BESOV SPACES FOR THE SCHRODINGER
OPERATOR WITH BARRIER POTENTIAL

JOHN J. BENEDETTO AND SHIJUN ZHENG

ABSTRACT. Let H = —A + V be a Schrédinger operator on the
real line, where V = 52X[—1,1]- We define the Besov spaces for H
by developing the associated Littlewood-Paley theory. This the-
ory depends on the decay estimates of the spectral operator o ;(H)
for the high and low energies. We also prove a Mihlin-Hérmander
type multiplier theorem on these spaces, including the LP bound-
edness result. Our approach has potential applications to other
Schrédinger operators with short-range potentials, as well as in
higher dimensions.

1. INTRODUCTION

Let H = —/A+V be a Schrodinger operator on R, where the potential
V is real-valued and belongs to L' N L2 H is the Hamiltonian in the
corresponding time-dependent Schrodinger equation

(1) i Opp = Hip,
(0, z) = f(x) € D(H),

where the solution is uniquely determined by the initial state: ¥ (t, z) =
e”™ f(x), t >0, and where D(H) C L? is the domain of H.

In [15] Jensen and Nakamura introduced Besov spaces associated
with H on R? and showed that e~ maps B3*?74(H) into B34(H)

ifs>0,1<pqg<oo, and g > d\% — % , under the condition that

V =V, —V_ where V, € Kl and V_ € K;, K4 being the Kato class.
In this paper we generalize the definition of Besov spaces to s € R,
0 < p,q < oo and show, in the case of barrier potential, that such a
definition is independent of the choice of the dyadic system {®, p;}.
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Let H = [AdE\ be the spectral resolution of H. The spectral
operator ¢(H) is defined by functional calculus: ¢(H) = [ ¢(A)dE).

Fora € R, 0 < p < 00, 0 < g < 00, define the quasi-norm for f € L?
as

o0

1/q
2) W lsge = A1 Beaey = 1), + (Z(zjallw(H)pr)q) :

J=1

The Besov spaces associated with H, denoted by B! := By(H), is
defined to be the completion of the subspace L§ := {f € L* : || f gze <
oo} of L2

Analogous to the Fourier case H = —A and the Hermite case [27,
28, 8, 9], we shall develop the Besov space theory associated with H by
considering the Schrédinger operator H = —A+V, where V = e?x(_1 11,
e > 0 (called the barrier potential) is one of the simplest discontinuous
potential models in quantum mechanics.

Peetre’s maximal operator plays an important role in the theory of
function spaces [27, 28]. In order to establish a Peetre type maximal
inequality for H, we need the decay estimates of the kernel of p;(H) as
well as of its derivative. Based on an integral expression of this kernel
we obtain the decay estimates by exploiting the analytic behavior of
the eigenfunctions e(z, ) as & approaches co (high energy) and 0 (low
energy) in various cases. When the support of ® contains the origin,
we are in the so-called “local energy” case, which usually is harder to
deal with for general potentials. We use a “matching” method to put
together integrals of the “same type”, so that each of the resulting
integrals is the Fourier transform of a Schwartz function. This method
seems interesting and may have applications to other potentials.

Our first main result (Theorem 3.7) is an equivalence theorem for
By(H ), which states that the Besov space norm can be characterized
using Peetre type maximal functions ¢j(H) in place of ¢;(H). This

implies that || f H(gg,q and || f Hﬁg,q are equivalent quasinorms on By?(H),

where {¢;}, {;} are two given smooth dyadic systems.

Using functional calculus, Jensen and Nakamura [15, 16] obtained
smooth multiplier results for certain potentials in the Kato class. For
the barrier potential we prove a sharp spectral multiplier theorem on LP
and By/(H) (Theorem 6.5 and Theorem 6.6). Related results appeared
in [13, 6, 9, 7, 23, 20].

The paper is organized as follows. In §2 we give explicit solutions to
the eigenfunction equation for H. The proof of Theorem 3.7 is based
on decay estimates for the kernel of ¢,;(H). Detailed proofs of these
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decay estimates are included in §4 and §5. In §6 we prove a Mihlin-
Hormander type multiplier theorem for H. In §7, we identify these new
By4(H) spaces with the ordinary Besov spaces for a certain range of
parameters a, p, q.

Acknowledgment The authors would like to thank A. Jensen for his
useful comments on the identification of Besov spaces.

2. PRELIMINARIES

2.1. Kernel formula for the spectral operator
Let ey (z,€) and e_(z,£) be two solutions of the equation

(3) He(w,§) = e(z,€)

with the asymptotic behavior for £ > 0 and & < 0, respectively, being
Ty (§)e® xr — £00

(4) €i($,f) - { 62‘590 +Ri(€)e—i§m T — Foo.

Then the functions ey (z,&) are unique for £ € R, and equation (3)
together with condition (4) is equivalent to the integral equation

(5)  elw.€) =+ (2il) / NI (y)e(y, ) dy.

These generalized eigenfunctions have a physical interpretation in quan-
tum mechanics, where £2 is viewed as a energy parameter; in fact, they
represent the transmission and reflection waves when a particle passes
through the potential. The coefficients T', R are called the transmission
coefficient and the reflection coefficient (cf., [12, p.4179], also [10]). Un-
der the condition that V is in L' N L2, the second-named author proved
the following two results in [29, 30].

a) The essential spectrum of H is [0, 00). More precisely, H only has
an absolutely continuous spectrum, the singular continuous spectrum
being empty; and the discrete spectrum of H is at most countable.
Hence, if we denote L? by H, then H = Hy. & H,p.

b) Define the generalized Fourier transform F on L? by

: 1 o _
Ff): :l.l.m.ﬁ N f(x)e(z, &)dx.

Then F is a unitary operator from H,. onto L? and its adjoint is given
by

* : =11 L h e(x
Frg(x) : —1.1.m.\/%/_oog(f) (x,&)dE.



4 J.J. BENEDETTO AND S. ZHENG

Therefore ¢(H )|y, = F*¢(£2)F for ¢ € L. Suppose H has no point
spectrum and le(z,&)| < C for ae. (x,&) € R?, then, if ¢ € C,
(continuous and compactly supported functions), we have

6) VfeL'nI% ¢(H)f(x)= /_°°¢<H><x,y>f<y>dy,

(7) o(H / O(E)e(x, ey, €)de.

A variant of formula (6) can be found in [12] for short-range poten-
tials defined as a measure. In three dimensions, a similar formula is
used by Tao [26] in a scattering problem. Also consult [21] for general
references.

Since V' = e?x(_1) is in L' N L? and the eigenfunctions of H are
uniformly bounded (see §2.3), formula (6) is valid for V. Note that the
corresponding point spectrum is empty.

