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ABSTRACT. Let S be a closed Shimura variety uniformized by the complex
n-ball associated to a standard unitary group. The Hodge conjecture predicts
that every Hodge class in H**(S,Q), k = 0,...,n, is algebraic. We show
that this holds for all degrees k away from the neighborhood |n/3,2n/3[ of
the middle degree. We also prove the Tate conjecture for the same degrees
as the Hodge conjecture and the generalized form of the Hodge conjecture in
degrees away from an interval (depending on the codimension ¢ of the subva-
riety) centered at the middle dimension of S. These results are derived from
a general theorem that applies to all Shimura varieties associated to standard
unitary groups of any signature. The proofs make use of Arthur’s endoscopic
classification of automorphic representations of classical groups. As such our
results rely on the stabilization of the trace formula for the (disconnected)
groups GL(N) x (0) associated to base change.
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1. INTRODUCTION

In this paper we study the Betti cohomology H®(S) of a smooth projective
connected Shimura variety S associated with a standard unitary group. Before
stating our main results we recall the construction of these Shimura varieties.

1.1. Shimura varieties associated to standard unitary groups. Let F' be a
totally real field and F be an imaginary quadratic extension of F'. Let V be a vector
space defined over E and let (,) be a non-degenerate Hermitian form on V. We
shall always assume that the Hermitian space (V,(,)) is anisotropic, of signature
(p,q), p,q > 0, at one Archimedean place and positive definite at all other infinite
places. Note that if p + ¢ > 2 this forces F' # Q.

Let G be the Q-reductive group obtained, by restricting scalars from F to Q,
from the group of isometries of (,) on V. The real group G(R) is isomorphic to
the product of H;l:l U(V;;) where the V. ’s are the completions of V' w.r.t. the
different complex embeddings 7; of E considered up to complex conjugation. By
hypothesis we therefore have G(R) = U(p, q) x U(m)?~!. We denote by K, the
maximal compact subgroup of G.

A congruence subgroup of G(Q) is a subgroup I' = G(Q) N K, where K is a
compact open subgroup of G(Ay) of the finite adelic points of G. The (connected)
Shimura variety S = S(I') = I'\)X is obtained as the quotient of the Hermitian
symmetric space X = G/K = U(p,q)/(U(p) x U(q)) by the congruence subgroup
I'. We will refer to these Shimura varieties as associated to a standard unitary
group U(p, q) (associated to a matrix algebra rather than a general simple algebra).
We will be particularly interested in the ¢ = 1 case; in that case X identifies with
the unit ball in CP.

Since (,) is supposed to be anisotropic, the Shimura variety S is a projective
complex manifold; it has a canonical model, defined over a finite abelian extension
of F', that fixes a choice of polarization. See Section 6 for more details.

1.2. Refined Hodge-Lefschetz decomposition of H*(S,C). Let py be the tan-
gent space of X associated to the class of the identity in U(p,q) and let p be its
complexification.

The group GL(p,C) x GL(g,C), seen as the complexification of the maximal
compact subgroup U(p) x U(q) of U(p, q), acts naturally on p. As first suggested by
Chern [?] the corresponding decomposition of A®*p* into irreducible modules induces
a decomposition of the exterior algebra

(1.2.1) A*(TES) = T\U(p, @) Xupyxu(g) A°(p7).
This decomposition commutes with the Laplacian, giving birth to a decomposition

of the cohomology H*(S,C) refining the Hodge-Lefschetz decomposition, compare
[?, bottom of p. 105]. We refer to these spaces of sections as refined Hodge types.
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The symmetric space X being of Hermitian type, there is an element ¢ belonging
to the center of U(p) x U(g) such that Ad(c) induces multiplication by i = v/—1 on
Po- Let

g=top op”
be the associated decomposition of g = gl,, ,(C) — the complexification of u(p, q).
Thus p’ = {X €p : Ad(c)X =iX} (where p is the complexification of pg) is the
holomorphic tangent space. The exterior algebra A®*p decomposes as:

(1.2.2) A®p = AP @ AP,

In the case ¢ = 1 (then X is the complex hyperbolic space of complex dimension p)
it is an exercise to check that the decomposition of (1.2.2) into refined Hodge type
recovers the usual Hodge-Lefschetz decomposition. But in general the decomposi-
tion is much finer and it is hard to write down the full decomposition of (1.2.2) into
irreducible modules. Indeed: as a representation of GL(p, C) x GL(g,C) the space
p’ is isomorphic to Vi ® V* where V, = CP (resp. V_ = C?) is the standard rep-
resentation of GL(p,C) (resp. GL(g,C)) and the decomposition of A®p’ is already
quite complicated (see [?, Equation (19), p. 121]):

(1.2.3) NV @ V) = 6D Sa(Vy) @ Sa- (Vo)*.
AR

Here we sum over all partitions of R (equivalently Young diagrams of size |\| = R)
and \* is the conjugate partition (or transposed Young diagram).

However, it follows from Vogan-Zuckerman [?] that very few of the irreducible
submodules of A®p* can occur as refined Hodge types of non-trivial coholomogy
classes.

The ones which can occur (and do occur non-trivially for some I') are understood
in terms of cohomological representations of U(p,q). We review these cohomolog-
ical representations in Section 3. We recall in particular how to associate to each
cohomological representation 7 of U(p, q) a strongly primitive refined Hodge type.
This refined Hodge type corresponds to an irreducible representation V(A u) of
U(p) x U(g) which is uniquely determined by some special pair of partitions (A, i)
with A and p as in (1.2.3), see [?]; it is an irreducible submodule of

S/\(V-‘r) ® S[L(V"r)* ® Su* (V—) ® SA* (V—)*

The first degree where such a refined Hodge type can occur is R = |A\| + |p|. We
will use the notation H»* for the space of the cohomology in degree R = || + |y
corresponding to this special Hodge type; more precisely, it occurs in the subspace
HIM el

The group SL(g) = SL(V_) acts on A®p*. In this paper we shall concentrate on
the subring SH*(S,C) of the cohomology H*(S,C) associated to the subalgebra
(A*p*)SH@) of A®p* — that is elements that are trivial on the V_-side. We will refer
to the refined Hodge types occurring in SH*®(S,C) as special refined Hodge types.

The element

cq € (N20p*)UP)xSL@)

defines an invariant form on X that defines a class in SH?7(S,C); we shall refer
to it as the Chern class/form (see Subsection 3.13 for the definition). The class
cq € H?1(S,C) is the g-th power of the class associated to our choice of polarization
of S, see e.g. [?].
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In particular note that if ¢ = 1 we have SH*(S,C) = H*(S,C) and ¢; € H%(S,C)
is the class associated to the polarization.

In general if A is the partition ¢ + ... + ¢ (a times) then Sx«(V_) is the trivial
representation of SL(V_) and Sy(Vy) @ Sx-(V_)* occurs in (A%pT)SH@); in that
case we use the notation A = a x ¢ and it follows from Proposition 3.26 that!

p min(p—a,p—b)
(1.2.4) SH*(5,C) = P chHoxabxa (5. C).
a,b=0 k=0

(Compare with the usual Hodge-Lefschetz decomposition.) We set
SH (S C) = H*%(S,C) N SH*(S,C)

so that SH*(S,C) = Z,b:o SHeb(S C). Wedging with ¢, corresponds to ap-
plying the ¢-th power of the Lefschetz operator associated to our choice of polariza-

tion, it therefore follows that the (usual) primitive part of SH% (S C) is exactly
Haxabxa(g C).

1.3. Main results. Vaguely stated our main result (Theorem 1.4) below asserts
that the special cohomology SH™(S,C) is generated, for n small enough by cup
products of three types of classes:

e special classes of type (g, q), i.e. classes in SH?(S,C);

e holomorphic and anti-holomorphic special cohomology classes, i.e. classes
in SH*%(S,C) and SH?*(S,C);

e cycle classes of the special cycles of Kudla and Millson [?] (these are certain
rational linear combinations of Hecke translates of Shimura subvarieties of
S).

To state the precise result recall that we may associate to an n-dimensional
totally positive Hermitian subspace of V' a special cycle of complex codimension ng
in S which is a Shimura subvariety associated to a unitary group of type U(p—mn, q)
at infinity. Since these natural cycles do not behave particularly well under pullback
for congruence coverings, following Kudla [?] we introduce weighted sums of these
natural cycles and show that their cohomology classes form a subring

SC*(S) = é SC2na ()
n=0

of H*(S,Q). We shall show (see Theorem 8.7) that for each n with 0 < n < p we
have:

SC*9(S) ¢ SH™™(S,C) N H*(S,Q).

Note that, in particular, this gives strong restrictions on the possible refined Hodge
types that can occur in the cycles classes of special cycles. We furthermore give an
intrinsic characterization of the primitive part of the subring SC*(S) in terms of
automorphic representations. For quotients of the complex 2-ball (i.e. ¢ = 1 and
p = 2) this was already obtained by Gelbart, Rogawski and Soudry [?, ?, ?].

We can now state our main theorem (see Theorem 9.5):

n the body of the paper we will rather write b X g,a X ¢ in order to write U(a,b) instead of
U(b, a).
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1.4. Theorem. Let a and b be integers s.t. 3(a +b) + |a —b| < 2(p + q). First
assume a £ b. Then the image of the natural cup-product map

So2min(aba(g) x (SH\a*bI%O(S, C) @ SH%le=tla(s, (C)) — H@t(5 C)

spans a subspace whose projection into the direct factor H**4%*4(S, C)pH®*4:9>*4(S, C)
is surjective. If a = b this is no longer true but the image of the natural cup-product
map

SC*e=Da(g) x SHT(S,C) — H?**(S,C)

spans a subspace whose projection into the direct factor H**9**4(S, C) is surjective.

Remark. We shall see that the subrings SH*°(S,C), resp. SH%*(S,C), are well
understood. These are spanned by certain theta series associated to explicit cocyles.

The most striking case of Theorem 1.4 is the case where S is a ball quotient
(¢ = 1). In this case SH*(S,C) = H*(S,C). Moreover: in this case we prove that
if @ and b are integers s.t. 3(a + b) + |a — b| < 2(p + 1), the space HT?(S,Q)
contains a polarized Q-sub-Hodge structure X s.t.

X ®g C = H*(S,C) @ H**(S,C)

(see Corollary 6.11). In particular, not only the direct sum H**(S,C)® H"»(S,C)
is defined over Q but:
e if a # b the direct sum H!*~°10(S C) @ H**~?(S,C) is also defined over
Q, and
e if a = b > 1 the subspace H'1(S,C) is also defined over Q.

Theorem 1.4 therefore implies that every rational class in H**(S,C) @ H»%(S,C)
is a rational linear combination of cup-products of rational (1,1)-classes and push-
forwards of holomorphic or anti-holomorphic classes of special cycles.

Remarks. 1. This result cannot hold in degree close to p (the middle degree) as there
are not enough cycles. In fact we expect the condition 3(a +b) + |a —b| < 2(p+ 1)
to be optimal.

2. We want to emphasize that the situation here is much more subtle than in the
orthogonal case studied in [?] in two ways: first the cohomology groups H%?(S,C)
are in general non-trivial for all possible bi-degrees (a,b). Secondly special cycles
do not span, even in codimension one. One has to consider arbitrary (1, 1)-classes.

Now recall that the Lefschetz (1, 1) Theorem implies that any rational (1, 1)-class
is a rational linear combination of classes of codimension one subvarieties of S. As
a corollary we obtain the strong form of the generalized Hodge conjecture for S in
the corresponding degrees: if ¢ is an integer such that 2n — ¢ < p+ 1 then

(1.4.1) N°H™(S,Q) = H"(S,Q)n | @ H*"(S,C)

a+b=n
a,b>c

Here N* is the coniveau filtration so that by definition N¢H*(S, Q) is the subspace
of H*(S,Q) which consists of classes that are pushforwards of cohomology classes
on a subvariety of S of codimension at least c.

Remarks. 1. The inclusion ‘C’ in (1.4.1) always holds. In particular N°H™(S, Q)
is trivial if n < 2e.
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2. Equation (1.4.1) confirms Hodge’s generalized conjecture in its original for-
mulation (with Q coefficients). Note however that — as it was first observed by
Grothendieck [?] — the RHS of (1.4.1) is not always a Hodge structure. Grothendieck
has corrected Hodge’s original formulation but in our special case it turns out that
the stronger form holds.

Observe that it is a consequence of the Hard Lefschetz Theorem [?], pg. 122, that
N°H*(S,Q) is stable under duality (the isomorphism given by the Hard Lefschetz
Theorem). Indeed the projection formula states that cohomological pushforward
commutes with the actions of H*(S,C) on the cohomologies of a subvariety V of
S and S and hence with the operators Ly and Lg of the Hard Lefschetz Theorem.
Hence, if 8 € HF(S,C) is the pushforward of a class « € H*"2¢(V,C) for V a
subvariety of codimension ¢ then the dual class Lg_k(ﬁ) is the pushforward of
Lf;k(a). In conclusion, we have:

1.5. Theorem. Let S be a connected compact Shimura variety associated to a stan-
dard unitary group U(p,1) and let n and ¢ be non-negative integers s.t. 2n — ¢ <
p+1or2n+c>3p—1 or equivalently n € [0,2p]\]p — 55°,p + 55°[ . Then, we
have:

N°H"(S,Q) = H™"(S,Q)n | @ H™"(S.C)
a+b=n
a,b>c

In particular we have:

1.6. Corollary. Let S be a connected compact Shimura variety associated to a
standard unitary group U(p, 1) and let n € [0,p]\]%, %[ Then every Hodge class in
H?"(S,Q) is algebraic.

Tate [?] investigated the ¢-adic analogue of the Hodge conjecture. Recall that S
is defined over a finite abelian extension M of E. Fix a separable algebraic closure
M of M. Seeing S as a projective variety over M, we put S = S x5, M. Given
any prime number ¢ we denote by

Hp (S) = H*(S,Q)

the ¢-adic étale cohomology of S. Recall that fixing an isomorphism of C with the
completion C; of an algebraic closure Q, of Q, we have an isomorphism

(1.6.1) HY(S)® Cyp = H*(S,C).

Given any finite separable extension L(C M) of M we let G, = Gal(M /L) be the
corresponding Galois group. Tensoring with Q, embeds L in Q,. The elements of
G, then extend to continuous automorphisms of C,. For j € Z, let Cy(j) be the
vector space C; with the semi-linear action of G, defined by (o,2) = x¢(0)io(2),
where xy is the f-adic cyclotomic character. We define

H{(8)(j) = lig(H7 (S) @ Co(5)) -

Here the limit is over finite degree separable extensions L of M. The ¢-adic cycle
map

2"(8) — Hy"(S)
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maps a subvariety to a class in H2"(S)(n); the latter subspace is the space of Tate
classes. The Tate conjecture states that the f-adic cycle map is surjective, i.e. that
every Tate class is algebraic.

Now recall that Faltings [?] has proven the existence of a Hodge-Tate decompo-
sition for the étale cohomology of smooth projective varieties defined over number
fields. In particular, the isomorphism (1.6.1) maps H}"(S)(j) isomorphically onto
H7m=3(S,C). From this, Theorem 1.5 and the remark following it, we get:

1.7. Corollary. Let S be a neat connected compact Shimura variety associated to
a standard unitary group U(p,1) and let n € [0,p]\]2, 22[. Then every Tate class

303
in H*"(S,Qy) is algebraic.

