A (p;g) version of Bourgain's theorem

John J. Benedetto and Alexander M. Powell

Abstra ct. Let 1< p;q< 1 satisfy %+ %: 1: We construct an orthonormal
basisf by gfor L2(R) suchthat ,(bn) and ¢(B) are both uniformly bounded

inn. Here (f) infaar jx & jf(x)j2dx 2. This generalizesa theorem
of Bourgain and is closely related to recent results on the Balian-Lo w theorem.

1. Intro duction

Given a squareintegrable function f 2 L?(R), we formally de ne the Fourier
transform of f by z

)= f(e?" d

where integration is over the real line R. The uncertainty principle in harmonic
analysisis the generalstatemert that a function and its Fourier transform can not
both be \to o well localized". For example, Heiserberg's inequality states that if
f 2 L?(R) is of norm onethen

(L.1) & (e
Here ( ) is de ned by

Z 1
(1.2) (f)= jt o (O3 (1Pt
where 7
(1.3) (f)=  tjf (1)j?dt:

For an overview of recert mathematical work on the uncertainty principle we refer
the readerto [FS], [B1], [HI].

This paper deals with how the uncertainty principle constrains the time and
frequency localization of the elemerts in an orthonormal basisfor L2(R). We gen-
eralize a theorem of Bourgain on the construction of orthonormal baseswhich are
uniformly well-localized with respect to the (t?; 2) weights implicit in (1.1). We
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considerthe more general classof non-symmetric weights given by (tP; 9), where

1 1
14 1=
5t 3 1.

2. Background

2.1. The (t?; 2) weight. The Balian-Low theorem [Bal], [Lo], [G2] is the
classicalexample of an uncertainty principle for orthonormal bases.If, for a given
f 2 L?(R); we de ne the Gator system G(f;a;b) = ff,.,, :m;n2 Zg, by

(2.1) frn () = € "™ f(t  na);

then the Balian-Low theorem states that when G(f ; 1; 1) is an orthonormal basis

for L?(R) we have
Z Z

(2.2) jtidjf (Dj%dt=1  or i i4f0)j2d =1

In particular, either ( fnn) = ( f) =1 forall m;n2 Z or ( f%) = ( 1’0) =
1 for all m;n 2 Z. Thus, if a Gabor system forms an orthonormal basis for
L2(R), then its elemerts either have uniformly poor localization in time or uniformly
poor localization in frequency The Balian-Low theorem is true in much greater
generality than above, e.g.,[DJ ], [GHHK ], [BCM ], [GH ].

A recert result due to the authors together with W. Czaja and P. Gadzinski
shows that the (t?; 2) weights usedin (2.2) can not be signi cantly weakened.
In [BCGP ] it was shown that there exists f 2 L?(R) sud that G(f;1;1) is an
orthonormal basisfor L?(R) and sud that, for each d > 2,

iti2
2.3) IV g at < 1
log”(jtj + 2)
and
1+jj* . 2
(2.4) f”b( )cd <1
log?(j j+ 2)

In view of this result and the Balian-Low theorem, it is natural to ask what
happensfor generalorthonormal bases,i.e., those which are not necessarilyGabor
systems. Namely, can a generalorthonormal basishave \uniform" localization with
respect to the (t?; 2) weights? This questionwas rst posedby Balian [Bal ] and
answered by Bourgain [Bou ] in 1986.

Bourgain shaoved that givenany > 0, there exists an orthonormal basisf b, :
n 2 Ng for L2(R) sud that

(2.5) 8n2N; ( b) 5&:4- and (t?]) E|@%L—_+:

This basisis uniformly localizedwith respectto (t2; 2) in the sensethat the ( by)
and ( &) are uniformly bounded. To put this in perspective, note that there are
2 S(R), the Scwartz class,which generatewavelet orthonormal bases,f ., :
m;n 2 Zg; for L?(R), [LM]. Since 2 S(R); eahh ( mn) and ( [m;n) is
nite. Howewer, thesevariancesare not uniformly boundedfor any wavelet system,
although their product may be, e.g., see[B1].
The constart 5#— in (2.5) is signi cant sinceg(t) = 2'™e t* implies ( g) =
(b = ?L Moreover, it is well known that this choice of g gives equality in
(1.1), i.e., the Gaussianis a minimizer for Heiserberg's inequality. Thus, eath
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of the elemens in Bourgain's basisis almost optimally localized with respect to
Heiserberg's inequality.

