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1 Introduction

This is an alpha version of this paper. Sorry, the introduction gets written
last.

2 Some Notation

Throughout this paper G will be the set of real points of a connected reductive
complex Lie group G(C). Let H(C) be a Cartan subgroup of G(C), and let
® be the set of roots of H(C) in G(C). Let &t be a set of positive roots,
and p = 3> o+ @ as usual. We assume that the derived group Gy(C)
is acceptable, i.e. p exponentiates to a character of H(C) N G4(C). Let
p: G — G be a two-fold cover of G. We identify the kernel of p with +1.

Let G.q(C) be the adjoint group, with real points G,q. Write int(g) for
the action of G,4(C) on G(C), or G4 on G.

The main results only apply if every factor of ® has one root length or is
of type G3. Many of the auxiliary results of this paper hold in general so we
will not assume this except when necessary. We plan to return to the general
case in a future paper. N

For any subgroup H of G we write H = p~'H. Writing Z(H) for the cen-
ter, let Zo(H) = p(Z(H)) C Z(H); then Z(H) = p~*(Zy(H)). In particular
Zo(G) C Z(G) plays an important role.

We denote real Lie algebras by Gothic letters b, g,t,..., and their com-
plexifications by h(C), g(C), t(C),.... We write o for the action of the non-



trivial element of the Galois group on g(C) and G(C), so g = g(C)? and
G[R) =G(C)°.

Fix a Cartan involution 6 of G(C), so that K = G? is a maximal com-
pact subgroup of G. Let H be a 0-stable Cartan subgroup of G. Then
o(a) = —0(a) for all & € ®. Roots are classified as real, imaginary, complex,
compact as in [10]. Write ® = &, U ®; U ®., accordingly. We also have the
decomposition of ®; = &, . U ®;,, into compact and non-compact roots. If
®t is a set of positive roots, write & = & N &, and PTi, DL similarly.
Write p = p(®1) = 3> co+ @ as usual. Define p,, p; and p., similarly, so
P = Pr+ PiT+ Pes-

We say ®F is real if 0@ = @ ie. if o is a positive non-imaginary
root then o(«) > 0. This is the set of roots of the nilpotent radical of a real
parabolic of G.

Let P, R be the weight and root lattices, respectively, and denote the
coweight and coroot lattices PY and R".

Write h = t@ a as usual, and H = TA with 7= HN K and A = exp(a).
Typically H is not abelian, and its center plays an important role.

A simple root system is said to be simply laced if all roots have the same
length, and an arbitrary root system is simply laced if this holds for each
simple factor. More succinctly a root system is simply laced if whenever «, 3
are non-proportional roots then (a, 3Y) = 0,+1. We adopt the convention
that in this case all roots are long.

We say a root system is oddly laced if whenever «, 3 are non-proportional
roots then (a,3Y) = 0 or is odd. Thus oddly laced as shorthand for each
simple factor is simply laced or of type Gy. We also adopt the convention
that in type G5 all roots are long. The reason for these conventions is Lemma
3.1. The main results in this paper hold for oddly laced groups, although
(with the general case in mind) we will only make this assumption when
necessary.

3 Admissible Triples

Fix G as in Section 2 and a two-fold cover p : G — G. Let H be a Cartan
subgroup of GG. Fix a real or non-compact imaginary root a. Associated to
« is the root subgroup M, which is locally isomorphic to SL(2,R). Asin [2,
Definition 3.2] we say « is metaplectic if p~!(M,) is a non-linear group. It is
easy to see SL(2,R)/ £ 1 has no such cover, so we conclude M, ~ SL(2,R)



and p~!(M,) ~ SA’ZJL(Q, R), the unique non-trivial two-fold cover.
For the next Lemma see [3] or [2, Lemma 3.3].

Lemma 3.1 Assume G(C) is simple and simply connected and that G is
non-linear. Fix a 0-stable Cartan subgroup H of G with roots ®. Then every
long real or non-compact imaginary root o € ® is metaplectic. Furthermore
G admits a non-linear cover if and only if there is a Cartan subgroup H with
a long real or long non-compact imaginary root. If this condition holds the
non-linear two-fold cover is unique up to isomorphism.

It is enough to check this condition on the fundamental or the maximally
split Cartan subgroup. If G is oddly laced it is enough to check this condition
on any Cartan subgroup.

Definition 3.2 We say that p : G — G is an admissible two-fold cover if
for every Cartan subgroup H, every long real or long noncompact imaginary
root is metaplectic. .

Equivalently G is admissible if and only if G; is non-linear for every
simple factor G; of G which admits such a cover.

See [2, Definition 3.4]).

As discussed in the Introduction we are going to lift characters from a
real form of a quotient of G(C). We need to impose some conditions on this
quotient. This will take up the remainder of this section.

Suppose C' C Z(G(C)) is a finite subgroup stable under the Galois action.
Then G(C) = G(C)/C is defined over R, and let G be its real points. Write
P : G(C) — G(C) for the projection map. Let O(G) be the conjugacy classes
of G. If g, ¢’ € G are conjugate by G(C) we say g, ¢’ are stably conjugate, and
let O (G) be the set of stable conjugacy classes. (This is a naive definition,
which agrees with the usual one for strongly regular semisimple elements.)
Similar notation applies to other groups.

For ¢ € G let O(G,g) be the conjugacy class of g, and Og(G,g) =
{zgz™' |z € G(C),zgx~" € G} the stable conjugacy class. Similar notation
applies to other groups.

Definition 3.3 Assume C is a two-group. For h € G let ¢(h) = s(h)? where
s: G(C) — G(C) is any section.

Lemma 3.4 The map ¢ is well defined, and satisfies:



1. ¢(G) C G and $(G") C G,

2. ¢ induces a map O(@O) — O(GY),

3. ¢ induces a map O%(G) — O*(Q).

Proof. Since C is a two-group it is immediate that ¢(h) is independent of
the choice of s.

Suppose g € G, h € G and p(h) = g. Then p(a(h)) = a(p(h)) = p(h), so
o(h) = zh for some z € C. Since C is a two-group o(h)? = h?, so ¢(g) € G.
Furthermore since p : G — G is surjective the second assertion in (1) is
clear.

Define
(3.5) $(O(G",9)) = O(G°,d(9)) (g€ C).

If 2 € G choose y € G with p(y) = 2. Then ¢(xgr™') = yo(g)y~' so this
is well defined, proving (2). Similarly define

(3.6) #(0x(G.g)) = Ox(G, 0(g)) (9€G)
Suppose * € G(C) and zgz~—! € G. Choose y € G(C) with p(y) = . Then
d(zgr™t) = yo(g)yt, so again ¢ is well-defined. O

It is worthwhile noting that ¢ does not define a map O(G) — O(G).
Suppose we try to define ¢(O(G, g)) = O(G, ¢(g)) as in (3.5). If z € G but

x e G then there is no guarantee we can find y € G such that ¢(y) = z, so
it may not hold that ¢(g) is conjugate to ¢(zgx~1). (By (3) é(g) is stably
conjugate to ¢(xgr1)).

Example 3.7 Let G = SL(2,R) and G = PGL(2,R). Let

~( cos(f) sin(6)
H0) = (— sin(0) cos(&)) €G.

Let #(6) be the image of #(§) in G. Then #(f) is conjugate to £(6), but
o(t(0)) = t(20) is not conjugate to ¢(t(—0)) = t(—26) unless 6 is an integral
multiple of 7/2.



We assume throughout this paper that O is a two-group.

Now fix a Cartan subgroup H of G, and let H(C) = H(C)/C C G(C),
with real points H. We define ¢ : H(C) — H(C) by the same formula as in
Definition 3.3. Equivalently, if we write exp : h(C) — H(C), &xp : h(C) —

H(C), then for X € h(C), ¢p(exp(X)) = exp(2X). It is immediate that
(3.8) a(o(h)) = a(h)? (for all a € ).

We make repeated use of some structure theory of Cartan subgroups
which we now explain. Write h = t@® a and H = T'A as in Section 2. Let

(3.9) I'(H) =exp(ia) N H = {exp(iX) | X € a,exp(2iX) = 1}.
For a € @ (cf. Section 2) let m, = a¥(—1) = exp(mia”) and define
(3.10)(a) Tr(H) = (m,|a € ®g) CT(H)NGY.

It is well known that

(3.10)(b) H=T(H)H’, HNG’=Tg(H)H".

Up to conjugacy by G there are unique maximally split and fundamental
Cartan subgroups H, and Hy. Then

(3.10)(c) G=HG’ HNG" = HY.

Let G4 be the derived group of GG, and Hy = H N G4, with identity
components GY and HY, respectively. Equations (a) and (b) imply

(3.10)(d) Gi=GY H=T(H)Z(G)H).
We will also apply this to G and H.

Lemma 3.11 The homomorphism ¢ : H(C) — H(C) has the following
properties.

1. ¢(wh) = we(h) for all w € W(®),h € H(C),
2. o(H')=H"

3. ¢(h) =1 for all h € Tr(H),



4 6(HNG')=H",
5. ¢(I(H)) =T(H)NC,
6. o(H) = (I'(H)NC)H".

Proof. The first two are clear from the definition. For (3) note that
o(exp(mia)) = exp(2mia’) = 1 for all @« € ®Pg. Then (4) follows since

OANG =Tx(MA.

Let h = exp(iX) € I'(H) where X € a with exp(2iX) = 1. Now ¢(h) =
exp(2iX) € exp(ia). But p(¢(h)) = exp(2¢X) = 1 so that ¢(h) € C'N
exp(ia) C T(H)NC. Conversely, let zg = exp(iY) € CNT(H) where Y € a
with exp(2¢Y) = 1. Since z¢ € C, P(z¢) = exp(iY) = 1. Let z = &xp(iY/2).
Then z € I'(H) and ¢(z) = 2g. Finally (6) follows since H = F(ﬁ)ﬁo. O

It is a standard fact that the character of an irreducible genuine repre-
sentation of G, considered as a function on the regular semisimple elements,
vanishes off of Z(H) (for example see [1, §II]). Our character identities in-
volve the image of ¢ in H, so we would like to know that ¢(H) C Zy(H),
with image as large as possible.

Let H, be a maximally split Cartan subgroup of GG, and assume ¢(H,) C
Zo(H,). Let Cy = I'(H,) N C so that by Lemma 3.11 ¢(H,) = C,H?. By
assumption Cs C Zy(H) N Z(G), so (cf. (4.1)(g)) C, C Centz(G%) N Z(H).
Since H, is maximally split G = H,G°, which implies Centé(éo) NZ(H,) =
Z(G). Therefore Cy C Zo(G).

Now for a general #-stable Cartan subgroup H = T'A, there is a maximally
split Cartan Hy; = T A so that that A C A,. Then I'(H) C I'(H,), so that
¢(H) = (CNT(H))H® = (C,NT(H))H. That is, if we use C, in place of C
we have the same images ¢(H ) for every Cartan subalgebra . Thus we may
as well assume that C' C Zy(G).