Proof. Tt follows from the remark following Theorem 1.5 (and Poincaré duality)
that the whole subspace H™™(S,C) is spanned by algebraic cycles as long as n €
[0,p]\]2, 22[. The corollary is then a consequence of the following commutative
diagram.

) —— H™"(S,C)

\/

The horizontal arrow is an isomorphism and the two diagonal arrows are the
cycle maps. We have proved the image of the right diagonal arrow spans. Hence
the image of the left diagonal arrow spans. O

1.8. General strategy of proof. The proof of Theorem 1.4 relies on the dic-
tionary between cohomology and automorphic forms specific to Shimura varieties.
This dictionary allows to translate geometric questions on Shimura varieties into
purely automorphic problems.

The first step consists in obtaining an understanding in terms of automorphic
forms of the special cohomology groups SH"(S,C) for n small enough: it is gen-
erated by projections of theta series. In other words, we prove the low-degree
cohomological surjectivity of the general theta lift (for classes of special refined
Hodge type). See Theorem 7.8 which is deduced from Proposition 13.8. The proof
goes through the following steps:

e One first argues at the infinite places. By Matsushima’s formula the coho-
mology groups H*(S,C) can be understood in terms of the appearance in
L?(T'\U(p, q)) of certain — called cohomological — representations 7, of
U(p, q). Tt follows from the Vogan-Zuckerman classification of these coho-
mological representations that the only cohomological representations 7,
contributing to SH*(S,C) are of very simple type (see Proposition 3.26).
We denote by A(a x ¢,b x q) (0 < a,b < p) these representations; they
define the direct factors H**%*¥4(S C) of SH?**1(S,C) and induce the
refined Hodge-Lefschetz decomposition (1.2.4).

e Second, one proves that for n = (a4 b)g small enough — more precisely for
3(a+b)+|a—b| < 2(p+q) — any cuspidal automorphic representation of
G(A) whose local component at infinity is A(axq, bxq) is in the image of the
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theta correspondance from a smaller unitary group (Proposition 13.8). The
proof proceeds as follows: we first prove a precise criterion for a cuspidal
automorphic representation m of G(A) whose local component at infinity is
“sufficiently non-tempered” to be in the image of the theta correspondance
from a smaller unitary group (Theorem 10.2). This criterion is analogous
to a classical result of Kudla and Rallis for the orthogonal-symplectic dual
pair (relying on the doubling method of Piatetskii-Shapiro and Rallis and
Rallis’ inner product formula). However in the unitary case this criterion
doesn’t seem to have been fully worked out. Building on Ichino’s regularized
Siegel-Weil formula, we prove this criterion in Section 10. Second, one has
to show that the cuspidal automorphic m whose components at infinity are
A(a x q,b x q), with 3(a + b) + |a — b| < 2(p + q), do satisfy this criterion.
This relies on the recent Arthur’s endoscopic classification of automorphic
representations of classical groups, which relates the classification for G
to the classification for the non-connected group GL(N) x (0) (where 6
is some automorphism of GL(V)) through the stabilisation of the twisted
trace formula recently obtained by Moeglin and Waldspurger [?]. This is
the subject of Sections 12 and 13.

The second step shows that not only is H**%**4(S, C) generated by theta lifts,
but by special theta lifts, where the special theta lift restricts the general theta
lift to (vector-valued) Schwartz functions that have, at the distinguished infinite
place where the unitary group is noncompact, a very explicit expression ¢qq 5, (S€€
Theorem 9.3 - which depends crucially on Theorem 5.31).2 The Schwartz functions
at the other infinite places are (scalar-valued) Gaussians and at the finite places are
scalar-valued and otherwise arbitrary. The main point is that the special Schwartz
function 44,4 is a relative Lie algebra cocycle for the unitary group allowing one
to interpret the special theta lift cohomologically. In fact we work with the Fock
model for the Weil representation and with the cocycle 44,54 With values in the
Fock model which corresponds to the cocycle ¢qq,5 With values in the Schrodinger
model under the usual intertwiner from the Fock model to the Schréodinger model.

The third step consists, if b = a+c, ¢ > 0, in showing that 44,5, factors as a cup-
product 44,0 A 0,5 of the holomorphic and anti-holomorphic cocycles 44,0 and
10,bg. This factorization does not hold for the cocycles @qq,5, — see Appendix C.
These are local (Archimedean) computations in the Fock model, see Propositions
5.7 and 5.24.

One concludes the proof of Theorem 1.4 by using the result of Kudla-Millson [?]
stating that the subspace of the cohomology of S generated by the cycles classes of
special cycles is exactly the one obtained from the special theta lift starting with
©nq,nq at the distinguished infinite place.

In the paper we don’t follow the above order. We rather start with the local
computations (description of the cohomological representations, construction of the
cocycles 14q,b¢). We then discuss the geometry of the Shimura varieties and reduce
the proofs of our main results to purely automorphic statements. We conclude with
the proofs of these automorphic results. This will hopefully help a reader willing
to accept them to follow more easily the overall structure of the proofs of our main
results.

2This step generalizes a result of Hoffmann and He [?] in a special case.
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Part 1. Local computations
2. HERMITIAN VECTOR SPACES OVER C

We begin with some elementary linear algebra that will be important to us in
what follows. The results we prove are standard, the main point is to establish
notations that will be useful later. For this section the symbol ® will mean tensor
product over R, in the rest of the paper it will mean tensor product over C.

2.1. Notations. Let V be a complex vector space equipped with a nondegener-
ate Hermitian form (,). Our Hermitian forms will be complex linear in the first
argument and complex antilinear in the second. We will often consider V as a
real vector space equipped with the almost complex structure J given by Jv = iv.
When there are several vector spaces under consideration we write Jy, instead of J.
We will give V* the transpose almost complex structure (not the inverse transpose
almost complex structure) so

(2.1.1) (Ja)(v) = a(Jv).

We will sometimes denote this complex structure by Jy «.

Finally recall that we have a real-valued symmetric form B and a real-valued
skew symmetric form (, ) on V considered as a real vector space associated to the
Hermitian form (,) by the formulas

B(v1,v2) = Re(v1, v2)
<’U1a U2> = - Im('U]_, U2>7
so that we have:

(212) B(’UhUQ) = <’U1,J'U2)>.

2.2. The complexification of an Hermitian space and the subspaces of
type (1,0) and (0, 1) vectors. We now form the complexification V@C =V @rC
of V where V is considered as real vector space. The space V®C has two commuting
complex structures namely J® 1 and Iy ® 1. We define the orthogonal idempotents
p" and p” in Endg(V ® C) by

1 1
(2.2.1) p’:5(1v®1—Jv®z‘) andp":5(1v®1+Jv®i)
The reader will verify the equations

(222) p/ Op/ — p/’ p// Op// — p// a1,1(1 pl o‘p// _ p// O29/ — O

In what follows if v € V is given we will abbreviate p/(v ® 1) by v/ and p” (v ® 1)
by v". We will write zv’ for (1® 2z)v" and zv” for (1 ® z)v”. We note the formulas

(2.2.3) p'(zv) = zp'(v) and p’(z2v) = zp” (v)

We define V! = p/(V @ C) and V" = p”(V ® C). From the Equation (2.2.2)
we obtain V@ C =V’ @ V”. An element of V' is said to have type (1,0) and an
element of V" is said to have type (0,1). We will identify V with the subspace
VelinVeC.
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2.3. Coordinates on V and the induced coordinates on V' and V. In this
subsection only we will assume that the Hermitian form (, ) on V is positive definite.
Let vy, -+ , v, be an orthonormal basis for V over C. Then we obtain induced bases
vy, - ,v), and vf,--- v for V' and V" respectively. We let z;(v),1 < j < n be
the coordinates of v € V relative to the basis v, , v, 2(v'),1 < j < n be the
coordinates of v' € V' relative to the basis vq, -+ ,v;, and 27(v),1 < j < n be
the coordinates of v” € V" relative to the basis v{,--- ,v/. Let v € V. Then, by

rvn”t
n

applying p’ and p” to the equation v = ) z;(v)v; and applying Equation (2.2.3)

Jj=1
we have

2.4. Lemma.
(1) 25(v) = z;(v) = (v, v;)
(2) 2/ (") = zj(v) = (v;, v)

2.5. The induced Hodge decomposition of V*. There is a corresponding de-
composition V* @ C = (V*)' & (V*)” induced by the almost complex structure
Jy=. The complexified canonical pairing (V* ® C) ®¢ (V ® C) — C given by
(a®2)®c (v®w) = (a(v))(zw) induces isomorphism (V*)' — (V')* and (V*)"” —
(V"")*. We will therefore make the identifications

(V*)/ — (V/)* and (V*)// — (V//)*
without further mention. In particular if {vy,- - , v, } isabasisfor Vand {f1, -, fu}

is the dual basis for V*, then {f],---, f/} is the basis for (V*)" dual to the basis
{v{,- v} for V'

2.6. The positive almost complex structure J, associated to a Cartan in-
volution. We now assume that V, (,) is an indefinite Hermitian space of signature
(p, q). We choose once and for all an orthogonal splitting of complex vectors spaces
V =V, @ V_ of V such that the restriction of (,) to V4 is positive definite and the
restriction to V_ is negative definite. Such a splitting is determined by the choice
of V_ and consequently corresponds to a point in the symmetric space of V. We
can obtain a positive definite Hermitian form (, )o depending on the choice of V_ by
changing the sign of (,) on V_. The positive definite form (, ) is called (in classical
terminology) a minimal majorant of (,). Let fy_ be the involution which is Iy, on
Vi and —Iy_ on V_. Since V; and V_ are complex subspaces J and 6y_ commute.
Then 6y is a Cartan involution of V in the sense that it is an order two isometry
of (,) such that its centralizer in U(V) is a maximal compact subgroup. All Cartan
involutions are of the form 6y_ for some splitting of V.=V, & V_ as above. We
note that we have

(261) ('1)1,’[)2)0 = (’Ul,av_vg).
We have
(2.6.2) [(v,v)| < (v,v)0,v € V.

For this reason ( , )¢ is called a (minimal) majorant of (, ).
By taking real and imaginary parts of (, )o we obtain a positive definite sym-
metric form By(,) and a symplectic form {, )¢ such that

(v1,v2)0 = Bo(v1,v2) — i{v1, v2)0.



12 NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN

Define a new complex structure Jy by
Jo :9\/7 OJ:Joevi.

We note that the new form (,)o is still Hermitian with respect to the old complex
structure J,3 that is

(Jui,v2)0 = i(vi,v2)0 and (vq, Jva)o = —i(v1,v2)0,

and that Jp is an isometry of (,)g, that is
(Jovt, Jov2)o = (v1,v2)o0.
We claim that
(2.6.3) By(v1,v2) = (v1, Jova).
Indeed we have

By(v1,v2) =Re(v1,v2)0 = Re(v1,0y_va) = Im i(vy,0y_va) = Im( — (v1, JGVJ}Q))
= — Im(vl, Jevi’Ug) = <’U1, J9V7v2)) = <U1, JOU2>.

The claim follows.

It follows from (2.6.3) that Jy is a positive definite almost complex with respect
to the symplectic form ( , ). For the convenience of the reader we recall this basic
definition.

2.7. Definition. Given a symplectic form ( , )) and an almost complex structure
Jo we say ( , ) and Jy are compatible if Jy is an isometry of { , ) and we say Jy is
positive (definite) with respect to (, ) if Jy and (, ) are compatible and moreover
the symmetric form By(vy,v2) = (v1, Jova) is positive definite.

It now follows from the above discussion that there is a one-to-one correspon-
dence between minimal Hermitian majorants of (, ), positive almost complex struc-
tures Jy commuting with J such that the product JyJ is a Cartan involution and
points of the symmetric space of U(V') (subspaces Z of dimension ¢ such that the
restriction of (, ) to Z is negative definite. Henceforth, we will call such positive
complex structures Jy admissible.

We will therefore have to deal with two different almost complex structures hence
two notions of type (1,0) vectors. To deal with this we use the following notations.

2.8. Definition. (1) If U is a subspace of V' which is J-invariant then U’, resp.
U”, will denote the subspace of type (1,0), resp. type (0,1), vectors for the
indefinite almost complex structure J acting on U ® C, hence, for example
V. is +i eigenspace of J acting on V, ® C.

(2) If U is a subspace of V which is Jo-invariant then U’0, resp. U"°, will
denote the subspace of type (1,0), resp. type (0,1), vectors for the definite
almost complex structure Jy acting on U @ C.

3However (;)o is not Hermitian with respect to the new complex structure Jo.



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 13

3. COHOMOLOGICAL UNITARY REPRESENTATIONS

3.1. Notations. Keep notations as in section 2 and let m = p 4 ¢. In this section
G =U(V) 2 U(p,q) and K = U(p) x U(q) is a maximal compact subgroup of G
associated to the Cartan involution # = 6y, defined in the previous subsection. We
let go be the real Lie algebra of G and gy = €y ® pg be the Cartan decomposition
associated to the Cartan involution 6. If [y is a real Lie algebra we denote by [ its
complexification [ = [ ® C.

3.2. Cohomological representations. A unitary representation 7 of G is coho-
mological if it has nonzero (g, K)-cohomology H*(g, K; Vy).

Cohomological representations are classified by Vogan and Zuckerman in [?]: let
to be a Cartan subalgebra of €. A 0-stable parabolic subalgebra q = q(X) C g is
associated to an element X € ity. It is defined as the direct sum

qg=I[du,

of the centralizer [ of X and the sum u of the positive eigenspaces of ad(X). Since
0X = X, the subspaces ¢, [ and u are all invariant under 6, so

g=qntdqgnp,

and so on. Let R = dim(unNp).

Let b be a theta-stable Cartan in [ (and hence a Cartan in g) containing t.
Choose of a system of positive roots AT (I) for the roots of b in [. Then the union
of the roots in AT (I) and the positive roots in u is a positive system of roots for the
theta-stable Cartan h. We may assume that the resulting system of positive roots
for the pair (g, b) includes a positive system for the pair (¢,t).

Associated to q, there is a well-defined, irreducible unitary representation A, of
G; it is characterized by the following properties. Let e(q) be a generator of the line
AB(unp); we shall refer to such a vector as a Vogan-Zuckerman vector. Then e(q)
is the highest weight vector of an irreducible representation V(q) of K contained in
ABp (and whose highest weight is thus necessarily 2p(u M p)). The representation
A, is then uniquely characterized by the following two properties:

(3.2.1) Ay is unitary with trivial central character and

with the same infinitesimal character as the trivial representation,

(3.2.2) Hom (V(q), Ag) # 0.

Note that (the equivalence class of) Aq only depends on the intersection uNp so
that two #-stable parabolic subalgebras q = [® u and q' = ' ® v’ which satisfy
unp = u' Np yield the same (equivalent class of) cohomological representation.
Moreover V(q) occurs with multiplicity one in A4 and Afp, and

(3.2.3) H*(g,K; Ag) = Hompngx (AR (1NE),C).