2.2. The (tP; 9) weights. The three results in the previous subsectiongive
insight into the limits of the uncertainty principle for the t2 and 2 weights. Our
investigation in this paper deals with the more generalweights tP and 9, where
1+1l=1and1< p;g< 1. In this setting, one has the following analogueto
the Balian-Low theorem which follows from work of Feichtinger and Gredenig.

Suppose > 0,f 2 L?(R); and G(f ; 1;1) is an orthonormal basisfor L?(R). Then
z z
(2.6) P jovitdt=1 or % jp( )j*d =1:

This result is proven by combining Theorem 4.4 of [FG1] and Theorem 1 of [G1].

As in the case(p;q) = (2;2); we proved that Gabor basesare possibleif the tP
and 9 weights are weakenedslightly. In particular, it wasshown in [BCGP ] that
there exists f 2 L?(R) such that G(f; 1; 1) is an orthonormal basisfor L?(R) and
such that, for every d> 2,

I+jtP . 5
2.7 ——— jf (t)j°dt< 1
2.7) g Gt + 2)1 Q)]
and
1+jj9 2
(2.8) — i )j2d < 1:
log?(j j+ 2)

2.3. Statemen t of the main result. In view of the results in the previous
subsection,we now considerthe question of whether or not there is an analogueof
Bourgain's theorem for the weights (tP; 9). The following de nition provides an
appropriate generalizationof ( ).

Definition 2.1 Givenf 2 L?(R) and > 0: We de ne
z :
(f) =infazr jt & jf (t)j%dt

It is easyto verify that when = 2; and jjf jj_2(g) = 1, this de nition agrees
with the one given by (1.2) and (1.3). Let C! (R) be the spaceof compactly
supported, in nitely di erentiable functions on R. We now state our main result.

Theorem 2.2. Assumel < p;q < 1 ; wher % + % = 1: Fix > 0 and
' 2 CL (R) with jj' jiLz(ry = 1. There exists an orthonormal hasis, fhb, : n 2 Ng
Cl (R); for L?(R) suchthat

Z 1
(2.9) 8n2N; () jtP (Djfdt + Cpy +
and

z ;
(2.10) 8n2N; () j i%b()ji’d  +  Cq +

For perspective, let us mention that Cowling and Price [CP ] proved analogues
of Heiserberg's inequality for the (tP; 9) weights. Their results are quite general,
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but asa special caseone hasthat if 1< p;g< 1 and %+ % = 1, then there exists
a constart 0< Kpq sud that for all f 2 L2(R) of norm one there holds
(2.11) Kpa [ o7 [ ()]

Our main result, Theorem 2.2, allows oneto construct orthonormal baseswvhoseele-
merts are almost optimally localizedwith respect to the Cowling-Price uncertainty
principle, (2.11).

3. Preliminary lemmas

In this section we shall state seweral lemmas which will be neededto prove
Theorem 2.2.

3.1. Decay rates of inverses of matrices. Theorem 3.2 relates the o -
diagonal decay of an invertible matrix to the o -diagonal deca of its inverse. The
results are due to Jaard, [J], and have been further studied and simplied by
Strohmer in [S]. We also note that Bourgain implicity made use of similar im-
plications in [Bou]. For example, seethe transition betweenequations (2.11) and
(2.12) in [Bou].

The following de nition appearsin [S].

Definition 3.1 Let A = (Amn)mn2 e a matrix, wher the index set is
I = Z;N; or 0, ;N 1g. Fix s> 1. We say that A belongsto Qs if the
coe cients Ap., satisfy

9C > Osuchthat 8m;n21; jAmnj< m
We say that A belongsto E; if
9C > O suchthat 8m;n21; jAnnj< Ce SIM M:
Theorem 3.2 (Jaard) . Let A :12(1)! 12(1) be an invertible matrix, where

| =2Z;N;orf0O; ;N 1g Then

A2Qs =) A'2Qs
and

A2E =) A '2Ey
for some0< s s

The casel = f0;1;2; ;N 1g should be interpreted as follows. We quote
from [S]: \WView the n n matrix A, asa nite sectionof an in nite dimensional
matrix A. If we increasethe dimension of A, (and thus consequetly the dimen-
sion of (A,) 1) we can nd uniform constarts independert of n suc that the
corresponding decay properties hold."”

Let us next commert on the constarts which arise in Ja ard's theorem. We
restrict ourselesto the casel = f0;1; ;N 1g. Supposethat the Ay are
sectionsof the in nite matrix A, and that

__c .
1+jj  kjs’
Further, supposefor simplicity that thereisa xed 0< r < 1 suc that

9C > Osuchthat BN  1and8j;k21; jAN(j;K)j

8N 1, By In Ay satisesijjByjj r <1
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where Iy isthe N N identity matrix. Jaard's theorem then says that there
exists C° such that

CO
The constart C° dependsonly on r;s; and C. The proof of this assertion can be
obtained by examining Ja ard's proofs, [J].

