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1 Finite Groups

Let G be a finite group, and G L(n, C) the group
of n x m invertible (determinant # 0) matrices

over C.

Definition 1.1 A representation of G is a

group homomorphism m : G — GL(n,C).
That is: 7 is an action of G on V' = C". We
sometimes write (m, V).

Example: G = S, (the symmetric group),
V =C". Foro € GG let

p(o)(215 -5 2n) = (Z6(1)s - - -5 Zo(n))

This is the reflection representation; p(G) is

the permutation matrices.
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For example if n = 3,

010 010
p(12)=[100] pr23=[(001

001 100
Note that thelineV; = C < (1,1,...,1) > s

invariant under this action; the orthogonal com-
plement Vo = {Z] ) 2; = 0} is also taken to
itself by this action. We say (m, V') = (71, V1)@
<7T27 ‘/2>

Definition 1.2 A representation (m, V') is re-

ducible if there is a subspace
OCWCV
such that
(W C W forall g € G

Otherwise we say (m, V') is irreducible.
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Equivalently V =V, & V5, m = m; @ mo.
[n the example above (71, V1) and (my, V3) are

irreducible representations of \S,,.

Definition 1.3 Two representations are iso-
morphic, or equivalent, if they are the same
up to a change of basis. That is (7, V) is iso-
morphic to (7', V') if there exists X € GL(n,C)
such that ©'(g) = Xm(g) X! for all g € G.



Theorem 1.4 (Frobenius) The number of
equivalence classes of irreducible representa-
tions of G 1s the same as the number of con-
Jugacy classes of G.

Write wy,...,m, for the irreducible repre-
sentations. Then > . dim(m;)* = |G].

A representation m 1s determined by its char-

acter, the conjugation invariant function 0,(g) =

Tr(n(g))-

See the beautiful book by Serre, Linear Rep-
resentations of Finite Groups |5], pp. 1-19.

The characters may be computed explicitly:
this is the character table. See THE ATLAS

OF FINITE GROUPS [3].



Basic Problem: Find models of representa-
tions of G. That is given a representation , for
example by its character, and generators {g;},
find the matrices {7(g;)} explicitly.

Even by computer this can be a difficult prob-
lem (see below).

Note if G has generators g1, ..., g, and rela-
tions, then a representation is given by n matri-

ces A; satisfying the same relations (take 7(g;) =

A).



ional representation of W (Fjs)

1mens

a 64-d

[10000000000000000000000000000000000000000000000000000000000
[01000000000000000000000000000000000000000000000000000000000
[00100000000000000000000000000000000000000000000000000000000
[00010000000000000000000000000000000000000000000000000000000
[00001000000000000000000000000000000000000000000000000000000
[00000-10000000000000000000000000000000000000000000000000000O0

pilg_1):

Example

[000000-1000000000000000000000000000000000000000000000000000

[0o0O00000-100000000000000000000000000000000000000000000000000O0

[00O000000-10000000000000000000000000000000000000000000000000

[0o0O00D00000-1000000000000000000000000000000000000000000000000O0

[00O00000000-100000000000000000000000000000000000000000000000

[0o0O000000000-10000000000000000000000000000000000000000000000O0

[00O0000000000-1000000000000000000000000000000000000000000000

[00O00000000000-100000000000000000000000000000000000000000000O0

[0o0O00D0000000000-10000000000000000000000000000000000000000000O0

[00O0000000000000-1000000000000000000000000000000000000000000

[0o0O00000000000000-100000000000000000000000000000000000000000O0

[00O000000000000000-10000000000000000000000000000000000000000

[0o0O0000000000000000-1000000000000000000000000000000000000000O0

[00O00000000000000000-100000000000000000000000000000000000000

[00O000000000000000000-10000000000000000000000000000000000000

[0o0O00D00000000000000000-1000000000000000000000000000000000000O0

[00O00000000000000000000-100000000000000000000000000000000000

[0o0O0O0D0000000000000000000-10000000000000000000000000000000000O0

[00O0000000000000000000000-1000000000000000000000000000000000

[0o0O00D000000000000000000000-100000000000000000000000000000000O0

[00O0O00000000000000000000000-10000000000000000000000000000000

[0o0O0000000000000000000000000-1000000000000000000000000000000

[0o0O00D000000000000000000000000-100000000000000000000000000000O0

[00O000000000000000000000000000100000000000000000000000000000

[0o0O0O0D0000000000000000000000000010000000000000000000000000000

[00O000000000000000000000000000001000000000000000000000000000

[0o0O0O0D0000000000000000000000000000100000000000000000000000000

[00O000000000000000000000000000000010000000000000000000000000

[0o0O000000000000000000000000000000001000000000000000000000000

[00O0O00000000000000000000000000000000100000000000000000000000

[00O000000000000000000000000000000000010000000000000000000000

[0o0O0O0D0000000000000000000000000000000001000000000000000000000

[00O0O00000000000000000000000000000000000100000000000000000000

[0o0O0O0D0000000000000000000000000000000000010000000000000000000

[00O000D000000000000000000000000000000000001000000000000000000

[0o0O0O0D0000000000000000000000000000000000000100000000000000000

[00O000000000000000000000000000000000000000010000000000000000

[00O000000000000000000000000000000000000000001000000000000000
[0o0O0O0D0000000000000000000000000000000000000000100000000000000

