SCHUBER T POLYNOMIALS AND QUIVER FORMULAS

ANDERS S. BUCH, ANDREW KRESCH, HARRY TAMV AKIS, AND ALEXANDER YONG

Abstra ct. Fulton's universal Schubert polynomials [F3] represent degener-
acy loci for morphisms of vector bundles with rank conditions coming from a
permutation. The quiver formula of Buch-Fulton [BF] expressesthese poly-
nomials as an integer linear combination of products of Schur determinants.
We present a positiv e, nonrecursive combinatorial formula for the coexcients.
Our result is applied to obtain new expansions for the Schubert polynomials
of Lascoux and Schétizenberger [LS1] and explicit Giambelli formulas in the
classical and quantum cohomology ring of any partial °ag variety.

1. Intr oduction

The work of Buch and Fulton [BF] establisheda formula for a generalkind of
degeneracylocus assiated to an oriented quiver of type A. The main ingredients
in this formula are Schur determinants and certain integers,the quiver coexcients,
which generalizethe classicalLittlew ood-Richardson coe+cients. Our aim in this
paper is to prove a positive combinatorial formula for the quiver coexcients when
the rank conditions de ning the degeneracylocus are given by a permutation. In
particular, this gives new expansionsfor Fulton's universal Schubert polynomials
[F3] and for the Schubert polynomials of Lascoux and Schiizenberger [LS1].

Let X be a smooth complex algebraic variety and let

(D] Gyl el Gp1! Gp! Fp! Fpya! Ce¢l Fy

be a sequenceof vector bundles and morphisms over X, such that G; and F; have
rank i for ead i. For every permutation w in the symmetric group S,+; thereis a
degeneracylocus

-w(G. ! F.)=1x2 X | rank(Gq(x) ! Fp(x)) 6 rw(p;q) forall 16 p;q6 ng;

where r, (p;q) is the number of i 6 p sud that w(i) 6 g. The universal double
Scubert polynomial Sy, (c;d) of Fulton gives a formula for this locus; this is a
polynomial in the variablesc;(j) andd;(j) for16 i 6 j 6 n. When the codimension
of - w(G. ! F.) is equalto the length of w, its class[- ] in the cohomology (or
Chow ring) of X is obtained by evaluating S, (c; d) at the Chern classesci(p) and
di (g) of the bundles F, and G, respectively.

The quiver formula given in [BF] specializesto a formula for universal double
Schubert poly)?omials:

Sw(cd) = dy) s (d2)i d(1))ees « (c(n) i d(n)) 0ees zn1(c(1) | c(2)):
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Here the sum is over sequencef 2n i 1 partitions , = (, %;:::;, 2" 1) and eath
s i is a Schur determinant in the di®erenceof the two alphabets in its argumert.
The quiver coexcients c\(N”;) can be computed by an inductiv e algorithm, and are
conjecturedto be nonnegétive [BF].

Let col(T) denotethe column word of a semistandardYoungtableau T, the word
obtained by reading the ertries of the columns of the tableau from bottom to top

and left to right. The following theorem is our main result.

Theorem 1. Supmsethat w 2 S,.; and , = (,1;:::;, 2" 1) is a sguene of
partitions. Then CS:;) equals the number of sequenes of semistandad tableaux
(T1;:::;Tan; 1) suchthat the shape of T; is conjugateto , i the entries of T; are at

most min(i; 2n i i), and col(T;) ¢¢¢col(T2n; 1) is a reduced word for w.

As a consequencef Theorem 1, we obtain formulas for the Schubert polynomials
of Lascouxand Schilizenberger, expressingthem aslinear combinations of products

of Schur polynomials in disjoint sets of variables. The coezcients in these expan-
(

sionsare all quiver coexcients Cv:;) ; this is true in particular for the expansionof a
Schubert polynomial as a linear combination of monomials (see,e.g., [BJS, FS]).

The Stanley symmetric functions or stable Schubert polynomials [St] play a cen-
tral role in this paper. Our main result generalizeghe formula of Fomin and Greene
[FG] for the expansionof these symmetric functions in the Schur basis, as well as
the connection between quiver coe+cients and Stanley symmetric functions ob-
tained in [B]. In fact, we shaw that the universal double Schubert polynomials can
be expressedas a multiplicit y-free sum of products of Stanley symmetric functions
(Theorem 3).