2.2. Dyadic systems and Besov spaces
Let @, p, W, ¢ be C*° functions, satisfying the following conditions:
i) supp ®, supp ¥ C {[¢] < 1}; [@(E)], [P(§)] > c>0if [¢§] < 5
; i) SUPP ¢, SUPP ¥ C {3 <€l < 1} and [p(§)], (&) = ¢ > 0if
W) Vf R, Q(OW(E) + 272, 0(277)Y(277¢) = 1.
Such functions exist, e.g., [11], and we shall use the notation ¢;(§) =
©(279¢). The almost orthogonal relation (ii7) for the dyadic system
allows us to write each f € L? as

f=0oH f+Z<Pg

If0<p<oo,0<q< oo, ac€R, we define the By»?(H) quasi-norm
(2) for f € L% Note that when 0 < p < 1 or 0 < ¢ < 1, we can
always define a metric d on Bg"?, so that the metric space (B, d) is
topologically isomorphic to the quasi-normed space. In fact, Lemma
3.10.1 in [4] tells that every quasi-normed linear space is metrizable.

The definition of Bg*(H) is a natural extension of the classical case
where H = Hy = —A, and such a definition leads to the usual Besov
space on R: B®(H,) = B2*4(R).

2.3. Generalized eigenfunctions of H

We now determine eigenfunctions of H = —A + V, where V =
e2x[-1,1), also see, e.g., [10].
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First, note that e(z, £) must have the following form. If £ > €, then
At Ale™r < 1,
€+(ZE’,€) = B+62KI + Bii-e_'lea |ZI§'| S ]-7
Cie®® +Che ™ x>1,
where K = /&% —¢?; and if 0 < £ < ¢, then
Apel + Alle™® g < —1,
er(v,§) = Bie’ + Ble ™, |z <1,
Cie®* +Che ™ > 1,
where p = (/&2 — &2,
The Lippmann-Schwinger equation (5) requires that e(z, ) is differ-

entiable in z. By the C' condition at 41 we can obtain the precise
values of the coefficients A, A’, B, B',C, C" as follows.

Let
pzp(f):{ iK =i\ =2 [£] > ¢,
Vet =& gl <e.

Then, for £ > 0,
CL=0, Ay =1,
B 2pEe2iE
2p€ cosh 2p +i(p? — £2)sinh 2p’

s
4 £2 sinh 2pe~%¢
2p€ cosh 2p + i(p? — £2) sinh 2p

C
A =— iﬁg sinh 2p =
C . C .
B, = 2—;(p+ i€)e ", and B, = 2—;(p — i€)erTi,
For £ < 0, we obtain similarly, with the same notation p = p(¢),
A A em87 g < 1,

e_(x,§) =< B_e+ B e |z <1,
C_et 4 (Cle™ ™ z>1,

where C_ =1, A" =0,

B 2p€e2i§
" 2ptcosh2p —i(p? — £2)sinh 2p’

A_ g2 sinh 2pe?*
C' =i—¢e*sinh2p =1
opet BHEP ZQpS cosh 2p —i(p? — £2) sinh 2p’

20

A_ . A .
B =_— ) P B ="(p—i —p—iE
2% (p+i)e”", and 2% (p—i&)e
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Furthermore, if we define

_ €+($,f), €> 07
wa={ g

then
(8) 6(%, _g) = 6(—I, 5)7 5 7& 07

which follows from the following simple relations between the coeffi-
cients:

A(§) = A (=€) = C1(§) = C4(=9),
CL(§) = C"- (=€) = A1 (&) = AL (=9),

and

B (=§) = BL(S), B-(=§) =B\ (¢).

Remark 1. Identity (8) allows us to simplify the estimates in various
cases, see §84—6. Some of the above relations can also be found in [12,
Theorem 6.1] for general short-range potentials.

Remark 2. It is easy to observe that A’ ,C,, hence C”, A_, are real
analytic in € € R, while By, B/, have singularities at £ = +¢. Moreover,
for every x, e(x,-) is analytic in £ € R\ {0}. For every &, e(-,&) is C*
in z € R\ {+1}, while C' (continuously differentiable) at = = +1.

3. PEETRE TYPE MAXIMAL INEQUALITY

Let @, p, ¥, 1) be C* functions, satisfying the conditions given in §2.
Recall that if ¢ € C,, the operator ¢(H) has the kernel (7). Note that
(- €) € C* (€ # 0) implies (H)(-,-) € C'(R x R).

Lemma 3.1. Let K;(z,y) = ¢(277H)(z,y) with supp ¢ C [3,1]U
[_17_5'
(a) If j > 4 + 2log, e, then, for each n € {0} UN,

2N
) ()] < G S0 272(1 4 2921 4y 20]) ",
=0
where N := N, is the smallest integer > max{1,n/4}.
(b) If —oo < j < J:=4+4 [2log, €], then, for each n > 0,
K, y)] < Co27P(1+ 272 |a £y )7

Notation. In the right hand side of (9) each summand denotes a sum
taken over all possible choices of the signs +. Similar notation applies
elsewhere in this paper.
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Lemma 3.2. Let K(z,y) = ®(H)(x,y), supp ® C [-1,1]. Then, for
each n > 0,

K (2, )] < Co(1+ [z —y))™.

We also need decay estimates for the derivative of the kernel.

Lemma 3.3. Let the notation be as in Lemma 3.1.
(a) If 7 > J, then, for each n > 0, there is a constant C,, such that

2N

0 . ,
K, < 29(1 4+ 2923 4y +20))"
e )| S QP2 ey

where N is the the same as in Lemma 3.1(a).
(b) If —oco < j < J, then, for each n > 0, there is a constant C,, such
that

ang(:c, y)' < C 2 (1422 c+y)™
X

Lemma 3.4. Let ® be as in Lemma 3.2. Then, for each n > 0,

0
— < . _n.
)| <G+ =)

Proofs of Lemmas 3.1—3.4 are given in §4 and §5, and they involve
oscillatory integral techniques. These lemmas are essential for us to
establish a Peetre type maximal inequality (Lemma 3.6).

Given s > 0, define the Peetre maximal functions for H as follows:
if 7 > J, define

oy i (H) f (1)
P @) = s e e & 20

and

L oy (Y (0)
P flz) = ilelﬂlg ming 4 (1 + 202z + t 4+ 20])5’
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where the minimum is taken over 0 < ¢ < 2N, and N, is the smallest
integer > max{1, [S]:z}; and, if 7 < J, define
i i (H) f ()]
v; f(z) —Stlel[g min, (1 + 292z £ t|)*’
[2(H) f(D)]
O f(xr) =sup ———————,
) = e -y
w (3 (H) f)' (1)
tek ming (1 + 27/2[z £ ¢[)*’
[(2(H)[)' )]
O f(r) =sup —————-—.
L S P
We have used the abbreviation ¢} f := ¢ . f, etc. Notice that

(10) ;i f () = i (H) f(2)].

In the following we slightly modify the notation ¢ f = ®*f, etc., in
case of no confusion.

py flx) =

Lemma 3.5. For s > 0, there exists a constant cs > 0 such that

*ok 1 /2 *
#5 (@) < 2 max ) f (x + 2k),
where the maximum s taken over 0 < k < 2N, and both =+.