[00O000000000000000000000000000000000000000000010000000000000
[0o0O00D0000000000000000000000000000000000000000001000000000000

[00O0O00000000000000000000000000000000000000000000100000000000
[0o0O00D0000000000000000000000000000000000000000000010000000000
[00O0O00000000000000000000000000000000000000000000001000000000

[0o0O000000000000000000000000000000000000000000000000100000000

[0o0O0O0D0000000000000000000000000000000000000000000000010000000

[00O000000000000000000000000000000000000000000000000001000000
[0o0O00D0000000000000000000000000000000000000000000000000100000



[0o0O00D0000000000000000000000000000000000000000000000000010000
[00O000000000000000000000000000000000000000000000000000001000
[0o0O00D0000000000000000000000000000000000000000000000000000100
[00O0O00000000000000000000000000000000000000000000000000000010
[00O00000000000000000000000000000000000000000000000000000000O01
[0o0O00D0000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000
[0o0O0O0D0000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000
[0o0O0O0D0000000000000000000000000000000000000000000000000000000
[F-100000000000000000000000000000000000000000000000000000000 0 (
[01000000000000000000000000000000000000000000000000000000000
[00100000000000000000000000000000000000000000000000000000000
[00010000000000000000000000000000000000000000000000000000000
[00001000000000000000000000000000000000000000000000000000000
[00O000100000000000000000000000000000000000000000000000000000
[000000-1000000000000000000000000000000000000000000000000000O0

pi(g_2)

[00O00000-100000000000000000000000000000000000000000000000000
[00O000000-10000000000000000000000000000000000000000000000000O0
[0o0O00D00000-1000000000000000000000000000000000000000000000000O0
[00O00000000-100000000000000000000000000000000000000000000000
[0o0O0O0D0000000100000000000000000000000000000000000000000000000
[00O000D000000010000000000000000000000000000000000000000000000
[0o0O000000000001000000000000000000000000000000000000000000000
[00O000000000000100000000000000000000000000000000000000000000
[00O0000000000000-100000000000000000000000000000000000000000O0
[0o0O0O0D0000000000001000000000000000000000000000000000000000000
[00O000000000000000100000000000000000000000000000000000000000
[0o0O0O0D0000000000000010000000000000000000000000000000000000000
[00O000000000000000001000000000000000000000000000000000000000
[0o0O0O0D0000000000000000-1000000000000000000000000000000000000O0 (
[00O0O00000000000000000010000000000000000000000000000000000000
[0o0O000000000000000000001000000000000000000000000000000000000
[00O000000000000000000000100000000000000000000000000000000000
[00O000000000000000000000010000000000000000000000000000000000
[0o0O00D000000000000000000000-10000000000000000000000000000000O0 (
[00O000000000000000000000000100000000000000000000000000000000
[0o0O0O0D0000000000000000000000010000000000000000000000000000000
[00O0O00000000000000000000000001000000000000000000000000000000
[0o0O00D0000000000000000000000000100000000000000000000000000000
[00O0O00000000000000000000000000010000000000000000000000000000
[00O000000000000000000000000000001000000000000000000000000000
[0o0O0O0D0000000000000000000000000000100000000000000000000000000
[00O0000000000000000000000000000000-1000000000000000000000000
[0o0O00D000000000000000000000000000000-100000000000000000000000O0
[00O000000000000000000000000000000000-10000000000000000000000
[0o0O0O0D00000000000000000000000000000000-1000000000000000000000O0
[00O0O0000000000000000000000000000000000-100000000000000000000
[00O000000000000000000000000000000000000-10000000000000000000
[00O0000000000000000000000000000000000000-1000000000000000000
[00O00000000000000000000000000000000000000-100000000000000000
[0o0O00D0000000000000000000000000000000000000-10000000000000000
[00O0000000000000000000000000000000000000000-1000000000000000
[0o0O0O0D000000000000000000000000000000000000000-100000000000000
[00O0O00000000000000000000000000000000000000000-10000000000000






.
p

[0o0O0O0D0000000000000000000000000000000000000000000000000000000
[00O0O00D000000000000000000000000000000000000000000000000000000
[0o0O00D0000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000

[00O000000000000000000000000000000000000000000000000000000000
[00013/1856/18000000000000000000000000O0 0 -35/216 35/216 0 0 -5/36 5/36 0 0 -1/36 1/36 0 0

[0001/656/600000000000000000000000000 7/72-7/72 00 1/12 -1/12 0 0 1/60 -1/60 0 0 -1/55

[0O0O0O0OS5/8 -1/12 1/24 0 0 -1/12 17/216 -1/18 0 0 1/24 -1/6 1/64 00 000000000000 000000000O0O0 (
[0o0O00D0000000000000000000100000000000000000000000000000000000