Here L is the connected subgroup of G with complexified Lie algebra I.
In the next paragraphs we give a more explicit parametrization of the cohomo-
logical modules of G.
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3.3. The Hodge decomposition of the complexified tangent space p of the

symmetric space of U(p,q) at the basepoint. We first give the standard de-

velopment of the Hodge decomposition of p. In what follows we will use a subscript

zero to denote a real algebra (subspace of a real algebra) and omit the subscript

zero for its complexification. For example we have go = u(p,q) and g = go ® C.
We start by making the usual identification g = End(V') given by

(3.3.1) ARz — zA, A€ go.

Rather than using pairs of numbers between 1 and p + ¢ (so for example e; ;) to

~

denote the usual basis elements of End(V) we will use the isomorphism End(V') &
V ® V*, see below. We then have
g=VeV' =(VyV)e(VioV) e (Vo V])a (V- V).
In terms of the above splitting (and identification) we have
t=(VieV)e(VoeV)

(3.3.2) p=(ViaV)ae (Voa V).

3.4. Now consider a basis {v; : 1 <14 < m} for V adapted to the decomposition
V =V, @ V_. The following index convention will be useful in what follows. We
furthermore suppose that

(Va,vp) = 04,5 and (Uuavu) = —Oup-
Then the matrix of the Hermitian form (,) on V w.r.t. to the basis {v;} is the
diagonal matrix (1” —1, ) We therefore end up with the usual matrix realization

of the Lie algebra g of U(p, q) where a m by m complex matrix (& B) belongs to
go if and only if A* = —A, D* = —D and B* = C. In that realization we have:
(1) € = (4 %) with A and D skew-Hermitian,
(2) € = (4 %) with A, resp. D, an arbitrary p by p, resp. ¢ by ¢, complex
matrix,
(3) po = ( 0.8 ) with B an arbitrary p by ¢ complex matrix, and
(4) p = (2 5B) with B, resp. C, an arbitrary p by ¢, resp. ¢ by p, complex
matrix.

3.5. For v € V we define v* € V* by

(3.5.1) v*(u) = (u,v)
and v1 @ v3 € V@ V* =End(V) g by
(3.5.2) (v1 ®v3)(v) = (v, v2)vy.

If feV*and v €V one can define v ® f € End(V) in the same way and obtain
the canonical identification between V ® V* and End (V). However, in what follows
it will be more useful for us to use the identification of Equation (3.5.2).

We next note that we may identify V*@V with (V@V*)* = End(V)* = End(V™*)
by the formula

(fr@v,v2® fa) = fi(v2) f2(v1).

We will use *A for the element of End(V*) corresponding to A € End(V') hence
tA(f) = f o A . Using the above identifications we have

‘fve f)=fou.



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 15

The adjoint map A — A* relative to the Hermitian form ( , ) is the antilinear map
given by

(u@v*)* = (vu").
Note that A € End(V) is in gg if and only if A* = —A. Hence the conjugation map

oo of End(V) relative to the real form gg is given by op(u®v*) = —(v®u*). From
either of the two previous sentences we have

3.6. Lemma. Letz,y € V. ThenzQy* —yQa* and i(zQ@y* +y@a™) are in go.

We now define a basis for pg by defining the basis vectors eq i, fa,u, 1 <o < p,
p+1<pu<p+q We will not need a basis for ;. By Lemma 3.6 it follows that
the elements below are in fact in gg. Here the matrices show only the action on the
pair of basis vectors v;,v; in the formula immediately to the left of the matrix in
the order in which they are given. All other basis vectors are sent to zero

* * 0 1
ea}uz—va®vu+vu®va: 10
and

. « " 0 =1
fau =1(—va @V, —v, ®v,) = ( 8) .

—1
We now describe the Ad(K)-invariant almost complex structure J, acting on p

that induces the structure of Hermitian symmetric space on U(p, q)/(U(p) x U(q)).
Let ¢ = €'%. Then ( satisfies (2 = i. Let a(¢) be the diagonal m by m block matrix

given by
CL(C) = (g Col> .

Then a(¢) is in the center of U(p) x U(q) and the adjoint action Ad(a(¢)) of on p
induces the required almost complex structure, that is we have

(3.6.1) Jp = Ad(a(()).

We have:

(36.2)  a(Q)ve = € vay Q) = My, alQv = 07 and a(Q)u} = C v
In particular we have:

Jpea,# = fa,u and pra,u, = —C€a,u I1<a<p p+1<pu<p+tgq.

3.7. We define elements z, , in p" and y, , in p” in g by

1 .
Tap = —Vo @V, = <8 0) whence JpZo,, = i%a,p,

N 0 0 .
You = 00(Ta,u) = v @ v, = (1 0) whence Jpya,u = —iYa,u-

The set {zq, : 1 < a < p, p+1 < pu < p+gq}isa basis for p’. In the
corresponding matrix realization we have:

/ * 0 B
p V+®V_{(O 0 ) : BeMqu(C)}.
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Similarly, the set {ya, : 1 < a <p, p+1< pu < p+q}is a basis for p” and we
have:

* 0 0
M:u®w:{<co>:06mw@%.

Hence we have
oo(p’) =p".

As a consequence of the above computation we note that we have isomorphisms of
K =U(p) x U(q) modules

p" 2= Mpyq(C) and p” = My, (C)

and the above splitting into B, C blocks corresponds to the splitting p = p’ & p”.
Using the identification (U @ U*)* = U* ® U we have

(3.7.1) (p)* =V:i@V_ and (p)* = V* @ V.

Hence the transpose ¢ : V@ V* — V* ® V given by (v ® f) = f ® v induces
isomorphisms p” — (p’)* and p’ — (p”)*. On the above basis these maps are given
by

(3.7.2) Yo =", @0E) = vi @v, and "zh,, = (—v4 @ v,) = —v, @ q.

We will set &, , = v} ®v, and § |, = —v}; @ va.

We now give two definitions that will be important in what follows. The notation
below is chosen to help to make clear later that the adjoints of the cocycles ¥4q,qq
that we construct and study in §5 of degrees (a + b)q are completely decomposable
in the sense that their values at a point of x € V2% are wedges of (a+b)q elements
of p*.

3.8. Definition. Suppose x € V. Then we define & € AI(p’) = A1(Vy @ (V_)*)
by

(3.8.1) T=(-1)"z®@uvpq) A AT @upy,)

Remark. By [?], pg. 80, there is an equivariant embedding f, : SymI(V}) ®
AN((V2)*) = A(Vy @ (V2)*). Then T = f(2®9 @ (vj g Ao Avgy,)).

Suppose now that f € V;. Then we have:
3.9. Definition. f € AY(p”) = A9(V_ @ (V4)*) by
(3.9.1) f: (Up+1 @ f) A A (Upq ® ).

Using the transpose maps of Equation (3.7.2) we obtain f € A((p/)*) =
A((V4)* ® V_) given by

(39.2) F=®vp) A AR Upyg)
and ‘7 € N1((p”)*) = ANY((V_)* ® V) is given by

(3.9.3) "= (1) vy, @) A A (v, @ ).
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3.10. Theta-stable parabolic subalgebras. Fix the Borel subalgebra of £ to
be the algebra of matrices in € = u(p) x u(q) (block diagonal), which are upper-
triangular on V; = CP and lower-triangular on V_ = C? w.r.t. these bases. We
may take ity as the algebra of diagonal matrices (t1,...,tpt+q)-

The roots of t occuring in p’ are the linear forms t, — t,. We now classify all
the #-stable parabolic subalgebras q of g. Let X = (t1,...,t,14) be such that its
eigenvalues on the Borel subalgebra are non-negative. Therefore

t1>... >t and  tyig> ... >ty

In [?] we associate two Young diagrams Ay and A_ to X:

e The diagram Ay is the sub-diagram of p x ¢ which consists of the boxes of
coordinates (o, p) s.t. to > t,.

e The diagram A_ is the sub-diagram of p x ¢ which consists of the boxes of
coordinates (o, pt) 8.t. tp_at1 < tg—p1-

A description of the possible pairs (A4, A_) that can occur is given in [?, Lem. 6].%

Recall that we have associated to the parabolic subalgebra q = q(X) the rep-
resentations V'(q) and A,. The equivalent classes of both these representations
only depends on the pair (A, A_). We will therefore denote by V(A;, A_) and
A(M4, A_) these representations.

3.11. To any Young diagram A, we associate the irreducible K-representation
V(A) = Sx(Vy) ® Sea(Vo)™.

Here S, (-) denotes the Schur functor (see [?]) and ‘A C ¢ X p is the transposed
diagram. The K-representation V() occurs with multiplicity one in AP (V. @ V*)
where |A| is the size of A\. The K-representation V(A;, A_) is the Cartan product
of V(A;) and V(A_)*. We recall that the Cartan product of V(A;) and V(A_)* is
the irreducible submodule of V(Ay) ® V(A_)* generated by the tensor product of
a highest weight vector for V/(\;) and a highest weight vector for V/(A_) . Hence
the highest weight of the Cartan product is the sum of the two highest weights of
the factors). In our special situation — that of Vogan-Zuckerman K-types — it
occurs with multiplicity one in A®p where R = [\, |+ |A_|.
Note that if A C p x ¢ is a Young diagram, we have:

Sx(V)" = S (Vi) @ (WV) ™,

where A = (¢ — Ap,...,q — A1) is the complementary diagram of X in p x g. We
conclude that we have:
(3.11.1)

VO A) 2 (Shear (Vi) © (AV4) ™) @ (Sin_geay (Vo) © (ATV) 7).

3.12. Recall that, as a GL(V}) x GL(V_)-module, we have (see [?, Equation (19),
p. 121]):

(3.12.1) NV @ V) = P Sa(Vy) @ S (Vo) = P V).
AR AFR

Here we sum over all partition of R (equivalently Young diagram of size || =
R). We will see that, as far as we are concerned with special cycles, we only

4Beware that in this reference p refers to a sub-diagram of p X ¢ which — in our current
notations — corresponds to the complementary diagram of A_ in p X q.
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have to consider the subalgebra (A®p)sPecial of A®p generated by the submodules
A (Ve @ V*)SEV-) lresp. A® (Ve @ V*)*)SHV=) of A®p’, resp. A®p”. Tt amounts to
consider the submodule of (3.12.1) which corresponds to the A of type b x ¢ = (¢%).
We conclude that

P
(A"p)Peca! = D) Sy (Vi) © Sag(Vi)* @ (AIV_)2~

(3.12.2) “b=0

p
D Soxa(Va) ® Sip-ayxa(Va) ® (WPVZ) ™1 @ (ATV_)*~.
a,b=0

This singles out certain parabolic subalgebras that we describe in more detail below.
Before that we recall the description of the invariant forms.

3.13. The Chern form. Let A C p x g be a Young diagram. Given a basis {z,}
of V() we denote by {2} the dual basis of V(A)* and set

Cr=> z®z € V)@ V() c AR,
¢
Here AMMp denotes the subspace of A*p of elements of Hodge bidegreee (||, |\]).
The element C) is independent of the choice of basis {z,}; it belongs to (A*p)%.
Now C belongs to (A®p)sPe¢ial if and only if A = n x ¢, for some n = 0,...,p, and
Crnxq = C;‘ in A®p where Cy = C’(q) is the Chern class. We conclude:

3.14. Proposition. The subspace of K-invariants in (A®p)SPe?! is the subring
generated by the Chern class Cy.

The (g, g)-invariant form on the symmetric space X associated to the Chern
class is called the Chern form in [?] where it is expressed in terms of the curvature
two-forms Q,, = > 2 _, &1, A&, by the formula
(3.14.1)

—1 q 1 _ *
o (2‘7r> q! > 580(00) o) pron) A - A pro(a)prata) € AT
06€S,

We now give a detailed description of the modules occuring in (3.12.2).

3.15. The theta-stable parabolic Q;( and the Vogan-Zuckerman vector
e(bg, 0). We first define the theta-stable parabolics Qg o which will be related to the
cohomology of type (bg,0). These parabolics will be maximal parabolics. Suppose
b is a positive integer such that b < p. Let E, C Vi be the span of vy,--- ,vp.
We define Qo to be the stabilizer of Ej. Equivalently, Qp is the theta-stable
parabolic corresponding to

X =(1,1,---,1,0,---,0) € ito.
————
b

We now compute the nilradical of the Lie algebra g0 of Qp,o-
Let F}, be the orthogonal complement of Ej, in V; whence Fy, = Span{vyy1, - Up}.
Hence, since V =V, @ V_, we have

(3.15.1) V=E,oFoV..
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Put Cy, = F, & V_. Thus we have decomposed V into the subspace E} and its
orthogonal complement Cj in V. Let 1y, o be the nilradical of the Lie algebra g
of the Lie group Q0. We now have

3.16. Lemma. Using the identification End(V) 2V @ (V*)
woNp=E,® (V) Cy'.
Hence {—vo ®@v};: 1 <a<b, p+1<pu<p+q} isabasis for upoNp.
Proof. Tt is standard that the nilradical of the maximal parabolic subalgebra which

is the stabilizer of a complemented subspace FE is the space of homomorphisms
from the given complement C} into E}, whence, using the above identification,

Wwo=E0C; =(E,QF)®(E, V).
Clearly we have

ub,oﬁEZEb@)Fb* and ub,Oﬂp:Eb@)V_*-

The next lemma follows immediately from Lemma 3.16.
3.17. Lemma. The vector e(bg,0) € A*0(p) = AY(p’) associated to qpo by
(3.17.1) e(bg,0) = (=1)YG A--- ATy
is a Vogan-Zuckerman vector for the theta stable parabolic qp0.

Note that Spxq(Vy) is the irreducible representation for Aut(V,) which has high-
est weight go, where @y is the b-th fundamental weight (i.e. the highest weight of
the b-th exterior power of the standard representation). From Lemma 3.17 and the
general theory of Vogan-Zuckerman, we have

3.18. Lemma. The Vogan-Zuckerman vector e(bq,0) is a highest weight vector
of the irreducible K¢ = GL(Vy) x GL(V_)-submodule V(b x q) := V(b x ¢,0) =
Spxq(Vie) @ (A1(VF))b in Ab2Op,

Remark. As a representation of K¢ = GL(p) x GL(g) the representation V(b x q) =
Spxq(CP) @ (A9(CY))~b has highest weight

(Q7 7Q70a 707_b7 ’_b)

~—_——— —— —

b p—b q

3.19. The theta-stable parabolic Qy, and the Vogan-Zuckerman vector
e(0,aq). Suppose a is a positive integer such that a < p. Once again we let E, be
the span of {v1,--- ,v,} and F,, be the span of {vg11,--- ,vp}. Let F be the span of
{vy_ay1s vy} We define Qg 4 to be the stabilizer of F; C V*. We note that the
stabilizer of F¥ is the same as the stabilizer of its annihilator (F*)* = E,+V_ C V.
Thus Qo is the theta-stable parabolic corresponding to

X=(1,1,---,1,0,0,---,0,1,1,--- ,1) € itq.
———— —— ——
a p—a q

The proof of the following lemma is similar to that of Lemma 3.16. Let ug, be
the nilradical of the Lie algebra qo, of the parabolic Qg . We have



20 NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN

3.20. Lemma.
U NpEV_@FESCyp”.
Hence {v, @v},:p—a+1<a<p p+1<pu<p+q} isa basis for ug, Np.

We obtain the Vogan-Zuckerman vector e(0,aq) € A»%(p) = A%(p”) by (see
(3.9.2))

e(0,aq) = vy_y A A UN;.
The reader will observe that that
e(0, aq) = £wooo(e(agq,0))

where wy is the element of U(p) that exchanges the basis vectors v, and vpp1-q, 1 <
a < p. The reader will also observe that e(0, aq) is a weight vector for the diagonal
Cartan in u(p)c with weight

(07 7077(]7"' aiq)a
—_—— ——
p—a a

that is, a highest weight of the representation S, 4((C?)*). From Lemma 3.20 we
have:

3.21. Lemma. The Vogan-Zuckerman vector e(0, aq) is a generator for A% (ug qqN
p). As such it is a highest weight vector for Qo. and (from the above weight
formula) it is the highest weight vector for the irreducible Kc-submodule V(0,a X
1) = Sty (V) @ (AIV_) in AO:adp,

Remark. As arepresentation of K¢ = GL(p)xGL(q) the representation S(qx ) ((C?)*)®
(A?(C9))* has highest weight

(Oa 70a_q7"' y =45y 7a)'
—_—— —— ——— ——
p—a a q

3.22. The theta-stable parabolic Q;, and the Vogan-Zuckerman vector
e(bg, ag). We now define the theta-stable parabolics Qp o which shortly will be re-
lated to the cocycles of Kudla-Millson and their generalization. Here we assume
that a and b are positive integers satisfying a+b < p whence b < p — a. The associ-
ated theta-stable parabolics will be next-to-maximal parabolics, that is, stabilizers
of two step flags.

