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Abstract

Let G be the arithmetic Grassmannian over SpecZ with the natu-
ral invariant KÄahler metric on G(C). We study the combinatorics of
the arithmetic Schubert calculus in the Arakelov Chow ring CH (G).
We obtain formulas for the arithmetic Littlew ood-Richardson num-
bersand the Faltings height of G under the PlÄucker embedding, using
`rim hook operations' on Young diagrams. An analysis of the dualit y
involution leads to new combinatorial relations among Kostka num-
bers.

1 In tro duction

Arakelov geometryprovidesa method of measuringthe complexity of a sys-
tem of diophantine equations.Such a systemde¯nesan arithmetic variety in
projectivespace,which is then studiedusingtechniquesof intersectiontheory
and hermitian complexgeometry. The arithmetic complexity of this variety
is controlled by numerical invariants called heights. Although their exact
computation is di±cult, often a good bound for thesenumbers is enoughto
prove ¯niteness results.

The modern theory, developed by Gillet and Soul¶e [GS1], attaches to
each arithmetic variety X a large ring, the arithmetic Chow ring. Following
Faltings [F], the height of X is de¯ned as its arithmetic degreewith respect
to the canonicalhermitian line bundle, in analogywith the geometricnotion
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of degree. More generally, one expects that all conceptsand results from
geometric intersection theory should have analoguesover the integers (cf.
[S]).

There are very few examples where explicit formulas for heights are
known; their calculation is often equivalent to evaluating intricate ¯b er inte-
grals. For varietieswhosecomplexi¯cations are hermitian symmetric spaces,
such asGrassmannians,a smallerArakelovChowring is available, which is a
subring of the larger one. In this casethere are more computational tools at
hand: one reducesthe problem to a calculation of secondarycharacteristic
classescalled Bott-Chern forms. These forms are objects of pure complex
geometry, and are de¯ned with no referenceto arithmetic at all.

Products in the Arakelov Chow ring of projective spacewere computed
in the foundational work of Gillet and Soul¶e [GS2]. A corresponding analysis
for Grassmannianswas done by Maillot [Ma]; he formulated an `arithmetic
Schubert calculus'analogousto the classicalone. The combinatorial formulas
obtained in [Ma], although explicit, were quite complicated. In this article
we arrive at a simpler picture.

Let G = (G; ! G) denote the arithmetic GrassmannianG = G(m; n)
parametrizing m-planesin (m + n)-space(over any ¯eld), with the natural
invariant KÄahler form ! G on G(C). We present formulas for the arithmetic
intersectionsof the classesof Schubert varieties in the Arakelov Chow ring
CH (G). More precisely, if Q is the universal quotient bundle on G with
the induced invariant metric, there are arithmetic Schubert classesbs¸ (Q) in
CH (G), onefor each Youngdiagram¸ contained in an n£ m rectangle(mn).
Such ¸ alsocorrespond to classesof ! G-harmonic di®erential forms s¸ (Q) in
the samering. The multiplication rule

bs¸ (Q)bs¹ (Q) =
X

º ½(mn )

N º
¸¹ bsº (Q) +

X

º ½(mn )

eN º
¸¹ (m)sº (Q)

with N º
¸¹ the classicalLittlew ood-Richardsonnumbersde¯nesthe arithmetic

Littlewood-Richardson numbers eN º
¸¹ (m). Our aim is to obtain as explicit a

description as possiblefor these numbers. We shall seein x4.1 that they
depend on m but are independent of n.

We ¯nd the combinatorics of the arithmetic Schubert calculusquite fas-
cinating. It is a `deformation' of the classicaltheory where one encounters
harmonic numbers, Littlew ood-Richardson coe±cients and signs. Our for-
mula for the arithmetic Littlew ood-Richardson numbers involves an opera-
tion on Youngdiagramsgivenby subtracting and then adding rim hooks. We
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apply our algorithm to calculate the Faltings height of the GrassmannianG
in its PlÄucker embedding in projective space.This height was calculatedby
Maillot [Ma]; our formula is an improvement of his. For instancewe obtain
the following closedformula for the height of the GrassmannianG(2; n) of
2-planes:

ht(G(2; n)) =
µ

H n+2 ¡
2n + 1
2n + 2

¶ µ
2n + 1

n

¶
¡

4n

n + 1
:

Here H k =
kX

i =1

1
i

is a harmonic number.

The ingredients for doing thesecalculationscomefrom two di®erent direc-
tions: complex di®erential geometry and combinatorics. In [T2] techniques
for calculating Bott-Chern forms weredeveloped with this problem in mind.
Although they led to a new presentation of the Arakelov Chow ring, there
were still combinatorial di±culties to resolve for applications to arithmetic
Schubert calculus.

In the author's University of Chicagothesis [T1] an arithmetic Schubert
calculusis establishedfor the arithmetic Chow ring of any partial °ag variety.
The analysisof this more generalsituation requiresa di®erent method than
that of [Ma]. Although the specializationof the generalSchubert calculusof
[T1] to the Grassmanniancaseis essentially identical to the onein [Ma], the
changeof approach is important.

Just as the Schur polynomials are essential tools in this work, the Schu-
bert polynomials of Lascouxand Schutzenberger [LS] were neededto study
arithmetic °ag varieties. The decisive role of Schubert polynomials in this
story stemsfrom their use in the description of degeneracyloci (see[Fu2]),
and provides an illustration of the well-known parallel between the arith-
metic and geometriccases.The author has pursuedthis analogy further in
[T3]. One crucial combinatorial property of Schubert polynomials,which we
call the ideal property, is the reasonthey are useful in arithmetic geometry
(cf. x2). SinceSchubert polynomialsspecializeto Schur functions, the latter
enjoy this property as well.

The missing combinatorial ingredient to simplify the arithmetic story
for Grassmannianswas a formula establishing the ideal property for Schur
functions directly. Such a formula was shown to the author by Lascoux
during the April 1997 Oberwolfach conferenceon Schubert varieties. The
power of this formula lies in its utilit y for studying calculusin deformations
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of the cohomologyring of G. The samemethods may be applied to study
the Schubert calculusin the (small) quantum cohomologyring QH ¤(G(C)),
obtaining someof the resultsof [BCF]. It is interesting to compareour work
with [BCF]; the formulas and combinatorial phenomenain the two articles
are strikingly similar.

