nd, the quantum structure constant f 5 (n) satises f5 (n) = f(,; *; (n®;°)).

We deducethat for any strict partitions ; %; © 2 D, the coexcient f (,; 1; (n9;°))
is a nonnegative integer. The constarts f (,; ; ©) can be negative; for example

f (%2, %; (4,422)=i L
This follows from the Remark in [KT2, x6.2].
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6.3. The relation to QH®(LG(nj 1;2nj 2)). The quantum Pieri rule of Propo-
sition 5 implies that (

ind = Un;, ) !f,1<n,

’ Grmd if ,1=n

in the quantum cohomologyring of OG(n + 1;2n + 2). Therefore, to compute all
the Gromov{Witten invariants for OG, it sutcesto evaluate the h, ;¢ ;¢ iq for
02Dy, ;. Deneamapa:D,! Dy, 1 bysetting,”=(nj ,-;:::;nji ,q) for
any partition , of length *, and (0)" = (0).

Partitions in Dy; 1 also parametrize the Schubert classes¥: in the (quantum)
cohomologyring of the Lagrangian GrassmannianLG(n j 1;2n 2), which was
studied in [KT2]. For the remainder of this paper, we let ©: Dn; 1! Dy, 1 denote
the duality involution for this space,sothat the parts of , ° complemern the parts
of , inthe setf1;2;:::;nj 1g. Notice that the restriction of ato D,; ;1 de nesa
secondinvolution on this set, which was consideredin [KT2, x6.3].

Theorem 6. Supmsethat , 2 Dy is a non-zeo partition with *(,) = 2d+ e+ 1
for somenonnegative integersd and e. For any %; © 2 Dy; 1, we havean equality

(43) he,;¢riéoia = Wao;%o;Yaoie
of Gromov{Witten invariants for OG(n+ 1;2n+ 2) and LG(nj 1;2ni 2), respec-
tively. If | iszemor "(,) < 2d+ 1, thenkty, ;¢ ;¢éiq= 0.
Proof. Assume'rst that , 1< n, so, 2 Dp; 1. We then have
b, ;& éia=T(;1; (n?4;009)
on+2di ()i T(*)i "(°) e(;;!; (n2d+1 ;00))

= 20 d L 0O C) 1 % Ya i pgen

where the last equality comesfrom [KT2, Thm. 6]. The result now follows by
applying the eight-fold symmetry [KT2, Thm. 7] for QH®*(LG(n i 1;2nj 2)),
which dictates
(44) 22O Ve Yainger = 2 OO0 O CBL Yo, Yol e
If ,1=n,then
b, iéiéia= N rmyiéidneyia=f( 1 (n);t; (n?;°9);

and the previous analysis applies, since, * = (, r (n))". 2

Of coursethis theorem also provides an equality of Gromov{Witten invariants
going the other way. For(any 5 ° 2Dy, 1, we have

. D. . . .0 H H N . - + H .
o Y Yaig = h(, ,GO,(,OId. !f‘(’)| e Zd- 1is odd;

: Wen, =)iér0ieo0ig if () e= 2dis even:

The (Z=2Z)3-symmetry (44) enjoyed by the Gromov{Witten invariants for LG (n j
1;2ni 2) implies a similar one for QH "(0G).

Prop osition 6. Let, 2 D, be non-zem and t; © 2 Dy, 1. For any d;e > 0 with
2d+ e+ 1= "(,), we have (

PR Crersp g o giza erigoigeig ife= 29+ 1is odd,
G ¢ld ; C s i as O
W(n, =)ié o éeoig i €= 2gis even
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where += + ., is the Kronecker symtol.

T
We now obtain orthogonal analoguesof [KT2, Prop. 10] and [KT2, Cor. 8].

Corollary 6. Let,, 1, ° and * be asin Proposition 6. Then the inequalities

(45) M)+ ()i n+tx62d6 (,)+ ()+ (°)in

are necessaryconditions for the Gromov{Witten invariant bk, ; ¢ ; ¢ i 4 to be nonze.

Moreover, if the two sidesof either of the inequalities in (45) di®er by 0 or 1, then
e, ;& éoiq is related by the eight-fold symmetry to a classi@l structure constant.

Corollary 7. For any, 2 D,, we have

e AT if *(,) = 2dis even

G TGT s i () = 2d+ 1is odd:
in QH?(0G). In particular,

e - i g2 if nis even
S Gl = oD =2 if n is odd:

7. Appendix: An identity in B-pol ynomials

We give a proof of the following identit y, which is usedto simplify a formula for
degeneracyloci in type D [KT1]. The proof usesthe algebraic formalism of x2.2.

we have

X _ .
(46) (DT g(X)e, (X)) =B (R)+ (i 1) "B (X):

i=1

Proof. By homogeneiy, (46) is equivalent to the identity

X , .

(47) (i D10 11, ,¢(X)Q, (X9 = %(Q ®)+ (i 1) ™ Q (X)):
i=1

To establish (47), we useidentity (11) and are reducedto

(p
vop (k) @ (X9; if k6 mod 2;

X‘ . ijl X —
(e (X9 QXY= K= mod 2

i=1 12B(, r f,igk)

for all integersk, where B(,; k) is de ned as in the proof of Proposition 1. This
corresponds to an identity in the algebra A of formal variables with imposedre-
lations of [KT2, x2.3], which is similar to the algebra B of x2.2, except that only
single bars appear.

Using the equalities
(48) [a;bl(c) i [a;c|(b) + [bicl(a) = O
and

(49) [a;bl(0) i [a;cl(b) + [bicl(a) = O
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in A, one can verify, for each combination of parities of k and °, that the corre-
sponding identity in A is true (one case,that of k odd, ~ even, usesalsothe identity
(17)). For example,whenk is evenand " is odd, we needto show that

X N X X X
(50) GDTHH) 2(% 0)(015%2) 00G(°~; 2;°5 1) = )
i=1 t2B(.r f,igk) °2B(,k)

where the innermost sum on the left isoverall (i 2)("j 4)¢¢¢(1) ways to write
the set of entries of  as a union of pairs f°1;°,g[ ¢¢¢[ f°; »;°, 19. Using (48),
the sum of the terms on the left hand side which corntain a pair with exactly one
bar vanishes. The remaining terms are seen,using (48) and (49), to be equalto the
Pfatan expansionof the right-hand side of (50). 2
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