[000O0O-5/8 5/24 5/24 0 0 -5/24 35/216 5/18 0 0 1/24 1/3 1/54 00000000 00000000000000000 O (
[000O0O 25/4 25/6 5/12 0 0 25/6 125/108 5/9 0 0 6/12 5/3 -8/27 0 0 0 0000000 00000000000000O0O0 (
[0o0O0000005/2000010/300001/6000000000000000000000000000000000000
[00O00000005/2000010/300001/600000000000000000000000000000000000
[0o0O0000000000000000001/2-2/31/600000000000000000000000000000000
[00O000000000000000000-1/21/31/600000000000000000000000000000000
[0o0O0000000000000000005/210/31/600000000000000000000000000000000
[00O000000000000000000000010000000000000000000000000000000000
[0o0O0O0D0000000000000000000001/2-2/31/600000000000000000000000000O0 (
[0o0O0O0D0O00000000000000000000-1/21/31/600000000000000000000000000O0 (

[00O0000000-1/200001/300001/60000000000000000000000000000000000O0 (
[000O0O0 15/8 -5/4 5/8 0 0 5/12 -55/72 5/6 0 0 7/24 1/2 1/18 000000000000 0000000000000000

[0o0O00000003/200000000000000000000000000-1/2000000000000000000O0 (
[00O0000000000000-1/2000000000000000000000-1/2000000000000000000
[00O00D0000000000000000000000000000000000100000000000000000000
[00O000000000000000000000000000000000000010000000000000000000
[00O000000000000000000000000000000000000001000000000000000000
[0o0O0O0D0000000000000000-3/200000000000000000000-1/200000000000000
[00O000000000000000000000000000000000000000010000000000000000
[0o0O0O0D0000000000000000000000000000000000000001000000000000000
[00O000000000000000000000000000000000000000000100000000000000
[0o0O0O0D000000000000000000000-3/20000000000000000000-1/20000000000
[00O0O00000000000000000000000000000000000000000001000000000000
[0o0O000000000000000000000000000000000000000000000100000000000
[0034000000000-100000000000000000-1/40000000000000000000000000
[0003/2000000000-200000000000000000-1/2000000000000000000000000
[00003/2000000000-200000000000000000-1/200000000000000000000000
[00O0000000000000001/2000000000000000000000000000000000-1/2000 0 (
[0o0O0O0D000000000000003/2000000000000000000000000000000000-1/200 0 (
[00O0O00000000000000003/2000000000000000000000000000000000 -1/20 0 ¢
[00O000000000000000000001/20000000000000000000000000000000 -1/20
[00O0O000000000000000000003/20000000000000000000000000000000 -1/2 (
[0o0O00000000000000000000003/20000000000000000000000000000000 -1/
[0o0O0O0D0D00000000000000000000001/200000000000000000000000000000 -
[00O000000000000000000000000003/200000000000000000000000000000
[1/2 -2/31/6 00 0000000000000000000000000000000000000000000000000O0 (
[-1/21/31/6000000000000000000000000000000000000000000000000000O0 (
[6/2 10/31/6 00 0000000000000000000000000000000000000000000000000O0
[pO0OO0OO0-1/401/400 1/6 -1/108 -5/18 0 0 -1/12 1/6 1/27 0000000000 0000000000000000O0 O (
[0O0O0O0O05/85/4-1/8 00 -5/12 -55/216 -7/18 0 0 5/24 5/6 1/54 0 0 0 0000000 00000000000000O0O0 (
[00O0000001/20000-2/300001/600000000000000000000000000000000000O0 (
[00O00000001/20000-2/300001/60000000000000000000000000000000000O0 (
[o0O0OO0OO-3/41/2 -1/400 1/3 -1/36 1/6 0 0 1/12 -1/21/900000000000000000000000000000
[oO0O0O0O17/8 -1/12 -11/24 0 0 -1/12 13/216 7/18 0 0 -11/24 7/6 5/54 0 0 00 0000000 0000000000000
[000O0O0-5/8 -25/24 -7/24 0 0 5/24 35/216 -2/9 0 0 5/24 5/6 1/64 0 0 00000 0000000000000000O0O0 (
[0o0000000-1/200001/300001/600000000000000000000000000000000000O0

pi(g_4)
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p

[00O000000000000000000000000001000000000000000000000000000000
[00O000000000000000000000000000 1/18 1/9 0 0 2/27 -7/72 0 0 -1/24 1/27 00 00 00 0 0 0 1/

[0o0O00D0O0000000000000000000O0O0O0OOO020/9 -1/18 0 0 -35/54 -1/18 0 0 5/6 -2/27 0 0 0 0 0 0 0 0 O
[000-35/7235/7200000000000000000000000O0O0 0 29/108 25/108 0 0 -17/36 5/36 0 0 11/36 1/36 0
[0007/24 -7/24000000000000000000000000O0O05/36 13/36 00 1/12 -5/12 0 0 1/60 19/60 0 0 -1/!
[00O00D00000000000000000000000O0O08/9 -7/18 00 7/54 5/18 0 0 -1/6 4/27 0 0 0 0 0 0 0 0 0 -2/
[00O0000000000000000000000000O0O0 -35/18 -1/18 0 0 25/64 11/72 0 0 5/24 -5/27 0 0 0 0 000 0