The e®ectof the canonicalduality isomorphism

CH (G(m; n)) »= CH (G(n; m))

on our algorithm leadsto non-trivial combinatorial identities. For instance
the aforementioned height formula comesfrom our analysisof G(n; 2) rather
than G(2; n), a direct computation for the latter being much more involved.
We give an algebraicproof of duality for a broaderclassof rings and discuss
somecombinatorial consequences.

Here is a brief outline of this article. Section2 provides somecombina-
torial background on Young diagrams and symmetric functions. The ideal
property of Schur functions is stated and proved. In x3 we introduce the
Arakelov Chow ring CH (G) and summarizethe facts we needfrom previous
work. This is the most `arithmetic' part of the paper. We note however that
all our arguments are algebraicand combinatorial; Arakelov theory is used
only for motivation. The arithmetic Schubert calculus is the subject of x4.
Wegive formulasfor the arithmetic Littlew ood-Richardsonnumbersin terms
of the classicalonesand `rim hook operations'. This analysisis usedin x5 to
compute the Faltings height of the Grassmannianunder its PlÄucker embed-
ding. More complicatedexpressionsfor both theseinvariants were given in
[Ma]; we comparethe two approachesusing duality. In Section6 the duality
isomorphismis investigatedin a more generalsetting by algebraicmethods.
As a consequencewe get somenon-trivial combinatorial identities involving
the Kostka numbers.

It is a pleasureto thank Alain Lascouxfor stimulating discussionsin the
woodssurroundingOberwolfach and in particular for the formula establishing
the ideal property of Schur polynomials. The author has bene¯tted much
from conversationswith William Fulton; he thanks him for encouragement
and mathematical guidance.
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2 Young diagrams and symmetric functions

In this sectionwe give a brief description of the combinatorial notions that
are relevant for the rest of the paper. Our main referencefor this material is
the book of Macdonald[M2]; wewill mostly adopt the notational conventions
there. For connectionswith geometry, see[Fu3].

We will identify a partition ¸ = (¸ 1 > ¸ 2 > ¢¢¢) with its Young diagram
of boxes; the conjugate partition ¸ 0 is the partition whosediagram is the
transpose of ¸ . The number of (non-zero) parts of ¸ is the length of ¸ ,
denoted l(¸ ). The inclusion relation ¹ ½ ¸ of partitions is de¯ned by the
containment of diagrams; in this case¸=¹ denotesthe corresponding skew
diagram. The number of boxes in ¸=¹ is the weight of ¸=¹ , denoted j¸=¹ j.
Thus ¸ is a partition of the number j¸ j. For two partitions ¸ = (¸ i ) i > 0 and
¹ = (¹ i ) i > 0 we have the sum ¸ + ¹ = (¸ i + ¹ i ) i > 0 and the set-theoretic
di®erencȩ r ¹ .

Given a diagram ¸ and a box x 2 ¸ , the hook H x is the set of all boxes
directly to the right and below x, including x itself. The corresponding rim
hook Rx is the skew diagram obtained by projecting H x alongdiagonalsonto
the boundary of ¸ . This is illustrated in Figure 1.

x

Figure 1: The rim hook corresponding to x

The number hx of boxesin Hx (and Rx ) is called the lengthof the hook (rim
hook). We refer to a rim hook of length q asa rim q-hook. The heightof Rx ,
denotedht(Rx ), is one lessthan the number of rows it occupies.

Throughout this article we will use concisenotation for collections of
commuting variables,or alphabets. If X = (X 1; : : : ; X n ) is a set of n indeter-
minants, wedenoteby ¤ n := Z[X ]Sn the ring of symmetricpolynomialsin X .
There are many di®erent basesfor ¤ n , amongwhich the most natural (and
least obvious) is the basis of Schur functions f s¸ (X )g for all partitions ¸ .
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More generally, the skewSchur functions s¸=¹ arede¯ned asfollows: if ¸ = k
is a singlepositive integer then sk = hk is the sum of all distinct monomials
of degreek, while s0 = 1 and sk = 0 when k < 0. For two partitions ¸ and
¹ ,

s¸=¹ = det(s¸ i ¡ ¹ j ¡ i + j )16 i;j 6 l (¸ ) :

This alsode¯nes s¸ = s¸= ; . Note that s¸=¹ = 0 unless¹ ½ ¸ .
For ¤ n ­ Z Q onehas the Q-basisof power sumsf p¸ (X )g, again indexed

by partitions. There is a unique inner product h ; i on ¤ n such that the
Schur functions s¸ form an orthonormal set. The power sumsp¸ arepairwise
orthogonal for this sameproduct.

Given another alphabet Y = (Y1; : : : ; Ym ), we can considerSchur func-
tions s¸ (Y), s¸ (X ; Y) in the Y variables and in the X and Y variables to-
gether. We let (mn ) denote the partition (m; : : : ; m) of weight mn. The
formula referredto in the introduction is expressedin

Prop osition 1 s¸ (X ) =
X

¹ ½(mn )

(¡ 1)j¹ js¸=¹ (X ; Y)s¹ 0(Y):

Pro of. Given r alphabets Z1; : : : ; Zr and an r -tuple º of integers,de¯ne the
multi-Schur function

sº (Z1; : : : ; Zr ) = det(sº i + j ¡ i (Z i ))16 i;j 6 r

asin [M1] (3.10). For ®2 Zm and ¯ 2 Zn , s®;¯ (D; D 0) denotesthe multi-Schur
function indexedby the concatenationof ® and ¯ and alphabets

Z1 = ¢¢¢= Zm = D and Zm+1 = ¢¢¢= Zm+ n = D 0:

Using [M1] (3.4) we obtain the determinant factorization

s®;¯ (D; D 0) = s®(D)s¯ (D 0¡ D)

for any alphabet D of cardinality at most m; here D 0 ¡ D is the formal
di®erenceof alphabets. It now follows that

s¸ (X ) = s(0m );¸ (Y; X + Y)

for any partition ¸ , where(0m ) denotesa sequenceof m zeroes. The sum in
the proposition is the Laplaceexpansionof the determinant

s(0m );¸ (Y; X + Y)
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along the subfamily of the ¯rst m rows. 2

Wenow explain the connectionbetweenProposition 1 and the ideal prop-
erty of Schubert polynomials,which wasusedin the author's study of arith-
metic °ag varieties. Let N = n + m and considerthe ring RN = Z[X ; Y]=IN ,
where I N is the ideal generatedby the Schur polynomials s¸ (X ; Y) in both
setsof variables for ¸ 6= 0. RN can be identi¯ed with the Chow ring of the
°ag variety F l(N ) parametrizing complete°ags in N -space.