It should be noted that the formula for Schubert polynomials suggestedin this
paper is di®erert from the one given in [BF]. For example, the formula from [BF,
x2.3]doesnot make it clearthat the monomial coexcients of Schubert polynomials
are quiver coezxcients, or even that these monomial coexcients are nonnegative.
We remark however that the argumerts usedin this article do not imply the quiver
formula of [BF] in the caseof universal Schubert polynomials, but rather rely on
someresults of loc. cit.

Knutson, Miller, and Shimozonohave recenlly announcedthat they can prove
that the generalquiver coezcients de ned in [BF] are non-negative, using di®eren
methods. On the other hand, the techniques of the present paper may also be
usedto obtain an analogoustreatment of Grothendied polynomials and quiver
formulas for the structure sheavesof degeneracyloci in K -theory. This application
is preserted in [BKTY ].

We review the universal Schubert polynomials and Stanley symmetric functions
in Section 2; in addition, we prove some required properties. In Section 3 we
introduce quiver varieties and we prove Theorem 1. In Section 4 we apply our
results to the caseof ordinary Scubert polynomials. Finally, in Section 5 we
use our expressionsfor single Schubert polynomials to obtain explicit Giambelli
formulas for the classicaland quantum cohomologyrings of partial °ag varieties.

The authors thank SergeyFomin, Peter Magyar, and Alexander Postnikov for
useful discussions.
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2. Preliminaries

2.1. Univ ersal Schubert polynomials. We begin by recalling the de nition of
the double Schubert polynomials of Lascoux and Scétzenberger [LS1, L1]. Let
X = (Xg;Xz; ) and Y = (y1;Y2;:::) betwo sequence®f commuting independert
variables. Given a permutation w 2 S;,, the double Schubert polynomial S, (X;Y)
is de ned recursiwvely as follows. If w = wy is the longest permutation in S, then
we set Y
Swo(X;Y) = Xiiy):

i+j6n
Otherwise we can nd a simple transposition s; = (i; i + 1) 2 S, such that “(ws;) =
“(w) + 1. Here “(w) denotesthe length of w, which is the smallest number ~ for
which w can be written asa product of * simple transpositions. We then de ne

Sw(X;Y)= @Sws (X;Y));
where @ is the divided di®erenceoperator given by

@) = f(Xl;:::;Xi;XHl;”:;))(:)-i f(xl;“:;xiﬂ;xi;'“;xn)
i Xi+l
The (single) Schubert polynomial is de ned by S, (X) = Sy (X;0).
Supposenow that w is a permutation in Sp.q. If ug;:::;u, are permutations,
we will write uy ¢¢¢u, = wif “(up) + ¢¢¢+ “(u,) = “(w) and the product of ug;:::;u;

is equalto w. In this casewe say u; ¢¢¢u, is a reduced factorization of w.

The doubleuniversal Schulert polynomial S, (c; d) of [F3] is a polynomial in the
variablesci(j) andd;i(j) for16 i 6 j 6 n. For conveniencewesetcy(j) = do(j) = 1
forallj andc(j) = di(j) = 0if i < Oori > j. The classicalSchubert polynomial
Sw(X) can be written >lgniquely in the form

Sw(X) = i, €, (X1) 6, (X1 X2) 68Ce, (X1;:10;Xn)

-, areuniquely determined integersdepending on
w. De ne the single universaIXdeubert polynomial for w by

Sw(c) = ;i Gy (1) G, (2) ¢etci, (n)
and the double universal deubertxpolynomial by
Sw(cd) = (i 1)Ws, (S (0):
utv=w

Since the ordinary Schubert polynomial S, (X) does not depend on which sym-
metric group w belongsto, the sameis true for S, (c; d).

As explained in the introduction, the double universal Schubert polynomials
describe the degeneracyloci - (G. ! F.) of morphisms between vector bundles
on a smooth algebraic variety X. The precisestatemert is the following result.

Theorem 2 (Fulton [F3]). If the codimension of - (G. ! F.) is equal to ~(w)
(or if this locusis empty) then the classof - ,(G. ! F.) in the cohomolay ring of
X is obtained from S, (c; d) by evaluating at the Chern classesof the bundles, that
is, by setting ¢i(j) = c¢i(Fj) and di(j) = G (Gj).

We will needthe following consequencef Theorem 2, which generalizesa result
of Kirillo v [K, (5.5)], seealso [F3, (26)].
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Prop osition 1. Choosem > 0 and substitute b(j ) for c(j) and for d(j) in Sy (c; d)
for all j > m+ 1. We then have

Sw(c@);::;e(m);b(m + 2);::: 5 d(1);:::;d(m); b(m + 1);:::)

Sw(cd) ifw2Sna
0 otherwise.