Proof. From the identity
1

ViEe L ¢ (H)f(x)= Y (o) (H)p;(H)f(x),

v=—1

with convention ¢y = ® and ¢_; = 0, we derive

L mnn =Y / O Kt ), () ().

v=—1

where K;(t,y) denotes the kernel of (py)(277H).
First, let j > J. Apply Lemma 3.3(a) to obtain

1< (0, (H) f)(8)] 1
mink,i(cll + 202|x £+ ¢ £ 2K])* = Cn Vgl%/ﬂ{
ity lp;(H) f(y)]

- X - - ,
(14 25" |t 4+ oy + p2¢])r  ming (14 272z £ ¢+ 2k|)
where the inner sum is taken over all 0 < ¢ < 2N and o, u € {£1}.
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We shall now prove the following inequality.

(11)
|0 (H) f(y)]
ming 4 (1 + 27/2|x £t £ 2¢])*

< ’ i i/2 ‘.
< max ©; f(x42k) r?in(HQ [tty£2¢|)

To prove (11), note that for given x, ¢, there are §, € € {£1}, and ¢
such that ming 4 (1 + 27/2|z £t + 20|) = 1+ 29/2|z + 6t + €2{y|. Then
for each o, u, and ¢, the left hand side of (11) is less than or equal to

|05 (H) f(y)] A+ PPz e 26+ 'y + p20))°
ming 4 (14 2972z + € - 20y £ y + 2k])* (14 2772z + 0t + €24y])*
< @i f(x + €200) (1 + 272 = 6t + o'y + p'2¢))°
< n]}zixap;f(xj:2k)(1+2j/2|t+0y+,u2€|)8,

where we have set ¢/ = —do and /' = —d0u, and where, for s > 0, we
used the inequality

(142772 x+e2bg+0"y+1'20))* < (142972 x40t +€200])* (142772 =6t +0"y+1'20))°.

Since o, i, ¢ are arbitrary, (11) is proved.
It follows that

| (05 (H).f) ()]
mlnki(1+2]/2|l'itj:2k‘| <G, Z Zmaxg% I:t2k})

v=—1/4,0,u
9i+ .
/ Ty (14 22|t + oy + p2¢))*dy
(1+27|t+0y+u2€|)"
]+n/2
< + 2k)
Cn ogﬁXN(pJ (@ Z / (1+292|t + oy + p2¢|)"~ 4y

< J/2 *
<Cpns(2N +1)2 Og;gg]v sojf(a: =+ 2k),

provided n — s > 1. Thus one may take n = [s] + 2.
For j < J similarly we obtain the following inequalities, using Lemma
3.3(b) and Lemma 3.4 in place of Lemma 3.3(a):

¢ f(z) < C2%% f(x)
and
™ f(x) < CP*f(x).

This proves Lemma 3.5. a
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We are ready to prove Peetre’s maximal inequality for H. Let M be
the Hardy-Littlewood maximal operator:

Mf(2) —sup|l|1/|f )|du,

zel
where the supreme is taken over all intervals I containing x.

Lemma 3.6. Let 0 < r < oo. There exists a constant C > 0 such
that, for any 0 < e <1,

2N 2N
pif@) < Ced @i fle+20)+CeVmy M|y (H) fI]Y (£ £ 20).
=0 =0

Proof. Let g € C'. Asin [27], the mean value theorem gives, for
zo € R and 6 > 0, that

1/r
9(0)| <20 sup |g'()] + (20)°/" (/ \grdz) .
|z—z0|<d |z—2z0|<6

Letting g(z) = ¢;(H)f(£x £2¢ — z) € C', we obtain, with 0 < § <
1,0 < £ < 2N,, that

|0 (H) f(Fx £ 20 — 2))| (1 + 272 Jul) 7| 2L (s (H) f) (£ 20 — u)

. <2 - -
Qom0 T A P (1 + 2 )
. 1/r
+(20) 7Y (1 4 2072 2|) 7Y </ lo;(H) f(£x £ 20 — u)rdu)
|lu—z|<d
_ 4 (o (H) f) (£ 20 — u))|
< 2 1 2]/2 1/7“ |dz(goﬁ( \
< 25(1+ 9) iléR 1+ 22|/
1/r
+(20) 7Y (1 4 2072 2|)"Yr (/ i (H) f(£x + 20 — u)rdu)
lu|<[2]+6

< 32 §\1/7 —1/r |Z‘+ ) r\11/r
< 20(14 28 () + 57 (TP ) M () e 20)1)

2N, 2N,

< Cre Y @i fle£20) + (14 €)Y [M(p;(H) )7 (e + 20),

(=0 /=0

by taking 6 = 279/2¢ and using Lemma 3.5. This proves the lemma. O
Remark 1. It is well known that M is bounded on LP,1 < p < oo.
Lemma 3.6 implies that if s = 1/r, then

(12) @i flle < cllei(H) fllp, 0 <p < oo,
by taking € small enough and 0 <7 < p (s=1/r > 1/p).
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Remark 2. For j < J, the inequality in Lemma 3.6 takes a simpler
form, viz.,

@5 f (@) SCse*[M (L (H) " (),
O f(x) <Coe[M(|(H) f|)]" (),

cf., the analogue in the Fourier case [27] and Hermite case [8].
A direct consequence of Lemma 3.6 is the Peetre maximal function
characterization of the spaces By¢(H).

Theorem 3.7. Let « € R,0 < p < o0, 0< g <o0. Ifp;f and O f
are defined with s > 1/p, we have for f € L?

s 1/q
(13) [fllga = ([ fllp + (Z 2jaq!|90§f||§,> :
j=1

Furthermore, By is a quasi-Banach space (Banach space if p > 1,q >
1) and it is independent of the choice of {®,¢;}j>1.

Proof. In view of (10), it is sufficient to show that

o 1/q
1% £, + (Z 2”‘1||so;f||g> < Ol fll gzee,
j=1

but this follows from (12) immediately.
Next we show that B is independent of the generating functions,

i.e., given two systems {¢;,4;} and {@;, ¢, }, then ||f||¢aq and ||f||Baq
are equivalent quasi-norms on B

Write ¢;(H) = 330, ¢j(H)(<z31;)j+y(H) by the identity that, for all
z, ¢j(x) = ¢j(x) lej:_l(gg@z)jw(z). We have by Lemma 3.1 that

2i/2 ~
< . () F(y)ld
65(H) £ (2)] czz/ oAy ey e )y
<C 2" 1+ 20|z £ y & 2k|)°d
V;% Z/ L+ 27 =y £ 20 mpl T2 le £y £ 2k dy

ij j{: $;+Vf(x>

v=—1

provided n — s > 1. Thus, for f € L2,
11500 = 14271165 (ED) fllpHlen < Call {27115 FllpHlen = 1 f [ G-
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This concludes the proof of Theorem 3.7. That B! are quasi-Banach
spaces follows directly from the definition. O

As expected from Lemma 3.6 we can define the homogeneous Besov
spaces and obtain a maximal function characterization as well.