Let S(N ) denote the set of permutations w : N ! N that leave all but
¯nitely many numbers¯xed and have no descents after the ¯rst N + 1 values.
Note that the symmetric group SN is naturally contained in S(N ) . For each
w2 S(N ) Lascouxand SchÄutzenberger[LS] de¯ne a Schubert polynomial S w 2
Z[X ; Y]. The set f S w j w2 S(N )g is a Z-basisof Z[X ; Y], while f S w j w2 SN g
is a Z-basisof the quotient ring RN .

The ideal property of Schubert polynomials states that if w2 S(N ) r SN ,
then S w is contained in the ideal I N . For a simple proof, seeLemma 1 of
[T1]. If v is a permutation such that v(i ) < v(i + 1) when i 6= n (i.e. a
Grassmannianpermutation), then S v = s¸ v (X ) is a Schur polynomial in the
variablesX 1; : : : ; X n ; here

¸ v = (v(n) ¡ n; v(n ¡ 1) ¡ (n ¡ 1); : : : ; v(1) ¡ 1):

In casev is not in SN , the equation of Proposition 1 provides a direct proof
of the ideal property for s¸ v (X ).

3 The Arak elov Chow ring CH (G)

In this section we will introduce the main object of study. We refer to
the foundational papersof Gillet and Soul¶e [GS1] [GS2]and the expositions
[SABK] [S] for background as well as [Ma] [T2] for previouswork.

Let G = G(m; n) denote the Grassmannianover SpecZ. For any ¯eld k
the set of points G(k) parametrizesm-dimensionalsubspacesin kN where
N = m+ n. G is a smooth arithmetic variety of absolutedimensiond = mn+
1. The complex manifold G(C) is endowed with a natural U(N )-invariant
metric coming from the KÄahler form ! G = c1(Q(C)); we let G = (G; ! G).
There are three rings attached to G: the Chow ring CH (G), the ring H(GR)
of real ! G-harmonic di®erential forms on G(C), and the Arakelov Chow ring
CH (G). For the ¯rst two there are natural isomorphisms

CH (G) ­ Z R »= H(GR) »= H ¤(G(C); R);
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the last ring being cohomologywith real coe±cients. The Arakelov Chow
ring CH (G) sits in a short exact sequence

0 ¡ ! H (GR) a¡ ! CH (G)
³

¡ ! CH (G) ¡ ! 0: (1)

Over G there is a universalexact sequenceof vector bundles

E : 0 ! S ! E ! Q ! 0: (2)

We give the trivial bundle E(C) the trivial hermitian metric and the tauto-
logical subbundleS(C) and quotient bundle Q(C) the induced metrics. (2)
then becomesa sequenceof hermitian vector bundles:

E : 0 ! S ! E ! Q ! 0: (3)

For each symmetricpolynomial Á therearecharacteristic formsandclasses
associated to thesebundles. We have three di®erent kinds: the usual classes
Á(Q), Á(S) in CH (G), the characteristic formsÁ(Q), Á(S) in H(GR) givenby
Chern-Weil theory, and the arithmetic classesbÁ(Q), bÁ(S) in CH (G). We re-
fer to theseelements using three setsof formal `root variables' f x; yg, f x; yg
and f bx; byg, respectively. For instance, symmetric functions Á in the vari-
ablesx = (x1; : : : ; xn ) and y = (y1; : : : ; ym ) denote the characteristic forms
Á(Q) and Á(S) (which we also identify , via the inclusion a, with elements in
CH (G)). The harmonic numbers H k de¯ned by

H 0 = 0; H k = 1 +
1
2

+ ¢¢¢+
1
k

will play an important role in the description of CH (G).
Let H = Sn £ Sm be the product of two symmetric groups. There is a

natural H -action on the polynomial ring Z[x; y] by permuting the two sets
of variables. The following isomorphismis well known (cf. [Fu1] Ex. 14.6.6):

CH (G) »=
Z[x; y]H

hek(x; y) = 0; k > 1i
(4)

where ek(x; y) is the k-th elementary symmetric polynomial in x and y. A
presentation of CH (G) is obtained by a deformation of this construction.
Considerthe polynomial rings

A = Z[bx; by]H and B = R[x; y]H ;
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which are the rings Z[bc(Q); bc(S)] and R[c(Q); c(S)] in `root notation'. The
product b®¢̄ = ®¯ that `forgetsthe hats' turns B into an A-module. In this
situation the direct sum A © B inherits a natural ring structure for which B
is a squarezero ideal; we use¢to denotethe inducedproduct on A © B. By
convention any product

Q
x i yj denotes(0;

Q
x i yj ). The Arakelov Chow ring

CH (G) is isomorphicto the gradedring (A © B; ¢) modulo the two relations

ek(x; y) = 0 (5)

and
ek(bx; by) = (¡ 1)k¡ 1H k¡ 1pk¡ 1(x) (6)

for all k > 1; here pk(x) = pk(Q) is the k-th power sum (cf. [T2]). The
secondrelation (6) comesfrom the equality

bc(Q) ¢bc(S) = 1 + ec(E):

Here ec(E) is (the image in CH (G) of) the Bott-Chern form of the exact
sequence(3) for the total Chern class(cf. [BC] [GS2][T2]). The Bott-Chern
form eÁ(E) was computed in [T2] for any characteristic classÁ:

eÁ(E) =
X

k

hÁ;pk i H k¡ 1pk¡ 1(Q)

whereh ; i is the inner product of x2. For any symmetric function Á, homo-
geneousof degreer , this translates to the relation

Á(bx; by) = hÁ;pr i H r ¡ 1pr ¡ 1(x) (7)

in CH (G). We will needto apply this result when Á = s¸=¹ is a skew Schur
function. In this casewe have

Prop osition 2 s¸=¹ (bx; by) = 0 unless¸=¹ is a rim r -hook, in which case

s¸=¹ (bx; by) = (¡ 1)ht (¸=¹ )H r ¡ 1pr ¡ 1(x):

Pro of. The argument is similar to the oneusedin [T2], Corollary 3. Assume
j¸=¹ j = r . We start with the Frobenius formula

s¸=¹ =
1
r !