As before, we let £, C V. be the span of vy, ,v, and By, = F,;_, C V4 be
the span of vy, ,v,_4. Since b < p—a we find Fy, C E,_, and we obtain the two
step flag

FTpao=Ey CE,_o+V_CV.
Let Qp,q be the stabilizer of the flag J3 5. Thus Qp,q is the theta-stable parabolic
corresponding to
X =(1L,1,-,1,0,0,--,0,~1,—1,--- ,—1) € ity.
—_— —
a p—a q
Since Qp,, is the intersection of stabilizers of the subspaces Fy, and E,_, + V_

comprising the flag 3 ,, the group Qp , is the intersection of the two previous ones:

3.23. Lemma.
Qb,a = Qb0 N Qo,a-
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Let up o be the nilradical of the Lie algebra qp, of the Lie group Q.. It is a
standard result that if two parabolic subalgebras q; and g2 intersect in a parabolic
subalgebra g then the nilradical of q is the sum of the nilradicals of gq; and qs.
Hence, we have

(3.23.1) W NPE(E,@V)D(VERF)) = (uwoNp)+ (U e Np).

We obtain as a corollary that {v, ® vj;, v, @vg: 1 <a<b p—a+1<f<
p, p+1<p<p+q}is a basis for u, , Np.

Remark. We have
U NP =E, @V and up, Np" =V_ ® F).
We then define the Vogan-Zuckerman vector e(bq,aq) € A*%pc =2 (AY1p) ®
(A*p") associated to Qp.q by
(3.23.2)
e(ba, ag) = e(bg,0) A e(0,aq) = (~1)P9 (G A+ A G) A (0] zy A+ -+ A 03)
e NIV @ (Vo)) @ A(VE @ (Vi)*).

For the following Lemma, we note that the Cartan product of two irreducible
representations was defined in Subsection 3.11. In the case considered below it has
highest weight

(qa 7q30,"' aoa_qa"' 7_q;a_b7"' aa_b)~
——

b a q

3.24. Lemma. The Vogan-Zuckerman vector e(bq, aq) is a generator for A4 (w, ,N
p). As such it is the highest weight vector of the irreducible Kc-submodule V(b x
q,axq) C APy jsomorphic to the Cartan product of the representations Stoxq)(Vi)®
(A(VZ2)" and S(axq) (V) @ (A1(V-))"
3.25. Wedging with the Chern class defines a linear map in

HOHIK((/\op)special7 (/\op)special)-
We still denote by Cy the linear map. It follows from [?, Prop. 10] that C¥(V (b x
q,axq)) is a non-trivial K-type in (AT (atk)ag)special if and only if k < p—(a+b).
This leads to the following:

3.26. Proposition. The irreducible K-types V(bx q,a X q), with a+b < p, are the
only Vogan-Zuckerman K -types that occur in the subring (A®p)*P°“8l. Moreover:

C-CF ifn—(a+b) =2k,

Homy (V(bx g,a x q), (A"p)¥Pecial) = { 0 otherwise.

Here k is any integer in {0,...,p — (a+b)}.

Proof. The Vogan-Zuckerman K-types are the representations V(A;, A_). Now it
follows from (3.11.1) that if such a K-type occurs in (A®p)*° then Sex yexy (V-)
is isomorphic to a power of A?V_ but this can only happen if the diagram ‘A_ +*AY
has shape ¢ x ¢ for some ¢. This forces both *A_ and *AY to be of this shape. We
conclude that there exists integers a, b such that Ay =b x g and A\_ = a x ¢. This
proves the first assertion of the proposition.
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We now consider the decomposition (3.12.2) into irreducibles. It follows from
the Littlewood-Richardson rule (see e.g. [?, Corollary 2, p. 121]) that

dim HomGL(V+) (S((Qq)b7qp7a7b)(v+), S(qB)(V+) ® S(qpfA) (V)

equals the number of Littlewood-Richardson tableaux of shape ((2¢)°, ¢*?=%~%)/(¢?)
and of weight (qP’A). The latter is 0 if A < a or B < b. Now if A > a the shape
((29)%, ¢?=27?)/(¢P) is the disjoint union of two rectangles and it is immediate that
there is at most one semistandard filling of ((2¢)?, ¢?=%7%)/(¢®) of content (¢?~4)
that satisfies the reverse lattice word condition, see [?], §5.2, page 63, (the first
row must be filled with ones, the second with twos etc.). We conclude that the
multiplicity of S((aq)p,qp—a-v)(Vi) in Sy (Vy) @ Sigr-4)(V4) equals 1if A =a+k
and B =b+k for some k =0,...,p— (a+b), and 0 otherwise. Since in the former
case

Cy(V(bx g,a X q)) = S((agp gr-a-vy (Vi) @ (A\PVL) 7T @ (ATV_)*~°

in (Aletbr2k)agyspecial thig concludes the proof. O

Remark. Proposition 3.26 implies the decomposition (1.2.4) of the Introduction.

The following proposition shows that the Vogan-Zuckerman types V(b X ¢,a X q)
are essentially the only K-types to give small degree cohomology.

3.27. Proposition. Consider a cohomological module Aq and let V(q) = V (A4, A2)
the corresponding Vogan-Zuckerman K -type. Suppose that R = dim(unyp) is strictly
less than p+ g — 2. Then: either (Ay,A_) = (b X q,a X q), for some non-negative
integers a,b such that a+b < p, or (A, \_) = (p X b,p X a) for some non-negative
integers a,b such that a +b < q.

Proof. See [?, Fait 30]. O

Remark. The cohomological modules corresponding to the second case of Proposi-
tion 3.27 correspond to the very same module where we just exchange the roles of
p and q.

4. THE AcTION OF U(p) x U(g) x U(a) x U(b) IN THE TWISTED FOCK MODEL

In this section we review the construction of the Fock model for the the Weil
representation of the dual pair U(p, ¢) x U(a, b). We will thereby explain the reversal
of a and b in the notations of the preceding sections: relative Lie algebra cohomology
for u(p, q) of Hodge bidegree bq, ag comes from the dual pair U(p, q) x U(a,d).

It is an important point in what follows that to detect the twist part of the action
of U(p) x U(q) on the Fock model it is enough to determine the action of U(p) x U(q)
on the vacuum vector 1y (the constant polynomial 1 in the Fock model). Thus
Lemmas 4.10 and 4.13 and their accompanying corollaries and remarks which give
formulas for the action of the restriction of the Weil representation to U(p) x U(q)
(actually their covers) on vy will play an important role in what follows.
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4.1. The square root of the determinant. In what follows we will need the
square root of the determinant and its properties for various unitary groups. Let
U(V) be the isometry group of a Hermitian space V' and let u(V') be its Lie algebra.
Hence we have a Lie algebra homomorphism Tr : u(V) — C (the trace). We
define the covering group [~J(V) of U(V) to be the pull-back by det of the covering
7: St — St given by 7(2) = 22. Hence

U(V)={(g,2): g € U(V),z € S* with det(g) = 2°}.
We then define det'/? : U(V) — S! by
det!/((g, 2)) = 2.

by detf/?, = = (de £L/2 ) . We leave the

For k € Z we define the character det k/2 vy = v

uv)
proofs of the two following lemmas to the reader.

4.2. Lemma. Suppose f : H — U(V) is a homomorphism. Then the pull-back by
f to H of the cover U(V) — U(V) is equal to the pull-back of the cover m : St — S1
above by detof : H — S'. In particular the pull-back of the cover by f is trivial if
and only if H has a character x : H — S* such that x(h)? = detof(h),h € H.
There is a lift f : H — I~J(V) of f such that

1/2 s
detU/(V) = (detyqvy o )2

We will also need.

4.3. Lemma. Deﬁne X to be the unique character of the universal cover of U(V)

with derivative &-Tr. Then x descends to the cover U(V) of U(V) and the descended

character is detU/(%/)
Remark. We see from the lemma that “det%/(%/

as the half-trace”.

) has the same functorial properties

There are three results concerning the behaviour of detllj/fv) under homomor-

phisms which we will need below. The first two are special cases of Lemma 4.2.
The first result is

4.4. Lemma. Suppose Vi C Vo is a subspace of a Hermitian space such that the
restriction of the form on Va to Vi is nondegenerate. Then we have an inclusion
U(V1) —» U(Va) and

1/2

det?/ Uiy

ol = det

The second is the behaviour under the diagonal action of U(V) on the direct
sum V.

4.5. Lemma. Let V be a Hermitian space and a be a positive integer. Let f :
U(V) c U(V*?) be the diagonal inclusion. Then we have dety(yeyof = detU(V)

Hence the cover U(Va) — U(V“) pulls back to the nontrivial covering group U(V)
if and only if a is odd. Furthermore we have

a/2

det! vy

Va)|U vy = det
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The third result we need is the behaviour of detb/(%/) under complex conjugation.
Suppose we have chosen a basis {vy,vq,- - ,v,} for V such that for all 4, j we have
(vi,vj) € R. Let Vo C V be the real form of V given by Vi = spang({vi,--- ,vn}).
Let 7y, be complex conjugation of V relative to the real form Vy. The above
assumption on the inner products of basis vectors is equivalent to

(4.5.1) (v (2), 7v, () = (2,y),1 <4,j <nand z,y € V.

Equation (4.5.1) implies that if g € U(V') then 1y, o g o 7y, € U(V) and hence 7y,
induces a conjugation map 7o : U(V) — U(V) given by 79(g) = 7, 0 g o 1v,,. We

note that the matrix of 79(g) relative to the basis vy, - - - , v, is the conjugate of the
matrix of g and hence
(4.5.2) det(10(g)) = det(g) = det™*(g).

It then follows that 7o induces a map of coverings 7 : U(V) — U(V) given by
?0(97’2) = (To(g)7§)-

The next elementary lemma will be important in what follows.

4.6. Lemma. Let V and V be as above. Then we have

—1/2

det/? ) © To = detU(V).

19/0%
Proof. We have
det™ (7 (g, 2)) = det/*(mo(g), 7)) = 7 = = = (det*/*(g,2)) "
d

4.7. The Fock model of the oscillator representation associated to a point
in the symmetric space of U(p,q). We now recall the description of the Fock
model of the Weil representation and the associated polynomial Fock space. We
keep the notation of Section 2. There is one Fock model for each positive definite
complex structure. However since we will be concerned only with the restriction to
the unitary group U(V) we will limit ourselves to the positive definite structures
coming from the symmetric space of U(V'). We will see below that there is one such
model (structure) for each point (splitting V' =V, + V_ ) in the symmetric space
of the unitary group. In what follows we will assume dim V, = p and dimV_ = ¢
and set m =p+q.

Recall that there is a canonical positive almost complex structure Jy associated to
the Hermitian majorant (, )o of (, ) corresponding to the decomposition V =V, +V_
given by the formula

JO =Jo 9‘/7 .
The +i eigenspace V0 of Jy acting on V @ Cis V[ + V.
We define the Gaussian g on V'0 associated to the majorant (, )y by

0o (v"°) = exp(—m (v, v")g).
Here we have transferred the majorant (,)o from V to V' using the canonical
isomorphism v — v"° = 1(v® 1 — Jov ®i). We finally define the Gaussian measure
pon V' by
1= Ceopo
where pg is Lebesgue measure on V0 and C is chosen so that the measure of V'
is one.
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We define the Fock space F(V) to be the space of Jy-holomorphic functions
(technically the ‘half-forms’) on V’° which are square integrable for the Gaussian
measure.

We define the polynomial Fock space P(V) to be the subspace of F(V) consisting
of Jp-holomorphic polynomials. Identifying as usual polynomial functions on a
space with the symmetric algebra on its dual, we conclude that

Pol(V*) = Sym((V')") = Sym((V + V)*) = Sym((V{)") @ Sym((V)").

It will be important in what follows to note that since V' and V' are dually
paired by (the complex bilinear extension of) the symplectic form A we have

Sym((V})*) = Sym(V}) and Sym((V")*) = Sym(V").
Hence
(4.7.1) P(V) = Sym((V{)*) ® Sym((V”)*) = Sym(V{') ® Sym(V").

Note that the spaces F(V') and P(V) depend on the choice of positive almost com-
plex structure Jy.

The point of the previous construction is that there is a unitary representation of
the metaplectic group w : Mp(V, (,)) — U(F(V)). This action provides a model of
the Weil representation called the Fock model. In what follows we will abbreviate
Mp(V,(,)) to Mp and its maximal compact subgroup given by the two-fold cover
of the unitary group of the positive Hermitian space (V, (,)o) to Up. Here, we recall
(,) is the symplectic form on V. In case we have chosen a basis for V' then we will
write Mp(2m, R) in place of Mp.

The polynomial Fock space P(V') is precisely the space of Up-finite vectors of
the Weil representation w (see e.g. [, ?]) and the action of Uy on the polynomial
Fock space is given by the following formula, see [?], Proposition 4.39, pg. 184. If
k€ Uy and P € P(V) then

(4.7.2) (w(k) - P)(v') = dety, (k)" 2 P(k~ ).

Remark. The determinant factor comes from the fact we should have multiplied P
in the above by the “half-form” (square root of the complex volume form)

\/dzl/\dzg/\~-~dzm.

We note that the constant polynomial 1 satisfies
w(k) -1 =dety, (k)~2 - 1.
In general for each model of the Weil representation there is a unique vector ¥y
which corresponds to 1 traditionally called the vacuum vector. The vacuum vector
then transforms according to

w(k) - o = dety, (k)2 - o.

4.8. The restriction of the Fock model to [NI(p, q) and its half-determinant
twists. In this section we will study the “restriction of the Weil representation of
Mp(2m,R) to U(p,q)”. We use quotations because the map U(p,q) — Sp(2m,R)
involves a conjugation.
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4.8.1. The inclusion Ju(p.q) of U(p, q) in Mp(2m,R). The conjugation alluded to
above comes about because the matrix M’ of the symplectic form A relative to the

natural basis B = {vy, -+, Uy, iv1, -+ , 10y, } for the real vector space Vg underlying
V' is given by

;L 0 Ing\ . (0 I,
(4.8.1) M = (—Ip7q 0 instead of M = 50

Here I, 4 is the m by m matrix given by

1, 0
fpa = (é) _IQ> .