Let ¢, 1 € C*° satisty

i) supp @, supp ¢ C {1 < [¢] < 1}

(@), [¥(€)] > e>0if 3 <|E] < T

i) VEA0, Y072 0(2778v(27¢) = 1.
Definition. The homogeneous Besov space Bg’q = BI‘}"](H) associated
with H is the completion of the set {f € L? : [l goe < oo} with

respect to the norm [ - [| o0, where
o 1/q
Il = (Z (2”||90j(H)f||p)q> |
j=—00

Theorem 3.8. Let a € R,0 < p,q < oco. If ¢if is defined for j € Z
with s > 1/p, then for f € L?

o 1/q
(e <Z 2J“q||¢;f||g> .

Jj=—00
Furthermore, || - Hga,q and || - Héa,q are equivalent norms on the quasi-
P P

Banach space Bqu for any given two systems {¢;} and {(;;J}

The proof is completely implicit in that of Theorem 3.7 and hence
omitted.

Moreover, as in the Fourier case and Hermite case [27], [8], the Pee-
tre maximal inequality enables us to define and characterize Triebel-
Lizorkin spaces, see [30].

4. HIGH AND LOW ENERGY ESTIMATES

We give proofs of Lemma 3.1 and Lemma 3.3 for the decay estimates
of p;j(H)(x,y) and a%gpj(H)(x, y). Recall that ,;(H) = f ©(27IN)dE, =
F~Lo;(&€*)F with supp ¢; C [2/72 27], which means that the spectrum
of p;(H) is bounded away from 0.

When j > J = 4+ [2log, €], we treat K;(z,y), the kernel of the
operator ¢;(H), as an oscillatory integral as £ — oco. When j < J,
we use the asymptotic property (as & — 0) of eigenfunctions e(z, ) to
obtain estimates for the kernel.
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Since e(x, £) has different expressions as z > 1, |z| < 1, and x < —1,
the estimates are divided into nine cases, namely,

la.z>1y>1; 1b.ze>1 |y <1; lecz> 1,y < —1;
2a. |z] < 1,y >1; 2b. |z| < 1, |y| < 1; 2¢. |2| < 1, y < —1;
3a. |z| < =1,y > 1; 3b. |z| < —1,]y| < 1; 3c.x < —1,y < —1.

By virtue of the relation e(z, —¢§) = e(—x, §) and the trivial conjugation
relation @(A\?H)(x,y) = p(N2H)(y,x) = ¢(AH)(—x, —y), we see, how-
ever, that these cases reduce to the following four cases: 1la, 1b, 1c, 20b.
Let A = 27972, then A™! > 4e if and only if j > J. In the following
we write 1(z) = ¢(2%) and use the notation O(£™™) := Ox (™) to
denote a function whose derivatives of arbitrary order > 0 has estimates
O(€™), as € — oo.
4.1. High energy estimates j > J
Proof of Lemma 3.1(a).  We only show Cases la and 2b. Cases
1b and 1c can be shown similarly.
Case la. x > 1,y > 1. Let I(x,y) = 2nK;(z,y). Then by (7) and §2.3

1/A o
Iz,y)= | $(A)CLe"eCremede

1/2X

—1/2X ) ) -
+ / P(AE) (™ + C e ) eive  C e~ wedE .= I+ + 1.
—1/A

We now use the notation f = 11//2’; and [~ = [~ 11///\2)\-

We break the estimate of 1™ into two parts:

+ 1/
[ = v e

1/2)
1/ 4K2§2 ]
= A i(z=y)€ g K = 2 _ 2
/QA W 5) 4K2€2 + g sin? 2K & &=
1/A 6 16in?2 K .
< A (———=——)P i(z=y)¢ g
Z - YOO (e e fs‘

1/A
‘/ v(A§O f“*N)”“dé“fﬁR

1/2)

where we used

(14)

4K2¢? R VI <g4 sin” 2K)p

AK2¢? 4 etsin® 2K ;(— ) AK2€2
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because 545}?2522K <z 354 <E(M)P <1 gl > 1/20 > 26 (K2 > 3¢%).

If we write sin 2K = (2i) ' (e®F — %K) the integral in each term of
the sum [} is bounded by a linear combination of the absolute values

of the form
+/ eti2Ke e
)\ Z"E—y d
/ / v Ry :

/ ¢ )\5 K2€) :|:22K 14 z(:c—y:l:%)&dg,

where 0 < ¢ < 2p, 0 < p < N — 1. The following estimates (as
&~ X1 — o00) will be used.

(W) = 00",
de (K262)77) = O(\"*),

L(eii2(K—§)Z) _ OV, j>0,
dg O(1), j=0.

We have
ddgn [w()\g) (K2§2) —p :I:Z2E(K {)} < C)\4p+n

Integration by parts yields

+/ )\4p+n—1
| <t o
Tl —y £ 20

It follows that

>\4p+n 1

(15) Z_;Z |z —y £ 20

Also, because of the factor O(¢74N) we have

-1 >\n—1
MV < O0——— (4N >n)

16 Rt <C >
(16) VSO P

by integration by parts.
Combining (15) and (16) we obtain

2N -2

An—l
I <I% + R} < Cy, A
[ < N T iy S O, Z;|I_y4__%|n
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For I, write
1= [ wooet s+ [ voeTme g

+ [ uveeie ety [ oo e
=17+ Iy + 15 + I
As in estimating I, we have

2N )\n—l
| <C _
1= ;\xiyizan

Hence we obtain that if x > 1, y > 1, then

2N )\n—l
21| K <|It 1|1 <C _
Case 2b. |z| < 1,|y| < 1. Let the notation be the same as in Case la.
By symmetry it is enough to deal with I+ = [
From the expression of B, B! in §2.3 we have

_l’_
= / BOE) (B 4 Ble ) B ey + Bl e~ vdg
+ ' n -
:/ ¢(A£)|B+|261K(r—y)d£ +/ w(ké‘)B_i_B/_i_ezK(m—}y)dg
+ o " |
_|_/ @D()\f)BQ_B_Fe_ZK(IJ'_y)d{—l—/ ?/J()\f)|B;_|26_ZK(x_y)d§
=0+ L+ I+ I
We estimate these terms separately. For instance,
1 [t , .
;=1 [ 0@ R i Pt - ¢ e

Using the identity

9 422
4K28% + esin” 2K

N-1 9 . 2p "
Y (St ) 0,

p=0
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we write
N-1 . 2p
=Yy [ T pgeltua (%) (1 €/K)de
p=0

v f "B DG (N (1 €2/ K2)dg 1= Iy + Ry

The integral in each term of the sum I;f n 1s bounded by a linear com-
bination of the form

‘ /+¢()\g)ei(m—i-y—Q)Ke:tzQKé(2K£>—2p(1 . 52/K2)df‘

Integration by parts for IZ n and R; N gives us

2N-1 A1
1 If| < T
(17) |2\_0N§‘x+yi%|n

The other terms I, IJ7, I} also satisfy the inequality (17) (possibly
with x + y replaced by = — y); and hence I and [~ satisfy for all
[zl < 1, [yl < 1,

aN—1 \n—1

| <c —
17l = Z |z £y £ 20
=0

This completes the proof of Lemma 3.1(a). O

Proof of Lemma 3.3(a). Note that 2e(x,¢) € L2 (R x R) exist for
all £ #0. We have