X

¾2 Sr

Â¸=¹ (¾)p(¾)
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where Â¸=¹ is a generalizedcharacter and (¾) denotes the partition of r
determinedby the cycle structure of ¾(cf. [M2], xI.7). Using (7) gives

s¸=¹ (bx; by) = Â¸=¹ ((12 : : : r ))H r ¡ 1pr ¡ 1(x):

The Murnaghan-Nakayama rule (cf. [JK] 2.4.7) is now usedto compute the
required value of Â¸=¹ :

Â¸=¹ ((12 : : : r )) =
½

(¡ 1)ht (¸=¹ ) ; if ¸=¹ is a rim hook
0; otherwise:

2

4 Arithmetic Schub ert Calculus

4.1 Schub ert calculus in CH (G)

Let us brie°y review the classicalSchubert calculus, which describes the
multiplicativ e structure of CH (G) for the GrassmannianG = G(m; n). The
abelian group CH (G) is freely generatedby the classess¸ (x) = s¸ (Q), one
for each ¸ contained in the n £ m rectangle(mn ). (SeeFigure 2).

Figure 2: m = 6, n = 4 and ¸ = (5; 3; 2)

Under our notational conventions s(1) i (x) = ei (x) is the i -th Chern class
ci (Q) and is represented by the special Schubert variety X i . More generally,
s¸ (x) is the classof the Schubert variety X ¸ that parametrizes,over any base
¯eld k, subspacesV 2 G(k) such that dim(V \ kn+ i ¡ ¸ 0

i ) > i , for 1 6 i 6 m.
It is important to interpret the isomorphism (4) in the following way:

CH (G) is isomorphicto the ring of Schur polynomialss¸ (x) in the x variables
modulo the ideal generatedby the non-constant Schur polynomials s¸ (x; y)
in both setsof variablesx, y. When we passmodulo this ideal the only Schur
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polynomials that survive are the s¸ (x) for ¸ ½ (mn ). This follows at once
from the ideal property of Proposition 1.

For any two Schur functions there is a product formula

s¸ s¹ =
X

º

N º
¸¹ sº (8)

where the nonnegative integers N º
¸¹ are the Littlewood-Richardson coe±-

cients. The Pieri rule for multiplying a Schur function by sk , k > 0 is a
special caseof (8):

s¸ sk =
X

¹

s¹ ; (9)

the sum over all ¹ obtained from ¸ by adding k boxes, with no two in the
samecolumn.

Recall the exact sequence(1) of x3. There are many splitting maps

² : CH (G) ! CH (G)

for this sequence;our choice is motivated by the generalizationto °ag vari-
eties in [T1]. De¯ne ² on the basisof Schur functions by ²(s¸ (x)) = s¸ (bx).
This inducesan isomorphismof abelian groups

CH (G) »= CH (G) © H(GR):

In other words, every element z2 CH (G) hasa unique expression

z =
X

¸ ½(mn )

ç s¸ (bx) +
X

¸ ½(mn )

° ¸ s¸ (x);

whereç 2 Z and ° ¸ 2 R.
Sincethe alphabets bx and x have n variables,ek(bx) and ek(x) both vanish

when k > n. Thereforethe identit y

s¸ = det(ȩ 0
i ¡ i + j )

(cf. [M2] xI (3.5)) implies that s¸ (bx) and s¸ (x) are zerowhenever l(¸ ) > n.
Note that if ¸ 1 > m (so ¸ extendsto the right of the rectangle(mn )) then
s¸ (x) = 0, but s¸ (bx) neednot vanish. In fact, s¸ (bx) is the classof a di®erential
form in H(GR) which we will describe explicitly (seeProposition 3).
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Basedon the multiplication rule in x3 we seethat for ¸ , ¹ in (mn ),

s¸ (bx) ¢s¹ (x) = s¸ (x)s¹ (x) =
X

º ½(mn )

N º
¸¹ sº (x)

and
s¸ (x) ¢s¹ (x) = 0:

It follows that the multiplication in CH (G) will be completelycharacterized
oncethe formula for multiplying two arithmetic Schubert classess¸ (bx) ¢s¹ (bx)
is known. From the relations in this ring we deducethat

s¸ (bx) ¢s¹ (bx) =
X

º ½( m n )
j º j = j ¸ j + j ¹ j

N º
¸¹ sº (bx) +

X

º ½( m n )
j º j = j ¸ j + j ¹ j¡ 1

eN º
¸¹ (m)sº (x) (10)

Here the numbersN º
¸¹ are the classicalLittlew ood-Richardsonnumbersand

eN º
¸¹ (m) areby de¯nition the arithmetic Littlewood-Richardsonnumbers. The

latter (a priori real) numberswere¯rst de¯ned by Maillot [Ma] in a di®erent
way. Although our notation and de¯nition di®ersfrom the onein [Ma], these
numbersare essentially the same(seex4.2).

Suppose¸ and ¹ are two Young diagramswith j¹ j = j¸ j ¡ 1 and r > 1
is an integer. We de¯ne an r -hook operation from ¸ to ¹ to be the process
of removing a rim r -hook from ¸ to get a diagram ¸ ¡ , followed by adding
a rim (r ¡ 1)-hook to ¸ ¡ to obtain ¹ . We will show that there is at most
one r -hook operation from ¸ to ¹ for any given r . The sign ² ¸¹ (r ) of the
operation is +1 (resp. ¡ 1) if the heights of the two rim hooks involved have
the same(resp. opposite) parity mod 2. If there is no r -hook operation from
¸ to ¹ then we set ² ¸¹ (r ) = 0. Figure 3 illustrates a 6-hook operation from
¸ = (6; 4; 3) to ¹ = (34) of positive sign.

Figure 3: A hook operation from ¸ to ¹

Following James and Kerber [JK], an r -hook operation can be conve-
niently visualizedusingsetsof ¯ -numbers,or ¯ -sequences.For any partition
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¸ of length at most n, the ¯ -sequence ¯ (¸ ) is de¯ned as the n-tuple

¯ (¸ ) = (¸ 1 + n ¡ 1; ¸ 2 + n ¡ 2; : : : ; ¸ n + n ¡ n):

It is clearthat the correspondencȩ $ ¯ (¸ ) is 1-1,and that ¯ -sequencescon-
sist of distinct integers. If n = l(¸ ) then ¯ (¸ ) is the sequence(h11; h21; : : : ; hn1)
of ¯rst column hook lengths of ¸ . If ¯ = ¯ (¸ ) then removing a rim r -hook
from ¸ corresponds to changing a suitable ¯ i to ¯ i ¡ r ; reordering the re-
sulting set of numbersproducesa ¯ -sequencefor the new diagram (cf. [JK],
Lemma 2.7.13).