Proof. If w2 Sp4+1 then it follows from the de nition that S (c;d) is independert
of¢i(j)and di(j) forj > m+ 1.

Assumethat w 2 Sy r S, wheren > m. We claim that S, (c;d) vanishes
assoon aswe set ¢;(n) = di(n). To seethis, considera variety X with bundlesF;
for16 j 6 nandGj for 16 j 6 nj 1, suc that rank(F;) = rank(G;j) = j, and
such that all monomials of degree” (w) in the Chern classesof these bundles are
linearly independent. For example we can take a product of Grassmannvarieties
X = Gr(1;N) £ ¢¢e¢E£ Gr(n; N) £ ¢¢¢E Gr(1;N) for N large and usethe tautological
bundles.

If we set G, = F,, then we have a sequenceof bundles (1) for which the map
Gn ! F, isthe identity and all other maps are zero. Sincery(n;n) = nj 1it
follows that the locus- (G. ! F.) is empty. Theorem 2 therefore implies that
Sw(c;d) is zerowhenci(n) = di(n) = ¢(F,) for 16 i 6 n. o

The next identity is due to Kirillo v [K]; we include a proof for completeness.

Corollary 1 (Kirillo v). If B(j), c(j), and di(j) are three sets of variables,
16 i6 j 6 n, thenwehave

X
Sw(cd) = Su(bd)Sy(c;b):
utv=w

Proof. Let S(c;d) denote the function from permutations to polynomials which
mapsw to S, (c; d). Following [M1, x6] we de ne the product of two sud functions
f and g by the formula X
(fo)(w) = f(u)g(v):
utv=w
Fulton's de nition of universal Schubert polynomials then says that S(c;d) =
S(0;d)S(c;0), and Proposition 1 shaws that S(0;¢)S(c;0) = S(c;c) = 1, where
1(w) = #5,. Now (6.6) of [M1] implies that also S(c;0)S(0;c) = 1. We therefore
obtain
S(cd) = S(0:d)S(c;0) = S(0:d)S (B0)S (0:H)S(€;0) = S(biA)S(c;b);

asrequired. o

Later, we will needthe following obsenation: Proposition 1 and Corollary 1
together imply that

X

2) Sw(cd) = Su(O0;::5;0;¢(r+ 1);c(r+ 2);:::;d)esSy(c();:::;¢(r); 0)
utv=w

and, similarly, that
X

(3) Sw(cgd) = Su(0;d(2);:::;d(r)) ¢Sy (c; 0;:::;0;d(r + 1);d(r + 2);:::):

utv=w
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2.2. Sym'egletric functions. For ead integer partition ®= (®; > ¢¢¢> ®, > 0),

let jf = ® and let @ denote the conjugate of ®. Let c= fci;¢;:::gandd=

fdy;dy;:::g beorderedsetsof independen variables. De ne the Schur determinant
se(ci d) = det(he +j; i)pe p;

where the elemeris hy are determined by the identit y of formal power series

1 dit+ d2t2 i ¢¢¢_

1j cit+ cot2 ¢e¢”

hktk =
k22
In particular, hp = 1 and hy = 0 for k < 0. The sugersymmetric Schur functions
Se(X=Y) are obtained by setting ¢; = ¢(X) and d; = ¢ (Y) for all i, and the usual
Sdur polynomials are given by the specializations

se(X=Y)jv=0 = se(X) and  se(X=Y)jx=o = (i 1)se(Y):
If E and F are two vector bundles with total Chern classesc(E) and c(F),

respectively, we will denote sg(c(E) | c(F)) by se(E i F). For any three bundles
E, F, and G, there is a basic corr)?inatorial identity [M2, x1.5]:

4 se(Gi E)y=  N&%s(Fj E)s:(Gj F);

where the sum is over partitons ~— and ° with j7j + j°j = j®, and N& is a
Littlew ood-Richardson coe+cient.

Let o denotethe ring of symmetric functions (asin [M2]). For eath permutation
w 2 S, thereis a stable Schubert polynomial or Stanley symmetric function F,, 2 =
which is uniquely determined by the property that

F. is written in the basisof Schur func)t(ions, one has

Fuw = dwe Se
®:j®j="(w)
for some nonnegative integers dye [EG, LS2]. Fomin and Greene show that the
coexcient dye equalsthe number of semistandard tableaux T of shape ®° sud
that the column word of T is a reducedword for w [FG, Thm. 1.2]. On the other
hand, Buch [B, Cor. 4.1] proved that the dye are special casesof quiver coexcients,
and we will usethis connectionin the sequel.