18) g = 5 [ eV ela ety €1

Let §(x) = z¢(x), where (z) = p(x?). Further, let j > J and
A = 279/2 50 that supp (X -) C {1/2) < €] < 1/}, with 26 < 1/2A.
Case 1. x > 1, y € R. By (18)

0 . .
SR () = [HE00Q)(Ce - Ce ety €)dg

e / 5AE) (O™ — C'e ey, €)de

where §(z) satisfies the same conditions as ¢ (z): (i) § € C* (i) supp § C
{2 <|¢] < 1} (except for ¥ being even, which is unimportant). Thus
we obtain, similar to the case for K(x,y),

0 N A2
AN ey e e
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Case 2. |z| <1, y € R. Writing

BO-{ 5" 20

and the corresponding B’(&) (see §2.3), we have
o [ = e mes: - pre ey,
—int [0 BeRT — Be K€ ey, €)ds

Thus we obtain, similar to the case for K;(z,y),

0 N A2
o 1< e gy T

Case 3. v < —1, y € R. The relation p(AH)(z,y) = ¢(AH)(—x, —y)
implies

0 0
[P (,9)] = ~[5-0OH))(~2, ~y)].

Therefore, if x < —1, then, by Case 1,
‘a p(AH)(2,y)| = }a [p(NH) (2, )] (2, —y)|
2N \-2

< .
_Cz::(l—l—)\ H—xFyL20)n

This concludes the proof of Lemma 3.3(a). O

4.2. Low energy estimates j < .J

Proof of Lemma 3.1(b). As in the high energy case, we only
need to check the four cases la, 1b, 1c, and 2b. Outlines will be given
for 1a, 2b only.

Casela. 2 >1,y>1(1/A<4e; A =2772 — 0o as j — —0o0).

2K (x, y) :/Rw(xg)e(:v,é)e(yﬁ)d&:/++/_

We obtain by integration by parts that

e
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where we used (as £ ~ A7! — 0)

£ (p(00) =0
d§2(|C—|—‘ ) = {

[ 1=c
yl"
using the facts that

d’ gt

We also obtain

dé"z (|C/ | ) dci ((2,0/sinh2p)2§2 _|_64) =0(1), ¢—0"
and
Lo o), £—0
dg’ B ’ ’

where we note that C" = C”" () is C°.
Case 2b. |z| <1, |y| < 1. Let I (z,y) := [, I~ (2,y) := [~. Then

Il =1 [ VOB + By BT B

n

| [ 1€ (cosh (1 — ) = i psins (1 — ) (cosh p(1 — ) + i psinh p(1 — )]
A1

14+ Atz £y

where we note that cosh p(1 — z) — i&/psinh p(1 — =) and cosh p(1 —

y) + i&/psinh p(1 — y) are uniformly bounded in |z| < 1 and |y| < 1.
The term I~ (x,y) satisfies the same inequality since I~ (z,y) =

<C)\t< 3

It(—z,—y). O
Proof of Lemma 3.3(b).  The same argument in proving Lemma
3.1(b) is valid for the proof of Lemma 3.3(b). O

5. LOCAL ENERGY ESTIMATES

Let & € C'* have support contained in {|{| < 1}. Then the spectrum
of ®(H) includes the local energy, a neighborhood of 0. We use the
term “local energy” to distinguish from the low energy case, where
the support of ¢; (j < J) keeps away from 0. Since 0 € supp @
and e(z,§) is discontinuous at the origin & = 0, we need to treat the
corresponding kernel more carefully. The proof is more delicate and
requires a “matching” method.
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Proof of Lemma 3.2. As in §4, the estimates rely on the four
cases, la, 1b, lc, and 2b. We use f and f to denote the ordinary
Fourier transform and its inverse, respectively.

Case la. x> 1,y > 1. Let K(a:,y) =®(H)(z,y), ¥(r) = (2?).

1 0
oK (2, y) = / U(E)C, e eedE + / W(E) (™ + O e )ik + 7 -
0

1
=1t +1.
We write

ho / W)+ / we)CL g

-1 -1

0 0
+/ \I](g)c_l_ei(:c-f—y){df_l_/ \I’(f)|0/_|26_i(x_y)£d§

-1 —1
=1+ I, 4+ 15 + 1
The relations C” (—¢) = A’ (§) = C”(€) and |C4|* + |4, |? = 1 imply
that

1
I+ I+ 1, = / W(€)|C4|Pe’ @ e
0

0 1
i(z—y)& 112 i(z—y)€
+/ W(E)e ds+/0 W(6)|C" [PV dg

-1

= /1 (€)@ Vede = Vor U (z — y).

1
Also, the relation C’ (—¢) = C”(&) gives
0 1
Iy +1Iy = / W(E)C e Vi + / W (€O (€)e i@+ g
0

-1
=V2m(¥(§)CL(E))" (z +y).
Since ¥ € C*° and C" € C*, we have, for x > 1 and y > 1, that
2| K ()l < I+ Iy + 1| + [y + 1y |
< Cy n Ch <9 Ch
T+l -y A+ frtyl)r T A4z —y)n
by the rapid decay for the Fourier transform of C° functions, where
228 sinh 2p/2p
¢’ () = v/
§Cosh 2p —i(p? — &%) sinh 2p/2p
Case 1b. z > 1, |y| < 1.

e C*=.

3 d¢
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Using e, (y, &) = Ce®[cosh p(1 —y) —i&/psinh p(1 — y)] and A_ =
2p&e? /(2p€ cosh 2p — i(p? — £2) sinh 2p), we have

1
2m K (w,y) = /0 U()e'" 8 |CL PR + i) [cosh p(1 — y) + i/ psinh p(1 — y)]dE

+ /0 W(€)e@VER + i) 2p€fcosh p(1 + y) — i€ /psinh p(1 + y)]

1 2p€ cosh 2p + i(p? — £2) sinh 2p
0 o
(1) , 1e” sinh 2p - 2p€ . .
+ /_1 (e (R+ Z%)4p2§2 tenh’e, [cosh p(1 + y) — 1§/ psinh p(1 + y)]dE
::“Re 2 + ,I:“Im”’

where we break each of the above three integrals into two parts; then
let “Re” be the sum of the three integrals involving R only, and let
“Im” be the sum of the three integrals involving & only. We have

1
“Re” = / ()] C4 28 cosh p(1 — y)de
0

0 (o 2p&(cosh p(1 + y) —i&/psinh p(1 +y
—! 2p€ cosh 2p +i(p? — €2) sinh 2p
° it he 26262 sinh 2p sinh p(1 +
+/ U(&)e i(z—1)¢ £ - 04 : p§ y)dg
-1 4p2£2 + e*sinh® 2p
— /llll(f)ei(x_l)£4p2§2 cosh p(1 —y) + 252?2 sir21h 2psinh p(1 + y)+
0 4p2£2 + etsinh? 2p
/o \P(£>ei(x—1)§ 4p%€? cosh 2p cosh p(1 + y) — 2£2(p* — £2) sinh 2psinh p(1 + y)d§
- 4p%€2 + tsinh® 2p :