Lemma 3.12 Assume that C C Zy(G). Then for every Cartan subgroup
O(T(H)) C Zo(G) and ¢(H) C Zo(G)H® C Zy(H). Furthermore ¢(Z(G)) C
Zo(G).

Proof. The first part follows from the above discussion. Let H; be maximally

split with roots ®. Let z € Z(G) C H,,z € Z(H,) such that p(2) = ¢(2).
Then for every o € P,

a(?) = a(¢(2)) = a(2)* =1
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by (3.8). Thus Z € Cents(G°) N Z(H,) = Z(G) as above. O

To reiterate, so far we have assumed C'is a o-invariant subgroup of G(C),
C C Zy(G), and 2% = 1 for all z € C. For the definition of transfer factors we
need to impose a further technical condition on C. Suppose X is a genuine
character of Z(G). Then x? factors to a character of Zy(G). Let

(3.13)(a) Zy(G) = {z € Zy(G) | 2* = 1}.

Then X? restricted to Z»(G) is independent of the choice of X: if p(z) = 2
then Y%(z) = 1if 22 = 1, or —1 otherwise.
Since G is acceptable e”(z) is well defined for z € Zy(G) N Gy. Let

(3.13)(b) Ca(2) = X2 (2)e”(2) 2z € Zo(G) NGy C Z(Gy).
This is independent of the choices of Y, H and ®™.

Definition 3.14 An admissible triple is a set (é, G,G) where:

1. G is the set of real points of a connected reductive complex Lie group
G(C) such that the derived group G4(C) is acceptable, and every simple
factor of the root system of G(C) has one root length or is of type Gs.

2. p: G — G is an admissible two-fold cover (Definition 3.2).

3. G is the set of real points of G(C) = G(C)/C where C is a finite central
subgroup of G satisfying the following conditions:

(a) > =1 forallceC,
(b) C C Zy(G) = p(2(G)),
(c) () =1 forall z€ CNGY (cf (3.13)(b)).

Assume that (é, G, @) is an admissible triple. Let H = T A be a Cartan
subgroup of G. Let M = Centg(A) be a cuspidal Levi subgroup. Then
M c G and M = Centz(A) C G are also cuspidal Levi subgroups. We will
show in Section ?? that (M , M, M) is also an admissible triple. This means
our constructions will be compatible with parabolic induction.

Suppose G and G satisfy conditions (1) and (2). Then (G, G, G) is an ad-
missible triple for G(C) = G(C)/C for any subgroup C satisfying conditions
(3)(a-c). For example, C' = {1} satisfies this condition, so that (G,G,G) is
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an admissible triple. By Lemma 3.11(6) taking C' bigger makes the image of
¢(H) C Zy(H) bigger, and in general, we get the best lifting results when we
take C' as large as possible. However, if we take C' as large as possible for G,
it may not be the maximal choice for Levi subgroups of G. Thus we do not

specify C' beyond the requirements of Definition 3.14.

Example 3.15 Let H = T A be a maximally split Cartan subgroup of G.
We will show in Lemma 3.17 below that it is not always possible to pick C
satisfying the conditions of Definition 3.14 such that ¢(H) = Zo(H). Let
M = Cg(A). We will show it is possible to pick a finite central subgroup C),
of M satisfying the conditions of Definition 3.14 for M such that ¢(H) =
Zo(H) where ¢ is defined using M(C) = M(C)/Cy. Recall H = T'(H)H°.
Thus H = I'(H)H® where I'(H) = p~'T'(H). Since H* C Z(H), we have
Z(H) = Z(T(H))H°. Now T'(H) C Z(M) so that Z(T(H)) C C(M°) N
Z(H) = Z(M). Thus Zo(H) = To(H)H® where T'o(H) = p(Z(T'(H))) C
Zo(M)NT(H). Since I'y(H) is a two-group, there is Cy; C I'¢(H) such that
Z()(H) = CMHO and CMHHO = {1} But C’MﬂMg C CMﬂHO = {1}, So it
is easy to see that ('), satisfies the conditions of Definition 3.14 for M and
gives ¢(H) = Oy H® = Zy(H).

The following lemma, which is an immediate consequence of (5.12) is
useful for producing admissible triples.

Lemma 3.16 Let H be a mazimally split Cartan subgroup of G. Then
G(e) =1 forall c € Zy(G) NT'r(H).

Lemma 3.17 Suppose that G(C) is simple and simply connected, and let H
be a maximally split Cartan subgroup of G. Then we can choose C' so that
¢(H) = Zo(H) except when G = SU(n,n) where n is even, G = Spin(p, q)
where p and q are even with p > q > 2 or when G = Spin*(2n) where n =0

mod 4.

Proof.

Clearly if Zy(H) is connected we can take C' = {1}. We know that
Zo(H) = Zo(G)H® = Z(G)H" since G is connected. But since H = I'p(H)H°
where every element of I'r(H) is two group, it is easy to see that Z(G)H? =
Z.(G)H® where Z.(G) is the group of elements in Z(G) with even order.
Thus Zy(H) is connected when Z.(G) = {1}. This will be the case for all
real forms when ® is of type As,, Fg, Es, or G5. Thus we may as well assume
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that ® is type As,_1, Dy, or E7. In these cases Z.(G) = Z(G). We may also
assume that G is a real form such that Zy(H) = Z(G)H?" is not connected.
In particular, we can assume that G is not compact or complex. Suppose
that Z(G) C I'g(H). Then Z(G) is a two-group, and by Lemma 3.16 we can
take C' = Z(@), giving us ¢(H) = Z(G)H® = Zy(G) as desired. This will
always be the case if GG is the split real form.

Suppose that ® = Ay, _1. If Gis type AI, then G is split. If G is type AIl,
then H is connected. If G is type AIII, H is connected unless G = SU(n,n).
In this case Zy(H) = H has two components. Now Z(G) =< z > is cyclic
of order 2n and so Z5(G) =< zy > where zy = z" € I'r(H) is the unique
element of order two. Thus the biggest C' we can take is C' = {1, zp}. When
nis odd, zo € H® so that ¢(H) = CH® = H, but when n is even, z, € H° so
that ¢(H) = CH® = H" is a proper subgroup of Zy(H).

Suppose that ® = D,,. If G is type DI, then G = Spin(p,q),p > q,p +
q = 2n, and ®p is type D,. H is connected unless ¢ > 2 and H is split
if p = ¢. Thus we can assume that p > ¢ > 2. If p,q are odd, then
Z(G) = Zy C Tr(H). If p,q are even, then Z(G) = {1, zo, 21, 2021} where
20 € T'r(H), but z; € I'(H). Thus the biggest C' we can take is C' = {1, zo}.
But z; ¢ CH° so that CH? is a proper subgroup of Zy(H). If G is type
DIII, then G = Spin*(2n). H is connected if n is odd. Suppose that n = 2k
is even. Then Z(G) = {1, 29, 21,2021} as above where z; € T'g(H), but
20 & T'(H) so the biggest C' we can take is C' = {1, 2;}. If k is even, then
20 € CH® while 2y € CH° when k is odd.

Finally, if ® = E7, then either G is split or Zy(H) is connected. O

4 Structure Theory

Assume G4(C) is simply connected and 7 is an automorphism of G. Then 7
stabilizes G4 = GY, and by Lemma 3.1 it lifts uniquely to an automorphism 7

of the (unique) admissible cover Gy of Gy. Suppose z € Z(Gy) and 7(2) = 2.
Choose an inverse image z of z and set

(4.1)(a) (r,2} =73z

Then p({7,z}) = 1so {r,2z} = £1. It is independent of the choice of Z.
Note that the real points G,q of G.4(C) act by conjugation on G, and
apply this discussion to 7 = int(g) for ¢ € Gu. Then int(g) fixes Z(Gy)



pointwise, and we may therefore define

(4.1)(b) {9, 2} = {int(9), 2} (9 € Gaa, 2 € Z(Ga)).

This defines a continuous pairing {, } : Guq X Z(G4) — Z/27Z. By continuity
{g,2z} =1 forall g € G,
Let R(G) = G/Z(G)G® and R.a(G) = R(Gua) = Gaa/G2;. We obtain a

canonical pairing

(4.1)(c) {,}: Raa(G) x Z(Gy) — Z/2Z.
By duality we obtain a canonical homomorphism
(4.1)(d) Yad : Raa — Hom(Z(Gq),Z/2Z).

We now drop the assumption that G4(C) is simply connected. Let G.(C)
be the simply connected cover of G4(C), with corresonding real form G.. The
preceding discussion gives a canonical map:

(4.1)(e) Yad : Raa — Hom(Z(Gs.), Z/27Z).

Assume that we are given an admissible cover G of G. Suppose g, h are
commuting elements of G. Choose inverse images g, h of g,h in G. Analo-
gously to (4.1)(a) define

{g,h} = int(g) ()~
(4.1)(f) e

As in (4.1)(a) {g,h} = %1, independent of the choices, and we say {g,h}
is the commutator of g, h (with respect to the cover G). It is continuous in
each factor so

(4.1)(g) {2(G),¢"} =1.
It follows that we obtain a pairing
(4.1)(h) {,}:R(G) x Z(GY) — 7./27Z

depending on the cover G. As in (4.1)(d) by duality this gives a homomor-
phism

(4.1)(i) v : R(G) — Hom(Z(GY),Z/27).

10



For later use we note a simple consequence of (4.1)(g):

—_~—

(4.2) Z(G) = Z(G) if G is connected.

In general we only have Z(G) C Z(\/G)

Remark 4.3 Unlike 7,4, which is canonical, v appears to depend on the
choice of an admissible cover G of G. In fact by (4.4) below 7 is independent
of this choice. However the existence of the map v depends on the existence
of an admissible cover.

The map G — G4 factors to an inclusion R(G) — R.q(G). Also Z(GY)
is a quotient of Z(Gy.), and there is a natural inclusion Hom(Z(GY), Z/2Z) —
Hom(Z(Gy.), Z/27). Tt is easy to see the following diagram is commutative:

Roa(G) —2 s Hom(Z(G\.), Z/22)

S

R(G) —L— Hom(Z(GY), Z/27Z)
Proposition 4.5 Assume G is oddly laced. Then ~y.q and v are injective.

Proof. It is enough to prove the first statement, so assume G4(C) is simply
connected. It is easy to reduce to the case G(C) simple, so we assume G(C)
is simple and simply connected. If G is of type G5 then G = G,4 and
Rai(G) = 1 so this case is obvious. Assume G is simply laced.

First assume G contains a compact Cartan subgroup 7', which implies
Z(G) = Z(G(C)). The standard isomorphism P/R ~ Hom(Z(G),C*) gives

an isomorphism

(4.6) PN %R/R ~ Hom(Z(G), Z,/2Z).
Let ® = B(G(C), T(C)). By [11, Proposition 9.5(a)

(4.7) Rad(G) = Normy (®r.0) /W (P )

Let A be the differential of a genuine character of T. It is not hard to see
that using the isomorphism (4.7)

1
(4.8) Vad :w—>w)\—)\GPH§R/R:H0m(Z(G),Z/ZZ).
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It is enough to show
(4.9) wA—ANE€R=weW(P;,).