[000-5/1256/1200000000000000000000000000 -17/365/36 001/20000000000000 -1

[0001/4-1/4000000000000000000000000001/12 -5/120001/200000000000O0 1/24 -
[00O00000000000000000000000000O0O0 -5/185/18 0 0 -5/54 5/72 0 0 11/24 1/27 0 0 0 0 0 0 0 0 O -
[00O0O00000000000000000000000O0O0O0B50/9 -5/90 0 50/27 -25/18 0 0 5/6 -13/54 0 00000000

[000-5/485/480000000000000000000000000O0 55/144 5/1440000001/200000000O0 -
[0001/16 -1/16 00000 0000000000000000000001/48 19/480 000000 1/2000000O0 0 1/9¢
[o0O0O0D0O000000000000000000000000000000000000-1/62/300000000000 -1/2
[00O0O000000000000000000000000000000000000005/6-1/300000000000 -1/2
[0001/4-1/4000000000000000000000000001/12-1/1200000000001/20000 0 1/24 -
[000-9/89/800000000000000000000000000-3/83/8000000000001/2000 0 -3/16 3,
[0o0O00D00000000000000000000000000000000000000000-1/62/300000000 0
[00O0O0000000000000000000000000000000000000000005/6-1/3000000000O0 (
[00O0000000000000000000000000000000000000000000001/20000000000
[00O0O00D00000000000000000000000O00O0 10/9 2/900 -5/27 1/18 0 0 -5/6 -5/54 0 0 0 0 0 0 0 0 O -5,
[0 00 -85/144 85/144000000000000000000000000O0O0 0 137/432 115/432 0 0 -11/36 5/36 0 0 -31/36 1,
[0 00 17/48 -17/48 00000 000000000000000000O0O0 0 23/144 61/144 0 0 1/12 -1/4 0 0 1/60 -17/20 O (
[0o0O00D00000000000000000000O0O00O0OO0O0 -25/9 -5/9 00 -25/27 -35/36 0 0 -5/12 1/27 0 0 0 0 0 0 0 O
[000-5/125/1200000000000000000000000000 -65/365/3600-5/60004/3000000000
[0001/4-1/4000000000000000000000000001/12 -7/4000 -5/60004/30000000O0 1/2
[0o0O000000000000000000000000000000000000000-5/6-2/300000000000 -1/
[0001/2-1/2000000000000000000000000001/6-1/60000000000-100000 1/12 -1/
[000-9/49/400000000000000000000000000-3/43/400000000000-10000 -3/83/8
[0o0O0O0D00000000000000000000000000000000000000000-5/6-2/3000000000

[00O000000000000000000000000000000000000000000000-1000000000 0 :
[00011/48 -11/48 00000 000000000000000000O0O0O0 179/144 121/144 0 0 7/3 11/6 0 0 7/156 11/30 O (

[0 00 -275/16 275/16 0 0 0 0 0000 0000000000000000O0O0 0 -275/48 1325/16 0 0 0 925/6 0 0 0 185/6 0 O -
[000-25/425/400000000000000000000000000 -25/1225/12 000000000 0 1715/22 160/11 (
[00045/8-45/80000000000000000000000000015/8-15/8000000000005/2000 0 15/:

[00O0000000000000000000000000000000000000000000005/20000000000
[6/8000000000000000000000000000000001/24000 0 17/600 1/100 -1/20 0 1/100 -1/88 1/3:

[0o0O0O0D0000000000000000000005/210/31/600000000000000000000000000O0 (
[05/8000000000000000000000000000-1/80000000000000000000O0 0 17/400 1/4(
[0 0 -11/40 87/80 -3/16 000 0000000000000000000000 -1/40 -3/80 -1/16 00 0 000000000 O (
[0 0 29/40 7/80 -3/16 0 000 000000000000000000000 -1/40 -3/80 -1/16 0000000000000 O (
[0 0 -3/40 -9/80 13/16 000000 000000000000000000O0 -1/40 -3/80 -1/16 00 000000000000
[poO0O0O0O5/800000-1/24000 0 0 -17/600 -1/200 1/40 0 0 -1/200 1/88 -1/330 0 0 1/40 -1/30 0 0 0 0 0 0 0 0 0 O
[00O000010000000000000000000000000000000000000000000000000000
[0000000-1/56/50000000000000000000000000000000000000000000000O0 (
[0000000451/5000000000000000000000000000000000000000000000000
[0o0O00D0000010000000000000000000000000000000000000000000000000
[00O000000001000000000000000000000000000000000000000000000000
[00O000-9/8000007/800000 -17/200 -3/200 3/40 0 0 -3/200 3/88 -1/110 0 0 3/40 -1/10 0 0 0 0 0 0 0 0 O O (
[00O0000000000-1/56/500000000000000000000000000000000000000000 0 (
[00O0000000000451/50000000000000000000000000000000000000000000
[0o0O0O0D0000000000100000000000000000000000000000000000000000000
[00O00D00000000000-1/500006/50000000000000000000000000000000000O0 (
[0o0O0O0D000000000000-1/500002/5000000000000000000000000000000000O0
[000O0O0-1563/16 0 0 0 0 0 -17/16 0 0 0 O O -33/400 -87/400 3/16 0 O

pi(g_5)