Hence, the basis B’ is not a symplectic basis. Accordingly we let B’ be the new
basis given by
B = {U17 c 5 Upy, = Up1, o 7_Up+q7ivla e 7ivm}-

Then B’ is a symplectic basis and the change of basis matrix Z, 4 is given by

1 0
s (b 2

In what follows let Sp’(2m,R), resp. sp’(2m,R), denote the group of isometries
of the form M’ (so gM'g* = M’), resp. the Lie algebra of this group. We find then
that under the canonical map i3 : GL(n,C) — GL(2n,R) (associated to the map
GL(V) — GL(Vg) by the basis B) the image of U(p, q) lies in Sp’(2m,R). Note

. . a —b

w;(a—l—zb)-(b a)'
We let j3 be the restriction of i to U(p,q). We define F,, : Sp’(2m,R)) —
Sp(2m,R) by F, = Ad(Z,,4) and we define Jy(,,q) by

JU(pg) = Fpq 0.
We find that ju(p,q) maps U(p,q) into Sp(2m, R).
We let I~J(p, q) be the pull-back of the metaplectic cover of Sp(2m,R) by the
embedding juy(p,q)- It is well known that fJ(p7 q) is the cover obtained by taking the

square root of det : U(p, q) — S!, see for example [?] §1.2.

We let Mp'(2m,R) be the pull-back by F,, of the metaplectic covering of
Sp(2m,R). Hence we have a lift F,, of F,, such that F,, : Mp'(2m,R) —
Mp(2m,R). Since the covering ﬁ(p, q) of U(p,q) is pulled back from the meta-
plectic covering of Sp(2m,R) by the composition F}, 4 0 j3 we also have lifts jg of
Js and Ju(p,q) Oof Ju(p,q)- Since two coverings of a map that agree at a point agree
everywhere (here the point is the identity) we have

(4.8.3) JU(p,q) = Fp.g ©TB-

4.8.2. The action of U(p) x U(q) on the vacuum vector 1y. Let 7y be the real
linear transformation that is the negative of complex conjugation on V_. Then in
terms of the basis B the matrix of Iy, © 7v_ is Z, 4. Note that 7, = Adry_ acting

on U(gq) is complex conjugation and lifts to the operator 7, on U(q) given by

7~—q(ga z) = (Tq(g)aE)



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 27
In what follows we will need the multiplication map i, 4 : G(p) X ﬁ(q) — fJ(p, q)
given by
Fip.qg(((F1, 1), 20) (1, k), 22) = ((k1, k2), 2122).

Note that 11y, 4 factors through the inclusion U(p7>\</U(q) — U(p, q) and that it has

kernel Z/2. We have an analogous map Jip14 : U(p) x U(q) = U(p + q).

We claim that the following diagram commutes. First the induced diagram
of maps on the base space commutes, see Equation (4.12.2). Hence the diagram
of homomorphisms of covering groups commutes — see the sentence preceding
Equation (4.8.3)).

J~U(p,q)

Ulp) x Ug) 225 Tlpg) 22 Mp/(2m, R)

1><7::1l lﬁp-,q

Up) x U(g) % Ulp+q) 2 Mp(2m,R)
Remark. In the diagram we are comparing two different mappings of ﬁ(p) X I~J(q)
into Mp(2m, R). The top mapping factors through U(p, ¢) and the bottom mapping
factors through U(p + q).

By Lemma 4.4 we have

4.9. Lemma.
1/2 1/2

Upa) [0 ) xT(0) U(p)

We now use the above diagram, Lemma 4.2 and Lemma 4.6 to prove

1/2

det Ula):

= det ® det

4.10. Lemma.
W (fip,q (1, k2)) (o) = (dets (12 (kr) @ dety] ) (ka)tho, for k1 € U(p), ka € Ulg).

Proof. Let k = (k1,ks) € K. In what follows we will abbreviate 7, (kz2) to ko.

Recall that g is the vacuum vector (so 1 in the Fock model). Going around
the top of the diagram and noting that the composition of the top right horizon-
tal arrow with the right vertical arrow is Jy(p,q)(k1,k2), we obtain by definition
w(}U(p,q)(kl, kg))wo = w(ky, k2)tbg. Going around the diagram the other way we
obtain

w((k1, k2))tho = (W5 (1@ Ty) (K1, k2))) o
= (W|ﬁ(p+q)(k1aE2))1/)0
= detgy 1) (k)
= detyy () (k1) - dety; )" (R2) o
= dety 1 (k) - et/ (k2)vo-
O

Here the next-to-last equality is Lemma 4.4 and the last equality is Lemma 4.6.
We now have

4.11. Corollary.
(4.11.1) (w ® dety/s )i (o) = detyg) (ka)bo.
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Remark. Lemma 4.10 and its corollary give the formula for the twist of the standard
action of U(p) x U(q) in the polynomial Fock model we will need in §4.20 for the
case a = 1, b =0 (so W = W, is a complex line equipped with a positive unary
Hermitian form). Note that in this case a —b = 1.

We conclude this subsection with the formula for the action of U(p) x U(q) on
1o we will need in §4.20 for the case a = 0,b =1 (so W = W_ is a complex line
equipped with a negative unary Hermitian form). In this case tensoring with W has
the effect of changing the Hermitian form (, ) on V to its negative (, ) = —(, ).
The matrix M" of the symplectic form associated to (,)" relative to the standard
basis B = {v1, -, U, 01, -+ ,i0y} is the negative of the matrix M’ above. We
identify the isometry groups of the two Hermitian forms (, ) and (, ) with U(p, q)
using the standard basis. We obtain a new embedding of U(p,q) into Sp(2m,R)
which we will denote jy(q,p) given by

jU(q,p) = Ade,q o js

where
-1 0
(4.11.2) Wy = ( i Im) .
We let w’ be the pull-back of the Weil representation to U(p, ¢) using the embedding
Ju(a.p)-

_ Recall that 7o : U(p,q) — U(p,q) is complex conjugation and 79 is its lift to
U(p, q). We have

4.12. Lemma.
W =woT.

Proof. Note first that Z,, ; 0o W), ; = I, Where

—In 0
(4.12.1) IW,L:( 0 Im)'

Hence the two embeddings are related by

JU(ap) = Adlmm © Ju(p,q))-
But the embedding jg : GL(m,C) — GL(2m, R) satisfies
(4.12.2) Jjs oty =Adl, mojs

and hence the two embeddings are related by

JU(q,p)) = JU(p,q)) © T0-

The lemma follows by lifting the previous identity to the two-fold covers. O

It follows from Lemma 4.6 that the action of w’|K on the vaccum vector is by
the conjugate of the character for the action of w|K and hence from Lemma 4.10
we obtain

4.13. Lemma.

W[k (o) = (detyl sy @ dety 2 )ebo.
4.14. Corollary.
(4.14.1) (@' @ dety (/%) i (o) = dety ) (ka)ibo.
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Remark. Lemma 4.13 and its corollary give the formula for the twist of the standard
action of U(p) x U(q) in the polynomial Fock model we will need in §4.20 for the
case a = 0, b = 1. Note that in this case a — b = —1.

4.15. The tensor product of Hermitian vector spaces. Let V' be a complex
vector space of dimension m = p + ¢ equipped with a Hermitian form (,)y of
signature (p,q) and W be a complex vector space of dimension a + b equipped
with a Hermitian form (,)w of signature (a,b). We will regard V as a real vector
space equipped with the almost complex structure Jy, and W as a real vector space
equipped with the almost complex structure Jyy. We may regard the tensor product
V ®c W as the quotient of the tensor product V ®g W by the relations

(Jv(v) @w=v& (Jw(w))

for all pairs of vectors v € V, w € W. Thus we have an almost complex structure
Jygw on V @c W given by

(4.15.1) Jvew =Jv @ Iy = Iy @ Jw.

From now on all tensor products will be over C unless the contrary is indicated.
We will acccordingly abbreviate V @c W to V @ W.

We will now let 8§ denote the algebra Clz1, 22]/(2? + 1,23 + 1). An action of §
on a vector space V' is given by the choice of two commuting complex structures on
V. Hence given a complex vector space V' the complexification of V' is an 8-module
and the subspaces V/ and V" are 8-submodules.

Let t: (V@W)@rC — (Vg C)®s (W g C) be the map given by

twrRwez)=wPe1l)® (v z2).

Remark. Note that the map ¢ is well-defined
(Jy(w)@wel)=1ve Jyw(w)1l)
because we tensored over 8.
The following lemma is clear.

4.16. Lemma.
V' @sW"=0 and V"' @s W =0
Accordingly we have
(VerC)@s (WerC)= V' W)+ (V"' W").
We now have

4.17. Proposition. ¢ is an isomorphism and consequently induces an isomorphism
again denoted 1 : (V@W)QrC2XV' W' + V" @ W".

Proof. Since both the domain and the range of + have dimension 2dim V dim W it
suffices to prove that ¢ is onto. But given (v®21)®@(w®z22) € (VRrC)®s (W ®rC)
we have

(@21 (WR2)=WR])Q (W 2122) = L(v @ WK 2129).
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The tensor product ((,)) := (,)v ® (, )w is a Hermitian form on V @ W. We let
({,)) denote the symplectic form on the real vector space underlying V@ W (which
we will again denote V' ® W); it is given by the negative of the imaginary part of
((,)). Hence we have

(4.17.1) () =()v®Bw + By ®(,)w.

Clearly we have an embedding U(V) x U(W) — Aut(V @ W, ((,))). Tt is standard
that this product is a dual reductive pair, that is each factor is the full centralizer
of the other in the symplectic group Aut({(,))).

We can now use the direct sum decompositions V =V, V_and W = W, aW_
and the considerations of §2.6 to change the indefinite almost complex structure
Jvew to an admissible positive almost complex structure (Jygw)o on V @ W.
Indeed we can split V ® W into a sum of the positive definite space V. @ W, +
V_ ® W_ and the negative definite space V; @ W_ + V_ ® W,.. The corresponding
“Cartan involution” is Ay ® 6y . The Cartan involution 0y ® 6y allows us to define
a positive definite Hermitian form (( , ))o (the corresponding majorant of (( , )))
by

(11 ®@w1,v2@w2))0 = ((v1 @1, Oy (v2) @O (w2))) = (v1,Ov (v2))v (w1, Ow (w))w-

We define the positive definite complex structure (Jygw )o corresponding to the
previous splitting by

(4.172)  (Jvew)o = (Jvew) o (v ® Ow)
= (JV & IW) © (QV & HW) = (IV ® Jw) o (9\/ X Hw)

We emphasize that the definite complex structure (Jygw )o depends on the choice
of splittings of V and W.

We can now compute the spaces (V @ W)’ of type (1,0) vectors and (V @ W)
of type (0,1) vectors for (Jygw )o acting on (V@ W) ®@g C.

Note that we have

dime((V @ W)") = dime(V @ W) = (a + b)(p + q).

4.18. Lemma. We have (U(p) x U(q)) x (U(a) x U(b))-equivariant isomorphisms
of complex vector spaces

Vew)ox(VieW ) e (V/ieW ) eV eW)e (V.o W.)
Vew) =(View)e(VieW. )e (V. eW,)a (V e W).

Under the pairing of (V @ W)'° with (V ® W)"° induced by the symplectic form
each of the four subspaces on the right is dually paired with the space immediately
below it.

Proof. The space (V ® W) ®g C is the quotient of the space (V ®g C) ®¢ (W ®g C)
by the relation that makes the action of Jy ® 1®1®1 equal to that of 1®1® Jyw ®1.
The operation of passing to the quotient corresponds to setting all tensor products
of spaces with superscript prime factors with spaces with superscript double prime
factors equal to zero according to Lemma 4.16. Before passing to the quotient
we have a direct sum decomposition with 4 x 4 = 16 summands, after passing to
the quotient we have a direct sum decomposition with eight summands. With the



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 31

above identification we have
VeW)erC=((VioW)ae(VieW )aV oW,)e (V.o W)

+i
e[(VIiewWH)e(V/ oW eV eW!)e (V e W')].

—1
Here the subscript 4 indicates the eigenvalue of Jygw on the summand. Thus the
first four summands comprised the subspace of type (1, 0) vectors for Jy gy and the
last four summands comprise the subspace of type (0, 1) vectors for Jygw. Now
the involution 6y ® fyy is also diagonal relative to the above eight summand decom-
position with corresponding eigenvalues (+1,—1,—1,+1,+1,—1,—1,41). Since
(Jvew)o = Jvew © (By ® Oy ) the second and third summands above move into
the space of type (0, 1) vectors for (Jygw)o and the sixth and seventh summands
move into the space of type (1,0) vectors for (Jygw)o- O

4.19. The polynomial Fock model for a unitary dual pair. Our goal in
this subsection is to describe the polynomial Fock space P(V @ W). Our main
interest will be the subspace P(Vy @ W) C P(V ® W) and its description as the
algebra of polynomials on the space of p by a + b complex matrices M, (445)(C) =
M, xa(C) & Mo (C).

By Lemma 4.18 we have

(4.19.1) P(VoW) =Pol((VioWL )& (VoW )oPol(V.eW!.)e(V/oWL)).

We will abbreviate the first factor in the tensor product on the right to P, and
the second factor to P_. We now choose an orthonormal basis {wy, wa, -, wg}
for W, and a basis {wqy1, Wat2,: ", Watp} for W_ which is orthonormal for the
restriction of —(, )y to W_.

In this paper we will be primarily concerned with the space P,. Accordingly we
will suppose that u € (V4 ® W)'°. Then there exist unique z,--- ,z, € V| and
yl, -y, € VY such that

a b
(4.19.2) u=>Y TRw + > Y ul,.
i=1 =1

We may accordingly represent the element u of (V. ® W)’ by the element
(xllv e 71721; yllla T 7y1,)/) = (X,; y,/) € (V-il-)a D (V—i/-/)b

Then by using the basis v}, --- ,v,,v{, -+ ,v, we may finally represent an element

of (Vy ® W) as a p by a 4+ b matrix with complex entries. Thus we have
<V+ ® W>/U = Mpxa((c) ©® Mpxb((c)~

We will think of a point on the right as a p by a+b matrix Z(x’; y”) divided into a left
p by a block Z'(x") = (2, ,(x’)) and a right p by b block Z"(y") = (2, ;(y")). We
will use these matrix coordinates henceforth (at times we will drop the arguments

x’ and y”). By Lemma 2.4 we have

2 (x) = (24,00), 1< i< a1l <a <pand 2 (y") = (vay;), 1 <j < b 1< a<p.

.t

Here we have used Greek letter(s) « for the indices belonging to V' and Roman
letters i, j for the indices belonging to W.
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The polynomial Fock model is then the space of polynomials in 2, ; and 2, ;
as above. From now on, we will usually work with this matrix description of the

polynomial Fock space hence we will identify
Py = Pol((V] & W) @ (VI © W) = Pol(Myxa(C) © My (C)).