This follows most easily from a straightforward case-by-case check. We sketch
a more conceptual proof below.

Now suppose G does not contain a compact Cartan subgroup. We claim
that if G is SL(2n+1,R), SL(n,H) or of type Eg then R,q(G) = 1 and there
is nothing to prove. Let I be the Galois group of C/R. It is well known (for
example see [4]) there is an injection

(4.10) a: Rau(G) — HYT, Z(G(C))).

It is easy to compute the right hand side; it is trivial for SL(2n 4+ 1,R) or
any real form of Fg. We leave to the reader verification that R.q(G) = 1
when G is the adjoint form of SL(n, H).

Suppose G = SL(2n,R). It is easy to see R.q(G) ~ Z/27 in this case.
Write , y for the elements of p~*(—1) C Z(G). It is not hard to see that if g €
Gaa/G?, then the lift 7 of int(g) to SL(2n,R) satisfies 7(z) = y (cf. Example
4.13). This proves this case. The only remaining case is Spin(p, q) with p, q
odd, in which case R.q(G) = Z/2Z. This is similar to SL(2n,R) and we
leave the details to the reader. 0

Remark 4.11 The injectivity of v imposes a strong constraint on the ex-
istence of an admissible cover of G if G4(C) is not simply connected, or
(essentially the same thing) if G4(C) is simply connected but R(G) is non-
trivial.

Example 4.12 If G4(C) is adjoint then G has an admissible cover only if
R(G) = 1.

Example 4.13 It is obvious that G = PGL(2n + 1,R) ~ SL(2n + 1,R),
and therefore G' has an admissible cover. In this case R(G) = 1.

If G = PGL(2n,R) then R(G) ~ Z/27Z, so G does not have an admissible
cover. We make this explicit. .

Note that G° ~ SL(2n,R)/ + I. Let SL(2n,R) — SL(2n,R) be the
admissible cover. Write Z(S’E(Qn, R)) = {1, z,z,y} with p(z) = I,p(z) =
p(y) = —1. It is easy to compute that Z(SE(QTL, R)) is isomorphic to Z/27Z x
Z,)2Z if n is even, or Z/AZ if n is odd.
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Suppose p : G — G is an admissible cover of G. Then GO is a quotient
of SL(2n,R) by a central two element subgroup A. If A = {1,z} then
G° = SL(2n,R) is not admissible. If n is odd then z,y have order 4, so there
is no other such subgroup A: in this case G° does not have an admissible
two-fold cover.

Now suppose n is even, and A = {1,z} or {1,y}. Choose g € G\G"
and § € p~'(g). Then int(g) € Aut(GO) lies over int(g) € Aut(G°). How-
ever int(g) lifts uniquely to an automorphism 7 of §i(2n, R), and 7 satisfies
7(z) = y. Therefore T does not factor to G°. This contradiction proves that
no such admissible cover exists.

Note that what is subtle is that if n is even then G° has an admissible
cover (take SL(2n,R)/{1,z}), but this cover does not extend to G.

Corollary 4.14 Assume G is oddly laced. Then

—_—~—

(4.15) Z(Z(G))G° = Z(G)GO

~ —_—~—

Proof. It is obvious that Z(G) C Z(Z(G)) so one inclusion is obvious, and

it is enough to show Z(Z(G)) c Z(G)GP. Suppose Z € Z(Z(G)) and let
2z =p(Z) € Z(G). Then {z,9} =1 for g € Z(G) and (by (4.1)(g)) G°. So
T. 1 g — {z,¢9} is an element of Hom(R(G),Z/27Z). By Proposition 4.5 the
Pontrijagin dual of v (4.1)(i) is a surjection Z(GY) — Hom(R(G),Z/27Z).
Choose an element 2/ € Z(GY) with image 7,. Then {22/,g} = 1 for all

g € R(G). That is, letting z’ € G° be an inverse image of 2/, 2z’ € Z(G),

and z € Z(G)GO. O

We conclude this section with another application of Proposition 4.5.
Suppose G is an admissible cover of GG, and G contains a relatively compact
Cartan subgroup H. Let

Wy ={w € W]w:bh — b exponentiates to Pf[vo}

(4.16) Wy ={weW,|wi=% forall Z€ Z(G)n H}
W, = Normy (®; ).

We have obvious inclusions

(4.17) W(®r.) c W(G,H) Cc Wy C Wy C W,
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By [11, Proposition 9.5(a)] we have

(4.18)(a) RaalG) = W,/ W (®7,)
(4.18)(b) R(G) ~W(G,H)/W (P )
Lemma 4.19 W, = W(G, H).

Proof. Let

A=Z,(G)NHNGY
= Zo(G)NGY

since (cf. 3.10)(c) H NG = H°. Let w € W,. Tt is clear that

(4.20)

(4.21) weWy, s wi=3 foral ze A
If w € Wy corresponds to g € Goq via (4.18)(a), we have
(4.22) wz = {g,p(2)}z.

In other words it is enough to show

(4.23) {g,2} =1 forallz€e A= ged.

Assume that G4(C) is simply connected. Then using the pairing on Rq(G) X
Z(Gy) (4.1)(c) we need to show

(4.24) At =R(G).
It is easy to see that A = R(G)* so we want to show
(4.25) (R(G)H)' = R(G).

This follows from the injectivity of va.q.

The argument if G4(C) is not simply connected is a slight generalization
of this. Write Z(GY) = Z(Gs.)/B for some B. Then R(G) C B+ C R.4(G).
The pairing R.q(G) x Z(Gs.) — Z/27Z descends to a pairing B+ x Z(GY) —
Z/2Z, and B+ — Hom(Z(GY),Z/2Z). The preceding argument now applies
with Bt in place of R.q(G).

By Lemma 5.34

(4.26)(a) P @)= (1) T(H, &F)(h, §) = D(H, ®3)(h, 3).
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4.1 Cartan Subgroups

We need some structural facts about Cartan subgroups. Fix an admissible
cover GG of G, and a Cartan subgroup H of G.

Suppose T is an automorphism of GJ and « € ®(G, H) is a long real root.
We assume 7(H N GY) = HNGY and 7(a) = a. Let M, be as in Section 3;
we have 7(M,,) = M,. Let T, ~ S be a 7-stable compact Cartan subgroup
of M,. Then for all t € T,,, 7(t) =t or t . Let m, = a¥(—1) € Z(M,).

Proposition 4.27 Suppose « is a long real root. Then

)1 T(t)=t forallteT,
(4.28)(a) {rma} = {—1 T(t)=t"1 forallt €T,
For all h € H,
(4.28)(b) {h,ma} = sgn(a(h)).

If 6 € ©,(G,H) then
(4.28)(c) {ma,mg} = (1)),

Proof. We can compute 7(m,) by working in T,. If 7 acts trivially on T,
then the same holds for the action of 7 on T,. On the other hand if 7(¢) = ¢t~
then ?(f) =t Lforalte f; Since G is admissible, m,, has order 4, and we
conclude 7(my) = —my.

It is a standard fact (essentially a calculation in GL(2,R)) that for all
he€ H,t €T, hth™' = (@M This proves (4.28)(b), and (4.28)(c) follows
from this and the identity a(mg) = (—1)(#". O

Proposition 4.29 Assume G is oddly laced. Then
(4.30) Z(H) = Z(G)H°
We first prove

Lemma 4.31 In the setting of the Proposition we have

(4.32) Z(H) c Z(G)HP.
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Proof. It is enough to show if h € H, {h,m,} = 1 for all real roots a then
h € Z(G)H°. (This is where the oddly laced condition appears: otherwise
we only have this identity for the long roots.) By (4.28)(b) it is enough to
show

(4.33) a(h) >0 for all o € ®,.(G, H) implies h € Z(G)H"

This is a straightforward calculation using roots and weights. Choose a basis
of the root lattice of the form

ALy ey Oy Bty - -+ Omtny Omantls - - - Ompnt2r

where «; is real for 1 < ¢ < m, imaginary for m +1 < ¢ < m + n, and
O mini2i-1 = —Qmanto; for all 1 < ¢ < r. It is a basic fact about lattices
that such a basis exists. Let A{,..., Ay, o, be the dual basis of coweights.

For each i choose x; € C so that e” = «;(h). If i < m we may assume
x; € R since a;(h) > 0. We may also assume T, n12i = Tminioi—i tor all
1 <i<r. Let X =), 2\, hi = exp(X). It follows easily that X € b,
hy € H°, and a(h) = a(h;) for all roots . Let z = hhi'; this is contained
in G, and also Z(G(C)), since a(z) = 1 for all roots a. Therefore z € Z(G),
and therefore h = zh; € Z(G)H°. O

Proof of the Proposition. The statement is equivalent to
(4.34) Zo(H) = Zo(G)H°.

It is enough to show Zy(H) C Zy(G)H® (the reverse inclusion is obvious).
We first prove this for a maximally split Cartan subgroup H, of G. Suppose
h € Zy(H). By the Lemma h = zy with z € Z(G),y € H°. Theny € Zy(H),
so z=hy ' € Zy(H). It is enough to show z € Zy(G). We have {z,g9} = 1
for all g € H, and also for g € G° by (4.1)(g) Since H is maximally split
G =HG" so z € Zy(Q).

The general case will be proved after Lemma 4.45, using Cayley trans-
forms. 0J

4.2 Cayley Transforms

Suppose H is a Cartan subgroup and « is a real or non-compact imaginary
root. We define the Cayley transform H, of H of H with respect to « as in
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[10]. Then H, has a non-compact imaginary or real root (3, and the Cayley
transform of H, with respect to is H.

In order to emphasize the symmetry of the situation we change notation
and let H, = T, A, be a Cartan subgroup with a real root . Then we let
Hg =TsAgs be its Cayley transform, with non-compact imaginary root 3.

We have elements Z, € p and Z3 € ¢, and let B, = exp(RZ,) ~ R* C
H,, and B = exp(RZ3) ~ S' C Hp.

It follows easily from [10, 8.3.4 and 8.3.13] that we have

(H,NHg)B, C H, index 1 or 2

4.35
(4.35) (H,NHz)Bs = Hp

The root a takes positive real values on (H, N Hg)B,. We say « is type [
if the first inclusion in (4.35) is an equality. Otherwise « is of type II, in
which case H, is generated by the left hand side and an element ¢ satisfying
at) = —1.

We say [ is type I if s3 & W(G, Hg), and type I otherwise. Then «, 3
are both of type I or both of type I1.

Definition 4.36 Suppose x, s a character of H,, and xs is a character of
Hg. We say xq s a Cayley transform of x g, and vice-versa, if

(4.37)(a) Xa(h) = xa(h) (h € Ho N Hg)
(4.37)(b) Ad (g)(dxa) = dxg for some g € Aul(g).

To be precise, in (b) the element g satisfies Ad(g)(hs(C)) = h,(C), and the
identity is between elements of bj.
Here is a convenient alternative characterization of Cayley transforms.

Lemma 4.38 In the setting of the Definition, xo is a Cayley transform of
X3, and vice versa, if and only if (4.37)(a) holds, and

(4.39) (dxas0¥) = E{dxs, ).