87/400 1263/880 -1/44 0 0 3/16 -1/4 0 0 0 0 O (
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p
.
p

[000O0O015/16 0 0 0 0 0 5/48 0 0 O O O 421/1200 33/400 23/80 O O 33/400 71/880 -23/660 0 0 23/80 -23/60 0 0 0 0 0 O
[00O000-9/800000-1/800000 -1/40 0 9/5 0 0 0 -69/440 41/165 0 0 -2/58/15 0000 00 000 00 0 0 0 O (
[0o0O0O0D0000000000000000000001000000000000000000000000000000000
[00O000000000000000000000000100000000000000000000000000000000
[0000027/4000003/4000003/20000 0 0 207/220 -16/55 00 -1/568/5000000000000000000
[00000-9/800000-1/800000-1/40 00 0 0 0 -69/440 8/165 0 0 1/5 11/16 0000 0000000000000
[0-3/80000000000000000000000000007/80000000000000000000O0 0 17/400 1/4(
[0 0 -3/40 -9/80 -3/16 0000 000000000000000000000 -9/40 93/80 -1/16 00 000000000000
[0 0 -3/40 -9/80 -3/16 00000 0000000000000000000O0 31/40 13/80 -1/16 000 00000000000
[0 0 -3/40 -9/80 -3/16 0 0000 0000000000000000000O0 -1/40 -3/80 15/16 000 00000000000
[9/8000000000000000000000000000000007/8000 0 -17/200 -3/100 3/20 0 -3/100 3/88 -1/
[0o0O0O0D0D00000000000000000000000000000-1/56/50000000000000000000O0 (
[00O000000000000000000000000000000004/51/6000000000000000000000
[0o0O0O0D0000000000000000000000000000000010000000000000000000000

[00O00000000000000000000000000000000000-1/560002/50000000000000 0 (
[163/16 0000 0000000000000000000000000000 -17/16 0 0 0 0 -33/400 -87/200 3/8 0 -87/200 1

[3/800000000000000000000000000000000 -1/24 00 0 0 -29/600 -13/25 0 0 12/25 3/40 0 0 O
[-9/8000000000000000000000000000000001/80000 1/40 0 -1/5 0 0 69/440 12/55 0 0 0 0
[000O000000000000000000000000000000000012/50001/50000000000000 0 ¢

[9/800000000000000000000000000000000-1/800 0 0 -29/200 36/25 0 0 11/25 9/40 0 0 0 0
[-15/16 0000 00000000000000000000000000005/48 00 0 0 421/1200 33/200 23/40 0 33/200 71,

[9/800000000000000000000000000000000-1/80000 -1/40 0 18/5 0 0 -69/440 41/165 0 -4,
[0o0O000000000000000000000000000000000000000000010000000000000
[-27/8000000000000000000000000000000003/80000 3/40 00 0 0 207/440 -8/55 0 -1/5 4,
[9/800000000000000000000000000000000-1/80000 -1/40 00 0 0 -69/440 8/165 0 2/5 11,

[000009/4000001/4000001/20 0 -1/50 0 0 69/220 24/55 000000 0000000000000000O0O0 (
[0o0O00D000000000004500001/5000000000000000000000000000000000000
[00O0000000000000012/500001/5000000000000000000000000000000000O0 (
[00000-9/400000-1/4000 0 0 -29/100 36/25 0 0 0 11/256 9/200 000000000 000000000000 O (
[0 0 -3/80 -9/160 -3/32 000 0000000000000000000000 -1/80 -3/160 -1/32 0000000000000
[0 0 -3/40 -9/80 -3/16 0000 000000000000000000000 -1/40 -3/80 -1/16 0 0000000000000
[0 0 -3/40 -9/80 -3/16 0 0000 0000000000000000000O0 -1/40 -3/80 -1/16 00 000000000000
[0B1/800000000000000000000000000017/800000000000000000O00 00 -33/400 -
[0320000000000000000000000000001/200000000000000000000 0 -29/100 -13,
[0-9/2000000000000000000000000000-3/200000000000000000000 0 3/200 -1,
[0320000000000000000000000000001/200000000000000000000 0 -29/100 12/
[0-156/8000000000000000000000000000-5/8000000000000000000O0O0 0 421/400 :
[09/40000000000000000000000000003/400000000000000000000O0 -3/40 0 9/5
[0-9/2000000000000000000000000000-3/2000000000000000000000 3/200 0
[09/40000000000000000000000000003/4000000000000000000000 -3/40000
[0 0 -33/40 -99/80 -33/16 0 0 0000 0000000000000000000 -11/40 -33/80 -11/16 00 00000000 0
[0 0 -513/8 -1539/16 -2565/16 0 0 0 0 0 0000 00000000000000O0O0 -171/8 -513/16 -855/16 0 0 0 0 0 0 0 O
[0 0 -363/16 -1089/32 -1815/32 0 0 0 000000 00000000000000O00 0 -121/16 -363/32 -605/32 0 0 0 0 0 0 0
[0 0 9/8 27/16 45/16 00 000 000000000000000000O0O0 3/89/16 15/16 00 0000000000000 3/¢
[0 09/8 27/16 45/16 0 0 000000 00000000000000000 3/89/16 15/16 00000 000000000 0 3/
[1T0000000000000000000000000000000000000000000000000000000000
[01000000000000000000000000000000000000000000000000000000000
[00100000000000000000000000000000000000000000000000000000000
[000-1/45/400000000000000000000000000000000000000000000000000 0 (
[0003/41/40000000000000000000000000000000000000000000000000000
[0o0O00D0100000000000000000000000000000000000000000000000000000
[00O000010000000000000000000000000000000000000000000000000000
[0o0O000001000000000000000000000000000000000000000000000000000
[00O000000-1/45/4000000000000000000000000000000000000000000000 O (