8N land8j;k21; jA Y(;k)j

3.2. A simple lemma.

R
Lemma 3.3. Fix ' 2 L%(R)and1<q<1.If

j
z oz
3.1 jo+ N9 (O)i2d SN i+

% ()j2d < 1 then

i % ()%
Rn[ 2N;2N]

NI w

holdsfor all N 0.

Pr oof. First note that

2N
2Ni + Nj9 ()iPd 3N i gy
Next note that 2N impliesj + Nj9 29 j9. Thus
Z 1 3 qz 1
j o+ N9 ()jd > i % ()it :
2N 2N
Lik ewise,
z 2N 3 qZ 2N
j o+ N9 ()jd > j % ()jfd

This completesthe proof.

4. Finite, orthonormal, well localized systems

Lemma 4.1 Assume%+ % = 1L, wheel< p;g< 1.Fix >0and' 2C} (R)
with jj* jjL2(ry = 1. Thereis K((p;q); ;') suchthat for each K > K ((p;0); ;" ),
there exists an in nite  orthonormal setSy = So(K;' ) = fsh,gi,, Cl (R) satis-

fying

(4.1) Supp S, = supp'’ [ K=2,K=2];
4 1 V4 1
(4.2) jtiPisn (1)j%dt P (Dkdt + Cpp
and
Z 1 Z 1
(4.3) i nKj%en( )j*d j i9b()Pd + Cqr o+
forn=0;1;2;

Pr oof. Throughout the proof, C will denotevarious constarts which are inde-
pendent of K. C may dependon (p;q);"; and N, all of which are xed throughout
the proof.

i. Let >0andlet' 2 C! (R) have L2(R) norm one. We may assume' satis es

. . C
(4.4) ib( )i ij7+1'
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whereN > 4qg;N 2 N. Now de ne

iy=€e TRy, =052
whereK is a su cien tly large integer which will depend on (p;q);"; N; and . We
shall specify how large to take K during the proof. Next, de ne

(4.5) ho(t) = " o(t)
and
D4 1
(4.6) hn(t) =" n(t) an; "j(t); n=12 ;

j=0
where the a,; are chosento make h, orthogonal to f* ; g o' This choice of ay;
implies that, forall0 | n 1,
K 1
Hon"ii = anj Hj;
j=0
Rewriting this in matrix form, we have

Ga=g;

0 o o , 1

Hnl;nl!HnZ;nl! 0;' n 1l

where G = %Hn 12l Moot o 0i'n 2|§
Hn 1;'6i Hln 2;" ol Ho, ol 1

ann 1 Hna n 1l
a= %an;n 2§ and g: %Hny n 2|§:

an: o H ;' ol

Note that these matrices all depend on n, but we shall usually suppressthis for
econony of notation. When we wish to emphasizethe dependenceon n, we shall
write G = G,,.

ii. First of all, obsene that G is an invertible matrix sincethe nite setf’ jgj-”zol
is linearly independert by Proposition 1 of [HR T]. In particular, one also hasthat
fan; g'," is uniquely determined.

To apply Ja ard's theorem, we alsoneedto know that the spectrum of G = G,
stays uniformly bounded away from 0 independert of n. Note that the matrix G
is a Toeplitz matrix, and by (4:4) it has polynomial decay of order N o the main
diagonal; in fact,

C C )
1+ KNjj  kjN 1+jj KkjN-°
For K large enough, the rst inequality of (4:7) implies G = G, is diagonally
dominant and has spectrum uniformly bounded away from 0.
ii. By Jaard's theorem, G ! hasthe sametype of decay 0 its main diagonal as
G, namely,

(4.7) 1G(; k)]

H 17: . H .
IG kI e T
Also, the commerts after the statemert of Ja ard's theorem ensurethat C is inde-
penden of K.
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Therefore, noting that an, j is the j-th elemen of the vector a,

X 1 X 1
jann ] iG *(:Diigi= iG Dk it a1 alj
1=0 1=0
Xt c c
o I+ 1N 1+ KNjI+ jN
Xt c C
o TN KN+ N
c Xt 1 L
KN @+ii V) ji+ gy
c X - 1
KN @+ +1 vy
1 _c .
KN i+ v
To seethe last step, rst note that
X 1 1 X1

IN@HHDN) @ N

j+1
11 B

Combining this with a similar estimate for the remaining range of summation gives
the desiredinequality.
Thus, we have