Lemma 4.40
(1) Fiz a character x of H,. There is a Cayley transform x s of x if and only
of

(4.41) (dy,aV) € Z
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and
(4.42) (ma) = (—1)fbee”).

Assume these hold. Then there are two choices of Cayley transform, given
by (4.37)(a) and

(4.43) \h (exp(aZy)) = e*le)s

The characters Xé[ are conjugate by W (G, Hg) if and only if o is type I.
(2) Fiz a character x of Hz. Define x,, restricted to (H,NHpg) B, by (4.37)(a),
and

(4.44) Yalexp(zZy)) = el®@oP)e,

If 3 is of type I this defines a character of H,. If 3 is of type II define x=
to be the two extensions of xo to H,.

Sketch of proof. This is elementary from the identities [10, 8.3.4 and
8.3.13]. See [10][Lemma 8.3.7 and 8.3.15], where the setting is a regular
character and the construction differs from this one by a p-shift. For this
reason proof of the Lemma is in fact much easier than those in [10]. U

We now consider Cayley transforms for G. The analogue of (4.35) is:

Lemma 4.45 Assume G is oddly laced and G is an admissible cover of G.
Then

~ ~ —~ ~

(4.46)(2 (2(H,) 0 2(Hy)) B, = Z(Hy)
(4.46)(b) (Z(Hy) N Z(Hp))By = Z(H,)

Proof. We first prove (a). We have to show
(4.47) (Zo(Ha) N Zo(Hp))Bg = Zo(Hp).

Since Bg is connected, Bg = Zy(Bg) C Zy(Hp), and the inclusion C is clear.
For the opposite inclusion suppose g € Zy(Hg). By (4.35) write g = hb with
h € H,N Hg,b € Bg. Then h = gb~! € Zy(Hp) since both g and b are in
Zo(Hpg). Tt is enough to show h € Zy(H,).

Note that {h,z} = 1 for x € H, N Hp (since h € Zy(Hg)). Since B, is
connected B, = Zy(B,) C Zy(H,.), and therefore {h,z} = 1 for = € B,.
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Therefore {h,z} =1 for v € (H,N Hp)B,. If a is type I the right hand side
is H, and we are done. Otherwise choose t satisfying «(t) = —1, so that H,
is generated by (H, N Hg)B, and t.

It is enough to show {h,t} = 1. If this is not the case replace h with
hm, and b with bm, (note that m, € H, N Hg and Bg). By (4.28)(b)
{mq,t} = —1, so {hm,,t} = 1.

For (b) the inclusion C is immediate since B, is connected. On the other
hand suppose g € H, but g € (H,NHp)B,. Then a(g) < 0, and by (4.28)(b)
{ma, g} = —1,s0 g & Zy(H,). This proves the reverse inclusion. O

We may now complete the proof of Proposition 4.29.
Proof. We have already shown this for the most split Cartan subgroup.
By repeated use of the Cayley transform it is enough to show that in the
previous setting

(4.48) Z(H,) = Z(G)HS = Z(Hg) = Z(G)H}
By the Lemma we have

Z(Hg) = (Z(H,) N Z(H;z))Bjs

(4.49) (G)H, 0 2(H;)) By
(G)(Hg N Z(Hp))Bg
(G)

For the last equality we have used that (HY N Hg)Bs C Hg, which implies
(H)N Z(Hs))Bs C HY. O

If G is an admissible cover of a oddly laced group G, we define Cayley
transforms for genuine characters as in Definition 4.36, using Z(H,), Z(Hp)
in place of H,, Hg, and Lemma 4.45 in place of (4.35). By 4.29 we can restate
the definition of Cayley transform in this setting.

Lemma 4.50 Assume G is oddly laced and G is an admissible cover of G.
In the setting of Lemma 4.45, Xo and X are each others Cayley transforms
if and only if

(4.51)(a) Xa(2) =Xp(2) forall z € Z(G)
(4.51)(b) Ad'(g)(dxa) = dxp for some g € Aut(g).
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Lemma 4.52 Assume G is oddly laced and é 1s an admissible cover of G.
(1) Suppose X, is a genuine character of Z(H,). A Cayley transform Xg of
Xa exists if and only if

~ 1
(4.53) (dXa, ") €7 + 5

Assume this holds. Define xg by (4.37)(a) and
(4.54)(a) Ns(exp(2Z5)) = etdxaa)ie,

If « is type II either sign is allowed. If o is type I let mg = exp(wZs) €
Z(H,) N Z(Hg). Note that Xg(mg) = £i. Then there is a unique choice of
sign, satisfying

(4.54)(b) eHmIR ) = F(myg).

(2) Suppose X3 is a genuine character of Z(ﬁg). Then there are two choices
of Cayley transform x. of xg, given by (4.37)(a) and

(4.54)(c) Ya(EXp(22,)) = elXaf)z

Proof. For (1) it is immediate from the definition that X is defined by
(4.37)(a) and (4.54)(a). If a is type II then Z(H,) N Z(Hg) N Eg =1, and
there is no further condition. If « is type I then mg € Z(Hy) N Z(fNIg) N E;,
which gives condition (4.54)(b). Case (2) is similar, and easier. O

Remark 4.55 It is easy to see that in the cases when there are two Cayley
transform Y4 in Lemma 4.52, Y1 are conjugate by G. In [10] and elsewhere
Cayley transforms are used to construct “pseudocharacters”, in which one is
concerned only about G-conjugacy classes. In this sense Cayley transforms
for G are single-valued.

5 Characters of Cartan Subgroups.

Let (é, G,G) be an admissible triple. The definition of transfer factors in-
volves certain factors defined for each Cartan. In this section we define these
and establish their properties. We apply this to the definition of transfer
factors in Section 6.
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Let H be a Cartan subgroup of G and let & = ®(G, H). Define the

character (ox = (x(G, H) of I'(H) as in [2, Section 15]. That is (ex = [[5 @
where S is a set of complex roots such that the set of all complex roots is
{xa,+oa|a € S}. This is independent of the choice of S, factors to G,
and satisfies

(5.1)(a) Cex(9)
(5.1)(b) Cex(h)

for any real set of positive roots (Section 2).

Cex(wg) (w € W(G,H),g € T(H))
h

e’ (h) = e’ (h) (heTl(H))

Suppose 7 is a set of positive roots and X is a genuine character of Z(G).
Since G4(C) is acceptable p exponentiates to a character of (H N Gy)?, and
X2ef is defined on (H N G4)°. By Definition 3.14(3c) this character factors
to Fg, where Hy = HN Gy.

Definition 5.2 Let H be a Cartan subgroup of G. Choose

1. a real set of positive roots @t (see Section 2),
2. a genuine character X of Z(H),

3. a character x of H.

Assume these satisfy:

(5.3)(a) X(h) = (e”)(h), (heHy)

(5-3)(b) X(h) = Cealh) (b € Tr(H)).

Fiz (®F, X, x) satisfying these conditions. Suppose g € H.h € H satisfy
p(9) = ¢(h). Then we define

(5.4 L7 1)@ h) = %

Let

(55)(2) S(H, &%) = {(%.x)} satisfying (5.3)(a) and (b)
(5.5)(b) T(H,8") = {T(%, )| (%.x) € S(H, 3%},
(5.5)(c) S(H) = Ug: S(H, ®"),

(5.5)(d) T(H) = Ug+T(H,®")

(the unions are over real sets of positive roots).
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We begin with some elementary properties.

Lemma 5.6 Fiz real ® and (Y, x) € S(H,®").
(1) Suppose p is a character of Zo(H). Then (Xu, x(1o ¢)) € S(H,®T) and

(5.7) (X, x(pwo @) =T(X, x)-

(2) Suppose @ is another real set of positive roots. There exists a character
7 =71(®", ®) such that (X, x7) € S(H,®]), and

(5.8) L x)(9,h) = T(X, x7)(9, h)

for allh e V(H)Z(G),§ € H satisfying p(§) = o(h).

Proof. The first part is straightforward. For the second define 7(h) =
eP@)=p@®D) () for h € Hy, and 7(h) = 1 for h € T(H)Z(G). Tt is casy to see
that the fact that both ®* and ®F are real implies e?(*)=2(*1) () = 1 for

all he I'(H)Z(G)N Fg, so 7 is well defined. It follows easily that it has the
desired properties. O

If ¢ is a one-dimensional representation of G define

(5.9) ¢-T(Xx) =T xYl7)
This defines an action of the characters of G on T (H,®%).

Lemma 5.10 The space T (H,®") is non-empty, and the action of the group
of characters of G on T(H,®") is transitive. If H is mazimally split it is
simply transitive.

Proof. Fix any genuine character Yy of Z(H). For existence it is enough to
show

(5.11) Cox(h) = e?X2(h) h e Tr(H) N Hy.

Note that pil(ﬁg) C p’l(ﬁo) = HC C H°Zy(G) = Zy(H) by 3.14(3b))
and Proposition 4.29. Pulling back to G it is therefore enough to show

(5.12) Cex(h) = e’X%(h) h € Tr(H)N Zy(H).
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Any element h € I'g(H) may be written h = [[;_, ma, where {a,..., o}
are simple roots for ®%. If h € Zy(H) then as in [2, Section 14] x*(h) =
(—1)™. Therefore

(5.13) X°(h) = e’ (h) he€Tgr(H)N Zy(H).

We conclude that

(5.14)

since €27 (h) = efi(h) = 1. Then (5.12) follows from (5.1)(b) o
Suppose (X1, x1), (X2, x2) € S(H,®1). Define a character of I'(H)Z(G)
by

_ XX
(5.15) do(h) = (A= (6(h)).
If h € Tr(H) then by Lemmma 3.11(3) ¢(h) = 1, and by (5.3)(b) x1(h) =
X2(h), s0 ¥o(h) = 1. If h € T(H)Z(G) N Hy then

(xie)(h) Xa(o(h))
(X3e) (h) Xa(o(h))

Therefore 1)y is trivial on FR(H)( (H)Z(G)NH,). By (3.10)(b) Tr(H)H, =
Hy, and FR(H)(F(F)Z(G) nH, ) =T(H)Z(G )ﬂ H,. Therefore H/H,; =
I'(H)Z(G)Hy/Hq ~T(H)Z(G )/F(F)Z(@) N Hy, so ¢y defines a character
of H/H,. We have a surjection

=1

(5.16) to(h) =

D

0

(5.17) Hom(G/Gy4,C) — Hom(H /H,4, C)

dual to the injection H/H 4 — G /G4, which is an isomorphism if H is maxi-
mally split. If we choose any preimage ¥ of 1y in (5.17) then it is easy to see
that T'(Xa, X2) = (X1, x1)¥. It follows that characters of G act transitively
on T (H,®"), and this action is simply transitive if H is maximally split. [J

We now need to choose elements of 7 (H,®") consistently for all H. We
do this by reducing to the most split Cartan subgroup.
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Lemma 5.18 Suppose (X, x) € S(H). Then
(5.19) x(h) = x(wh) (weW(G,H),h e T(H)Z(Q))

We defer the proof to the end of this section.