[0o0O000-3/400000-1/12 000 0 0 -29/300 -13/25 0 0 0 12/25 3/20 000000000 000000000000 O (

pi(g_6)
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[00O000000001000000000000000000000000000000000000000000000000
[0o0O00D0000000100000000000000000000000000000000000000000000000
[00O000000000010000000000000000000000000000000000000000000000
[0o0O00000000000-1/45/40000000000000000000000000000000000000000O0
[00O000000000000010000000000000000000000000000000000000000000
[0o0O0O0D0000000000001000000000000000000000000000000000000000000
[00O000000000000000100000000000000000000000000000000000000000
[0o0O0000000000000000-1/45/400000000000000000000000000000000000 0
[00O0O0D000000000000000000000000000-1/45/40000000000000000000000O0 (
[0o0O0O0D0000000000000000000000000003/41/4000000000000000000000000
[00O000D000000000000000000000000000010000000000000000000000000
[00O000000000000000000000000000000000-1/45/4000000000000000000O0 (
[00O0000000000000000000000000000000003/41/400000000000000000000
[0o0O0O0D0000000000000000000000000000000001000000000000000000000
[0o0O00D00000000000000000000000000000000000-1/45/400000000000000O0 (
[00O00000000000000000000000000000000000003/41/40000000000000000
[0o0O0O0D0000000000000000000000000000000000000-1/40005/40000000000 (
[00O0O00D0000000000000000000000000000000000000-1/40005/4000000000 (
[0o0O00D00000000000000000000000000000000000000O0 -5/114/33004/300000 0
[00O000000000000000000000000000000000000000006/11 -29/33004/3000000
[00O0000000000000000000000000000000000000003/40001/400000000000
[0o0O0O0D000000000000000000000000000000000000003/40001/40000000000
[00O000000000000000000000000000000000000000006/114/33001/30000000

[00O0000003/41/400000000000000000000000000000000000000000000000
[0o0O000000000003/41/4000000000000000000000000000000000000000000
[00O0O0000000000000003/41/40000000000000000000000000000000000000
[0o0O0O00000000000000000-1/400005/400000000000000000000000000000 0
[00O0000000000000000000-1/400005/40000000000000000000000000000 0 (
[00O00000000000000000000-1/400005/4000000000000000000000000000 0 (
[0o0O00D0OD00000000000000000O0-5/114/330004/3000000000000000000000000O0 (
[00O0000000000000000000006/11-29/330004/30000000000000000000000000
[0o0O0O0D00000000000000003/400001/40000000000000000000000000000000
[00O0O0000000000000000003/400001/4000000000000000000000000000000
[0o0O000000000000000000003/400001/400000000000000000000000000000
[00O0000000000000000000006/114/330001/300000000000000000000000000
[0o0O000000000000000000000000000100000000000000000000000000000
[0o0O0O0D0000000000000000000000000010000000000000000000000000000
[0o0O00D0000000000000000000000000000001000000000000000000000000
[00O000000000000000000000000000000000000100000000000000000000
[0o0O00D0000000000000000000000000000000000000000000010000000000
[00O00000000000000000000000000000000000000000000000-1/45/400000 (
[0o0O00D0000000000000000000000000000000000000000000003/41/4000000
[00O000000000000000000000000000000000000000000000000010000000
[00O00000000000000000000000000000000000000000000000000 -1/45/400
[0o0O0O0D0000000000000000000000000000000000000000000000003/41/4000
[0O0000000000000000000000000000000000000000000000000000 -1/400 !
[0o0O00D00000000000000000000000000000000000000000000000000 0 -5/11 4,
[00O00000000000000000000000000000000000000000000000000000 6/11 -2
[0o0O00D00000000000000000000000000000000000000000000000000 3/400 1,
[00O000000000000000000000000000000000000000000000000000 00 6/11 4/:
[00O000000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000
[0o0O0O0D0000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000
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[5084/45 00000 00000000000000000000000000000000000000000000000000