We picture each ¯ -sequenceas a collection of n checkers on the squares
of a semi-in¯nite horizontal strip, the checker positionscorresponding to the
numbers ¯ i (orderedas on the real line).

Figure 4: The samehook operation from ¯ (¸ ) to ¯ (¹ )

In this picture an r -hook operation from ¸ to ¹ corresponds to moving a
checker from ¯ (¸ ) r squaresto the left, then moving a checker r ¡ 1 squares
to the right to reach ¯ (¹ ). Each move must be to an empty square. Note
that the sign of the hook operation is determined by the total number of
checkers `jumped over'. Figure 4 shows the previous hook operation from
¯ (¸ ) = f 0; 4; 6; 9g to ¯ (¹ ) = f 3; 4; 5; 6g; in this example we have taken
n = 4. From this description it is easyto seethat for ¯xed ¸ , ¹ and r , there
can be at most onesuch operation.

De¯ne the rational number »¹
¸ by

»¹
¸ =

X

r

²¸¹ (r )H r ¡ 1:

We can now state our main result:
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Theorem 1 The arithmetic Littlewood-Richardsonnumber eN º
¸¹ (m) is given

by
eN º

¸¹ (m) =
X

½: ½1>m

»º
½N ½

¸¹ : (11)

Remark. Only partitions ½such that there is a hook operation from ½
to º contribute to the sum (11). The theorem implies that the arithmetic
Littlew ood-Richardsonnumber eN º

¸¹ (m) is independent of n (note that it is
only de¯ned when l(º ) 6 n). Indeed, it is easyto seethat if ½1 > m and
l(½) > l(º ) then there is no hook operation from ½to º . Let A (m; n) denote
the set of partitions ½of length 6 n such that the di®erence° ½ = ½r (mn )
is a hook of height ht(° ½) 6 n ¡ 2 and of length at most m + n ¡ 1 ¡ ht(° ½).
It is easilyveri¯ed that if ½1 > m and ½=2 A(m; n) then a hook operation on
½cannot lead to a partition º ½ (mn). Thus only ½2 A(m; n) can contribute
to the sum in Theorem1.

From the theorem one may deducethe following arithmetic Pieri rule:
For 1 6 k 6 n let B(¸; k) be the set of partitions obtained from ¸ by adding
k boxes,with no two in the samerow. Then for ¸ ½ (mn ) we have

s¸ (bx) ¢s(1k )(bx) =
X

¹

s¹ (bx) +
X

º

Ã
X

½

»º
½

!

sº (x):

Here the ¯rst (classical)sum is over ¹ 2 B(¸; k) with ¹ 1 6 m and the second
sum is over º and ½with ½2 B(¸; k) and ½1 > m. Note that the secondsum
vanishesunless¸ 1 = m.

Example. This exampleshowsthat arithmetic Littlew ood-Richardsonnum-
bersneednot be positive, aswell asexhibiting their dependenceon m. Con-
sider ¸ = (2; 2), ¹ = (2; 1) and º = (2; 2; 1; 1). There is a hook operation
from each of the partitions ½1 = (4; 3), ½2 = (4; 2; 1), ½3 = (3; 3; 1) and
½4 = (3; 2; 1; 1) to º (in fact exactly two from each), and theseare the only
such partitions that appear in the product s¸ ¢s¹ . The classicalLittlew ood-
Richardsoncoe±cients are

N ½1
¸¹ = N ½2

¸¹ = N ½3
¸¹ = N ½4

¸¹ = 1:

Theorem1 gives

eN º
¸¹ (3) = »º

½1
N ½1

¸¹ + »º
½2

N ½2
¸¹ = (H 2 ¡ H 4) + (H 1 ¡ H 5) = ¡

28
15

;
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eN º
¸¹ (2) = (H 2 ¡ H 4) + (H 1 ¡ H 5) + (H 4 ¡ H 1) + (H 2 + H 5) = 3:

In the sameexample eN º
¸¹ (m) = 0 for each m > 4.

Pro of of Theorem 1. We begin with the formal identit y

s¸ (bx) =
X

¹ ½(mn )

(¡ 1)j¹ js¸=¹ (bx; by) ¢s¹ 0(by) (12)

from Proposition 1. Assume¸ 1 > m, sothat all polynomialss¸=¹ in this sum
either vanish or have positive degree.Furthermore we know that

s¹ 0(y) = (¡ 1)j¹ js¹ (x)

in H(GR) (cf. [Fu1] Lemma 14.5.1). Using this and Proposition 2, (12)
becomes

s¸ (bx) =
X

¹

(¡ 1)ht (¸=¹ )H r (¹ )¡ 1pr (¹ )¡ 1(x)s¹ (x); (13)

the sum over all ¹ ½ (mn ) such that ¸=¹ is an rim r (¹ )-hook. There is a
generalrule for multiplying a partition by a power sum pr (cf. [M2] xI.3, Ex.
11); this states that

pr s¹ =
X

º

(¡ 1)ht (º =¹ )sº ; (14)

the sum over all º ¾ ¹ such that º =¹ is a rim r -hook. Now combine (13)
and (14) to get

Prop osition 3 For partitions ¸ with ¸ 1 > m we have

s¸ (bx) =
X

º

»º
¸ sº (x); (15)

the sum over all º ½ (mn ) that can be obtained from ¸ by a hook operation.

Using Proposition 3 and the previous Remark we seethat if ¸ 1 > m and
¸ =2 A(m:n), then s¸ (bx) = 0. The proof of the theorem is completed by
writing the identit y

s¸ (bx) ¢s¹ (bx) =
X

º ½( m n )
j º j = j ¸ j + j ¹ j

N º
¸¹ sº (bx) +

X

½ : ½1 >m
j ½j = j ¸ j + j ¹ j

N ½
¸¹ s½(bx);

using (15) to replace the classesin the secondsum, collecting terms, and
comparingwith (10). 2
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4.2 Dualit y

We discusshere the e®ectof the canonicalduality isomorphismof G(m; n)
with G(n; m) on the formulasof the previoussection. This isomorphismtakes
the Schubert variety X ¸ to X ¸ 0, for ¸ ½ (mn ). It inducesan isomorphism

CH (G(m; n)) »= CH (G(n; m))

of Arakelov Chow rings. The fact that this map is an isomorphismis not
obvious from the presentation given in x3. An algebraicproof of this is given
in x6 in a more generalsetting. Our purposein this section is to relate our
work to that of Maillot [Ma].