. L . C
(4.8) Janj ] = Jann (n )l m
iv. Obserwe that
Xt o c X' 1 c X1 ¢
“9) il RW ey RV N RW
j=0 j=0 J J J j=2 J

Combining this and (4:6), we can estimate the localization of the hy(t).
Z 1 z 1 1 z

7 X 3
jti’ihn (1)jdt P n(DjPdt  + jan;g ] jtiPi j (Dj2dt
0™ 1
z e z :
= P dt + @ jag jA P (t)j%dt
j=0

Z 1 Z 1

2 2

P @PFdt R (D)2t
Thus for K large enougzh,
(4.10) jtifjha (Dj?dt  Cpr + >

holds for all n = 0; 1; 2;
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v. We now estimate the localization of the R, (t).
z }
i nKj%Ra( )j*d

z . 97 1 1y
: X
i nKj%b( nK)Pd + @ j o K% agb( jK)PAd A
j=0
z Pox 1 z ;
ji%b()iPd + a0 K(no ))i%b( )jd
j=0
Using (4.8) and Lemma 3.3 we have
X 1 z ;
janii 1 K(n j)j%b( )j*d
j =0
X 1 z }
janjJ K Dbz R + (3=2)7 ] jib( )jd
j=0
1 ¢ 1 . Fig=2
CK92  janjin jjo2 ckez 0 MPT
i=0 [z KMinj+ 1N
C .
KN og=2"

Thus, combining the above with K large enoughgives
z ;
(4.11) i nKj%R,( )j*d Car + 5
foralln=0;1;2
vi. It remainsto normalize the h,. First note that
o e el S <
n nllL2(R) n;j wN N 1+ 1N KN
<0 K =0 in - j+] K |2

X 1 c
T
so that
e e . - o C
1=Ji" niiLzry dibnliLzr) + libn nliL2(R) JJhnlJLZ(R)"'K—N
and

C

ihnjica 0 diee i Taliee 1 g

Thus we have

C L C
KN jibnjiLery 1+ KT:

Finally, let s, (t) = hny(t)FjhnjjL2(r): Taking K large enough and combining
(4.10), (4.11), and (4.12) now shows that that (4:2) and (4:3) hold.

(4.12) 1
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Lemma 4.2 Assume;+ ¢ = 1;wher 1< p;q< 1. Fix >O0and' 2 C{ (R)
with jj" jiLz(ry = 1. Fix K 2 N suciently large. For each T > 1 there exists a
nite orthonormal set,

S=S(T;K)=S(T;K;")=fspn :0 m< bT¥9%0 n<bl*Pcg C! (R);
of cardinality bT?7PcbT2™9¢ T2 satisfying

(4.13) SUPP Smin %Tzzp;ZTzsz :
z ;
(4.14) jt Kn  TEPKPjs,, (1)j3dt Cpr + ;
and
z ;
(4.15) i Kmjdisgh, ()j*d Cor t+

forall 0 m< bT?79;0 n < bT?Pc. Here Cp: and Cy+ are de ned asin the
previous lemma.

2=
Pr oof. Letfspy g?nT:Oq ¢ 1 pede ned usingthe systemfrom the previouslemma.
De ne

Smn (1) = sm(t nK  T@PK) for 0 m<T¥9 and 0 n< TZP:

Now, (4.14) and (4.15) hold by the previous lemma. Since K was chosen large
enoughsothat supp’ L K=2; K=2], it follows that )
i
suppSmn  NK + T?PK  K=2nK + T?PK + K=2 ;

sothat all the sy, are supported in

h i

- - - 1. -
T?PK  K=2(T#P 1)K + T¥PK + K=2 ETZ-P;zK TP

Lemma 4.3 Fix > Oand' 2 C! (R). There exists a constant C such that
for each S(T;K) asin the previouslemma and for every 2 span S(T;K) and
each0 y T gne has

(4.16) i yi%P(O)Pd CKITZj jiZs gy
Pr oof. i. First note that
z 2T 279K

i YiNPO)Pd 3K iEay:
2T2=aK
ii. Recall that
spanS(T;K) = sparf' n :0 m< bT#9%;0 n< bT*Pcg;
where _
Cmn () =€ KMt K TFEPK):
Next, note that for K large enough,f' m.n : m;n 2 Zg is a Riesz basis for

its closedlinear span. To seethis, it suces to shaw that fgn, : m;n 2 Zg =
G('; K;K) is a Rieszbasisfor its closedlinear span. Using Theorem 9 of Chapter
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1, Section8 in [Y ] this is equivalent to proving that the Gram matrix Gg;j.x):(i:m) =
hg.c; O;mi de nes a bounded positive operator on 12(Z Z). Since' 2 S(R) one
may directly verify that the Gram matrix is positive and bounded for all large
enoughK . In particular, for K large enoughone can use Schur's test (seeLemma
6.2.1in [G2]) to shov that M G | satises jjMjj < i; wherel is the identity
matrix, andjj jj denotesthe operator norm induced by the 1>(Z  Z) norm. Hence
there exists Ko sudh that for all K > Kg, f' n.n g is a Riesz basis for its closed
linear span.