[0 1271/15000000000000000000000000000000000000000000000000000000

[005084/30000000000000000000000000000000000000000000000000000O0

[00010168/90000000000000000000000000000000000000000000000000000

[000010168/16 0000 000000000000000000000000000000000000000000000 O

[000005084/4500000000000000000000000000000000000000000000000000

[0000005084/150000000000000000000000000000000000000000000000000

[00000005084/300000000000000000000000000000000000000000000000O0 (

[00O00000010168/900000000000000000000000000000000000000000000000

[00O000000O0 10168/1500000000000000000000000000000000000000000000O0 (

[00O000000005084/500000000000000000000000000000000000000000000O0 (

[00O00000000015252/500000000000000000000000000000000000000000000

[00O0000000000127100000000000000000000000000000000000000000000

[00O000000000002542/3000000000000000000000000000000000000000000

[00O00D00000000002542/500000000000000000000000000000000000000000

[00O0000000000000508400000000000000000000000000000000000000000

[0o0O00D0000000000001271/3000000000000000000000000000000000000000

[00O00000000000000038130000000000000000000000000000000000000000

[00O000000000000000O050840/30000000000000000000000000000000000000

[00O00000000000000000101680000000000000000000000000000000000000

[00O00000000000000000010168/300000000000000000000000000000000000

[00O00D0D000000000000000025420000000000000000000000000000000000 O (

[00O00000000000000000000508400000000000000000000000000000000000

[00O00D000000000000000000027962/300000000000000000000000000000000

[00O000D00000000000000000004194300000000000000000000000000000000

[00O00D00000000000000000000010168/5000000000000000000000000000000

[00O0000000000000000000000007626/60000000000000000000000000000O0 (

[00O00000000000000000000000003050400000000000000000000000000000

[00O00D0D000000000000000000000003813000000000000000000000000000O0 (

[00O0000000000000000000000000001271/50000000000000000000000000O0
[00O00D0D000000000000000000000000050840000000000000000000000000O0 (
[00O000D0000000000000000000000000010168/3000000000000000000000000
[0o0O0O0D000000000000000000000000000010168/500000000000000000000000
[00O00D000000000000000000000000000O0015252/50000000000000000000000
[00O000000000000000000000000000000005084000000000000000000000O0 (
[00O000D00000000000000000000000000000010168/300000000000000000000
[00000000000000000000000000000000000O0 10168/50000000000000000000
[00000000000000000000000000000000000005084/300000000000000000 0 ¢
[00O00000000000000000000000000000000000038130000000000000000000
[0o0O0O0D0000000000000000000000000000000000O00 12710/30000000000000000
[00O000D000000000000000000000000000000000002542000000000000000O0 (
[0o0O00000000000000000000000000000000000000010168000000000000000
[00O00000000000000000000000000000000000000001271000000000000000
[00O0000000000000000000000000000000000000000027962/3000000000000
[00O00D000000000000000000000000000000000000000041943000000000000
[00O000000000000000000000000000000000000000000 0 30504/50000000000
[00O00D0000000000000000000000000000000000000000007626 0000000000 (
[00O000000000000000000000000000000000000000000000381300000000O0 (
[0o0O00D0000000000000000000000000000000000000000000025420000000O0
[00O0000000000000000000000000000000000000000000000 0 20336/3000000
[0o0O00000000000000000000000000000000000000000000000O020336/500000
[0o0O00D000000000000000000000000000000000000000000000O0O0 127100000 0
[00O00000000000000000000000000000000000000000000000000 508400000
[0o0O0O0D0000000000000000000000000000000000000000000000O0O0 0 30504000
[00O0000000000000000000000000000000000000000000000000O0O0 0 50840/3 0
[0o0O0O0D000000000000000000000000000000000000000000000000000 27962 0
[00O0000000000000000000000000000000000000000000000000000O0 0 12582
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[00O00D000000000000000000000000000000000000000000000000000O0 0 101¢
[00O0000000000000000000000000000000000000000000000000000000 0 1

[00O00D0000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000
[0o0O0O0D0000000000000000000000000000000000000000000000000000000
[00O000000000000000000000000000000000000000000000000000000000
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Example: The Monster

The finite simple groups are classified into in-
finite families (more on this in Lecture II) and
26 sporadic groups. The largest sporadic group
is the Monster M, with order

808, 017,424,794, 512, 875, 886, 459, 904, 961,
710, 757, 005, 754, 368, 000, 000, 000 ~ 10>*
It has 194 irreducible representations. (This
is an astonishingly small number of represen-

tations for a group this size. The alternating
eroup Aig has order

3,201, 186, 852, 864, 000 ~ |M|/10%

and 200 representations.) The smallest non—
trivial representation has dimension 196, 883.
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1
j(q) = = 4196, 884q + 21,493, 760¢* + . . .
q

Here j(z) is the Weierstrass j—function and g =
62m’z.
Monstrous Moonshine [4] is the observation
that
196,884 = 1 + 196, 883

i.e. the coefficient of ¢ is j(q) is the sum of
the dimensions of the two smallest irreducible
representations of M (also higher terms).
Richard Borcherds [1] proved that all of the
coefficients of j(q) are computed in terms of
the dimensions of representation of the Mon-
ster group (part of the work for which he won

the Fields Medal in 1998).
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Dimensions of representations of the monster:

m 1

w9 196, 883

w3 21,296, 876

my 842,609, 326

s 18,538, 750,076

me 19,360,062, 527

w7 293,953, 734, 298

s 3,879,214,937, 598
w9 36,173,193, 327,999

o4 208,823,477,531, 055,064, 045, 234, 375
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2 SL(2,R)

Let SL(2,R) be the group of 2x2 invertible ma-
trices of determinant one with real coeflicients.
Note that G is a topological space (in fact a
manifold).