3. Quiver varieties

3.1. De nitions.  Let

E. : E1! Ez! ¢e¢! E,
be a sequenceof vector bundles and bundle maps over a non-singular variety X.
Given rank conditionsr = frjgfor 16 i < j 6 n there is a quiver variety given
b
’ -r(E)=fx2 Xjrank(Ei(x)! Ej(x)) 6 r; 8i<jg:
For corvenience,we set rij = rankE; for all i, and we demand that the rank
conditions satisfy rij > max(ri; ¢;;rij+1) and rij + ri; ;j+1 > rij 1 + i +1 for

In Stanley's notation, the function F,; 1 is assignedto w.
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gl i -+ j. In this case,the expected codimension of - [ (E.) is the number d(r) =
i (T i 20 1 )(risaj i rj ). The main result of [BF] statesthat whenthe quiver
variety -  (E.) hasthis c;(odimension, its cohomologyclassis given by

) [r(E)l=  c(r)si(Ezi E1) 6 ni2(Eni Enj1):

ere the sum is over all sequencesof partitions , = (,%;:::;, " 1) suc that

i.'j = d(r), and the coexcients c (r) are integers computed by a combinato-
rial algorithm which we will not reproduce here. These coetcients are uniquely
determined by the condition that (5) is true for all varieties X and sequence<.,
as well as the condition that ¢ (r) = ¢ (r9, wherer®= frf g is the set of rank
conditions givenby r? = r; + 1foralli 6 j.

Supposethe index p is sud that all rank conditions rank(E;(x) ! Ep(X)) 6 rip
and rank(Ep(x) ! Ej(x)) 6 rp may be deducedfrom other rank conditions.
Following [BF, x4], we will then say that the bundle E, is inessential Omitting an
inessemial bundle E, from E. producesa sequence

EO: Ey! 666! Ep1! Epu ! 666! Ep;

where the map from Ep; 1 to Ep.q is the composition Ep; 1! Ep! Epsp. If r°
denotesthe restriction of the rank conditions to E2, we havethat - ,o(E?) = - | (E.).
We canuse(4) to expandany factor se(Ep+1 i Ep; 1) occurring in the quiver formula
for - 1o(E?) into a sum of products of the form s—(Ep i Ep; 1)s- (Ep+s1 i Ep), and
thus arrive at the quiver formula (5) for - , (E.).

The loci assaiated with universal Schubert polynomials are special casesof
quiver varieties. Givenw 2 S,,; we de ne rank conditions r(") = fri(j”)g for
16166 2nby

2ry(@n+ 1 j;i) ifien<j
=i ifj 6 n
T2n+ 1 ifi>n+ 1.
Then - ,(G. ! F.) isidentical to the quiver variety - . (G. ! F.), and further-

more we have “(w) = d(r(M). If welet c\(N”;) = ¢ (r(M) denotethe quiver coetcients

corresponding to this locus, it follows that
(6) Sw(cid)= ) s:(d(2)i d(1)) 6ees a(c(n)i d(n)) ¢es =02 (c(1)i (2)):

3.2. Pro of of Theorem 1. It will be corveniert to work with the elemen
P{" 2 @~ 2ni 1 deTned by

(n)

Pv(vn) = CW;) S1- ¢ee- S’ 2ni 1.

Theorem 1 is a consequenceof Fomin and Greene'sformula for stable Schubert
polynomials combined with the following result.

Theorem 3. For w2 Sp+1 we h)a(ve
p{m = Fu
Up:ilzn; 1= W
where the sum is over all reduced factorizations w = uj ¢¢¢uy,; 1 suchthat u; 2
Smin (i;2nj i)+1 for eachi.