4.20. The twisted action of (U(p) x U(g)) x (U(a) x U(b)). Recall that we have
a unitary representation of the metaplectic group w: Mp(V@ W, ((,))) = U(F(V®
W)). As above we denote by Uy the maximal compact subgroup U(V @ W, ((,))o)
of Mp(V @ W, ({,))). The space of Uo-finite vectors of the Weil representation w is
precisely the polynomial Fock space P(V @ W) = P, @ P_, we refer to [" ?] for
more details. We review how certain subgroups (subalgebras) of U(V) x U(W) act
in this model. We have natural inclusion maps

U(V) x UMW) = UV @ W) and U(V @ W) = Sp(V & W, ((,))).

We have previously described two-fold covers U(V'), resp. U(W ) and U(V @ W), of
U(V), UW) and U(V®W) with characters detU/(V)7 resp. detU(W) and det /(V®W)
Lemma 4.4 and Lemma 4.5 then imply that we have

1/2 (a+b)/2 — Jet@ta)/2
(4.20.1) dety; vomw) \U(V =de t&v) and detU(V®W)|U W) = det[‘?(vg) .

If (k, €) € Z2 the restriction of the Weil representation w to U(V') x U(W) twisted by

the characters det /(2 V) ® detl/ (2W) will be denoted wy, ¢. Since the Weil representation

of U(V @ W) twisted by det/? descends to U(V @ W), it follows from Equation
(4.20.1) that wy, ¢ descends to U(V) x U(W) if and only if ¥ = a + b (mod 2) and
£=7p+q (mod 2).

We note that it follows from (4.7.2) that the compact subgroup U(p) x U(g) x
U(a) x U(b) acts on P by the usual action up to a central character. The explicit
computation of this central character is given by the following proposition.

4.21. Proposition. The group U(p) x U(q) x U(a) x U(b) acts on the line Ciby (so

the constant polynomials in the Fock model) under the twisted Weil representation
ktb—a = Lta— +p—g

wg.¢ by the character det[}( ) ® detU( ) ® detU( ) ® detU(b)

The Proposition will follow from Lemma 4.4 and the next Lemma (which will
be seen to follow from Lemmas 4.10, 4.5 and 4.13).

First by applying Lemma 4.4 to the “block inclusions” U(W,) x U(W_) C U(W)
and U(V,) x U(V_) C U(V) we first get

/2 _ qett? K/
detyy(v) o) xtv) = ety ) ® detyy ) and
(4.21.1) o )

£/2
detU(W)|G(W+)XU(W )= detU(W )®det Wy

Now the Proposition follows from the next lemma.

4.22. Lemma. The group U(p) x U(q) x U(a) x U(b) acts on the lz'ne Cipp under

b—a

the (untwisted) Weil representation w by the character detU( )®detU(q) ®detU(a) ®

detU(b)

Proof. By symmetry between V' and W it is enough to compute the action of
U(p) x U(g) under the untwisted Weil representation on Ct)y. Considering the
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tensor product of V' with a Hermitian space of signature (a,b) amounts to looking
at the diagonal action of U(V') on the direct sum of a copies of V and b copies of V'
with the sign of the Hermitian form changed. Hence by Lemma 4.5 we are reduced
to the special cases a = 1, b =0 and a = 0, b = 1. The first case is Lemma 4.10
and the second case is Lemma 4.13. O

4.23. From now on we will always assume that £k = a—b and ¢ = p+ ¢ and will now
use the symbol w to denote the (twisted) representation wq—p, p+q. The choice of k
will turn out to be very important: indeed it follows from Proposition 4.21 that the
restriction of w to the group U(p) x U(q) then acts on the line Ct)y (so the constant
polynomials in the Fock model) by the character 1® det%?é’). As a consequence the
group U(p) x U(q) acts on P by the tensor product of the standard action of U(p)
and the character det%z;). We will see later that the above twist is the correct one
to ensure our cocycle g o4 is (U(p) x U(g))-equivariant, see Lemma 5.22.

To summarize, if we represent the action of the Weil representation w restricted
to U(p) x U(q) x U(a) x U(b) on the subspace P, of the Fock model for U(p, q) x
U(a,b) in terms of the p by a + b matrix (sub)representation of the Fock model, see
Subsection 4.19,

P, = Pol(Mpxa(C) & M,»,(C))

we have:

4.24. Theorem.

(1) The action of the group U(a) x U(b) induced by the twisted Weil represen-
tation wa_pp1q on polynomials in the matriz variables is the tensor product
of the character det%(a) ® det%(b) with the action induced by the natural ac-
tion on the rows (i.e. from the right) of the matrices. Note that each Tow
has a+b entries. The group U(a) acts on on the first a entries of each row
and U(b) acts on the last b entries of each row.

(2) The action of the group U(p) is induced by the natural action on the columns
(i.e. from the left) of the matrices, acting on the left half of the matriz by
the standard action and on the right half by the dual of the standard action
so there is no determinant twist.

(3) The group U(q) simply scales all polynomials by the central character det%z;).

The representation w yields a correspondence between certain equivalence classes
of irreducible admissible representations of U(a, b) and U(p, ¢). The correspondence
between K-types is explicitly described in [?] using the Fock model (and following
Howe [?]), we will also refer to [?].

5. THE SPECIAL (u(p,q), K)-COCYCLES ¥pq aq
In this section we introduce special cocycles
Vbq,aq € Hompg (/\bq’aqp,ﬂ’(V ® W))

with values in the polynomial Fock space.

We will first define the cocycles 1,40 of Hodge bidegree (bg,0) (and similarly
0,0 of Hodge bidegree (0,aq)). We will give formulas for their dual maps vy, g,
resp. g 44, as the values of these dual maps at = € (V ® W)'o are decomposable
as exterior products of bq, resp. aq, elements of p* depending on .
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5.1. Harmonic and special harmonic polynomials. In this subsection we re-
view the “lowering operators” coming from the action of the space p’[’J( ab)’ We leave
to the reader the task of writing out the formulas for u(W) analogous to those of
Subsection 3.3 for u(V'), in particular of proving p%(w) = W_®W7. Hence, in the
notation of Subsection 3.3 we have a basis {w; ® wr ;1 <i<al<j< b} for
p'é(mb). We define

p 2
0
a5 =% : ,
A’L’]_Alvj_ Wforlglga,lg]gb
1 a,i”“a,j

Thus A, ; is a second order differential operator. Then we have (up to a scalar
multiple)

5.2. Proposition.

w(w; @ wg, ;) = Aj,j'

Here w is the (infinitesimal) oscillator representation for the dual pair u(p) x
u(a,b). The proposition is a straightforward computation and is implicit in [?],
Equation 5.1.

Remark. We have analogous Laplace operators A; ; on Pol((V_.@W. )& (V/oW)).
We define the subspace of harmonic polynomials
Harm((Vi @ W)@ (VY @W!)) C Pol((V; @ W)") = Pol(Vi @W)& (V] @W!))

to be the subspace of polynomials annihilated by the Laplace operators A; ;,1 <
1,7 < n.

We will abbreviate Harm((V] @ W’) & (V' @ W”)) to H, henceforth. The
subspace H_ = Harm((V. @ W.) & (V' @ WI)) C Pol(V. @ W) & (V! @ W))
is defined analogously to H as the simultaneous kernels of the operators A; ;. We
emphasize that H; and J{_ are not closed under multiplication.

Note however that the subalgebra Pol(V] ® W) of P(V] ® W') is contained in
the subspace of harmonic polynomials,

Pol(Vi @ W) C Harm((Vi @ W.) & (V' @ W)).

We will call an element of Pol(V] ® W) a special harmonic polynomial.

Following Kashiwara-Vergne [?] we define elements Ay € P(V, ® W) and A e
PVe@W)for1<k<pl<{l{<panda,b<p,by

Ap(x',y") =Ak(y") = det(z, ;) = det((va, y5)), 1 <a <k, 1<j<k

Ay(x,y") =Ay(x') = det(z,, ;) = det((zj,va)), p—L+1<a<p 1<j<L

We note that Ay, and A, are special harmonic, hence any power of Ay and any
power of Ay is also special harmonic. Also the reader will verify

5.3. Lemma. Suppose k + ¢ < p. Then for any natural numbers ¢, and l the
product Af;’ - (Ag)* is harmonic.
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5.4. Some special cocyles. We now give formulas for cocycles that will turn out
to be generalizations of the special cocyles constructed by Kudla-Millson.

The domain of the relative Lie algebra cochains is the exterior algebra A*p which
factors according to

(5.4.1) Ap=(AP)@ (NP = A (Ve @ V) @ AY (Vo e VY.
We will consider only very special cochains whose range is the positive definite

Fock model Pol((V, ® W)'0) = P,. Recall that the space Pol((V; ® W)'0) factors
according to

(5.4.2) Pol((Vy @ W)"*) = Pol(V] ® W) @ Pol(V @ W").

The key point is that each of the two factorizations has a strong “disjointness
property”. On the right-hand side of Equation (5.4.1) the only irreducible U(p)-
representations common to each of the two factors in the tensor product is the
trivial representation and the same for Equation (5.4.2).

5.4.1. A restriction on Hodge types. Note that
Pol(V @ W) = Sym(V) @ W) and Pol(V} @ W) = Sym(V] @ W_).
Then, since any cochain v, ¢ is U(p)-equivariant we obtain

5.5. Lemma. Suppose v is a cochain of bidegree (k,0) taking values in P,.
Then it must take values in the second factor Pol(V{ @ W!) = Sym(V] @ W’ ) =
Sym((V])®) of the tensor product in (5.4.2).

Equivalently, suppose o is a cochain of bidegree (0,£) taking values in P .
Then it must take values in the first factor of (5.4.2) namely, Pol(V] @ W) =
Sym(V{ @ W) = Sym((V{)®).

Remark. If we insist on the standard convention dim W, = a and dimW_ = b (as
we are going to do) then the Hodge degrees of the special cocycles we will construct
will be of the form (bg,aq). Thus in our previous notation the cocycle g0 gives
rise to a polynomial function of yY,--- ,y; (the right half of the matrix) and the
cocycle 1g,qq give rise to a polynomial function of z,--- , ) (the left half of the
matrix).

5.6. Our immediate goal now is to give the definitions of and the properties of the
cocycles 1y, 0 of Hodge bidegree (bg,0) and v 4, of Hodge bidegree (0,aq). As
pointed out above these cocycles have the special property

(1) g0 : AV @ VF) = AY(p') — Sym) (VI @ W”)*)

(2) Yo,0q 1 AV @ V) = AM(p") — Sym ™ (V] @ W/ )*).

As stated above if we first evaluate the cocycles g0 resp. g,qq at points in
VI ® W resp. V| @ W/ the resulting elements of A°(p*) are completely de-
composable. To formalize this decomposability property (which will be very use-
ful for computations) and also to understand how the cocycles transform under

U(p) x U(q) x U(a) x U(b) it is better to give formulas for the the dual maps Vg0
and g ,,. These maps will satisfy

(1) g0 Sym™ (VI @ W) — Ab1 (Vi @ V_) = Ab((p')*)

(2) §.a0q : Sym™ (Vi @ WL) = A“(Vx @ Vi) = AbI((p")").
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Remark. Note that ¢y, € Sym(b‘”((Vf@W’_’)*)@/\bq((p’)*) and ¥, o € A"((p')*)®

Sym(bQ)((Vf ® W')*)) are interchanged by the map that switches the polynomial
and exterior factors.

The defining formula for ¢,  is then the following. Let v = !, -+ ,y). Then
we have

(5.6.1) Uro ) = yr A ys A ALyp € AVU(VE @ V).

Remark. It is important to observe that the above tensor is a wedge product of bg
vectors in (p’)* depending on y”, that is

Vig,0(¥") = (U7 @ vpta) A- - A YT @ vprg)] A+ Al @ vpsa) Av- - A (Y @ Vpig)]-

We have a similar formulas for ¢ ,,. Let x' = (z7,--- ,2) Then we have
(5.6.2) Voag(X) =TI A Tg € AYVE@ V) = A%((p)).
It is immediate from the above defining formulas that the holomorphic and anti-

holomorphic cocycles factor exterior according to

5.7. Lemma. Suppose a =u—+v and b =1+ s. Then we have the factorization

(1) wbq,O = ’(/)Tq,O A 1psq,O
(2) ¢0,aq = ¢O,uq A '¢O,vq-

The exterior product A in Lemma 5.7 is the “outer exterior product” associated
to the product in the coefficient ring (in which the cocycles take values)

Pol((V] @ WL) @ Pol((V @ W) — Pol((V] @ Wi) @& (V] @ W")).

Here we note that if V= A ® B then we have a multiplication map (isomorphism)
Pol(A) ® Pol(B) — Pol(V).

5.7.1. The cocycles of Hodge type (bq,0). We now give a coordinate formula for
¥g,0- Recall that &, , € (p')" = (Vi ®@V_) is given by &, , = v} ®@v,,1 < a <
PPSU=ptgq.

5.8. Lemma. We have:

g0 = Z (zglz;fz e qu) ® (f&l,pﬂ AREERA fgq,p+1)~

1<an, - ,aq<p

Proof. Let y = > 2,0, and hence y* = Y. Zjv%. Hence
1<a<p 1<a<p

fyr = Z ((UZI @ Vpg1) Ao e A (U;q ® Uerl)) ® (ZayZaz " Zay)
1§0¢17"',aq§p

= Z (é-l/)él,erl /\"'/\ggzq,erl) ®((Z/oilz(/)£2 .-.Zl/)iq)'
1<ay,,aq<p

Here the last equation is justified by Lemma 2.4 which states that we have z(y) =
2"(y"). The lemma then follows because ¥, o and v} ; are related by switching the
polynomial and exterior tensor factors. [
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The reader will derive a coordinate formula for 14,0 by taking the b-fold outer
exterior power of the formula above. We will see later, Proposition 5.24, that 40
is nonzero.

We will now prove that 1, ¢ is closed and hence, by Lemma 5.7, 14,0 is closed
since the differential d is a graded derivation of the outer exterior product. In this
case we have ¢ = 0 and b = 1. Hence we let W = W_ be a one dimensional
complex vector space with basis w; equipped with a Hermitian form ( , ) such that
(w1,w1) = —1. We apply Equation (4.19.1) with W, = 0 to conclude that the
Fock model P(V @ W) for the dual pair U(V) x U(W) is given by

P(V @ W) = Pol(V! @ W) @ Pol(V! @ W").

We will use z/; for the coordinates on Vi’ @ W relative to the basis {v), @ wy,,1 <
a < p} and 2, for the coordinates on Vi ® W_ relative to {v;, @ wi,,p+1<a <
p+q}. As usual we let w denote the (infinitesimal) Weil representation. We then
have

5.9. Lemma.

82
(591) W(xa,u) = Z/oiziz and W(ya,p) = 82’582’,&

As usual we define 0, resp. 0, to be the bidegree (1,0), resp. (0, 1), parts of the
differential d. It is then an immediate consequence of Lemma 5.9 that we have

p  ptq p_ pta
(5.9.2) o= Z Z zaz, ® A(E,,) and & = Z Z 97097 ”3 ® A(Eh,)-
a=1p=p+1 a=1p=p+1 Fu

It is then clear that 9ty o = 0.
5.10. Lemma. We have dipg g = 0tq0 =0

p  ptq

Proof. We have 0tpg = Z Z Z (252,)(Zay -+2a,) © €50 N oy pa1 A
B=1p=p+l1<ay, - ,aq<p
WA §;Q7p+q Fix a value gy = p + k in the second sum. We then have the subsum

"1 1 ! !/ !/
S”:Z Z 2820, 2o, @ ®&p 1 Ny pr1 N  No, prgr
Clearly S, may be factored according to
Sy = ( Z Zlﬁzéyk ®&p,u N fak,u) ANw
1<B,ar<p

for a certain ¢ — 2-form w. Clearly the first factor is zero. O

We now study the transformation properties of ¢, , and hence of ¢pq,0. From
formula (5.6.1) we see that ¢, , is a homogeneous (of degree ¢ in each Y}, 1<j<b
and hence of total degree bq) assignment of an element ¢, ,(y"”) in AUV @ V)
to a b-tuple y” = (vf, -+ ,yp) € (V{)* = V] ® W”. From the above formula it is
clear that ¢y, o is a U(V.)-equivariant map.