A finite dimensional representation of G is
a continuous group homomorphism 7 : G —

GL(n,C).
Example: 7(g) = ¢ (the tautological repre-

sentation)
Example:
ad + bc —ac bd
a b
7T( d) = —2ab a —b
¢ 2cd  —c d

Now G has interesting infinite dimensional
representations:

Example: V = L*(R?), w(g)f(v) = f(g ).

Note that (w(g)f1,7(g)f2) = (f1, f2) for all
fl?f? S Vag cG.
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Example: V = L*(R). Fix v € C. Then

T (9)(f)(x) = | —bx+d|7" 7V f(g - x)

Here x — ¢ - x is the action of SL(2,R) on
R by linear fractional transformations:

_ar—c
 —br+d

g-z
if g =

cd)
These representations are unitary if v € iR:

(m(g9) f1,7(g9) f2) = (f1, f2)

with the usual inner product, i.e.

(f1. fa) = / @) fole) da

Suppose V' is a Hilbert space.

Definition: A representation m of G on V' is a
homomorphism 7 of G into the bounded linear
operators (with bounded inverses) on V', such
that the map ¢ — mw(g)v € V is a continuous
map from G to V.
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The representation 7 is unitary if

(W(g)v, 7T<g>w> — (Ua w)

for all v,w € V,g € G, where (,) is some
Hilbert space structure on V.

7 is irreducible if it contains no closed invari-
ant subspace.

In our example:

7, irreducible unless v € 27 + 1.

7, is unitary for the given Hilbert space struc-
ture if and only if v € ¢R. It is also unitary if
—1 < v <1 (for some other inner product).

Definition 2.1 The unitary dual G of G 1s
the set of (equivalence classes of ) irreducible
unitary representations of G.

Typically G is uncountable. For example clas-
sical Fourier analysis amounts to the fact that
R ~ R; y € R corresponds to the unitary rep-
resentation y,, : x — € of R.
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Note that LQ(R) is a representation of R, by
m(z)(f)(y) = f(x +y). Fourier inversion

o= [ fa

says that L*(R) is isomorphic, as a representa-
tion of R, to the “continuous direct sum” of the
irreducible one-dimensional representations .

3 Other Groups

SL(2,R) is an example of a Lie group, named
after the Norwegian mathematician Sophus Lie
(1842-1899). Lie introduced them to study sym-
metry in differential equations and other set-
tings. It is a topological group.
Other examples:

The general linear group GL(n,R): all nx
n invertible real matrices. The special linear

group SL(n,R) is the subgroup of matrices of
determinant 1.
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The symplectic group Sp(2n,R): the 2n x
2n real matrices satisfying

gJg' =J

0 I,
where J = (_In O).

The orthogonal group SO(m,R): the m x
m real matrices satisfying det(g) = 1 and

gKg' = K
where
)
0 I,
m = 2n

K=<¢ /(0 I,

I, 0O n=2n+1

1

\

(This is the split orthogonal group, not the com-
pact one.)
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3.1 Finite Groups of Lie Type

The groups SL(n),Sp(2n) and SO(n) can be
defined over any field. Over a finite field they
are finite groups of Lie Type. Except for finitely
many values of n and the order ¢ of the finite
field these groups, modulo their finite center,
are simple.

The finite simple groups are: Z/pZ, A, (n >
5), the finite simple groups of Lie type, and 26
sporadic simple groups.

A lot of information about these groups and
their representations may be found in the Atlas
of Finite Groups [3].

The representation theory of finite groups of
Lie type is a beautiful subject, developed pri-
marily by George Lusztig [2].

4 Atlas of Lie Groups

Proposal: Create an on-line ATLAS OF LIE
GROUPS
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The idea is modelled on the Atlas of Finite
Groups. It will contain information about all
simple real Lie groups (and possibly groups over
other fields?) It will allow the user to look up
information on the representation theory of a
given group. I will discuss other more exotic
Lie groups in Lecture II.

The first goal is to give a tool to look up the
unitary spherical representations of any split
real group. This will be discussed further in
Lecture II1.

5 Computing the Unitary Dual
by Computer

Theorem 5.1 (David Vogan) Let G be a
real Lie group, such as SL(n,R), Sp(2n,R)
or SO(n,R). Then there is a finite algorithm
to compute the unitary dual of G.

There is a very big difference between a theo-
rem asserting the existence of an algorithm, and

25



a computer program.

Proposal: Write a computer program to com-
pute the unitary dual of various Lie groups.

[ will discuss a very special case of such a
program in Lecture III. k
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