1

- 60~ Fy,, o
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Proof. Sincery(p;q) + m = rimgw(p+ m;q+ m) for m , 0O, it follows that the

coezxcients c\(N”;) are uniquely de ned by the condition that

B

X
(7)) Swewcd = oY s:(d@+m)i d(d+ m)) s

s o(c(n+m)j d(n+m))eess z 1 (c(1+ m) | o2+ m))

for all m > 0 (seealso [B, x4]).
Given any two integersp 6 g we let P\,(\,”)[p;q] denote the sum of the terms of
P{" for which . isempty wheni < pori> q

PMp;q] = ) s1- 068 s o
;1= for i62p;q]
Lemma 1. Forany 1< i 6X2ni 1 we have
(8) p{M = PMILi; 11¢P{M[i; 2n 1]:

utv=w
P
Proof. We will do the casei 6 n; the other oneis similar. Forf = ¢ s .- ¢¢¢-
S ani1 2 u';’\‘i 1, we set

fcd)= ¢ s(d@)i d(1))eees v (c(N)i d(N))68os on; 1 (c(1) i ¢(2)):

Equation (7) implies that P{" 2 o-2ni 1 js the unique elemen satisfying the
condition that (1- ™ - Mo ™)(c;d) = Simgw(c; d) for all m. This uniqueness
is presened even if we set d(i + m) = 0. The right hand side of the identity (8)
satis es this by equation (3) applied to 1™ £ w. a
Lemma 2. For 16 i6 2nj 1 wehave
-0 1 _o1-2ni i - in(i P
Pv(v”)[i;i]= 1! Fo- 14" ! |fw2§m+1,m— min(i; 2nj i)
otherwise.

Proof. If w62Sy,+1 then this follows from Proposition 1, soassumew 2 Sy, ., . For

simplicity we will furthermore assumethat m = i. We have that
PMm;m]= M1 ml.ge- 1Ml
®

the sum over partitions ® (which areidenti ed with sequencesvhere®is surrounded
by empty partitions). According to [B, Cor. 4.1], the quiver coexcients in the above

formula satisfy c\(,\,mé = dwe, Wheredye is the integer de ned in x2.2. It follows that
P miml= 1 ™t Fy - 1ML

Let ©:a-2mi 11 o-2"i1pethe linear map given by
©s1- 600 Szmi1)=S1- 00¢ Smii- ¢ AN(Sn)- S - G0C- S zmia
where ¢ 2"i 2M 1 g | - 2N 2”‘):1 denotesthe (2n j 2m)-fold coproduct, that is

- ¢¢¢- s

m

¢ 2N 2M (g ) = N; . S;

dLiiidan 2m+1 TéL é2ni 2m +1

[AREN ;CZni 2m +1
where N&"T..... is the coextcient of s m in the product s, s, ¢¢¢s;, , ., .
In the de nition of the locus- (G: ! F.), the bundlesF; and G; fori > m+ 1

are inessemial in the senseof x3.1, and we deduce from the remarks there that
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oP{™) = P{™. Now the result follows from the identity P{"[m;2n i m] =
OP™[m;m])) = 1 mi 1. ¢2mi2mE,). 1 mil o
Theorem 3 follows immediately from lemmas1 and 2. a

Example 1. For the permutation w = s;5; = 312in Sz, the sequence®f tableaux
which satisfy the conditions of Theorem 1 are

(; ;;;) and (;;[2]; [1]):
It follows that
Saa(cd) = s2(c(2) i d2) + s1(c(2) i d(2))s1(c(1) i ¢(2))
a(D)e(?) i ca(1)di(2) i c(2) + d2(2):
In [BF], a conjectural combinatorial rule for generalquiver coexcients ¢ (r) was
given. Although this rule was also stated in terms of sequence®f semistandard
tableaux satisfying certain conditions, it is di®erent from Theorem 1 in the case

of universal Schubert polynomials. It would be interesting to "nd a bijection that
establishesthe equivalenceof thesetwo rules.

3.3. Skipping bundles. A permutation w has a descen position at i if w(i) >
w(i+ 1). Wesay that a sequencd axg : a; < ¢¢¢< a, of integersis compatible with
w if all descem positions of w are cortained in faxg. Supposethat w2 S,.; and
let 16 a; < ap < ¢¢< @y 6 nand 16 by < b, < ¢¢¢< by 6 n be two sequences
compatible with w and wi 1, respectively.

We let E. denotethe subsequence

Gb, ! Gp ! €61 Gp ! Fo | G6¢! Fa ! Fo;
and de ne rank conditions K" = fﬁi(j”)g for16i6j6 p+qby
8

Erw(ap+q+1ij;b) |f | 6 q< J
K= _h ifj 6 q
T Bprgil ifi>q+1
Then the expected codimension of the locus - ) (E:) is equalto “(w). However,
in generalthis locusmay contain - ,(G. ! F.) asa proper closedsubset. We will
needthe following criterion for equality (seealsothe remarksin [F3, x3] and [F2,
x10, Exercise 10].)

