1. Parts (a) and (b) are independent.

(a) Let P=(-1,3), @ =(—2,1), and R = (1, —4). Find the projection of ]@ onto Cﬁ% [10 pts]
Solution:
Wehave}@:—li—Qj andCﬁ%:?)i—E)j and so

—1i—2j)-(3i—5j)
(3i—5j)-(3i—5j)

(3i—5j):l(3i—5j)

: _
Prol]@@ = 3

(b) Two forces F; and Fy are applied to an object located at the origin in the xy-plane. The [10 pts]
force F; has a magnitude of 60 and makes an angle of § with the positive z-axis and force
F2 has a magnitude of 100 and makes an angle of 3{ with the positive z-axis. Find the
magnitude and direction (angle from positive z-axis) of the sum of these forces.
Solution:

The forces are - -
F, :6Ocosgi+60sin6j =30V3i+30j

and
3 3
F, — 100cos£i+ 1oosinZ7T — _50V/2i + 50v/2j

and so
Fi + Fy = (30v/3 — 50v/2) i + (30 + 30v/2) j

The magnitude is then:

\/ (30V/3 — 50v/2)2 + (30 + 30v/2)2

and the angle with the positive z-axis is:

a1 [ 30+ 302
30v/3 — 50v/2

2. Parts (a) and (b) are independent.

(a) Find the distance from the point (1,—3,2) to the line containing the points (1,0,1) and [10 pts]
(5,2,0).
Solution: The line has L=4i+2j—1k. If P =(1,0,1) is on the line and @ = (1, -3, 2)
is off the line then the distance is:

PO LIl [[(0i—3+1k) x (4i+2j— 1K)]|
o [4i+2j— LK
Cli4j+ 12K
T VI6+4+1
V1416 + 144
V16 +4+1




(b) Find an equation of the form ax + by 4+ ¢z = d of the plane that contains the point (1,2,3)

and the line
x y+3 z—4

2 7 5

Solution:

The line has direction vector L = 21+ 7j + 5k parallel to the plane and the vector
a=-1i—5j+ 1k joining (1,2,3) to (0,—3,4) is also parallel to the plane. Thus:

N=(2i47j+5k)x (-1i—5j+1k) =32i—7j—3k

and so the plane is

R2@x—-1)-7y—2)—3(z—3)=0
32r —-32—-Ty+14—-324+9=0
2 —Ty—32=9

3. Parts (a) and (b) are independent.

(a)

Find a parametrization of the quarter circle in the plane z = 1 with endpoints (—1,0, 1)
and (0,—1,1) and center (0,0, 1).

Solution:

The most obvious answer might be:

r(t) =costi+sintj+ 1k form <t < 37”
Determine if the following pair of lines is parallel, intersecting, or neither. If the lines
intersect, find the point at which they intersect.
ri(t)=(1+6t)i+(3-Tt)j+ (2+ 1)k
ro(s) = (10 +3s)i+ (6 + s)j + (14 + 4s)k

Solution:
In order to meet we would need:

1+6t=10+ 3s
3—Tt=6+s
24t=14+4s

The second states that s = —7t — 3 so if we plug into the third we get 2+t = 14+4(—7t—3)
which yields t = 0 and so s = —3. These satisfy the first so they meet.

Since they meet at ¢ = 0 this is the point r1(0) =1i+3j+ 2k or (1,3,2).

[10 pts]

[8 pts]

[12 pts]



4. Find all critical points of f(x,y) = 23 — 622 — 5y? and classify each as a relative minimum, [20 pts]
maximum, or saddle point.

Solution:

The critical points occur when

fe=232> 120 =3x(x—4) =0
fy=-10y =0

Thus y = 0 and = = 0,4 yielding (0,0) and (4,0).
We have D(z,y) = fuufyy — f2, = (62 — 12)(=10) — (0)? and so:
D(0,0) = + and fy,(0,0) = — so relative maximum.
D(4,0) = — so saddle point.
5. Use Lagrange Multipliers to find the maximum and minimum of f(z,y) = 2® — 622 — 5y? subject  [20 pts]
to the constraint z2 + 3% = 1.
Note: Your system will have six solutions.

Solution:

We solve the system:

322 — 122 = \2z
—10y = A2y
22 4y2=1

The first tells us that = 0 or A = 32312, If 2 = 0 then the third tells us y = £1 so (0, £1).
The second tells us that y = 0 or A = —5. If y = 0 then the third tells us x = +1 so (£1,0).
Otherwise # = —b and so 3xv = 2 s0 ¢ = % so the third tells us that y = 4+1/5/9 so

(2/3,+5/9).