By the de nitiq_n of Rieszbasisthere exist0< A B < 1, such that for eath
nite sum (t) = dmn ' mn (1)

X X

(4-17) A J.dm;nj2 JJ ijZ(R) B jdm;njz:

For us the constarts A; B can be chosenindependert of T and K. To seethis, rst
note that the proof of Theorem 9 in Chapter 1, Section 8 of [Y ] shows that one
may take B = jjGjj and A = jjG 1jj !, whereG isthe Gram matrix de ned above.
A direct calculation with the Gram matrix showsthat since' 2 S(R), the norm of
the Gram matrix and its inverseapproach 1asK ! 1 .

We mgy concludethat there exists C, independert of T and K, sud that for
eah = dnn' mn 2spanS(T;K)

X >

(4.18) jdmn 2 Cii liLery:

Here, and below, sumsareover0 m < bT%9;0 n < hT%Pc,
iii. We needto Sh%N that
1
(4.19) jooyi%bO)Pd  CKITFj ity
2T 270 K

ii.a. First note that since0 y T29K, we have

Z, 1 Z, 1
. - - . 2 . . . . 2
(4.20) i yi%P()jAd j j9P()%d
2T2=a K 2T 2=a K
iii.b. To estimate the right side of (4.20) we begin as follows:
Z, 1 0, N X , 13
jj%b()d =@ j % dnnTmn() dA
2T 270 K 2T 274K m:n
X . . z ! .. 2 %
jdmn ] ji9 Tmn()"d
m:n 2T 2= K
X Z1 , %
jjdm;n jjIZ(ZZ) J jq '[ m;n( ) d
mn 272K
X 21 , t
(4.21) Cjj liLzr i Tmn()"d
mn 272K

Next note that

(4.22) T ()i =70C Km)j:



A (p;q) VERSION OF BOUR GAIN'S THEOREM 11

Thus,
X z ! PR 2 % X z ! . .q: .2 %
J 8 Tmn () 7d = j (. mK)jd
mn  2T29K mn  2T259K
bTic 1 Z 4 L
= bT*Pc j j9b( mK)j*d
m=0 2T 27K
Z 1 % Z 1 %
T2 j b TFK)PEd = T2 j + TZ9Kj%b( )j2d
2T221K T2=aK
L : cT?
T22072 i j%b( )j’d ————!
e VT ()i REETSE
The nal inequality holds since’ 2 S(R). Togetherwith (4.21), this gives
21 Cij i
. qb :2 LZ(R) .
(4.23) 2TMKJ 9P )jed K22

Combining (4.20) and (4.23) yields (4.19), as desired.
iv. It remainsto show that
Z o=y
. ioyi%PO)Pd CKOTE jifagy:
This follows by calculations similar to thosein part iii. The proof is complete.

5. A (p;q) version of Bourgain's theorem

We are now ready to prove our main result, Theorem 2.2. The proof follows
that of Bourgain, [Bou ], which, in turn, dependson an idea of W. Rudin, [R], used
to construct certain orthonormal basesfor H?(B); where B is the unit ball of C".

Proof of Theorem 2.2. Throughout the proof C will denotevarious constarts which
are independert of n, T, K, , and any indices.

Let ffngnan  Cl (R) be sequencewnhich is densein the unit sphereof L2(R).
Let > Oand' 2 C! (R) be given. Let K be suciently large to ensurewe
may use L§mma 4.2 applied to 5. The orthonormal basiswe construct will be of
the form ﬁzl Bn where B, is a nite orthonormal subsetof C! (R). We shall
construct the By, inductiv ely.

i. SupposeBy;:::;B, 1 are already de ned sud that B; is a nite orthonormal
subsetof C! (R) and the elemerts of jn:11 B; are mutually orthonormal. De ne

Fn=fn Pg,=8, fn, wherePg, ..z .1 isthe orthogonal projection of L2(R)

onto
1

[B1;:::;Bn 1] span B,:
1=1
For the basecaseof the induction we simply let F; = f1: Using F,,; we now prepare
to construct By,.
i.a. Note that