Noting that p?—£2? = 2p?—¢e? and cosh 2p cosh p(1+y)—sinh 2p sinh p(1+
y) = cosh p(1 — y), we obtain
(19)
¢ (4p? + 2%)€2 cosh p(1 — y) + 2¢2¢% sinh 2psinh p(1 Y
R :\/%[\If(ﬁ)e_lg( p* +2e?)&% cosh p(1 — y) + '&?i sinh 2p sinh p( —l—y)] ().
4p2£2 4 e*sinh” 2p
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For the “imaginary part”,

1
T = [ Q|0 P4 psinh (1~ y)dg
0

0

* /_1 2p€ cosh 2p + i(p? — £2) sinh 2p
0 . 2 ginh 2p2p€&
[ g(e)e-ite-ne__E5i0 hoo(1 4+ 0)d
/_1 (E)e 4p2€2 + g4 sinh® 2p cosh p(1 +y)dé
' - 2p¢
_ i(z—1)¢ 2 . . 2
= /0 U(&)e 126 1 o2, [2¢%sinh p(1 — y) — e” sinh 2p cosh p(1 + y)]d{+
0 JR—
/ \I](g)ei(:c—l)é 2/75 . .
1 4p2€2 + etsinh” 2p

-[262 cosh 2psinh p(1 + y) + (p* — &%) sinh 2p cosh p(1 + y)]dE.

Noting that p*—¢£? = £2—2£? and sinh 2p cosh p(1+y)—cosh 2psinh p(1+
y) = sinh p(1 — y), we obtain
(20)
i 2p¢

“ITm?” = \/2_ ] g

" m(©e 4p2€2 + e4sinh? 2p
Since the functions in the square brackets of (19) and (20) are C°, it
follows that for all z > 1, |y| < 1,

(2¢? sinh p(1—y)—e” sinh 2p cosh p(1+y))] ().

T+ ) = A+ [z =y
Case 1c. x > 1,y < —1. The proof is similar to that of Case la and
hence omitted.

Case 2b. |z| < 1,|y| < 1. Since |e(x, §)| < O, for all z, £, the result is
straightforward:

K (z,y)] <

C
K(z,y SCZN—n
(vl T+ =g

This concludes the proof of Lemma 3.2. O

Proof of Lemma 3.4.  With the convention [T = fol, [ = f?l,
we have

202 K (a) = / el el E)ds

or
e
© Ox ox ’
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The function & — 6%6(1’,{) is discontinuous at & = 0. As suggested
by the treatment of K(z,y) we want to “match” different parts of the
above integrals properly so that 6%[( (z,y) can be written as a linear
combination of the Fourier transform of C'¢® functions.

We only need to check five cases la, 1b, 1¢, 2a, 2b. Estimates for the

other cases follow readily from the relatlon 2K (x y) = LK (~z,—y)] =

ox

—(£K)(—=z,—y). We outline the proofs for la, 1b and 2b only, since

lc and 2a can be dealt with similarly.

Case la. x > 1,y > 1. Let A(§) =¥ (§) € C.

// zacwm“dg/ (6)|C [P vede.
8x

J / = [ i€ - o e CTeRag

:/ z:c y{dg / |Cl|2 —i(z— y{dg

—l—/ A(g)c_l_ei(m—iry)ﬁdg_/ A(g)C’_e‘i(“y)Ed,g
= /_ A(S)ei(sﬂ—y)Edg n /+ A(€)|C/_|26i(w—y)§d€

+ 3 B .
_/ A(f)C'_e_’(gﬁ'y)gdf—/ A(é“)cl_e—z(x-i-y)gdg’

where we note that A(¢) is odd and C’ (&) = C”_(—¢). We have, by the
relation |C|? + |C”|*> = 1, that

/ 4 _/ / Z(w Yy €d£ C" e—i(w+y)€d§
or

=V2rA©)) (z — y) = V2r[AE©)CL) (& + ).

Since A € C°,C" (§) € C, the inequality in Lemma 3.4 holds for all
z>1y>1.
Case 1b. x > 1,]y| < 1. Let the notation be as in Case la. Then

2= [ A@ICL 2R+ 1) eosh o1 — ) + i psinh (1 — )
Jeita- 20 (cosh p(1 +y) —i&/p sinh p(1 +y))
3$/ / el 2p€ cosh p + i(p? — £2) sinh 2p Jd

ic? sinh 2p - 2p¢

4p2£2 + &4 sinh? 2p (coshp(l+y) = i/psinhp(l + y))}d&.

- [ a@eteem )]
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As in the case for K(z,y), we split each integral into two parts and
let “Re” and “ZIm” denote the sum of integrals involving only those
consisting of “real parts” and “imaginary parts”, respectively. As a
result,

0 .
2n—K(z,y) = “Re” +i“Im”,
ox
where we find, by noting that A is odd, that “Re” and “Im” have
the same expressions as in (19) and (20), respectively, except that ¥
should be replaced by A. Case 1b is so verified by this observation.

Finally, the decay estimate for Case 2b (|z|,|y| < 1) follows easily
from the fact that e(y,§) € L®(R xR) and Ze(z,£) € Lo (Rx R). In
fact, we have

syl =] [ 90 elr . )¢

Ch

<Cm
(L+ [z —yl)"

where, by §2.3,

%ar(a:, ) = Ce®[—psinh p(1 — ) + i€ cosh p(1 — )],

%6_(1}, €) = A_e ®[psinh p(1 + x) + i€ cosh p(1 + z)].

This completes the proof of Lemma 3.4. O

6. SPECTRAL MULTIPLIERS FOR LP AND B(H)

Throughout this section we assume that m : R — C is bounded and
|m/(&)] < C|€|7! for € # 0. We prove that under this same differen-
tiability condition on m as in the Fourier case, m(H) has a bounded
extension on L from L?N L% To do so we need to show that the kernel
m(H)(x,y) satisfies a Hormander type condition:

ey [ ) )l < 4

where z = min, (| £ 7|) (compare the Fourier case [25]).

We begin with two technical lemmas that will be proved at the end
of this section. Let {§;}>° be a smooth dyadic resolution of unit and
let m;(x) = md;(x). Denote by K; the kernel of m;(H).
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Lemma 6.1. Let z = min |z £+ y| and A = 279/2. Then there exists a
constant C' independent of y so that

(22) 1 (- y)ll < OAY2,

(23) 125( y)lla < CAY2,

(24) / |K(z,y)|de < Ct=12\1/2,
|z|>t

Lemma 6.2. Let z, A be as above. Then there exists a constant C,
independent of y so that

B .
(25) ||a—ij(-,y)||2 < OXT2
) .
(26) ||Za—ij(~,y)||2 <X
(27) / 9 Kz, ‘dx < OV,
|z|>t dy

To show (21) an immediate question arises: what is the kernel ex-
pression for m(H)? Since m may not necessarily have compact support,
the answer is not so immediate. For f € L?, m(H)f =Y. _m;(H)f
in L?. This suggests that m(H)(z,y) may have the (pointwise) ex-
pression » > Kj(x,y). Our next lemma shows that this is true in an
appropriate sense.