Recall, see [?, p. 80], that there are quotient maps of U(V,)-modules

Sym® (Ve @ W) — Spug(V) @ Spxq(W!) 2 Sy (V) @ (NW!)1
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and
NUVE @ V-) = Sig(VE) ® Syxn(V) = g (V) @ ATV

Now note that (A’W")4 and (A9V_)" are one dimensional and hence as U(V, )-
modules we have

(5.10.1) Shxg(V]) & (NW)1 22 Sy (V) @ (ATV_)P.

We now prove that i; 0.0 induces the above isomorphism (so the lower horizontal
arrow in the next diagram). In what follows we will use the symbols U(V,) and
U(p) and U(V_) and U(q) interchangeably.

5.11. Lemma. The map ¢y,  induces a commutative diagram of U(V4)-modules

x
wbq,O

Sym(VI @ W) AV R V)

l l

Soxq(V) ® (N0WyEe D00 g (V) @ (AavL)eh

Proof. We first note that the inclusion map (corresponding to the special case b = 1
of the above quotient map) ¢ : S9(V}) ® AY(V_) = AV} ® V_) is given by

UfET @ vpri A Apig) = (f @ Upr1) A+ (f @ Vpig) :f
Hence
U )®T @ vpp1 A Avpyg) = y*.
Hence ‘y* transforms under U(V_) according to dety(y y and hence ‘yi A -~ Al y;

transforms under U(V_) according to det%(vf).
Now recall from (1.2.3) that we have

NIV Vo) =D Sa(Vy) @ Sy (Vo).

But in order that yNI ARRRWA y?: transform under U(V_) according to deth(Vf) the
Young diagram A must be a ¢ x b rectangle and hence A must be a b x g rectangle.
But again by [?, p. 80] we have

SV W) =@ Sh(Vi) @ S\(W-)

where the sum is over all Young diagrams A with bg boxes and at most min(p, b)
rows. Since the map ¥pq,0 is U((Vy)*)-equivariant it must factor through the sum-
mand where X is a b by ¢ rectangle. (|

We obtain
5.12. Lemma.
Yba,0 € Soxqg(VY)*) ® (AN (WL)*)®) @ Spxq(VE) ® (AT(V-))®"
Proof. By dualizing the result of the previous lemma we obtain
Wbg,0 € Hom(Spq (Vi) @ (A(V2)) PP, Syuq (V) @ (A"((W)7)9).
We then use the isomorphism Hom(Uy, Us) = Us @ U O

5.13. Corollary. The cochain Vg0 s invariant under U(p) acting by the standard
action and transforms under U(q) x U(b) according to det%(q) ®det%(b).
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5.13.1. The cocycles of Hodge type (0,aq). We first give a coordinate formula for
¥q,0- Recall that £ € (p”)* = (VX ®@Vy) is given by & , = v}, ® va,1 < a <
0,0 < <p+gq. Let x € Vi be given by x =" 24v,.

The next lemma is proved in the same way as Lemma 5.8.

5.14. Lemma. We have
1/10,q(xl) = Z (2/0412,042 e Z;q) ® (ggl p+1 ARERNAN ggq,erl)

1<an, -+ ,0q<p

We will now prove that g 4 is closed and hence, as before, by Lemma 5.7, 1) 44
is closed. In this case we have a = 1 and b = 0. Hence we let W = W, be a one
dimensional complex vector space with basis w; equipped with a Hermitian form
(, ) such that (w1, w;) = 1. We apply Equation (4.19.1) with W_ = 0 to conclude
that the Fock model P(V ® W) for the dual pair U(V) x U(W) is given by

P(VoW)=Pol(V] @ W,)®Pol((V' @ WY).

We will use 2/, for the coordinates on V| @ W/ relative to the basis {v, @ w},,1 <
a < p} and z;, for the coordinates on V” ® W relative to {v, @ wy,,p+1<a <
p+q}. As usual we let w by the action of the (infinitesimal) Weil representation.
We then have

5.15. Lemma.
82

aT TR

and w(Ya,u) = z;zz

It is then an immediate consequence of Lemma 5.15 that we have

p  ptq p  ptq
(5.15.2) 9= Z /a ; @A) and =Y > 2zl @ AEL,)
a=1 pu=p+1 a=1 pu=p+1

It is then clear that Oy, 0 = 0.
The next lemma is proved in the same way as Lemma 5.10.

5.16. Lemma. We have di)g , = 0o 4 = 0.
The following lemma is proved in the same way as Lemma 5.11.

5.17. Lemma. The map v ,, induces a commutative diagram

Sym (V. @ W,) 20, pea(y, @ V)

! l

SuxaVL)® (AWET 220 5, (V) @ (A1) e
The following lemma is proved in the same way as Lemma 5.12.
5.18. Lemma. We have
D0,aq € Saxq(Ve) ® (AN1(VZ))®* @ Saxq(V)") ® (A" ((WL)")®T).
We then have as before

5.19. Corollary. The cochain v qq is invariant under U(p) acting by the standard
action and transforms under U(q) x U(a) according to dety () ® detaga).
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We now define the general special cocycles 9pq 44 Of type (bg, ag) by
q/jbq,aq = wbq,o A 7/)0,(1,(1

Since these cocycles are wedges of cocycles they are themselves closed.
We now summarize the properties of the special cocycles.

5.20. Proposition. Let x1,z9, - ,Za;y1, " ,Yp € V4 be given. Put
x = (33/1,1'/2, to 7‘7:;) and y” = (yll/a 7y/2/a T 7y;)/)'

Then we have
(1) 5,0, ¥") = Wi, o(¥") =" yi Arys A= APy € API(VEQV_) 22 AM((pf
(2) Y0,aq(X,¥") = Vi 0(X) =" TIN Ty ATy € AUVER V) 22 A%((
(3) UpagXs¥") = (I A G A A ) A(TIA T A A TT,) € AV ®
Vo) @ AM(VZ2 @ Vi) 2 A%((p)*) @ AP((p")");

(4) The cochain uq,qq s a cocycle.

(5) The cocycle aq,aq is the representation in the Fock model of the cocycle
Pag,aq 0 the Schrodinger model of Kudla and Millson.

(6) The cocycle pq,aq transforms under U(q) according to deti’;(g).

(7) The cocycle pq,aq is invariant under SL(q).

(8) The cocycle pq,aq transforms under U(a)xU(b) according to det[?ga) ® det%(b).

=3
~
I
— —
*
~

=2

Proof. The only item that is not yet proved is (5). Note that (6) and (7) follow
from Corollaries 5.13 and 5.19. We will prove (5) in Appendix C. O

Remark. By Lemma 5.7 the general cocycle 44,44 factors as a product of the basic
holomorphic and anti-holomorphic coycles 14,0 and g 4.

5.21. In §4.20 we pointed out that if a and b had opposite parity then to descend
the Weil representation restricted to U(p, ¢) we needed to twist by an odd power of

deti/?

U(p.9)°
(even in the case that a and b have the same parity) by the condition that the
special cocycles tpq,qq is a relative Lie algebra cochain with values in the Weil

representation.

The following lemma shows that this odd power is uniquely determined

5.22. Lemma. The cocycle pq,qq considered as a linear map from A*p to P is
U(p) x U(q)-equivariant if and only if we twist the restriction of the Weil repre-

~ a—=b ~
sentation to U(p, q) by the character detUip 0 In this case the action of U(p) on
polynomials will factor through the action induced by the standard action of U(p)

on V4 and the action of [NI(V,) will simply scale all polynomials by det%_(g),

Proof. It is clear there exists at most one twist such that 44,44 is equivariant.
Hence, it suffices to prove the “if” part of the lemma. The “if” part follows from
Theorem 4.24 and (6) of Proposition 5.20. O

5.23. The values of the special cocycles on e(bg,0), e(0,aq) and e(bq, aq).
We now evaluate our special cocycles in the Vogan-Zuckerman vectors.

5.24. Proposition. We have:
(1) ¥rg,0(e(bg; 0)) (X', y") = Ap(y")? = Ap (27 ;)
(2) Yo,aq(e(0,a9))(x,y") = Aa(x)T = Aq(zg,)1
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(3) Prgaq(e(ba, aq)) (X', y") = toq,0(e(bq, 0)) (¥") Y0,0q(e(0, aq)) (x') = Ay (x')7 Ap(y")? =
Aa(z¢/)¢7lj)q Ab(’zz/}i7lj)q‘

Proof. We first prove (1). By Equation (3.23.2) we have
e(bg,0) = (~1)M5 Ad3 A -+ A .
Combining this formula with the first formula in Proposition 5.20 we have

(5.24.1)
(Vbg,0(e(bg, 0)) (x',¥") = (Vp,,0(x's¥")) (e(bg, 0))

t~ ~ ~ SO _
= (—1)bq( yi N ys /\---/\tyg) ((111 /\vg/\~-~/\vb)>.
Recall the definitions
BEATYE A A = (U @ppa) A - AT V)N A5 DUps1) A Ay @Vpg)]

and
UL AU A=+ AUy = [(V1 Avpy ) A A(vr Avpy JIA - Al(Va Avp ) A= A(vp Avy )]
From Equation (5.24.1) and the two equations immediately above, we see that
(—1)%4p, 0(e(bg, 0))(y") is the determinant of the bg by bg matrix A(y”) with ma-
trix entries (y; A vpﬂ-)(vk Avy i) = (Vk,Yi)dj¢ arranged in some order (with more
work we could show A(y”) = —I, ® Z"(y") but we prefer to avoid this computa-
tion and procede more invariantly) By definition (vk,y;) = 2z, (y"). Hence the
above matrix entry is either 2}, or zero and hence ¥pq,0(e(bg,0))(y”) is a polyno-
mial of degree at most bg in the entries 2y '), of the b by b matrix Z"(y"). Hence

¥q.0(e(bg,0))(y") is a polynomial p(Z") on the space of b by b matrices Z”. But
Corollary 5.13 and Proposition 5.20 we have for g € U(b)

nq,0(e(bg, 0))(y"g) = detf; ;) (9)¥ng.0(e(bg, 0)(y”) and hence p(Z”g) = det;, (9)p(Z").

Hence in case det(Z”(y")) # 0 we have
p(Z"(y")) = p(Iy) det(Z" (y"))".

By Zariski density of the invertible matrices (and the fact that every n by n matrix
Z" may be written as Z”(y"”) for a suitable y”) the above equation holds for all b
by b matrices Z”. It remains to evaluate the value of p on the identity matrix Iy,.
This follows by betting yZ =v;,1 <1 < b and observing that each successive term
in the bg-fold product ‘y} A' y3 A--- Aty is the negative of the dual basis vector
for the corresponding term in e(bq, 0) = 01 A0y A --- A Up. Hence we obtain the
determinant of —Ip,.

The proof of (2) is similar.

We now observe that formula (3) follows from (1) and (2). By Equation (3.23.2)
we have

e(bg,aq)) = e(bq, 0) A €(0, ag)

and by Proposition 5.20 we have

Vbg,aq xy") = '(/)bq,O(yH) A 0,aq (x').
Hence we have
Ubg.aq(e(ba, aq) (X', ¥") = (Ybq.0(y") A o,aq(x")) (e(bg, 0) A €(0, ag))
= Pg,0(e(bg; 0))(y")¥0,aq(€(0, aq)) (x').
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The Proposition follows. O

We conclude that the polynomials ¢,q0(e(bg,0)) and g 44(e(0,aq)) are (spe-
cial) harmonic for all a,b and if a + b < p then 9yq 44(e(bg, ag)) is harmonic. The
polynomial 14,0(e(bg, 0)) transforms under U(a) x U(b) according to the one dimen-
sional representation 1 ® det™?. The polynomial g p,(€(0,aq)) transforms under
U(a) x U(b) according to the one dimensional representation det? ®1. The polyno-
mial ¥y4.qq(e(bg, ag)) transforms under U(a) x U(b) according to the one dimensional
representation det? ® det™ 7.

5.25. The cocycle 1, generates the Sy, (V;)® (AV*)’ isotypic compo-
nent for the action of U(p) x U(g) on the polynomial Fock space. In
this section we will abbreviate the space of harmonic polynomials Harm(V, ® W)
to H, and the space Harm(V_ @ W) to H_. The goal of this subsection is to prove
the following theorem

5.26. Theorem. We have
Homp (Sbxq(Vi) ® (NVH)?, P(V @ W) = U(u(a, b)c) - Ypg,0-
Theorem 5.26 will be a consequence of the next three lemmas. We will henceforth
abbreviate the representation Spx,(CP) ® (AYV*) to V (bq).

Recall that e(bg,0) = 01 A---Av, € AP4(V, ®V*) is the Vogan-Zuckerman vector.
We have seen in Proposition 5.24 that

Urg,0(e(ba)) = Ap(y”)?
and consequently the value of 9p4,0 on the Vogan Zuckerman vector e(bg,0) is a
(special) harmonic polynomial, that is
Pg,0(e(bg,0)) € Pol(VY @ W) C 3¢,
We now have

5.27. Lemma.
Hom g (V(bq)7 He® 9{_) = CtYpg,0-

Clearly Lemma 5.27 follows from the

5.28. Lemma. The representation V(bq) of U(p) occurs once in Hy and the one
dimensional representation deta?q) of U(q) occurs once in H_. Hence

HOHlU(p)XU(q) (V(bq), J‘f+ X J‘f_) = Cl/)bq70.

Proof. We first prove that Sy« q(Vy) of U(p) occurs once in H,. Indeed, the actions
of the groups U(p) and U(a) x U(b) on Hy form a dual pair. Furthermore the
correspondence of unitary representations 7 : U(p)Y — U(a)¥ x U(b)V is given in
[?, Theorem 6.3]. From their formula we see that A = b X ¢ corresponds to the one
dimensional representation 1 ® det? of U(a) x U(b). Since the multiplicity of the
representation with highest weight A of U(p) corresponds to the dimension of the
corresponding representation 7(A) which is one in this case, we have proved that
Stxq(V4) occurs once as claimed. We note that we may realize this occurrence
explicity as follows. First note that

Sym" (V] @ W) = POV @ W) C 3.
But by [?, p. 80], we have
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Soxq(V1) ® Spxg(W') C Sym" (Vi @ W').
We note that since dim(W_) = b, the b-th exterior power of W’ is the top
exterior power and we have
Spxg(W') = (NPW! )2
Consequently U(W_) acts on the second factor by det%(b).
It remains to prove that the representation detaé’q) of U(q) occurs once in the
oscillator representation action on H_ the harmonic polynomials in
P_=Pol((V. @ W.)) @ Pol((V" @ WY)).
Since the oscillator representation action of U(g) is the standard action twisted by
detaz’q) this is equivalent to showing that the trivial representation of U(g) occurs
once in the standard action of U(g) on H_. It occurs at least once because the
constant polynomials are harmonic. But as above, by [?, Theorem 6.3], the trivial

representation of U(q) corresponds to the trivial representation of U(a) x U(b) and
consequently it has multiplicity one and the lemma follows. O

Theorem 5.26 is now a consequence of the following result of Howe, see [?,
Proposition 3.1].