(5.1) iFniif2m 1
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becauseF, ? Pg,; B, yfn andjjfqjjLzr) = 1.
i.b. Sincef, and all elemens of the B; arein C! (R); it followsthat F, 2 C! (R).
ChooseT, > 2 large enoughso that

bT ey % 1

(5.2) T2 > 7
5.3) SUppFn  STEPSTEP
2 2
i} i} Tt
(5.4) suppb [ %Tﬁ-P;%Tﬁ-P] forall b2 Bj;
j=1
and 7 .
(5.5) 8y 1L 9RO
Rn[ 2y;2y] " 1+ JyJN
where we have usedthe fact that F, 2 S(R) (F, 2 C! (R)).
ii. Let

S=S(Th;K)= sy :0 j<brPcand0 k< bT*¥cg

be the systemfrom Lemma 4.2 applied with 5 instead of . We shall switch from
the double indexing (j; k) to single indexing, and enumerate the elemeris of the

bT 27P chT 279
systemasfsfgly ©" €

. If 11;12 are the indices for which st = s |, let
x(s!) = Ky + T®PK  and y(§') = Klj;

sothat by Lemma 4.2

VA L
(5.6) it x(shifis (t)j2dt Cpr + 5
and
z ;
(6.7) i v(EIig()i*d Car + 5
Note that
(5.8) TEPK  x(s)) 2KTZP and 0 y(§) KT
Let 0 < < % be sucien tly small and be xed throughout the proof. We
shall be more precise later about how small to take . For now, note that K

is xed throughout the proof, so that may depend on K (but not T,). Let
n = bT2Pcbr?™c. Now de ne

B (t) = ﬁFn(t) + n1Sy(t)

B (t) = T PO+ n1ST(1) +  n;283(t)

B (t) = ﬁFn(t)"' niST()+  + o as" () + o ST (1)
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wherethe ,;j and n; arechosento ensurethat fij'g2; is orthonormal.
ii.a. The choiceof ,; and ,; implies that

(5.9) i1 njj = for j=1L2 T
Ta

and
(5.10) Pml gz for j=L2 TE oL
Toseethis, rst notethat fFh,g S(Ta;K) isanorthogonal set. Therefore,fif'g; 2,
being orthonormal implies that for | = 1;2; ;T2 we have

2
(5.11) 0= miiFaiifem* fat  * &1t W ow

n

andfor I = 1,2, ;T2 1
2

(5.12) no= 1 iFaifae s moa
n

ii.b. Using (5.11) and (5.12) we shall now prove (5.9) and (5.10) by induction. The
casej = 1 of (5.9) holds since(5.12) implies

2
1= ﬁijnijZ(R) + ﬁ;l:
n

Since2< T, and < %; we may choose0< .1 1 Therefore,

2
. . . 2 . .
j1 1 J1 n: 1) _Tnz ﬁ
Using this, the casej = 1 of (5.10) now follows since, by (5.11),

2
0= ﬁijnijZ(R)+ nl onl;
n

which implies
2 1 2 1 ]
T2imd TZQ =T TE
The last inequality holds because < % and T, > 2.
ii.c. Next, assumej ,jj sz holdsforj < I. We may once again choose0 <
a1 1. Sincethe cardinalitynof S(Th;K) is at most T2,
2 K1 2 2 2

1wl 0L %) =t 3 TP 2
J nil ) J n,IJ Tnz - n;j Tr12 n T# Tn2 Tn

j n;1j

and (5.9) follows by induction. For (5.10), assumethat | njj 1 forj < | and

i1 mi g Thus,
0 1
1 2 X1 1 2
] ni) i nil Tnz” nJJLZ(R) - n;j (1 :Tn) Tnz Tr12

and (5.10) holds by induction.
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iii. By (5.9) and (5.10), we know that ,; is closeto zeroand ,; is closeto one.
Thus, we expect to have ij' closeto s'. In fact,

(5.13) iy e 3
n
To seethis, note that by (5.9) and (5.10)
g iy i nj StiiLary 01 g

J'J'tT n;j SjnijZ(R) + T,

[N

2 , X1 ,
= liFnli L Y
T20 MR - n Th
2 , 2 3
—+ TS + — 3=—:
T2 "TA Th Th
iv. Let us now prove that
z }
(5.14) o) Jt xS dt  + CKP? Cp

Using (5.8), (5.13), and the fact that the b are supported in [ TP 2T PK ]
(sinceF, and sy are), we have