Lemma 3. Supmsethat the map G;; 1 ! G; is injective for i 62fhbg and the
map F; ! F; 1 is surjective for i 62facg. Then - o) (E.) = - w(G. ! F.) as
subscheme®f X.

Proof. Let 1 6 i;j 6 n begiven. If i is not a descen position for w then either
w(i) 6 j orw(i+1) > j. In the rst casethis impliesthat ry(i;j) = rw(ij 1;j)+1so
the condition rank(G; ! F;) 6 ry(i; j) followsfrom rank(G; ! Fi; 1) 6 ry(ii 1;j)
becausethe map F; | F;, 1 is surjective. In the secondcasewe have ry(i;j) =
rw(i+ 1;j) sothe rank condition on G; ! F; followsfrom the oneonG; ! Fi+1. A
similar argumert works if wi * doesnot have a descen at position j. We conclude
that the locus- (G. ! F.) doesnot changeif the bundlesG; for j 62 b.g and F;
for i 6 axg are disregarded. o
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Corollary 2. Letw 2 Sy4+; and facg and f bcg be as alove. Then we have

[em(EN = &l s:(Gp, i Gp,)¢sia(Fa, i Go,)¢8Siseai1(Fay i Fay)
with coetcients ei! = c\(,a) wher the sgquene , = (, %;:::;, 2" 1) is given by
'8
%1" ifi=heil
. Saa if i = n
C T geraik fi=on+ 1 aw
T otherwise.

Proof. We may assumethat F; = Fj; 1 © C wheni 62faxgand G; = G;; 1©C
whenj 62 bg. In this case,notice that se(Fi i Fi; 1) is hon-zeroonly when ® is
the empty partition or wheni = ay for somek. Similarly se(Gi; 1i Gi) is zero
unless® is empty or i = b for somek. The result therefore follows from Lemma 3
and equation (6). o

4. Schuber t pol ynomials

4.1. Degeneracy loci. In this section, we will interpret the previous results for
ordinary double Schubert polynomials. Let V be a vector bundle of rank n and let

G1 %Gy %2 00¢%2 Gy 1 %2V 3 Fpp13 063 Fo3 Fy

be a complete °ag followed by a dual complete °ag of V. If w 2 S, then Fulton
has proved [F1] that

[Fw(G: ! F)l=Sw(Xg;: X Y1005 Yn)
where x; = ci(ker(F; ! Fi; 1)), ¥i = ¢ci(Gi=Gj; 1), and Sy (X;Y) is the double

Schubert polynomial of Lascoux and Schiizenberger.
SetG?= V=G, and F°= ker(V ! F;). Then we have a sequence
Fo 1 %00¢%FP%V 3 G ¢6es GJ
and it is easyto ched that - (G. ! F.) = - yowi 1w, (F2! G?) assubshemesof
X, wherewy is the longest permutation in S,.
Llet 16 a; < ¢¢¢< a, 6 nj 1and 06 by < ¢¢¢< by 6 nj 1 betwo sequences

compatible with w and wi !, respectively. Then by applying section 3.3 to the
subsequencé=g ! ¢e¢! FQ ! Gj ! ¢ee! G we obtain

[w(G ! F)=

e(ni 1)

Wowi 1wg;t

sii(Fy i Fa)0siso(Gp i FJ)000siseai1(Gh i Gf ):

ker(Fa, ! Fa,,)andY; = fyy, ,+1::::;Yp g bethe Chernroots of G, =Gy, , then
the previous equalit&can be written as

©  Sw(X:Y)= €D . sia(Xp) 0008 p (X1=Y1) 600S: peqr 1(0=Yg) :

This equation is true in the cohomologyring H®(X;Z), in which there are rela-

identit y of polynomials in independert variables. For this, notice that the identity
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is independert of n, i.e. the coetcient &"

Wow! Two it does not changewhen n is re-
placedwith n+ 1 and wy is replacedwith the longestelemen in S,.; . If we choose
n suzciently large, we can construct a variety X on which (9) is true, and where
all monomialsin the variables x; and y; of total degreeat most “(w) are linearly

independert, which establishesthe claim.

4.2. Splitting  Schubert polynomials. We cortinue by reformulating equation
(9) to obtain a more natural expressionfor double Schubert polynomials.