Fix a maximally split Cartan subgroup H; = TsAs of G and (X, xs) €
S(H,). Let H, = T,A, be the corresponding Cartan subgroup of G. If
H = T A is any Cartan subgroup of G there exists z € G so that xZa::l C A,
and therefore 2I'(H)x~! C T'(H,). Suppose h € T'(H)Z(G),g € H satisfy
p() = ¢(h). By Lemmas 3.11(5) and 3.12 ¢(h) € Zo(G), so § € Z(G) C

A~

Z(Hy). Define

520 (e ) §) = —al

By the Lemma this is independent of the choice of x.

Proposition 5.21 Fiz a maximally split Cartan subgroup H and (Xs, Xs) €
S(H;). Suppose H is a Cartan subgroup, X € X ,(H) and ®* is a real

set of positive roots for H. Then there exists unique x € X(H) such that
(X, x) € S(H,®") and

(5.22) P(Xe xs) (g, h) = T(X, x) (9, h)

for all h e D(H)Z(G), § € H satisfying p(g) = ¢(h).

We say (X, x) € S(H,®") are compatible with (Xs, xs) if they satisfy the
conditions of the Proposition, in particular

X(@) _ Xs(9)
x(h)  xs(zha™t)
for all h, g as in the Proposition, and z as in the preceding discussion. Using

the fact that ¢(h) = g and that Y and X are both genuine this condition can
be expressed

(5.23)(b) X(h) = (X/Xs)(0(h)xs(xha™).

Using Cayley transforms (Section 4.2) we will reduce to the following
Lemma. Suppose H, is a Cartan subgroup, with real root o, and Hp is the
Cayley transform of H,, with non-compact imaginary root j3.

(5.23)(a)
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Lemma 5.24 Suppose @ is a real set of positive roots for H, and (Xa, Xa) €
S(H,, ®). Suppose QDE is a real set of positive roots for Hg, and Xz is a

genuine character on(ﬁg). Then there exists unique x g such that (X, xg) €
X(Hgp, ®3) and

(5.25) I'(Xas Xa)(9, h) = (X5, x3) (9, 1)

for allh e T(Hp)Z(G), g € fNIg satisfying p(g) = ¢(h). o
In addition assume co(®F) = ®5. Then (5.25) holds for all h € HoNH .

Proof. To avoid runaway notation let H = H 5 for a moment. The character

X is determined on I'(H)Z(G) by (5.25) and on Fg by (5.3)(a). Since o c
Z(@)ﬁg, by (3.10)(b) H = F(F)Z(@)ﬁg, and uniqueness is immediate.

For existence, by Lemma 5.6 it is enough to prove this for a single choice of
@ and ®;. It is not hard to see we can choose @7 real so that @} = c,(P])
is also real (this implies « is simple for ;).

By 5.6(1) again we may choose X arbitrarily. We have (dY,a") € Z + 3
and (dx,a") € Z. By Lemma 4.52 choose X3 to be a Cayley transform of
Xa- Choose g € Aut(g) so that Ad*(g)(dxa) = dXp. By Lemma 4.40 let x3
be the (unique) Cayley transform of x, satisfying Ad*(g)(dxa.) = dxgs-

It is enough to show (X3, xs3) € 7 (Hg, ®3), for it is then obvious from
the definition of Cayley transforms that (5.25) holds.

We have

dxs = Ad"(g)(dxa)
(5.26) = Ad"(9)(2dXa + p(®7))
= 2dXs + p(®F)

by the choice of ®F and ®}. This verifies (5.3)(a).

~ We now verify (5.3)(b). Suppose 7 is a real root of Hg. Then m, €
Ho N Hg, and xg(1my) = Xa(my) = Cer (G, Ha) (), by (5.3)(D) for (Xa, Xa)-
We want to show this equals (..(G, Hg)(m,), i.e.

(5.27) ch(aa Faxm'y) = ch<§7 ﬁﬁ)(m'y)

If the simple factor containing «, 3 is of type G5 an explicit calculation
shows that both sides are 1, so assume G is simply laced.

The root 7 of H,, corresponding to - is also real, and (¥, a") = 0. Suppose
§ is a complex root of H,. The corresponding root of Hp is also complex
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unless s,0 = —0d (s,0 = 06 does not occur), in which case it is imaginary.
We claim s50 # +00, i.e. s50 # %5,0. Since § # £a the only possibility is
with the minus sign, which would give

(5.28) 26 = (5,7)7 + (3, 0¥)d.

By considering rank two root systems it is easy to see this cannot happen in
the simply laced case.

Therefore both § and s5(d) contribute to (..(G, H,)(m,), and their total
contribution is 0(m.)(s560)(m,) = 6(m4)d(m,) = 1.

A similar argument holds for complex roots & of Hp for which sgd = 6.
It follows that the terms in (., (G, H,) and (..(G, Hp) are the same, with the
exception of those just discussed, which are 1. O]

For later use we note a consequence of the last part of the proof.

Lemma 5.29 Suppose Hy = T1A; and Hy = TyAs are Cartan subgroups
with Ay C Ay. Suppose o € ©,.(G, Hy).
(1)

ch(Ga Hl)(ma) = ch(G> H2)(ma)-

(2) Let My = Centg(A;) and suppose o € ®,.(My, Hy). Then

ch(Ga H2)(ma) = ch(Ml, H2)(ma)-

Proof. The first equality follows from a repeated application of (5.27). The
second is similar. Choose a set S of complex roots such that

(530) {5 € (I)cac(Gv Hl)\q)cw(M: Hl) | <B:av> 7é 0} = {:l:ﬁ, i9ﬁ|ﬁ € S}

If €S then s,/ is also complex, is not contained in ®(Ms, Hs), and is not
equal to £, +08 Then S is can be written as a union over pairs {f3, s/}
and the result follows as in the proof of (5.27). O

Proof of the Proposition. This is now straightforward. If H is maximally
split there is nothing to prove. If H is obtained from H, by a series of Cayley
transforms we conclude the result by a repeated application of Lemma 5.24.
It is easy to check that if the conditions of the Proposition hold for a Cartan
subgroup H, they hold for every G-conjugate of H. Up to conjugacy every
Cartan subgroup is conjugate to one obtained by a series of Cayley transforms
from Hy, and the result follows. 0J
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Definition 5.31 Fiz (s, xs) € S(Hs). Suppose H is a Cartan subgroup and

O is a real set of positive roots. Choose X € X (H). Let x € X(H) be the
character given by Proposition 5.21. Define

(5.32) [(H,®%) =T(X, x).

Lemma 5.33 In the setting of the Definition T'(H, ®T) is independent of the
choice of .

This follows easily from Lemma 5.6.
We note some properties of I'(H, ®*) which will be useful later. First of
all its dependence on ®* follows easily from Lemma 5.6(2) and its proof.

Lemma 5.34 Suppose ®F, ®F are real sets of positive roots for H. Suppose

G € H, heH satisfy p(9) = ¢(h), and write h = vhy with v € T'(H) and
ho € H . Then

(5.35) D(H, ®7)(h,§) = T(H, ®5)(h, §)e” ) =P*D (hy).

We obtain a character of the center of g:

Lemma 5.36 Given X € X,(H), let x € X(H) be the character given by
Proposition 5.21 and set

(5.37) p=dx —2dx — p(®F)

Then ply, = 0, and the restriction of p to the center of g is independent of
H,®" and Y.

Proof. The fact that ul|p, = 0 is (5.3)(a). On the other hand p(®*)|; =
p(@5)|; = —, and by (5.22) 2dx — x and 2dX — xs have the same restriction
to 3. Il

We conclude this section with the proof of Lemma 5.18.
Proof. We need to show x(g(wg)™') = 1 for ¢ € I'(H). This is obvious
if we W(®;). If we &, then g(wg)™t € Tr(H). Then x(g(wg)™!) =
Galg(wg) ) = 1 by (5.3)(b) and (5.1)() o

By [11, Proposition 3.12] W(G(C), H(C))?, which contains W (G, H), is
generated by W (®;), W (®,) and elements of the form s,s4, where (o, 0a¥) =
0. So it is enough to show x(g(wg)™') =1 for w of this form.
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Write g = expmiX with X € a. Since g = 1, a(X) € Z. Then
(5.38) g(wg) ™ = emaX)’+0a") ¢ P(H) N Hg
Let p = p(®T). Then

X((wg)g™") = (X*e")(g(wg)™")  (by (5.3)(a))

5.39 9) ) by o
( ) (_1)a(X)(2dx,a +0a )ep—w 1p(g)

By [2, Corollary 8.5] (dx,a" + 6aY) € Z. The fact that ®* is real implies
p— wlpis a sum of imaginary roots and terms 3 — 03 with 3 complex.
Therefore e #~7(g) = 1. O

Lemma 5.40 Let & be a o-stable choice of positive roots. Let X; € Xg(ﬁ),i =
1,2, and x; = x(Xi, ®T). Let h € H,g € Z(H) with p(g) = ¢(h). Then

X1(9) X2 (9)
xi(h) — xa(h)’

6 Transfer Factors

In this section we define transfer factors for an admissible triple (é, G, Q).
There are some choices involved; we make these choices consistently for dif-
ferent Cartan subgroups by fixing (s, xs) € S(H) where H; is a maximally
split Cartan subgroup of G.

Suppose h = t @ a is a f-stable Cartan subalgebra, with correspondmg
Cartan subgroups H H and H of G G and G, respectively. Let H', H', H
be the regular elements of of these groups. B

Let @ be a real set of positive roots of H in GG. For h € H', H' or iZd
define

(6.1)(a) A@T n) = J] @ —e(h)
(6.1)(b) e (O, h) = sign ] (1—e(h))
(6.1)(c) AN (@ h) = er(QDf, thO(qﬁ, h)
(6.1)(d) [A(R)] = [e”(h)A"(@F, 1)
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In the last definition we may write |Agl, [Ag| or |Ag] to indicate the group
involved.
Here is the definition of transfer factors.

Definition 6.2 Fiz a mazimally split Cartan subgroup Hg of G, and (s, Xs) €
S(H,). Let H be a Cartan subgroup of G. Choose a real set positive roots
&t for H. Recall T(H,®")(h,q) is given by Definition 5.31. Suppose h €

H’,g cH satisfy p(q) = ¢(h). Define

) AG(0.3) = Frigr )0 ).
Recall that by (5.32)
o st

for any (X, x) € S(H,®"), compatible with (Y, xs) in the sense of Proposi-
tion 5.21. B
It is clear that Ag(h, g) is a genuine function of g.

Proposition 6.5 Ag is independent of the choice of ®*, and depends only
on the choice of (Xs, xs) € S(Hs).