De¯ne the symmetricfunction s =
P

si . The relation (7) in CH (G(m; n))
for Á = s gives

s(bx) ¢s(by) = 1 +
X

H kpk(x):

Sincepk(x) + pk(y) = pk(x; y) = 0, we may rewrite this equation as

s(bx) ¢s(by) ¢(1 +
X

H kpk(y)) = 1

or
s(bx) ¢s(by j y) = 1; (16)

where
sk(by j y) := sk(by) +

X

i + j = k¡ 1

H i pi (y)sj (y):

(comparewith x6 and [Ma], x5.2). The duality isomorphism,regardedasan
involution on CH (G(m; n)), sendss¸ (x) to s¸ 0(y). It follows from equation
(16) that s¸ (bx) is sent to s¸ 0(by j y). We conclude that the image of the
multiplication rule (10) under the duality map is

s¸ 0(by j y) ¢s¹ 0(by j y) =
X

º ½( m n )
j º j = j ¸ j + j ¹ j

N º
¸¹ sº 0(by j y) +

X

º ½( m n )
j º j = j ¸ j + j ¹ j¡ 1

eN º
¸¹ (m)sº 0(y): (17)

A comparisonof (17) with Theorem5.2.1of [Ma] shows that the arithmetic
Littlew ood-Richardsoncoe±cients de¯ned by Maillot coincidewith our num-
bers eN º

¸¹ (m) under the duality involution. To obtain the formulasin [Ma] one
maps sp(x) (resp. sq(y)) to the p-th Chern classof the universal subbundle
(resp. the q-th Chern classof the universalquotient bundle) throughout.
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5 Heigh t Calculations

5.1 The heigh t of G(m; n)

In this sectionwe apply the results of x4 to compute the Faltings height of
G = G(m; n) under the PlÄucker embedding. This number was¯rst calculated
by Maillot [Ma]; our formula is an improvement of his. We beginby recalling
somecombinatorics:

A standard tableau on the Young diagram ¸ is a numbering of the boxes
of ¸ with the integers1; 2; : : : ; j¸ j such that the entries are strictly increasing
alongeach row andcolumn. The number of standardtableauxon ¸ is denoted
f ¸ and is given by the elegant hook length formula

f ¸ =
j¸ j!

Q
x2 ¸ hx

= j¸ j!

Q
i<j (¯ i ¡ ¯ j )

Q
¯ i !

(18)

wheref ¯ i g is the ¯ -sequenceof ¸ (cf. [M2] ExamplesI.1.1 and I.5.2). Note
that iterating the Pieri rule (9) gives

sr
1 =

X

j¸ j= r

f ¸ s¸ : (19)

The GrassmannianG hasa natural PlÄucker embeddingin projectivespace
givenby the very ampleline bundledetQ. In geometrythe the degreeof G(k)
(for any ¯eld k) under this embedding is given by

deg(G(k)) = f (mn ) : (20)

This follows from equation (19). The height of G is an arithmetic analogue
of this number; our formulas will be `arithmetic perturbations' of (20).

Let O(1) denote the canonical line bundle on projective spaceequipped
with the invariant metric (so that c1(O(1)) is the Fubini-Study form). The
height of G under the PlÄucker embedding, as de¯ned by Faltings [F], is the
number

htO(1) (G) = ddeg(bc1(O(1))d j G) = ddeg(sd
1(bx)): (21)

Here the arithmetic degreemap ddeg is de¯ned as in [BoGS]and d = mn + 1
is the absolutedimensionof G. In CH (G) the arithmetic intersection

sd
1(bx) = r ds(mn )(x) = rds(mn )(Q)

17



for a rational number r d; the height (21) is then given by

htO(1) (G) =
1
2

Z

G(C)
rds(mn )(Q) =

rd

2
(22)

as s(mn )(Q) is dual to the classof a point in G(C).
To computethis number we will usethe machinery developed in x4. First

de¯ne the following fundamentalset of diagrams:

D(m; n) = f ¸ 2 A(m; n) : j¸ j = dg = f ¸ 0g [ f [a;b;° (i; j )]g(a;b;i;j )2 I

Here
¸ 0 = (mn ) + (1)

and
[a;b;° (i; j )] = ((m ¡ 1)n¡ 1; a) + (1b) + ° (i; j )

where° (i; j ) = (i; 1j ) is a hook, and the indexing set I = I (m; n) of 4-tuples
(a;b;i; j ) is de¯ned by the conditions

0 6 a < m ; 0 6 j < b< n ; i = m + n ¡ a ¡ b¡ j > 0:

(seeFigure 5).

a

b j

m-1

n-1

i

m

n

Figure 5: ¸ 0 and [a;b;° (i; j )]

For s > r > 0 natural numbers let

H s
r = H s¡ 1 ¡ H r ¡ 1 =

1
r

+ ¢¢¢+
1

s ¡ 1
denotethe di®erenceof harmonic numbers. Then we have
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Theorem 2 The heightof the GrassmannianG(m; n) in its PlÄucker embed-
ding is

htO(1) (G(m; n)) =
1
2

Ã
m+ n¡ 1X

k= n

H k

!

f ¸ 0 +
1
2

X

(a;b;i;j )2 I

(¡ 1)n+ b+ j H i + b
i + j f

[a;b;° (i;j )]

and is a number in
P m+ n¡ 1

k=1 ( 1
2k Z).