Lemma 6.3. Let m be bounded and let |m/(€)] < C|€|7F for € € R\ {0}.
Then, for f € L?> = {f € L*: supp f is compact}, m(H)f has the ex-

pression
/K x,y)f

for a.e. x & tsupp f, where K(:U y)=>."_K; (SL’ Y).

Proof. Since Y. _m;(H)f converges to m(H)f in L?, it suf-
fices to show the series Y m;(H)f(x) converges pointwise for each

x ¢ tsuppf.

Let ¢ > 0 be the distance from = to the set (supp f) U (—supp f).
Then supp f C {y : min(|y + z|, |y — z|) > t}. By Lemma 6.1 we have,
for z ¢ tsupp f and J € Z, that

J
S| [ K s < ||f|r22||f< N

J
<C|Ifll2 > 2" < Collfll2s
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and, writing min |y £+ x| = min(|y + z|, |y — z|), we have

i | [ K@i - i n o S Wy
<y (/

J+1 min \y:l:x|>t

) 1/2
(z,y)] dy)

=C|Ifllst™ Y279 < Cyll fllat ™"

J+1

This shows that > m;(H)f(z) converges for all x ¢ £suppf.

We are ready to verify the Hérmander condition for m(H).
Lemma 6.4. Let z =min|z 7|, t = |y — 7| and A = 277/2. Then
(28) [ I - Ky plde

|z|>2t

H2NT2 G f il <]
< <
- C{ VN2 g AT > L

Moreover,
(29) [ K@y - K plde < 4
|z|>2t

where K(x,y) denotes the kernel of m(H) as given in Lemma 6.3.

Proof. Letyey+I,I=—tt]. It tA\~! <1, then, by Lemma 6.2,

/ 1K (2, 9) — K (@, 9)lda
{lz—g|>2t}n{|z+y|>2t}

:/Mt /yy %Kj(x,f)dé’dx

/ yd§ 9k 6)|d
< (x ‘ T
] 2>2t ag
8
<t sup (x,€) ‘dx
§eg+I J {|z—g|>2t}n{|z+y|>2t} (%

§C€t1/2>\ 1/2’

for all y.
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If t\=! > 1, then, by Lemma 6.1,

/ ) — K gl
z|>2t

< / K (2, y)|da + / K ()| de
|z|>2t

|z|>2t

< / K (2, y)|da + / K (2, §)|da
min |zty|>t

min |z£g|>2t

This proves (28).
The inequality (29) follows easily from Lemma 6.3 and (28). O

Theorem 6.5. Suppose m € L* satisfies |m'(€)] < C|€|7L. Then
m(H) is bounded on LP,1 < p < oo, and of weak type (1,1).

As a consequence of Theorem 6.5, we shall show that m(H), initially
defined for f € L2, has a bounded linear extension to the Banach spaces
Byi(H), 1 <p < oo.

Theorem 6.6. Suppose m € L* is as above. Then m(H) extends to
a bounded linear operator on By9(H) for 1 < p < oo, 1 < q < oo,
a € R.

Proof of Theorem 6.5. Applying the Calderéon-Zygmund decom-
position and using Lemma 6.4, we can obtain the weak (1,1) result
for m(H). Then the LP result, 1 < p < oo, follows by means of
Marcinkiewicz interpolation and duality. For completeness, we prove
the weak type (1,1) estimate. By density, it is enough to assume
felLtnlL?

Given f € L',s > 0. According to the Calderén-Zygmund lemma
there is a decomposition f = g + b with b = > b, and a countable
collection of disjoint open intervals I} such that the following properties
hold.

i) |g(z)| < Cs, a.e.

ii) Each by, is supported in Iy, [ bydx = 0, and

1
s < — [ |bgldx < 2s.
] Jr,
iil) Let Dy = Ul = Up(yr — tg, G + tx), where 2t = |Ix| > 0 and
Ui is the center of I,. Then
1Dy < Cs7H|f]|1-
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iv) ge L'N L2 g(x) = f(z) if z ¢ D, and
(30) lgll3 < Csll £l 1ol < 211 f1-

Now let f € L'NL% Then b = >_ by converges both a.e. and in L' N L2
by the definition of by and properties (ii) and (iii), where

bp(z) = { g(x) - \I_lk\fjk fdy, i;ﬁz,

It follows from Lemma 6.4 and properties (ii) and (iv) that

/R\D; |m(H)b(z)|dx < Zk:/R\D; Im(H )by, (z)|dz

B <X [ el /R\I*|K<x,y>—f<<x,yk>|da:

<Ay / Ibu(w)ldy < 241 £]1,
k

where D: = Uk];; and I;: = (yk - 2tk, yk + th) U (_yk - 2tk, —yk + th)
Since |D%| < 4|Dy|, we obtain the weak (1,1) estimate from (30) and

(31). O

Proof of Theorem 6.6. For g € L* N BY(H),

e}

1/q
Im(H)gl pg-e =[|®(H)m(H)gll, + { Z(Qjalhﬂj(H)m(H)ng)q}

j=1

=|{2"%;(H)m(H) g} eszr).

Using @,;(H) = Y20 (0w);4(H)p;(H), with the convention that

v=—1

0o = P,9p_1 =0, we have

120, () g}y < o 2 {30 2y (H) i, (EYg15}

v=—1 7=0

where m; = m(pv),. Therefore it is sufficient to show that the m;(H)
are uniformly bounded on LP,1 < p < oco. However, according to The-
orem 6.5, this is true because each m; = mi; verifies the condition

m{?(©)] < Clel™
k= 0,1, with C' independent of j. O
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Proof of Lemma 6.1. Assuming ||2K;(-,y)||2 < CAY2, the Schwarz
inequality gives

JRLCTI
|z|>t

/ (min|xﬂ:y|)_1‘(rriin|$iy|)Kj(1’>y)}dx
{|lz—y|>t}n{|z+y|>t}

1/2
<(/ (mine  y)2de) |2 ()l < CoEA
{lz—y>t}n{|z+y[>t}

Next we need to show [|2K;(-,y)|ls < CAY2. Clearly,

125 (5 y)lle < Ml2K5(2, y) X as1y ]2
2K (2, y) X a1 <3 ll2 + 12K (@, ) X fe<—13 |-

Each of these three terms is in fact < C.AY/2. We shall prove the
estimate for the first term only since the other two terms can be proved
similarly. The discussion is divided into three cases: y > 1, |y| <1,
and y < —1. Again here, we indicate the proof for the case y > 1 only.