Proof. We have to show that % and I'(H, ®*) satisfy inverse trans-

formation properties Wlth respect to .
Fixje H andh € H such that ¢(h) = p(g). By (3.10)(b) write h = vyhy

with v € T'(H) and ho € H . Suppose &, ®J are two choices of real positive
roots. By Lemma 5.34

(6.6)(a) D(H, @) (h,§) = D(H, ©F)(h,§)e )= (k).
By the definition of Ag it is enough to show

A@T R AN®Sh)

_ p(@)=p(23) (},
AR5 A, (ho)-

(6.6)(b)

Multiplying (a) and (b) gives the desired equality.
We first consider the €, term of (6.1)(c). By (3.10)(b) write h = vho with
v €T'(H) and hg € . Write ho = toexp(X) with ty € T° and X € a. Since
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h is regular &1 (X) = {a € @, : a(X) > 0} is a choice of positive roots for
®,. For a € ®, e (h) = e *(7)e X, Since v? =1, e () = () = *1,
so for any choice of ®* we have

(6.7)(a) (@7, h) = ] sen(1 —e*(y)e ).

acdt

Note that sgn(1—e®(y)e~X)) = 1 unless e*(y) = 1 and a(X) < 0. Therefore

ah o) = I -
(6.7)(b) acd;Nd; (X)

+AP- Yy (pt
= (_1)\@ NP (X)] op(®7 ) =p(Pr (X))(V)-

Now write ¢ = 7o with p(7) = ¢(y) and p(gy) = ¢(ho). By Lemma
3.11(5) v € Z(G), so e*(y) = 1. By a similar argument to the preceding we
conclude €,(g, @) = (—1)1% "% (X Thus

(6.7)(c) E’"Eh’i@ﬂ = P ®F (X))

Now suppose &

, @3 are two choices of real positive roots. Letting @:fj =
®F N ®, we have

er(h, ®7) er(h, @)
(g, P7) (9, P5)

Now consider the A® term of (6.1)(c). Write ® = w®; for some w €
W(®), so that

— ep(‘b,,tl)*p(q);tg)( )

(6.7)(d)

O(pF e(w)eP(@3)—p(@7) 0(d+
(6.7)(c) A1) _ ew) (h)AY(@], h)

ANDT, ) e(w)er @)@ (G)A(DF,G)

Using the fact that p(®5) — p(®7) is a sum of roots, p(g) = ¢(h) and (3.8)
we conclude

eP(®2)=P(®) () = P(®)=P(¥) ((R)) = 20(®2)=20(2) (),

Therefore
0 +

A2y, g)

A%, 1)

— eP(=2)p(@) (2 20 1)
¢ ) 5o@) 5)

30



Taking the product of (b) and (d) gives

A2, h)
AT, 7)
Writing h = vhyg, and since v? = 1 we have

(6.7)(h)
(L) =P(275) ()P ®3)0(2T) (1)

AY(®5, 1)

_ (@) —p(®],) —p(@3)+p(@) (py 2 120 1)
€ (’}/)6 ( )Al(q);_,g)

(6.7)(g)

= /(PP ®)—p(23) o B]) () omp

— P @D)—p(®f)) (v)ep(fbé*)—p(@:fg) (W)e—p(fbﬁ)ﬂ(@f) (ho)

(@2)+0(21) (1)

= PP ®5) ()

since (by (5.1)(b))

(6.7)() PPN () = (@ ) (7) = /().
Therefore
6.7)0) SO _ etwh-sah) ) 22 )
AY(®T,7) Al(25,g)
This completes the proof. 0

Lemma 6.8 Assume p € i3* where p is defined as in (7). With notation
as in the Definition,

(6.9) AG(h, )| = 12alh)]

1A&@)
Proof. Let h € H,§ € H' with ¢(h) = p(j). Then

[Ag(m)]e”® (@)X (@)]

a | _
|AG(h, 9)| = 1A&(9)||e @D (h)x (@, h)|

Thus it suffices to prove that

TN @R@)| = [T (h)x(@F, h)].
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As in Lemma 5.40 we can write h = zexpX where z € ['(H)Z(G) and X €
he and § = Zexp2X where Z € Z(G) with p(2) = ¢(z). Now [e?®)(h)| =
|e<P®")X>] and [eP(®)(G)| = |e<P(®)2X>| Thus by Lemma 5.40,

" @X@ e ()x (@ h)] = [RGExG ()I-

Write z = texpZ where k € T(H)Z(G)NT and Z € 3N p. Then 7 = texp2Z
where t € T, so that |YX,(t)| = 1 = |xs(t)]. But

Xs(exp22)x, | (&XD2)| = [e=2Pem 22| = |em<mP>| = 1

since < u, Z >¢€ iR. O

The transfer factors satisfy the following invariance property with respect
to the Weyl group.

Lemma 6.10 Suppose g € H' h € H satisfy p(§) = ¢(h). Fiz % € G and
let x =p(p(x)) € G. Then

(6.11) AS(zha™", 7G5 ") = AS(h, G).

Proof. Fix a real set of positive roots @+ and (x,x) € S(H,®"). Let
hy = Ad(z)h, H, = xHx™', x; = wxz™!, and x\; = Zx7 '. We claim that
(x1,X1) € S(Hy), and that (Y1, x1) is compatible with (X, xs) in the sense
of Proposition 5.21.

Condition 5.3(b) is immediate. Further, for all ¢ € ﬁ(l),m

- > - ~ +
a(t) =xale ) = e (@ ) = e (1)

so (a) holds as well.

Assume v € T'(H)Z(G). By (5.23)(b)
x1(7) = x(z7 ) = (X/Xs) @z ya))xs (ya ™ yay ™)
= (X1/Xs)(@(M))xs ((yz ™)y (yz™) ™).

This proves (5.23)(b) holds for (X1, x1)- B
Therefore we can use (X1, x1) and ®; to define the transfer factor for H;.
But

(6.12)

0@ = %@, xalwhe™) = y(h);
AN®F, zha!) = AN@*,h), ANDT,FgE") =A@, ).

32



Therefore B _
AS(zha™!, Zgz ") = AS(h,g).
O

We next show see how the transfer factor depends on the choice of (Ys, Xs)-
For now we include this data in the notation and write AZ(Y, xs).

Lemma 6.13 Suppose (Xs, Xs), (Xs Xs) € S(Hs). Then there is a character
Y : G — C* so that for every Cartan subgroup H and h € F/,ﬁ € H' with
H(h) = p(3) we have

(6.14) AG(Xs: X5y 1. §) = (M) AZ(X,, Xoo b, 9)-

Conversely, suppose that v : G — C* is a character and (Xs, xs) € S(H,).
Then there exists (X%, X%) € S(Hs) such that (6.14) is satisfied.

Proof. This follows readily from Lemma 5.10. 0

Proof. Since X5, X, are both genuine characters of Z (ﬁs), XX, factors to
Zo(Hs). Thus we can define a character ¢y by

(6.15) Yo(v) = X'/ X)(MNX/X) (@) (v e T(H)Z(G)).

We claim ¢ is trivial on [(H,)Z(G)N 52.
If v € I'(Prs), then ¢(y) = 1 by Lemma 3.11 and xs(7y) = xi(y) =
CCmC(aa FS)(’Z)? S0 w0(7> =1 If S F(FS>Z(@> mﬁg,dv then

Yo(2) = N2.uX1 26 P2 PR ()T, Kok (9(2)) = /(P2 P10 () = 1

by Lemma ??. Thus ¢o(z) = 1 for all z € T(®p,)(T(H,)Z(G) N H,,) =
I'(H)Z(G)N @2. Now since G = I’(HQZ(@)@S, we can extend ¥y to G by
=\ A —0

Y(zho) = Yo(2),2 € I'(H)Z(G), ho € Gy

Now let b = t @ a be an arbitrary Cartan subalgebra of g. We may as
well assume that a C a,. Let X; € X,(H) and let ¥ be a o-stable choice
of positive roots. Let y; be the character of H corresponding to X; using ®+
and (Sgi,m ng _

Fix h € H,g € Z(H) with p(g) = ¢(h). Then

A%(%l,sa X1,s5 h, g) = C(h7 g)Ag(%Zs: X2,s5 h7 g)
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where N
e(h.g) = Xlle(g)'
X1x2 (h)
Write h = 26xp X, § = zexp2X as in Lemma 5.40 where z € I'(H)Z(G), X €

ha, z € Z(G), with p(2) = ¢(z). Now by Lemma 5.40

X15X25(2)  X1sXas(0(2))

c(h,g) = — = - = tho(z) = ¥ (h).
Xus(2)xas(2)  X1s(2)xa5(2)
Conversely, fix a character 1 of G and (Y14, X1.s) € X(ﬁs,ﬁs). Define
X2.s = X1, and Xa25 = X1, By Lemma ?7 (X2, X2.5) € X(H,, H,), and it
is easy to see that it satisfies (6.14). 0

7 Lifting: Basic Propertires

Assume that (é ,G, @) is an admissible triple. In this section we define lifting
from G to G and derive some of the basic properties of lifting. This depends
on the choice of a set of transfer factors. Thus we fix a maximally split
Cartan subgroup Hy of G and (X, xs) € S(Hs), and obtain a set of transfer
factors by Definition 6.2.

Recall (Section 3) O(G, g) is the conjugacy class of g € G, and

(7.1) Ou(G,g) = {zgz™' |z € GO} NG

is the stable orbit. We also have O(G, g) and Oy(G, g), and the map (Lemma

Definition 7.2 Suppose O e (’)(CN}) is a strongly reqular semisimple orbit for
CN;, and and Oy € O4(G) is a strongly regular semisimple stable orbit for G.
Let p(é)st be the stable orbit for G containing p(@)

Define Ag(@st, O) = 0 unless (Oy) = p(O)y.

Suppose ¢(O) = p(O)y. Choose h € O and § € O such that ¢(h) = p(7).
Define

(7.3) AS(O,, 0) = AS(h, ).

By Lemma 6.10 this is independent of the choices of h and g.
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Definition 7.4 Suppose 0 is a stable virtual character of G. Then 6(Oy) is

defined for any strongly reqular semisimple orbit Og. Suppose O is a strongly
reqular semisimple orbit for G. Define

(7.5) LfE@©0) = Y AL(D.,0)8(Dy).

6steost(é)

This is a finite sum, over
(7.6) {04 6(04) = p(0)}.

Thus Liftg@ is a genuine class function defined on the set of strongly
regular semisimple orbits in G.

Lemma 7.7 Suppose g is a strongly reqular semisimple element. Let H =
Centa(p(9)) and H =p(H). Then

(7.8) Life@@ = Y. A%nhAM).
{heH | ¢(h)=p(9)}

In particular sztg@)@) = 0 unless p(g) is in the image of ¢. Assume this
holds, and choose h satisfying ¢(h) = p(g). Then

(7.9) Lifé@ @ =Y AS(th,g)b(th).
{teH | p(t)=1}

Proof. Let g = p(g). The assertion is clear unless g is in the image of ¢, so
assume this holds.
We claim

(7.10) {04 | 6(0g) = p(O)st} = {Ox(G, h) | $(h) = g}.

Suppose ¢(Og) = p(O)s. Then ¢(h') = ¢ for some h' € Oy and where
g' is G(C) conjugate to g. Since ¢ takes stable orbits to stable orbits, this
implies ¢(h) = g for some h € Oy. Therefore the left hand side is contained
in the right.