Pro of. We begin by using identit y (19) to get

sd
1(bx) =

X

j½j= d

f ½s½(bx): (23)

Now Proposition 3 is applied to evaluate the classess½(bx) with j½j = d. Note
that s½(bx) will vanishunlessthere is a hook operation from ½to (mn). In the
latter case½must have a box in the (m ¡ 1; n ¡ 1) position; this is equivalent
to (m ¡ 1)n¡ 1 ½ ½. It follows that s½(bx) 6= 0 if and only if ½2 D(m; n), so(23)
may be written

sd
1(bx) = f ¸ 0 s¸ 0 (bx) +

X

(a;b;i;j )2 I

f [a;b;° (i;j )]s[a;b;° (i;j )] (bx): (24)

A hook operation from any ½2 D(m; n) to (mn ) must begin by removing
oneof the m + 1 rim hooks R11; : : : ; R1;m+1 corresponding to the ¯rst m + 1
boxesin the ¯rst row of ½. From this we seethat there arem such operations
starting from ¸ 0 (all of sign +1), while only two (with opposite signs) from
each diagram [a;b;° (i; j )]. Figure 6 illustrates the rim hooks removed in the
four hook operations from ¸ 0 = (5; 45) and the two hook operations from
[1; 5; ° (3; 1)] = (7; 5; 4; 4; 4; 1) to (mn) = (46).

It follows that

»(mn )
¸ 0

=
m+ n¡ 1X

k= n

H k (25)

and
»(mn )

[a;b;° (i;j )] = (¡ 1)n+ b+ j (H i + b¡ 1 ¡ H i + j ¡ 1) = (¡ 1)n+ b+ j H i + b
i+ j : (26)

Wenow use(25) and (26) in Proposition 3 to express(24) asa scalarmultiple
of s(mn )(x); applying (22) then completesthe proof. 2

Notice that it is not clearfrom Theorem2 that the formula for ht(G(m; n))
is symmetric in m and n, even for projective space!This is becausethe par-
titions in D(m; n) are not conjugate to those in D(n; m). We discussthis
further in x6.
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Figure 6: Hook operations leading to (46)

5.2 An example: G(2; n)

The formulas of the previoussectioncan be simpli¯ed further in the special
casewhen m or n equals2. Either specialization will give the sameheight,
by duality, however it will be combinatorially simpler to work with the case
n = 2.

To calculate the height of G(m; 2) we must compute s1(bx)2m+1 . In this
casewe have

D(m; 2) = f ¸ k = (m + k; m + 1 ¡ k) j 1 6 k 6 m + 1g:

It follows from formula (18) that

f ¸ k =
2k

m + k + 1

µ
2m + 1
m + k

¶

so Theorem2 gives

htO(1) (G(m; 2)) =
m+2X

k=2

µ
H k

m + 2

µ
2m + 1
m + 1

¶
¡

1
m + k + 1

µ
2m + 1
m + k

¶¶
: (27)

One can evaluate the sum (27) by using the three identities

rX

k=1

H k = (r + 1)H r ¡ r
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rX

k=0

1
k + 1

µ
r
k

¶
=

2r +1 ¡ 1
r + 1

1
m + k + 1

µ
2m + 1
m + k

¶
=

1
m ¡ k + 1

µ
2m + 1
m ¡ k

¶
:

After simpli¯cation we arrive at

Corollary 1

htO(1) (G(2; n)) = htO(1) (G(n; 2)) =
µ

H n+2 ¡
2n + 1
2n + 2

¶ µ
2n + 1

n

¶
¡

4n

n + 1
:

6 The combinatorics of dualit y

Webeginthis sectionby observingthat the dependenceof the formulasof x3{
x5 on harmonic numbers is linear. This occurs becausethesenumbers live
in a squarezero ideal of CH (G). The algebraic and combinatorial theory
developed thus far is equally valid if we replacethem by a di®erent sequence
of real numbers. This allows us to break down the multiplicativ e structure
into its essential combinatorial units.

In fact, we intend to work with a more generalclassof rings. Let f bx; byg
and f x; yg be alphabets of cardinalities n + m each and A = Z[bx; by]H , B =
R[x; y]H and the multiplication ¢ on A © B be de¯ned as in x3. De¯ne
R[bx; by; x; y] to be the ring (A © B; ¢) modulo the two relations

sk(x; y) = 0 (28)

and
sk(bx; by) = ®k¡ lpk¡ l (x) (29)

for all k > 1. Here f ®j g is a sequenceof real numbers and l is any integer.
When l = 1 and ®j = H j we obtain the Arakelov Chow ring of x3.

There is a `Schubert calculus' in R[bx; by; x; y] formally identical to the
one for CH (G). In fact all our proofs are algebraicand combinatorial; for
instancethe key relation

Á(bx; by) = hÁ;pk i ®k¡ lpk¡ l (x) (30)

holds, for any symmetric function Á, homogeneousof degreek. This follows
from the dual of Newton's identit y

ksk = p1sk¡ 1 + ¢¢¢+ pk¡ 1s1 + pk
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as in [T2] x5.
For ¸ and ¹ two Young diagramswith j¹ j = j¸ j ¡ l and r > l de¯ne an

(r; l)-hook operation from ¸ to ¹ to be the processof removing a rim r -hook
from ¸ to reach a diagram ¸ ¡ , followed by adding a rim (r ¡ l)-hook to ¸ ¡

to obtain ¹ . The sign ² ¸¹ (r; l ) of the operation is de¯ned as in x4.1; also let

»¹
¸ :=

X

r

²¸¹ (r; l )®r ¡ l : (31)

ThereareanaloguesN º
¸¹ (l ; m; n) of the arithmetic Littlew ood-Richardsonco-

e±cients, de¯ned asbefore;notice that for l > 1 thesenumbersmay depend
on both m and n. Replacing r̀ -hook operation' by `(r; l )-hook operation'
and H k by ®k in the results of x4 and x5 givesvalid formulas in R[bx; by; x; y],
although the analoguesof the height calculations in x5 lack arithmetic sig-
ni¯cance.