Let y > 1, x > 1 and consider first the high frequency case j > J =
4 + [21og, €]. Recall that j > J if and only if A™! > 4e. Then

2 mine & | (r. )

+ -
:z/ m;(€3)|Cy P 8 ag + z/ m;(€2) (e 4 O e ") et 4 C e~k
3

>2e £<—2¢

=1 (z,y)+ I (z,y).

Integrating by parts, we obtain
+ ) .
I (2, y)] < |z —yl- ‘/ m;(£2)|Cy4] 6z(x—y)§d€’

o] [ m@ie e vsag
- dg J +

=V2r {d%(mj (52)\C+\2X{§>o})] v(fﬁ - y)‘ :

By the Plancherel formula,

d
(32) M (2, y)xgas1ylle < \/%Hd—g(mj(f2)|0+\2><{g>o})||2 < OV
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where we used the following facts when 1/2X\ < || < 1/A:

m(e) =0,
d_g(mj(€2)) O(1/¢),
P —on),
#(C7) =00/,
Similarly, one can show that
(33) 17 (2, )X as1ylla < CAV2,
Combing (32), (33), we obtain
(34) |2 K (2, y)x sy ll2 < CAV2

Estimation for the low energy case 7 < J can be obtained by fol-
lowing the same line of reasoning (with a suitable modification when
necessary) for the high energy case, except that we use certain asymp-
totic properties near the origin instead of oo (cf., §4).

We are left with the first inequality (22) concerning the “size” of the
kernel. The proof of (22) is similar to but easier than that of (23) and
is omitted. This completes the proof of Lemma 6.1. O

Outline of the proof of Lemma 6.2. Lemma 6.2 can be proved in the
same fashion as Lemma 6.1. Assuming (26) for the moment, we can
apply the Schwarz inequality to obtain (27) for all y. Inequalities (25)
and (26) measure the L? -norm of ayK (-,y) and 22 L1 (+,y), which are
derivative analogues of (22) and (23) in Lemma 6. 1

We now indicate some steps for proving (26). (25) is easier to deal
with.

Consider first the high energy case j > J. To prove (26) we break
the function z — za%K ;(z,y) into three parts: its restrictions to the
sets {x > 1}, {|z] < 1}, and {z < —1}. As before we are able to show
that the L?-norm of these restrictions (in z) is bounded by CA~1/2,

For instance, in the case y > 1, x > 1, the identities

{ §,€+(y ,€) :Zfef(y,f) .
~(y,€) =if(e™ — C'_em™)

tell us that the integral expression of za%K j(z,y) differs from that of
2K ;(z,y) only by a factor i§ (up to a % sign), for which reason we
use the estimate d%[fmj(g)] = 0(1), £ — oo in place of the estimate

2lm;(£3)] = O(1/¢).

The remaining two parts are also straightforward.



30 J.J. BENEDETTO AND S. ZHENG

The corresponding inequality is valid for the low energy case, based
on some simple asymptotic estimates as & — 0. O

7. IDENTIFICATION OF B(H),0 < a <1

Generalized Besov space methods have been considered in [14, 17,
19, 20] in the study of perturbations of Schrédinger operators. In ap-
plications to PDE problems it is of interest to identify these spaces.

The spaces By»?(H) we have defined using (2) and the system {®, ¢, }
are essentially of the same type as those defined in [15] for p,¢ > 1 and
a > 0. In [15], sufficient conditions are given on V' so that B;(H)
can be identified with ordinary Besov spaces. The proof is based on a
real interpolation result, where the interpolation spaces are defined by
means of the semigroup method. The following result is a variant of
Theorem 5.1 in [15].

Let K :={V :V =V, —V_sothat V, € K¢ V_ € K;}, where
K, denote the Kato class (see §1, [15] or [24]). Let W7 be the ordinary

Sobolev space of order s on R

Theorem 7.1.  Suppose V € K and D(H™) = W)™ for somem € N
and 1 < p < oo. Then for 1 < q < oo and 0 < a < m, Bqu(H):
B24(R?) (with equivalent norms).

Theorem 7.1 can be proved directly by following the proof of Theo-
rem 5.1 in [15] with obvious modifications. Indeed, noting that D(H™) =
ng, the proof is implicit in the commutative diagram

ByU(H) —— (LP,D(H™))gq,

| T

Bgo"q(Rd) —  (LP, ng)(;,q
with 6 = .

Remark 1. Note that the Besov norm was defined in [15] using the
4-adic system, while we have used the dyadic system in this paper. We
also note that in the condition B(p,m) of [15], W should be szm.

Remark 2. The condition on the domain of H™ is equivalent to
Assumption B(p,m) in [15], which assumes that for some M > 0,
(H+M)~™is a bounded map from L”(R?) to W2™(R?) with a bounded
inverse.

It is essential to verify the domain condition on H™ or the assump-
tion B(p,m). In his communication to the second author, A. Jensen
explained that, using the Kato-Rellich theorem it is easy to show that
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if V is bounded relative to A on LP(R?) with relative bound less than
one, then the condition B(p, m) is satisfied for m = 1. For m > 1, the
condition B(p,m) is valid for all m > 1 and all p if V is C* with all
bounded derivatives.

In the following let V' be the barrier potential defined in §1. Obvi-
ously V' << —A with relative bound zero, satisfying the conditions in
Theorem 7.1. Thus BYY(H) = B2*4(R) for 1 < p < 00,1 < ¢ < o0,
0 < a < 1. This, combined with Theorem 6.6 implies the following
multiplier result on ordinary Besov spaces.

Proposition 7.2. Suppose m € L™ is as in Theorem 6.6. Then m(H)
is bounded on By?(R) for 1 <p<oo,1<qg<00,0<a<?2.

Another interesting result follows from the discussion above for bar-
rier potential and Theorem 4.6 and Remark 4.7 in [15].

Proposition 7.3. Suppose1 <p < 00,1 < g <00, and0 < a <2-20
with 3 = |%—% . Then e=™ maps B3T*74(R) continuously to B3 4(R).

Moreover, e=*H maps Bﬁﬁ’q(]R) continuously to LP. In both cases the
operator norm is less than or equal to C'(t)%, where (t) = (1 + [t|?)'/2.

We conclude with the following conjecture, for the barrier potential,
concerning the identification of B*(H). For m = 2, we have reason to
doubt the verification of the domain condition for H™ that is assumed
in Theorem 7.1.

Conjecture. B(H) # By(Hy), o =2.

To see the rationale for the conjecture we compare H? and HZ. Write
H? = H? + HyV + VHy + V2 The only term that could cause a
problem is HyV', which formally involves Dirac delta distributions and
their first derivatives. On the other hand, Theorem 3.2.2 in [1] tells us
that the domain of the operator Hy + ¢10 + ¢’ consists of functions
u € WZ(R\ {0}), with u satisfying certain boundary condition at the
origin. Thus, if D(H?) = D(HZ) we would have that the domain of
HyV is W;, p = 2, which is not the case by the above-mentioned
theorem in [1].
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