It follows from (9) together with the main result of [B] that Fy,wi 1w, = Fw.
Therefore, the coexcient dye of the Schur expansionof F, is equal to the number
of semistandardtableaux of shape ®° sudh that the column word is a reducedword

column word of a tableau of shape @, then e is the column word of a skew tableau
whoseshape is the 180 degreerotation of ®. If we denote this rotated shape by @
then we concludethat dye is also equal to the number of skew tableaux of shape
@ sudh that the column word is a reducedword for w. Theorem 3 now implies the
following variation of our main theorem:

Theorem 1% If w2 S,.; then the coetcient c\(N”;) equalsthe numkber of sequenes

eadi.

Theorem 4. Letw 2 S, andlet 16 a; < ¢¢¢< a, and 06 by < ¢¢¢< ly be two
sejuenes compatible witr;( w and wi !, respectively. Then we have

(10) Sw(X;Y)= ¢ s 1(0=Yg) 660s o (X1=Y1) 60CS e ai 1 (Xp);

jugateto , ' and col(T,) ¢¢ecol(Tp+ g 1) is a reduced word for w.

Proof. This follows from equation (9) together with Theorem 1° applied to
wowi 'wp. To translate between the sequencesof skew tableaux in Theorem 1°
and the sequencesn the presert theorem, simply rotate a whole sequenceof skew
tableaux by 180degreeqthis meansinvert the order of the sequenceand turn ead
skew tableau on its head). Then replaceeat entry ewith n+ 1§ e.

A purely algebraic proof of the splitting formula (10) is also possible. This
requires versions of the results of Section 2.1 for ordinary Schubert polynomials,
available e.g. from [L2] and [FK], together with [FG, Thm. 1.2]. Howewer, some
geometric reasoningis neededto interpret the ¢ as quiver coexcients. o

Notice that if onetakesb; = 0 in Theorem 4 then the set of variables Y; is
empty, so equation (10) contains only signed products of single Schur polynomials.
Obsene alsothat afactor s i (0=Yy) in (10) will vanishif ,' hasmorethan b by; 1
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columnsand that s i (X) vanishesif | I has more than a i ax; 1 rows. Therefore
equation (10) usesonly a subsetof the quiver coexcients of Theorem 4.

Example 2. Let w= 321be the longestelemern in Sz, and choosethe sequences
fag= fhg= f1 < 2g. Then the four sequencesf tableaux satisfying the condi-
tions of Theorem 4 are

([2; [1); [2); ([2]; [Al2);;); (;;;); and (;; %2|;;);

all of which give nonvanishing terms and correspond to the reducedword $,S;S;.
We thus have

Sz (X;Y) =
$1(0=Y2)S1(X1=Y1)S1(X2) + S1(0=Y2)S1:1(X1=Y1) + S2(X1=Y1)S1(X2) + S2:1(X1=V1)
=0 Ya(Xai yo)Xai Ya(¥Ei Xayn) + (XTi Xayi)xz + (xayii Xiyi)
= (Xei y)(Xei y2)(X2i y1):

Corollary 3. Supmsethat w 2 S, is a permutation compatible with the sequen@
a; < ¢¢¢< a,. Then we have

X
Sw(X)= ¢ s1(Xy)068s »(Xp)

L1115, P). Eachc is a quiver coetcient, equal to the number of sequenes of

suchthat the shag of T; is conjugateto , ' and col(T1) ¢¢ecol(T,) is a reduced word
for w.

Example 3. Consider the permutation W = S;5,S1S354S3 = 32541in Ss, with
descem positions at 1, 3, and 4. The two sequencesof tableaux satisfying the
conditions of Corollary 3 which give nonvanishing terms are

1 [2[3
(;;) and (?A ' @):

The reduced words for w corresponding to these sequencesare $45,515,S3S4 and
$251545253S4, respectively. It follows that

S 32541(X) S3(X1)S1:1(X2;X3)S1(Xa) + S2(X1)S2:1(X2; X3)S1(X4)
X3 €XoX3 Cxg + X2(X5X3 + X5X2)X4:

The special caseof Corollary 3 with ax = k givesa formula for the coexcient of
ead monomialin S, (X ) which is equivalert to that of [BJS, Thm. 1.1]. We deduce
that thesemonomial coexcients are quiver coexcients. The sameconclusionholds
for double Schubert polynomials:

Corollary 4. Letw 2 S, and lef xUy¥ = x{* ¢¢x,"";'yy* ¢¢WPY?_i11 be a monomial

of total degree “(w). Setg = EI::. Vg and fi = gn; 1+ ,-; Uk. Then the

coexcient of xYyY in the doubleSchulert polynomial S, (X ;Y) is equalto (j 1)%i 2