VA L
2
it x(sMifiy (1)j*dt
Z 1 Z 1
jtoxEHifig') s (wjcdt + jt x(s")iPis (j*dt
z :
J2TZPK + 2K TZPPP2j sfjjLo(r) + it x(s)ifisf (1)j*dt
z }
CKP2Thji  sfijiLz(r) + jt x(s")ifis (j*dt
z :

CKPZ +  jt x(s)iPis) ()2t

Assume waschosensmall enoughto ensureC K P72 < 5. Thus, by (5.6) we have

(5.15) p(f)  Cpr + cK (P2 < Cor + :
v. Here we shall prove that
z ;
o(t9) i yEDINE()kd  +C K@D <Gy +

v.a. First we show that
Z

(5.16) I YENI=FOPd  C KO,
n

[N
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This follows from (5.5), (5.8), and Lemma 3.3:
z

_ . _ _ e 3=2)4T,
i YE)IE()ifd 3%y (8N NiFaitz Ry * (3=2)Tn

1+ jy(§HiM
CT2K9+ CT, CT2K:
v.b. Next, we show that
z

[N

ioyE)IR ) §() ﬁFn( )j2d Cc K-

Let ( )= Hj’( ) §j”( ) ﬁFn( ). Notethat isin the spanof S(T,;K). Thus,
using (5.8), (5.10), and Lemma 4.3,

Z bTI™ T ™c 1
i yE)IGR )Pd CTIK jifag) = CTIKY iomii?
I=1

2
CT2K T,$ﬁ = CK9 2

n

v.c. Combining the estimatesfrom v.a and v.b we have

Z
() i y(ENi%E( )j2d

[N

N
™

i y(E)i%e( )i*d

N
=

) yEMIGR(C) 8 ()i

Z 1 Z 1
iOYEIORD T Y@ O
4 :
f YENR) §() —Fa( )i
Z 1 "
i yE)Ye()2d  + CKE@D 4+ cK@D
Z 1

2
iooyE)YE()iPd +C KD,
Assume was chosensmall enoughsothat C K 92 < 5. Thus,
(5.17) o) Cq +CKEP < Cq +
S
vi. Having shown that all the elemens of B = 1-1:1 H' have the desiredlocalization,

it only remainsto prove that B is complete. To seethis, note that, by (5.2) and
the de nition of F,,, we have
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iiPe.; Bafkiifzr = iPe.; B, afklifzr * iPeOfif2r
= jiPey; sy ufkiitzm *IiPBa(Fk* Py B afWiitz(r)
1 ijkijZ(R) +j P[Bk]ijjEZ(R)
be:p)ekaz
1 jiFudifee * jhFic; Bfij 2
j=1

:qC

2

1 jiFxiiZegy + BT PebT e TR

1 jiFuiifery + ( =2%jiFil2(r)
( =2%

To seethe nal inequality, let h(t) = 1 t? + a’t* be de ned on [0; 1]; where
O0< acx< % is xed. It is easyto seethat h(t) a°. Since jjFqjjL2ry 1 and
< %, the last step follows.
Now, supposey 2 L?(R) satises hy;bi = Ofor all b2 B. If y is not identically
zero, then y = ySjyjj_2(r) is in the unit sphereof L2(R) and there exists f,, suc
that f,, ! yin L23(R) ask! 1. Thus,

0< > P o afndiczry  0iPeifadicer ! iiPeiYiLeR) = O

wherethe limit istakenask ! 1 . This contradiction shaws that the orthonormal
set B is complete, and henceit is an orthonormal basisfor L2(R).

Ac knowledgemen ts. The authors wish to thank Anwar Saleh for valuable
discussionson the material. The secondauthor also wishesto thank Bruce Suter
and the Airforce Researt Lab (AFRL) in Rome,NY for their hospitality and nan-
cial support. A portion of this work was done during the secondauthor's summer
stay at AFRL. Finally, we are grateful for the referee'sconstructive commerns.

References

[Bal] R. Balian, Un precipe d'incertitude fort en theorie du signal ou en mechanique quantique,
C.R. Acad. Sci. Paris, 292 (20): 1357{1362, 1981.

[B1] J. J. Benedetto, Frame decompositions, sampling, and uncertainty principle inequalities, in
Wavelets: Mathematics and Applic ations, Stud. Adv. Math., CRC, Boca Raton, FL, 1994.

[BCM] J. J. Benedetto, W. Czaja, and A. Maltsev The Balian-Lo w theorem for the symplectic
form on R24, J. Math. Phys., 44 (4): 1735{1750, 2003.