Then:
e f(0,41)=-5
e f(0,-1)=-5
e f(+1,0)=-5
hd f(_170) =-7
o F2/3,44/5/9) =3 —6(5) —5(3) = -3¢
° f(2/3,=5/9) = 3: =6(5) =5(5) = =37
Noting —5 = —% and —7 = —% we see that the maximum is —5 and the minimum is —7.

6. Let R be the region in the first quadrant of the zy-plane bounded by the lines y = x and y = 3z [20 pts]

and by the hyperbolas zy = 1 and xy = 5. Use the change of variables x = & and y = v to set



up an iterated double integral in the uv-plane representing the area of R.
Do not evaluate this integral.

Solution:

We have the new region S defined by:

y=x—=v=u/v—v=+u
y=3x—>v=3u/v—>v:\/@
zy=1—=u=1
TY=5—">u=>5

‘We have:

J = det [1(/)“ _“1/ ”2] =1/v

Therefore:

5 V/3u
Area://ldA://|1/v|dA:/ / 1/vdvdu
R s 1 Jyva

7. Parts (a) and (b) are independent.
(a) Find the unit vector direction of maximum increase of f(x,y) = x?y — xy at the point [10 pts]
(2,-3).
Solution:

The direction of maximum increase is:

Vi(x,y) = oy —y)i+ (2* — )]
V(2,-3) = (2(2)(=3) = (-3))i+ ((2)* - 2)]
— _9i+2j

Therefore the corresponding unit vector is:

—9i+2j
(—9)% + 42

(b) Use tangent plane approximation to approximate (16.05)'/4(7.95)%/3. [10 pts]
Solution:

We set f(z,y) = %/*y?/3 and we wish to approximate f(16.05,7.95). We use the anchor
point (16, 8) and then since:



[z, y) = f(wo,y0) + fe(o,y0)(x — 20) + fy(z0,%0) (Y — o)

4 273 1 _3/4 2/3 2 1/4 —1/3
f(x,y)%x(l)/ yo/ +1m0 /yo/ (l’_%)‘f’g%/ Yo /(y—yo>

1 2
£(16.05,7.95) ~ 161/482/3 4 Z(16)—3/4(8)2/3(16 —16.05) + g(16)1/4(8)—1/3(8 —17.95)

8. Write down the iterated triple integral representing the volume of the solid region D bounded [15 pts]
between the spheres (centered at the origin) of radius 1 and 3, and the upper part of the cone
2 _ 90,2 2
2% = 3(x* + y?).
Do not evaluate this integral.
Solution:

We have:

27 /6 3
/ / / p%sin ¢ dpdeg db
0 0 1

9. Let C be the intersection of the parabolic sheet y = 16 — x? with the cylinder 22 + 22 = 4 [25 pts]
with counterclockwise orientation when viewed from the positive y-axis. Use Stokes’ Theorem
to convert the line integral

/xzzdﬂc—kxdy—i—yzdz
c

to a surface integral. Parametrize the surface to obtain a double iterated integral.
Do not evaluate this integral.

Solution:

By Stokes’ Theorem we have:

/xzzdx—l—xdy—i—yzdz://(zi+x2j—|—1k)~nd5
c by

where 3 is the portion of the parabolic sheet inside the cylinder, oriented in the positive y-
direction.

We parametrize ¥ by
r(r,0) =rcosfi+ (16 —r2cos?0)j+rsinfk for 0 <O <2rand 0 <7 < 2
Then

r, =cosfi—2rcos’0j+sinfk
ro = —rsinfi+ 2r?sinfcosfj+rcosfk

r, Xrg=—2r’cosfi—rj+0k

This is opposite ¥’s and so:



//(zi+x2j+1k)-ndS:—//(rsin9i+(rc089)2j+1k)-(—2r20089i—7“j+0k)dA
) R

27 2
—/ / —2r3sinf cos @ — r3 cos? 6 dr db
0

10. Parts (a) and (b) are independent.

(a) Evaluate [,(2x + y)dx + 2 dy where C is the line segment joining (1,4) to (5, —1). [10 pts]
Solution:

The vector field is conservative with f(x,y) = 22 + xy and so

/C(2x +y)de+ady = f(5,-1) = f(1,4) = [(5)* + (5)(=1)] = [(1)* + (1)(4)]

(b) Evaluate [ [5(2zi+5zj—7yk)-ndS where ¥ is the sphere 2% +y? 4+ 2% = 9 with inwards [10 pts]
orientation.

Solution:

The surface ¥ is the boundary of D where D is the solid ball z? + 52 4 22 < 9. By the
Divergence Theorem with a negative due to orientation we have:

// 20i+52j—Tyk) -ndS =— ///2—!—0 1%

5(Volume of D)

=5 <§n(3)3)