0¢C< ey and e, ;41 > C0C> g, >iforall16i6 nj 1
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Proof. Take faxg = f1;2;:::;nj 1gand fbkg = f0;1;2;:::;nj 1g in Theorem
4 and notice that a Schur polynomial sg(0=y;) is non-zeroonly if ® = (1V') is a
single column with v; boxes, in which casesg(0=y;) = (j yi)V'. Similarly sg(X;) is
equalto x;" if ® = (u;) is a single row with u; boxes, and is zero otherwise. The
reducedwords of the corollary are exactly those that form a sequenceof tableaux
on the conjugates of these shapes and are strictly bounded below by (nj 2;n j

3:::;1,0,0;L 0 2). o

Remark. Corollary 3 implies that the single Schubert polynomial S, (X) is the
character of a GL(ay;C) £ GL(az2 i ap;C) £ ¢¢¢£ GL(ap i ap; 1;C) module. Our
expressionfor the coexcients ¢ gives an isotypic decomposition of this module.
This is closelyrelated to a theorem of Kraskiewicz and Pragacz[KP], which shows
that S\, (X) is a character of a Borel module. P. Magyar reports that the former
property may be deducedfrom the latter (private communication). We note that
alternativ e positive expressionsfor the ¢ may be deducedfrom [LS2, (1.5)] and
[BS, Cor. 1.2].

5. Giambelli formulas

In this "nal section, we obsene that Corollaries 2 and 3 give explicit, non-
recursive answersto the Giambelli problemfor the classicaland quantum cohomol-
ogy of partial °ag manifolds.

Supposethat V is a complex vector spaceof dimension n and chooseintegers
0= a < a1 < ®¢< g, < ap+1 = N. Let X be the partial °ag variety which
parametrizes quotients

(11) Ve Fa 3 003 Fy

with rank(F,, ) = ax for eadh k. We will also use (11) to denote the tautological
sequenceof quotient bundles over X, and de ne Q¢ = Ker(Fy, ! Fg, ), for
16 k6 p+ 1. According to Borel [Bo], the cohomologyring H °(X; Z) is preserned
as the polynomial ring in the Chern classesci(Qk) for all i and k, modulo the
relation

C(Ql)C(QZ) ¢¢¢C(Qp+1) =1:

Fix a complete °ag G. of subspacesf V, and let S(a) denote the subsetof S,
consisting of permutations w compatible with fayxg. For eadh w 2 S(a), there is a
Schubert variety - , ¥2 X, de ned asthe locusof x 2 X such that

rank(G; (x) ' Fi(x)) 6 rw(i;j); for i2fay;:::ag and 16 j 6 n:

The Schulert classes[- ] 2 HZ W) (X;Z) for w 2 S(a) form a natural ‘geometric
basis' for the cohomologyring of X. The following Giambelli formula, which is
a direct consequenceof Corollary 3, writes these classesas polynomials in the
“algebraicgenerators'for H °(X;Z) given by the ¢ (Qx).

Giam belli I. We have X
12) [-wl= ¢ s 1(Q1) s »(Qp);
where the sum is over sequen@s of partitions |, = (, 1;:::;,P) and ¢ is the quiver

coexcient of Corollary 3.
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Alternativ ely, we can use Corollary 2 to expressthe Schubert class[- w] as a
polynomial in the special Schubert classes;(F,, ). Notice that the two approaces
are identical for Grassmannians.

Giam belli I1. We):(have
(13) [-w]l= & Sop(Fa,) Sori 1(Fa,, , i Fa,) €001 (Fa, i Fa,);

o

ok ifi=2nj 1i asn
; otherwise.

When comparing the above two Giambelli formulas, recall that the the quiver
coexcients ¢ which appearin (12) correspond to the permutation wowi *wg. The
equivalenceof (12) and (13) can also be cheded directly, by using the Chern class
identities ¢(Qk) = c(Fa, i Fa,, ,).- See[LS]] and [Sq for a Pieri formula for °ag
manifolds which complemens Giambelli I1.

Following [FGP] and [C-F, x3.2], we recall that equation (13) can be usedto
obtain a quantum Giambelli formula which holdsin the small quantum cohomology
ring QH “(X). For this, one simply replacesall the special Schubert classeswhich
appear in the Schur determinants Sox (Fa, i Fa,., ) in (13) with the corresponding
guantum classesasin loc. cit. (compare alsowith [F3, Prop. 4.3]).
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