[BCGP] J. J. Benedetto, W. Czaja, P. Gadzinski, A. M. Powell, The Balian-Lo w theorem and
regularit y of Gabor systems, J. Geom. Anal., 13 (2): 217{232, 2003.

[BW] J. J. Benedetto and D. F. Walnut, Gabor frames for L2 and related spaces,in Wavelets:
Mathematics and Applic ations, Stud. Adv. Math., CRC, Boca Raton, FL, 1994.

[Bou] J. Bourgain, A remark on the uncertainty principle for Hilb ertian basis, J. Funct. Anal.,
79 (1): 136{143, 1988.

[C] O. Christensen, Frames, Riesz bases, and discrete Gabor/w avelet expansions, Bull. Amer.
Math. Scc. (N.S.), 38 (3): 273{291, 2001.

[CP] M. G. Cowling and J. F. Price, Bandwidth versustime concentration: the Heisenberg-Pauli-
Weyl inequality, SIAM J. Math. Anal., 15 (1): 151{165, 1984.

[DJ] I. Daubedchies and A. J. E. M. Janssen, Two theorems on lattice expansions, IEEE Trans.
Inform. Theory, 39 (1): 3{6, 1993.



A (p;q) VERSION OF BOUR GAIN'S THEOREM 17

[F] G. B. Folland Harmonic Analysis in Phase Space, Annals of Mathematics Studies, Princeton
Univ ersity Press, Princeton, NJ, 1989.

[FG1] H. Feichtinger and K. Grochenig, Gabor frames and time-frequency analysis of distributions,
J. Func. Anal., 146: 464-495, 1997.

[FG2] H. Feichtinger and K. Grochenig, Banach spacesrelated to integrable group representations
and their atomic decompositions. I., J. Func. Anal., 86: 307{340, 1989.

[FS] G. B. Folland and A. Sitaram, The uncertainty principle: a mathematical survey, J. Fourier
Anal. Appl., 3 (3): 207{238, 1997.

[GH] J.-P. Gabardo and D. Han, Balian-Lo w phenomenon for subspace Gabor frames, Preprin t,
2004.

[G1] K. Grochenig, An uncertainty principle related to the Poisson summation formula, Studia
Math., 121 (1): 87{104, 1996.

[G2] K. Grochenig, Foundations of Time-F requency Analysis, Applied and Numerical Harmonic
Analysis, Birkeauser, Boston, MA, 2001.

[GHHK] K. Grochenig, D. Han, C. Heil and G. Kut yniok, The Balian-Lo w theorem for symplectic
lattices in higher dimensions, Appl. Comput. Harmon. Anal., 13 (2): 169{176, 2002.

[HJ] V. Havin and B. Jericke, The Uncertainty Principle in Harmonic Analysis, Ergebnisse der
Mathematik und ihrer Grenzgebiete, 3. Folge, Band 28, Springer Verlag, Berlin, 1994.

[HRT] C. Heil, J. Ramanathan and R. Topiwala, Linear independence of time-frequency trans-
lates, Proc. Amer. Math. Soc., 124 (9): 2787{2795, 1996.

[J] S.Jaard, Proprietesdes matrices \bien localisees" presde leur diagonale et quelques appli-
cations, Ann. Inst. H. Poincare Anal. Non Lin eaire, 7 (5):461{476, 1990.

[LM] P. G. Lemarie and Y. Meyer, Ondelettes et baseshilb ertiennes, Rev. Mat. Iberoamericana,
2 (1-2):1{18, 1986.

[Lo] F. Low, Complete sets of wave packets. In C. De Tar, editor, A Passion for Physics { Essays
in Honor of Geor ey Chew, pages 17{22. World Sciertic, Singapore, 1985.

[R] W. Rudin, New Constructions of functions holomorphic in the unit ball of Cn, CBMS Re-
gional Conference Seriesin Mathematics, 63. Published for the Conference Board of the Math-
ematical Sciences,Washington, DC; by the American Mathematical Society, Providence, RI,
1986.

[S] T. Strohmer, Four short stories about Toeplitz matrix calculations, Linear Algebra Appl.,
343/344: 321{344, 2002.

[Y] R. M. Young, An Intr oduction to Nonharmonic Fourier Series, revised rst edition, Academic
Press, San Diego, CA, 2001.

Department of Mathematics, University of Mar yland, College Park, MD 20742
E-mail address: jjb@math.umd.edu

Pr ogram in Applied and Comput ational Mathematics, Princeton University, Wash-
ington Road, Fine Hall, Princeton, NJ 08540
E-mail address: apowell@math.princeton.edu