Now considera dual ring R0[bu; bv; u; v] wherethe alphabets bu, u (resp. bv,
v) have m (resp. n) variableseach. The multiplication in R0 is de¯ned in the
samemanner as for R, except that the relation (29) is replacedby

sk(bu; bv) = (¡ 1)l+1 ®k¡ lpk¡ l (u): (32)

Following x4.2, if we let

sk(bu j u) := sk(bu) + (¡ 1)l
X

j <k

®k¡ l ¡ j pk¡ l ¡ j (u)sj (u) (33)

then (32) summedover all k may be written

s(bu j u) ¢s(bv) = 1;

which implies that
s¸ (bu j u) = (¡ 1)j¸ js¸ 0(bv) (34)

for each Young diagram ¸ . Our aim is to prove

Prop osition 4 The map ' : R[bx; by; x; y] ! R0[bu; bv; u; v] de¯ned by

' (s¸ (x)) = s¸ 0(u) and ' (s¸ (bx)) = s¸ 0(bu j u)

is a ring isomorphism.
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Pro of. We ¯rst verify that ' is well de¯ned. Relation (28) is clearly pre-
served by ' , so we are left with checking the imageof (29). By de¯nition,

' (sk(bx)) = s(1k )(bu j u) = (¡ 1)ksk(bv):

We claim that ' (sk(by)) = (¡ 1)ksk(bu). To seethis, useProposition 1 to get

sk(by) =
X

j

(¡ 1)j sk¡ j (bx; by)s(1 j )(bx)

= (¡ 1)ks(1k )(bx) +
X

j <k

(¡ 1)j ®k¡ j ¡ lpk¡ j ¡ l (x)s(1 j )(x):

Thus we have

' (sk(by)) = (¡ 1)ksk(bu j u) +
X

j <k

(¡ 1)k¡ l ¡ 1®k¡ j ¡ lpk¡ j ¡ l (u)sj (u)

= (¡ 1)ksk(bu):

Now we can compute

' (sk(bx; by)) =
X

p+ q= k

' (sp(bx)) ' (sq(by)) = (¡ 1)ksk(bu; bv): (35)

For the right hand sideof (29), observe that the de¯nition of ' gives

' (pk¡ l (x)) = (¡ 1)k¡ l ¡ 1pk¡ l (u): (36)

Use (35) and (36) in relation (29) to complete the argument that ' is well
de¯ned. Since ' maps the generatorss¸ (x) to (¡ 1)j¸ js¸ (v) and s¸ (bx) to
(¡ 1)j¸ js¸ (bv), it is clear that ' is a ring isomorphism. 2

We have shown that ' givesan involution on R exactly when the integer
l is odd; if l is even then the dual ring R0 di®ersby a sign. We can de¯ne
more generalrings than theseby writing other symmetric functions on the
right hand sideof (29), but the dual picture will di®ereven more.

The duality isomorphismleadsto interestingcombinatorial identities. For
these,we may set ®j = ±l+ j ;r for some¯xed r (here± is the Kronecker delta).
This amounts to restricting to (r; l )-hook operations for ¯xed r and l, with
each operation contributing a factor equal to its sign. In this casewe have

»¹
¸ = ²¸¹ (r; l )
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where²¸¹ (r; l ) = 0 if there is no (r; l)-hook operation from ¸ to ¹ .
Let A l (m; n) denotethe set of partitions º of length at most n such that

the di®erenceº r (mn ) is a hook (i; 1j ) of height j 6 n ¡ 2 and such that
i + 2j + 2 6 l + m + n. If l (º ) 6 n, º 1 > m and º =2 A l (m; n) then there is
no (r; l)-hook operation from º to any diagram contained in (mn).

Note that for partitions ¸ with (1; 1) hook length h11(¸ ) 6 l, we have
' (s¸ (bx)) = s¸ 0(bu). Indeed,for such ¸ all terms sk(bu j u) that occur in the de-
terminant for s¸ 0(bu j u) satisfy sk(bu j u) = sk(bu). Although onecan take f ¹ i g
to be any sequenceof such partitions in discussionthat follows, we restrict to
singlerow partitions in order to connectthe resultswith the classicalKostka
numbers.

Recall that a tableau of content ¹ = (¹ 1; : : : ; ¹ k) on the Young diagram
¸ is a numbering of the boxes of ¸ with ¹ 1 1's, ¹ 2 2's, : : : , ¹ k k's, which
are weakly increasingacrossrows and strictly increasingdown columns. The
number of tableaux on ¸ with content ¹ is given by the Kostka number K ¸¹ .
Equivalently, we have the following equations:

s¹ 1 ¢¢¢s¹ k =
X

¸

K ¸¹ s¸

s(1¹ 1 ) ¢¢¢s(1¹ k ) =
X

¸

K ¸ 0¹ s¸

(cf. [Fu3] x2.2). We can now state

Prop osition 5 Suppose that ¹ 1 6 l and j¹ j > mn. Then for any given
partition º ½ (mn ),

X

¸ 2A l (m;n )

²¸º (r; l )K ¸¹ = (¡ 1)l+1
X

¸ 2A l (n;m )

²¸º 0(r; l )K ¸ 0¹ :

Pro of. The relation

s¹ 1 (bx) ¢¢¢s¹ k (bx) =
X

¸

K ¸¹ s¸ (bx) =
X

º ½(mn )

Ã
X

¸

²¸º (r; l )K ¸¹

!

sº (x)

in R[bx; by; x; y] is sent to

s(1¹ 1 )(bu) ¢¢¢s(1¹ k )(bu) =
X

¸

K ¸ 0¹ s¸ (bu) = (¡ 1)l+1
X

½½(nm )

Ã
X

¸

²¸½(r; l )K ¸ 0¹

!

s½(u)
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under the isomorphism' . Since' (sº (x)) = sº 0(u), the result follows. 2

If ¹ = (1k) then K ¸¹ = K ¸ 0¹ = f ¸ for each partition ¸ of weight k. In this
caseProposition 5 specializesto

Corollary 2 Let º ½ (mn ) be a partition suchthat jº j + l > mn. Then
X

¸ 2A l (m;n )

²¸º (r; l )f ¸ = (¡ 1)l+1
X

¸ 2A l (n;m )

²¸º 0(r; l )f ¸ :

Both the Proposition and the Corollary give nontrivial relations among
the classicalKostka numbers. We do not know a correspondenceamong
Young tableaux that would explain either of theseresults.

Example. In the special casewhen l = 1 the only partition º ½ (mn ) with
jº j + l > mn is (mn ) itself, so Corollary 2 statesthat

X

¸ 2A (m;n )

²¸ (mn )(r )f ¸ =
X

¸ 2A (n;m )

²¸ (nm )(r )f ¸

where ²¸¹ (r ) = ²¸¹ (r; 1) is as in x4.1. For m = 3, n = 2 and r = 4 this
relation becomes

f (4;3) ¡ f (6;1) + f (7) = f (3;2;2) ¡ f (4;2;1) + f (5;1;1) + f (4;3) ¡ f (6;1) = 9:
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