We just need to show that if ¢(h) = ¢(h') = g then O (G, h) # Ox (G, 1).
Suppose not, so there exists € G(C) such that zha=' = K. Choose a
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preimage y of x in G(C). Then g = ¢(h') = qﬁ(xhx*l)_: yo(h)y=! = ygy= L.
Since g is strongly regular this implies y € H, so v € H and h' = h.

Since ¢ restricted to H is a homomorphism the final assertion is clear.
OJ

We derive some elementary properties of lifting.
Lemma 7.11 Liftg(@) is supported on Z(G)GY.

Proof. Let H be a Cartan subgroup of ? Then H= Z(@)F(F)Hg, so that
d(H) C Zo(G)HY. Thus p~lo(H) C Z(G)GY. O

Define S = p~¢(Z(G)). Then
(7.12) Z(G)° c S cz(@).

Lemma 7.13 Let H be a Cartan subgroup of G. Suppose g € H' h € "

satisfy ¢(h) = p(q). Suppose we are also given z € S,z € Z(QG) satisfying
¢(z) = p(z). Then

(7.14) AS(Zg, zh) = Xu(D)xa(z")AS(G, h).

Proof. Let ®* be a real set of positive roots and choose (X, x) € S(H, ®™").
Since z € Z(G) and Z € S C Z(G), we have

AN(®*, zh) = AL, h), AYDF,35) = AL (@, ).

Furthermore
- KG9 _ MO _ () X)
x(zh)  x(z) x(h)  xs(2) x(h)
since §§3 = iig by (5.23)(a). Inserting this into the defintion of Ag gives
the result. O

Define Z,(G) = {2z € Z(G) : ¢(2) = 1}.

Lemma 7.16 Let © be a stable character of G with central character C.
Then LiftZO = 0 unless ((2) = xs(2) for all z € Z,(G).
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Proof. Fix a Cartan subgropu H, g € ﬁ’, and z € Z;(G). Then
{heH:¢(h)=pg)} ={zh:heH ¢h)=p@)}
Further, for all h € H such that ¢(h) = p(9),
AE(g, zh) = xs(27H)AG(G, h)
by Lemma 7.13 applied to h, g, z, and z = 1. Thus
Liftz(©)(@) = Y ALG zh)O(zh) = ((2)xs(z ") Lift2(0)(9).
{heH:¢(h)=p(9)}
O

Fix a character ¢ of Z(G). Assume that ((z) = yx,(2) for all z € Z;(G).
Then (x; ! defines a character of Z(G)/Z,(G), and ¢ induces an isomorphism
of this group and ¢(Z(G G)) = p(S). We can pull this character back to a
character of S. Tensoring with Y, we obtain a genuine character of S which

we denote C . B B
In other words for z € S choose z € Z(G) so that ¢(z) = p(z) and define

(7.17) ¢(2) = %))
This is independent of the choice of z, and is a genuine character of S.

Lemma 7.18 Let © be a stable character ofaim'th central character ¢ such
that ¢ = xs on Z1(G). Then for allg e G,z € S,

Lift3(0)(zg) = C()Lift3(0)(3).

Proof. Fix a Cartan subgroup H of G, g € H.Z€ S, and z € Z(G) such
that ¢(z) = p(2). Then

{h e H:¢(h) =p(zg)} = {zh: h € H,$(h) = p(g)}.
Thus by Lemma 7.13,

Liftg®)E) = Y. AJ(G.zh)(0)(zh)

{heH:¢(h)=p(9)}

= (OGH TG LifEO) (@) = CE)LiftE(0) (7).
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8 Invariant Eigendistributions

In this section we review results of Hirai and Harish-Chandra on invariant
eigendistributions. In the next section we apply these results to study lifting
from G to G.

Let G be a reductive Lie group in Harish-Chandra’s class, and let H be a
Cartan subgroup of G. Suppose F': H' — C is differentiable. Corresponding
to X € b is the differential operator

(8.1) DxF(h) = %hZOF(hexp(tX)) (h e H').

Fix a set of positive roots &1, with corresponding p = p(®*). Then we also
define

(8.2) DY F(h) = %|t_ge<p’tX>F(hexp(tX)) (he H).

The map Dy — D% =< p, X > +Dx can be extended to an automorphism
D — DF of S(h(C)).

Let v be a character of the center Z of the universal enveloping algebra
of g(C). [Let A be the corresponding h(C)* be the character of I(h(C))
corresponding to v by the Harish-Chandra homomorphism.]

We say F': H' — C satisfies condition (C1, ®* v ) if F' is real analytic
on H' and

(CLO+, v) DPF(h) = A(D)F(h) (h € H',D € I(§(C))).

Let H'(R) ={h € H|e*(h) # 1, € Pr}. We say F satisfies condition (C2)
if

(C2) F extends to a real analytic function on H'(R).
Now let © be a class function on G’ and define
(8.3) U(H,®" h) = AY®", h)O(h) (he H').

Assume U(H, ") satisfies (C1, &+, v ) and (C2). Suppose « is a simple
root for ®f. Let J be the Cartan subgroup obtained from H via a Cayley
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transform ¢ defined by a. Let @7 = ¢c®* and p; = p(®}). Let H(a) be the
set of h € H such that e*(h) = 1, but e?(h) # 1 for all 3 # +a.

Fix h € H(a). Then hexp(ta) € H' for 0 # ¢ sufficiently small, and there
are well-defined one-sided limits

(8.4) DYVE(H, &% h) = lim DSV (H,dT, hexp(ta)).

t—0t

Let B be the imaginary root of J corresponding to «, so i3 € j and h €
J'(R). Thus D = —iD,5 is defined as in (8.1), and DgJ\I/(J, 7 h) is defined.
We say W(H, ) satisfies condition (C3) if

(C3) DLW (H, &%, h) — DU~ (H, &%, h) = 2D W(J,®5,h) (h € H(a)).

The following theorem is a generalization of results of Hirai [8], [9] in the
case that G is acceptable and satisfies an extra condition.

Theorem 8.5 [7] Let © be a class function on G' and let v be a character
of Z. Then © 1s an invariant eigendistribution with infinitesimal character
v if and only for every Cartan subgroup H of G and every real root 3 of H,
there is a choice of positive roots ®% such that 3 is simple for ®}, and the
function W(H, ®1) satisfies conditions (C1, ®*,v), (C2), and (C3).

Moreover, suppose © is an invariant eigendistribution. Then W(H,®T)
satisfies (C1, ®T,v) and (C2) for every choice of ®*, and satisfies (C3) for
every choice of ®F such that (3 is simple for ®F.

Write G = Kexp(p) where K is a maximal compact subgroup and g =

t @ p is the Cartan decomposition. Let || - ||¢ be a Euclidean norm on p and
define
(8.6) Ta(kexpX) = || X||, k€ K, X € p.

Let © be an invariant eigendistribution on G. Then by §12 of [5], © is
tempered if and only for each Cartan subgroup H of G there are numbers
C,r >0, so that

(8.7) [Ac(M|O(h)] < CA+76(h)", g € H',

where |Ag(h)| is defined as in (6.1)(d).
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Let 3 be the center of g. As in [5] we can decompose G = °GZ, where
G has Lie algebra [g,g] & (3 N ¢) and Z, = exp(3 N p). Let © be an in-
variant eigendistribution on G. We say © is relatively tempered (relatively
supertempered) on G if its restriction to °G is tempered (supertempered) on
°G. By §4 of [6], © is supertempered on °G if and only if for every Cartan
subgroup "H of °G and every r > 0,

(8.8) sup |Ac(h)||O(R)|(1 + 76(h))" < co.

geVH'
We will also use the following result from §4 of [6].

Theorem 8.9 [6] Assume that G has a relatively compact Cartan subgroup
B and let © be a relatively supertempered invariant eigendistribution such
that ©(b) = 0,b € B'. Then © = 0.

9 Lifting

We now return to the context of lifting. That is, we assume that (C~¥7 G, G)
is an admissible triple and fix (Xs, xs) € X (ﬁs,ﬁs) where b, is a maximally
split Cartan subalgebra of g. All three of the groups G.G , and G are in the
Harish-Chandra class.

Let © be a stable invariant eigendistribution on G with infinitesimal char-
acter v. Define © = Liftg@. We know that © is a class function on G’.

Let b be a Cartan subalgebra of g and let @1 be a choice of positive roots
for . Define

(9.1) U(H, ", 5) = A2, 5)0(9), § € H;

(9.2) U(H,®*" h) =AY (DT, h)O(h),h € H .
The following lemma follows from Theorem 8.5.

Lemma 9.3 V(H,®") satisfies conditions (C1, ®*,v) and (C2) for every
choice of ®*. Let 3 € ®f. Then V(H,®") satisfies condition (C3) for any
choice of ®* such that 8 is a simple root for ®F.

Fix X € X,(H) and a o-stable choice of ®T. Write p = p(®*). Let
x = x(X, ®T) and write U(H) = U(H,®*) and V(H) = V(H, d+).
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Lemma 9.4 For all § € H,X € b such that gexpX € H',
V(H,gespX) = Y d(h,g)e= " *>U(H, hexp(X/2)),
heX(g)

where
X(g) ={heH:6(h) =1},
and for h € X(g),
d(h,g) = X(@)x " (h).

Proof. Let § € H'. ;From the definition of lifting and transfer factor it is
clear that

V(H,5) = Y X@x (h)(H,h).

heX(g)
Fix § € H, X € b such that jexpX € H'. Then
X(gexpX) = {hexp(X/2) : h € X(9)}-

Thus U(H, jexpX) =

> d(h, )X (X)X (exp(X/2))W(H, hexp(X/2)).

heX(g)

But
X(expX)x(6Xp(X/2)) 7 = 2D X/2> — p<mpmnX/2>

OJ

Let v be the infinitesimal character of © and let A € h(C)* correspond to
v by the Harish-Chandra homomorphism.

Lemma 9.5 ‘I/(FI) is real analytic on H'. Let g € H'. Then for all X € by,

DYW(H,g) = (1/2) Y d(h,g)D5V(H, h).
heX(g)

For all D € S(3(C)),

DPW(H,g) = (A = p)/2)(D)¥(H.3).
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Proof. The fact that W(H) is real analytic on H' follows from Lemmas 9.3
and 9.4. Let X € h,t € R. Then using Lemma 9.4 we have

P (H, GexptX) = sumnexgd(h, g)e=" /2w (H, hexp(tX/2)).

Thus —
DYU(H,G) = Y d(h,§)(D%— < 1, X/2>)U(H,h).

heX(g)

Now if X € b4, then < p, X >=0. If X = Z € 3, then Dy € I(h(C)), so
that D%, W(H, h) = A(Z/2)¥(H, h) by Lemma 9.3. Thus

DYW(H,g) = Y d(h,§) < A\—p, Z/2 > U(H, h) = (A\—p)/2)(Dz)¥(H,3).

heX(9)

By induction we see that D?U(H,§) = (A — pu)/2)(D)¥(H,q) for all D €
SG(C)). =

Lemma 9.6 For all D € I(h(C)) and § € H',

DPW(H,g) = (A = p)/2)(D)¥(H.3).

Proof. We have I(h(C)) = 1(h4(C))S(3(C)). By Lemma 9.5 the result is
true for D € S(3(C)).

Let D € I(h4(C)) be homogeneous of degree k > 0. Since W(H) satisfies
(Cl,v), using Lemma 9.5 and an inductive argument, for g € H ,

DPU(H,g)=2"" > d(h,§)D"VU(H,h)
heX(9)

=27"A\(D Z d(h,§)U(H, h) = (A\/2)(D)¥(H, ).

heX(g
But u(D) =0,D € I(hy(C )), so the formula is also valid for D € I(h4(C)).
UJ

Since (v — u)/2 corresponds to (A — 4)/2 by the Harish-Chandra homo-

morphism, we have proven that W(H) satisfies condition (C1,(v — p)/2).
Define

—/

(9.7) H(R)={he€ H:e*(h)#1, a € dr};

42



(9.8) H(R) ={Ge H:e"§) #1, a € Dy}

The next lemma shows that W(H) satisfies (C2).

Lemma 9.9 W(H) extends to a real analytic function on H'(R).

Proof. Since the restriction of © to H is supported on Z(G)H°, W(H) is
also supported on Z(G)H°. Fix t € Z(G)T°. Then connected components of
tH N H'(R) have the form #1°%xpC/(®%) where C(9}) = {X € a: a(X) >
0 Vo € ®}} and @, is a choice of positive roots for ®p.

By Lemma 9.4, for all X € § such that texpX € H', \If(f[,%ve’)?ﬁX) =

> d(h,t)e= "X U(H, hesp(X/2)).

heX(t)

Fix h € X(t). Then for all & € ®p, €2*(h) = e*(t) = 1, so that e®(h) = £1.
Define ®r(h) = {a € Pg : e*(h) = 1}. Then connected components of
WH’ N H (R) have the form hT expC/(®}(h)) where C(H(h)) = {X € a :
a(X) > 0Va € &L(h)} and ®F(h) is a choice of positive roots for ®p(h). Let
@}, be a choice of positive roots for . Then &L(h) = ®;NPr(h) is a choice
of positive roots for ®p(h) and X/2 € t+ C(®}(h)) for all X € t+ C(P}).
Thus X — e<=?~#X/2>W(H hexp(X/2)) extends to a real analytic function
on t+ C(®}). Thus

X — Y d(h,)e= "X U(H, hexp(X/2))
heX ()

extends to a real analytic function on t 4+ C(®%). Thus there is an open
neighborhood U of ¢ in tT° such that W(H) extends to be real analytic on
UeRD(C(®F)). O

Fix g € &g and let j be the Cartan subalgebra of g obtained from h by
the Cayley transform c in the root f3.

Lemma 9.10 Assume that ®T is o-stable, § € ®*, and that ®F = cdT is
also o-stable. Then (3 is a simple root for ®F.

Proof. Let a € L, a # 3. If < o, 3 >= 0, then sga € ®F. Suppose
that < o, 8 ># 0. Then ca € ®Jopx- Now since &) = c®* is also o-
stable, (ca)? = c(sga) € ¢®T, so that sga € ®L. Thus sga € O for all
a € &f, a0 # 3, and hence 3 is simple. O

43



Lemma 9.11 Let ®* be a o-stable choice of positive roots for ® such that
O = c®" is also o-stable. Let g € H(B). Then

Proof. Fix @ and & = ¢®™ as in the lemma and drop it from the notation
in the various ¥ functions. Fix Yy € Xg(ﬁ) and x; € Xg(j), and let y =
x(X, @) and x; = (X7, ®F) be the corresponding characters of H and J.
Fix § € H(3) and h € X(j). For all @ € ® we have 2*(h) = ¢*(3). Thus
for a # 43 we have e®(h) # 1, while e’(h) = 41. Thus h is either regular
or semiregular with respect to .
Suppose that ¢?(h) = —1. Then h € H is regular so that

(D4W)*(H, h) = (D4w)~(H, h).

Thus _ _
(D4W)*(H.5) — (D{W)"(H.5)
—(1/2) S d(h DY) (H, b) — (D)~ (H, b)),
heX(3,0)
where

X(G.0)={h e X(g): e’ (h) =1}.
Let h € X(g,3) = H(3) N X(g). Then since W(H) satisfies (C3),

(Dg@)*(ﬁ, h) — (DE\IJ)*(F, h) = 2Dfé’\1/(7, h).
Thus

(DY) (H,5) - (D0) (H.5) = S d(hg)D?u(7.h).
heX(9.,6)

Let X;(9) ={be J:¢(b) = p(9)}. Then X;(g) C J'(R). Thus applying
Lemma 9.5 to J,

DEW(].g) = Y dy(b,g)D25¥(],b),
beX 5 (9)
where for b € X,(g),
dy(b,9) = Xs(3) xs(b)7"
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Now X;(g,c8) = {b € X;(9) : e (b) = 1} = X(g,3). Let h € X;(g,cf3).
Then by Lemma ?? we have

X@)x ' (h) = Xs(@)x; " (h),

so that d(h,g) = dj(h,g). Thus to complete the proof of the lemma we must
show that

S (b DU(T,8) =0

bGXJ(g,Cﬁ)C
where X ;(g,c8)¢ = {b € X,(3) : e?’(b) = —1}.

Write ' = ¢f, and let w denote the reflection _1¥1 (#'. Since (' is an
imaginary root and © is a stable class function on G', ©(wb) = ©(b) and
er(®F,wb) = ex(®*,b) for all b € J. Further, since e(w) = —1,

AY(DF,wh) = —e PP (B)AY(DF, D), be T

Thus _ B _
U (J,wb) = —e?? 7P (b)W(J,b), be J.

Fix b € X,(g, )¢, so that e” (b) = —1. Then wb = bexp(mify'), p(wb) =
o(b) = p(g), and e (wb) = ¢’ (b) = —1. Thus wb € X,;(g, 3)°, and since

wbexp(it[') = w(bexp(—it[)) for all t € R,

<P (T, (wb)esplit ) = —er 0 (b)e =~ >0 (7, bexp(~it ).

Thus _
Dfﬁ’\lf(j, wb) = ePTTPI (b)Dfé’\If(J, b).

Since (wb)b' = &p(mif), e~ (b) = (—1)*7%> and y;((wb)b™') =
(=1)<®P>_ Thus

dy(wh, §)DP3W(T, wh) = (=1) = 407>d, (b, G) DS (], b).
But since 3’ is noncompact,
<dxy+ps, 3 >=<2dX; +2py, [ >==<2dY,, 3 >=1
by Lemma ??. Thus
dJ(wb,E)DfBJ\I/(j, wbh) = —dj(b,ﬁ)Dfé\IJ(j, b).
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Thus if exp(miff') # 1 so that wb # b, the terms for b and wb cancel. If
exp(mif') = 1 so that wb = b, this forces

Dgﬁhp(j, b) = 0.
O

We have shown that the functions W(H, ®*) satisfy conditions (C1,(v —
1)/2), (C2), and (C3). Thus by Theorem 8.5 we have the following.

Theorem 9.12 Let © be a stable invariant eigendistribution on G with in-

finitesimal character v. Then Liftg@ s an invariant eigendistribution on G
with infinitesimal character (v — p)/2 where p € 3(C)* depends on the choice
of (Xs, xs) used to define the transfer factor and is defined as in (?7).

Theorem 9.13 Let © be a tempered stable invariant eigendistribution on G.
If (Xs, xs) s chosen so that u € i3*, then Liftg@ 18 tempered on G.

Proof. Since G and G have the same Lie algebra, we can use the same
Euclidean norm || - || on p to define both 75 and 74.

Let h be a Cartan subalgebra of g. Fix g € H' and write § zjgiﬁX
where ¢t € T",X € a. Then 75(g) = || X||. Further, for any h € H such
that ¢(h) = p(g), we have h = tX /2 where t € T with ¢(t) = p(t). Thus

mu(h) = [|X/2| = 75(9)/2. _
Now, using Lemma 6.8 and (8.8) applied to G,

A@le@I < Y [A@IIASHR O
{heH:¢(h)=p(3)}

= Y lAsllem) < [HCA+15(9)/2),

{heH:¢(h)=p(9)}
where H, = {h € H : ¢(h) = 1}. Thus there is a constant C’ such that

As@)16@)] < C'(1+75(@)

for all § € H'. Now © is tempered using (8.8) applied to G. O

Theorem 9.14 Let © be a stable invariant eigendistribution on G. Ife
is relatively tempered, then Liftg@ 1s relatively tempered. If © is relatively

supertempered, then Liftg@ 1s relatively supertempered.
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Proof. Let b be a Cartan subalgebra of g. Then O = HN°G = fgfiﬁad and
OH = HN°G = Texpay. Fix § € °H'. Then § = texpX wheret € T, X € ag.
Then for any h € H such that ¢(h) = p(g), we have h = tX/2 where t € T
with ¢(t) = p(t). Thus h € °H. Further, as in the proof of Lemma 6.8, it is
easy to see that

A&@NIAG(R, )] = |Ag(h)]

for any choice of (X, xs). The first statement now follows easily by the same
argument as that of Theorem 9.13. For the second statement we use as
similar argument along with (8.8) applied to both G' and G. O

References

[1] J. Adams. Characters of non-linear groups. Proceedings of Conf. on
Representation Theory and Harmonic Analysis, Okayama, Japan, 26:1—
18, 2000.

[2] J. Adams and P. Trapa. Duality for nonlinear simply laced groups.
preprint.

[3] Jeffrey Adams. Nonlinear covers of real groups. Int. Math. Res. Not.,
(75):4031-4047, 2004.

[4] Jeffrey Adams, Dan Barbasch, and David A. Vogan, Jr. The Langlands
classification and irreducible characters for real reductive groups, volume

104 of Progress in Mathematics. Birkhauser Boston Inc., Boston, MA,
1992.

[5] Harish-Chandra. Harmonic analysis on real reductive groups. I. The
theory of the constant term. J. Functional Analysis, 19:104-204, 1975.

[6] Harish-Chandra. Supertempered distributions on real reductive groups.
In Studies in applied mathematics, volume 8 of Adv. Math. Suppl. Stud.,
pages 139-153. Academic Press, New York, 1983.

[7] R. Herb. Characterization of invariant eigendistributions.

[8] Takeshi Hirai. Invariant eigendistributions of Laplace operators on real
simple Lie groups. 1. Case of SU(p, q).. Japan. J. Math., 39:1-68, 1970.

47



[9] Takeshi Hirai. Invariant eigendistributions of Laplace operators on real
simple Lie groups. II. General theory for semisimple Lie groups. Japan.
J. Math. (N.S.), 2(1):27-89, 1976.

[10] D. Vogan. Representations of Real Reductive Lie Groups, volume 15 of
Progress in mathematics. Birkhauser, Boston, 1981.

[11] D. Vogan. Irreducible characters of semisimple Lie groups IV. character-
multiplicity duality. 49, No. 4:943-1073, 1982.

48