5.29. Lemma. We have
Hompg (V(bg), P(V @ W)) = U(u(a,b)c) - Homg (V (bg), Hy @ H_).
Hence, combining Lemma 5.29 and Lemma 5.27 we obtain
Hom g (V(bq)7 PV ® W)) = U(u(a,db)c) - Yig,0-
Theorem 5.26 is now proved.

Remark. The reader will apply reasoning similar to that immediately above to
deduce that the cocycle 1) 44 generates (over U(u(a, b)c)) the Syxq (V) ® (ANTV_)®
isotypic component of the polynomial Fock space.

5.30. The cocycle y,,, generates the V(bg,aq) isotypic component of
the polynomial Fock space. We recall that V(bq, aq) is the representation of
U(p) x U(q) with highest weight the sum of the two previous highest weights:

(Qa%'" »(I:anf" 707_Q7_q7"' 7_q;a_baa_ba"' 7a_b)‘
—_———
b a q

We also note that this representation is the Cartan product of Spx4(CP) ® detaé’q)

and Suxq((CP)*) @ detfy,). The Cartan product was defined in Subsection 3.11.
We now have

5.31. Theorem. We have
Hom g (V(bq, aq),P(V® W)) = U(u(a,d)c) - Yog,aq-

Theorem 5.31 is proved the same way as Theorem 5.26. Once again we have a
multiplicity one result in H; ® FH_.

5.32. Lemma. We have
Hom (V(bq, aq), Hy ® fH_) = Ctvq,aq-
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Proof. The product group U(p) x (U(a) x U(b)) acts as a dual pair on H(Vy ®
(WL @ W!)). Hence the dual representation of U(a) x U(b) has highest weight

(an7"' » 4, =4, =4, - 7_Q)
—_— ——
a b
hence is det? ® det”?. Hence, it is one dimensional so the Cartan product of
Sbxq(CP) and Sqx4(CP)* has multiplicity one in H .
We leave the proof that the one-dimensional representation det%z;) of U(q) has

multiplicity one in H_ to the reader (once again the constant polynomials transform
under U(q) by this twist). The lemma follows. O

Now Theorem 5.31 follows from the result of Howe, see Lemma 5.29.

5.33. The polynomial Fock space. We refer the reader to Appendix C for the
notation used in the following paragraph and further details.

In the study of the global theta correspondence beginning in Section 10 we
will need to consider the cocycles pq,qq With values in the Schrédinger model for
the oscillator representation of U(V) x U(W) corresponding to the cocycles ¢pq,aq
defined above with values in the Fock model. In order to give a precise statement of
the relation between them we recall there is an intertwining operator, the Bargmann
transform By gw, see [?], page 40 and page 180, from the Schrédinger model of
the oscillator representation of U(V) x U(W) to the Fock model. We define the
polynomial Fock space S(V ® E) C 8(V ® E) to be the image of the holomorphic
polynomials in the Fock space under the inverse Bargmann transform B;éw. Here
$(V ® E) is the Schwartz space. We then have

(5.33.1) Pbq,aq = (B\;égw ® 1) (Vbg,aq)-
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Part 2. The geometry of Shimura varieties
6. SHIMURA VARIETIES AND THEIR COHOMOLOGY

6.1. Notations. Let F be a CM-field with totally real maximal subfield F' with
[FF: Q = d. We assume that d > 1. We denote by Ag the ring of adeles of
Q and by A the ring of adeles of F. We fix d non-conjugate complex embeddings
Ty,...,74 . ' — C and denote by x +— T the non trivial automorphism of £ induced
by the complex conjugation of C w.r.t. any of these embeddings. We identify F,
resp. F, with a subfield of R, resp. C, via 7.

Let V, (,) be a nondegenerate anisotropic Hermitian vector space over F with
dimg V = m. We denote by V;, =V ®g ;, C the complex Hermitian vector space
obtained as the completion of V' w.r.t. to the complex embedding 7;. Choosing a
suitable isomorphism V., = C™, we may write

(u,v) = tUHpuqriE Vu,v € C™,

1,
Hpivlb‘, = ( b _1qi ) )

and (p;, ¢;) is the signature of V,,. We will consider in this paper only those V, (,)
such that ¢ = ... = ¢4 = 0 and let (p,q) = (p1,¢1). By replacing (,) by —(,) we
can, and will, assume that p > ¢.

where

6.2. Unitary group (of similitudes) of V. We view the unitary group in m
variables U(V) as a reductive algebraic groups over F. We let G1 = Resp/qU(V),
so that for any Q-algebra A

G1(A) ={g € Endg(V)®q A : (gu,gv) = (u,v) for all u,v € V ®q A}
={g€Endg(V)®qgA : g¢* =1}.
The embeddings 7; : £ — C in particular induce an isomorphism
G1(R) =U(p,q) x U(m)*~".

The group of unitary similitudes GU(V) is the algebraic group over F' whose
points in any F-algebra A are given by

GU(V)(A) ={g € Endp(V)®r A : IX(g) € A" s.t. (g.9) = A(9)(, )}
={g€Endg(V)®r A : g¢* = Ag) € A*}.
Here X is the similitude norm. We let G = ResF/@GU(V).5 Consider the rational
torus Resp/gGmr whose group of rational points is F'*. We abusively denote by

A: G — Resp/gGmr the homomorphism of algebraic groups over Q induced by the
similitude norm. Set

GU(a,b) = {A € GLa45(C) : "AH,pA = c(A)Hqp, c(A) € R*}.
The embeddings 7; : £ — C induce an isomorphism
G(R) = GU(p,q) x GU(m)*".

5We warn the reader that in this part of the paper G refers to the unitary similitude group
and that we now refer to the usual unitary group as Gj.
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It is useful to point out that the groups of E-points in GU(V) is isomorphic to
GL(V) x E*, inside which the F-group GU(V) is defined as

{(g,t) € GL(V) x EX : (t(g") ™" %) = (9, 1)}
In this formulation the similitude norm A is the projection on the second factor. The
determinant on U(V') induces — by restriction of scalars — a character det : G —
Resg/qGm £.% By the above discussion A and det generate the character group of G,
where on the rational group these characters are related by A(g9)™ = Ng,p(det(g)).

6.3. Shimura data. The symmetric space X associated to Gge(R) — or equiv-
alently the symmetric space associated to G(R) (modulo its center) — is also the
space
X =U(p,q)/(U(p) x Ulq))

of negative ¢-planes in V. It is isomorphic to a bounded symmetric domain in
CP4. Following the general theory of Deligne [?, 7] — see also Kottwitz [?] for our
particular case — the pair (G, X) defines a Shimura variety Sh(G, X) which has
a canonical model over the reflex field E(G, X). More precisely, let S be the real
algebraic group Resc/rGmc, so that S(R) = C*, and define a homomorphism of
real algebraic group hg : S — G as follows. Since

G(R) = GU(p,q) x GU(m)**,

it suffices to define the components h;, j =1,...,d, of ho.

For j > 1, we take h; to be the trivial homomorphism. For j = 1, fix a base point
xo € X; it corresponds to xp a negative g-plane V_ in V. Let us simply write V for
V:, in the remaing part of this paragraph. Now let V. C V denote the orthogonal
complement of V_ w.r.t. (,). As in Section 2 we associate to the decomposition
V = Vi + V_ a positive definite Hermitian form (,),, — the associated minimal
majorant — by changing the sign of (,) on V_. By taking the real part of (, ), we
obtain a positive definite symmetric form B(, ),. Let 0, be the Cartan involution
which acts by the identity on V4 and by —id on V_ and let J,, = 0., o J be the
corresponding positive almost complex structure on V. We then have:

B(u,v)ay = (Jaou, v) = —(u, Jyo0).
For a +ib € C, let
h(a +ib) = a + bJy, € End(V).

The map h defines an R-algebra homomorphism s.t.

e h(2)* = h(2), where here again * is the involution on End(V') determined

by (,), and

e the form (h(i)u,v) is symmetric and positive definite on V.
Note that h(z)h(z)* = |z|2. We conclude that the restriction of h to C* defines a
homomorphism of real algebraic groups h; = C* — GU(V).

We let hg = (hi,...,hq); it defines a homomorphism of real algebraic group
ho : S — G. The space X may then be viewed as the space of conjugates of hi by
GU(V) or, equivalently, of hy by G(R).

Now we have S(C) = C* x C*, where we order the factors s.t. the first factor
corresponds to the identity embedding C — C. Recall that we have decomposed
V=V, aaV =V, ®V_, so that hi(z) acts by z, resp. Zz, on V,, resp. V_,
w.r.t. this decomposition the Hermitian matrix of (,) is diagonal equal to H, 4.

SHere by definition the group of rational points of Resg,q(GmE) is EX.
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Identifying the complexification of GU(V) with GL,,(C) x C? the complexified
homomorphism hy : S(C) — GL,,(C) x C? is given by

hic(z,w) = ( “lp wl ) X Zw.
q

Let p: C* — G(C) = (GL,,(C) x C*)? be the restriction of the complexification
of hoc of hg to the first factor. Up to conjugation, we may assume that the image
of p is contained in a maximal torus of G defined over Q; it therefore defines a
cocharacter of G. By definition the reflex field E(G,X) = E(G, hg) is the subfield
of Q corresponding to the subgroup of Gal(Q/Q) of elements fixing the conjugacy
class of . It is a subfield of any extension of Q over which G splits. In particular
E(G, X) is a subfield of E. We can decompose V =V, as V =V, @V_, so that h(z)
acts by z, resp. z, on V4, resp. V_, and E(G, X) is precisely the field of definition
of the representation V, of E. Since the Hermitian space V is F-anisotropic we
conclude that E(G,X) = E.

6.4. The complex Shimura variety. The pair (G, X), or (G, hy), gives rise to
a Shimura variety Sh(G, X) which is defined over the reflex field E. In particular
if K =1[, K, C G(Aé), with K, C G(Qp), is an open compact subgroup of the
finite adelic points of G, we can consider Shi (G, X); it is a projective variety over
FE whose set of complex points is identified with

(6.4.1) S(K) = Shg (G, X)(C) = GQ)\(X x G(A]))/K.

We will always choose K to be neat in the following sense : For every k € K, there
exists some prime p such that the semisimple part of the p-component of k& has no
eigenvalues which are roots of unity other than 1. Every compact open subgroup
of G(Aé) contains a neat subgroup of finite index.

In general S(K) is not connected; this is a disjoint union of spaces of the type
S(T") discussed in the introduction, for various arithmetic subgroups I' C G1(Q) =
U(V)(F). Since we have assumed K to be neat, these arithmetic subgroups are all
torsion free.

The connected components of S(K) can be described as follows. Write

(6.4.2) G(A}) =1,G(Q)g; K
with g; € G(Ay). Then
(6.4.3) S(K) =1;5(I),

where S(I';) = T';\X and T is the image in the adjoint group Ga.q(R) of the
subgroup

(6.4.4) I =g,Kg:' NG(Q)

of G(Q) (see [?, Lemma 5.13]).

6.5. The structure of S(K). In this paragraph we provide some more details on
the structure of the connected components of S(K). Let Gaer = Resp/gSU(V) be
the derived group of G; it is connected and simply connected as an algebraic group.
It therefore follows from e.g. [?, p. 311] that the set of connected components of
the complex Shimura variety S(K) can be identified with the double coset

T(Q\(Y x T(A}))/v(E).
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Here T = G/Gger is the maximal torus quotient of G, v is the projection G — T
and, letting Z be the center of GG, we define

Y = T(R)/Im(Z(R) — T(R)),

where the homomorphism Z — T is obtained by composing the inclusion Z — G
with v.

Let us finally describe the group 7" first consider the rational torus Resg oGme X
Resp/qGmr whose group of rational points is E* x F*. The group T can be
described as the rational subtorus defined by the equation Ng,p(z) = t™ (z €
Resg/oGmE, t € Resp/gGmr), see Kottwitz [?, §7] for a slightly different situation.

Let T} be the rational group defined as the kernel of the norm homomorphism
Ng/r = Resg/gGue — Resp/gGur. Then T = G1/Gaer is the maximal abelian
quotient of G1; the quotient map G; — T} is induced by det.

If m is even, say m = 2k, then the torus T' is isomorphic to 71 x Resp/qGmr,
the isomorphism being given by (x,t) = (zt~* t) for (x,t) € T.

If m is odd, say m = 2k+1, then T is isomorphic to ResggGmE, the isomorphism
being given by (x,t) — xt~* for (z,t) € T

Note that in any case the quotient T/T} is isomorphic to the rational torus
ResF/QGmF.

It follows that T'(R) = (C*) if m is odd, resp. T(R) = (R* x U;)? if m is even,
with U; the complex unit circle. The image of Z(R) is (C*)4, resp. (Rsg x Up)<.
Therefore, Y = {1} if m is odd, and Y = {£1}¢ if m is even.

6.6. Cohomology of Shimura varieties. We are interested in the cohomology
groups H*(S(K), R) where R is a Q-algebra. If K’ C K is another compact sub-
group of G(Aé) we denote by pr: S(K’) — S(K) the natural projection. It induces
a map

pr*: H*(S(K),R) — H*(S(K'), R).
Passing to the direct limit over K via the maps pr* we obtain:

H*(Sh(G, X), R) = lim H*(S(K), R).
K

The cohomology groups H*(Sh(G, X), C) are G(Aé)—modules. For any character

w of Z(Aé), we denote by H*(Sh(G, X),C)(w) the w-eigenspace. Denote also by w
the character of Z(Ag) trivial on Z(R)Z(Q) and with finite part w. Then on knows
(see e.g. [?]) that

(6.6.1) H*(Sh(G, X), C)(w) = H*(g, Kuo; L*(G, ),
where g is the Lie algebra of G(R), K is the stabilizer of a point in the sym-

metric space X and L?(G,®) is the Hilbert space of measurable functions f on
G(Q)\G(Ag) such that, for all g € G(Ag) and z € Z(Ag), f(gz) = f(g)w(z) and
|f| is square-integrable on G(Q)Z(Ag)\G(Ag).

Since G is anisotropic each L?(G,@) decomposes as a direct sum of irreducible
unitary representations of G(Ag) with finite multiplicities. A representation 7
which occurs in this way is called an automorphic representation of G it is factoriz-
able as a restricted tensor product of admissible representations [?]. We shall write
T = Too ® Ty wWhere 4 is a unitary representation of G(R) and 7y is a represen-
tation of G(Aé). We denote by x(m), resp. x(mf), its central character &, resp. w
and by m(7) its multiplicity in L?(G,®).
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6.7. Representations with cohomology. Let Coh,, be the set of unitary rep-
resentations mo, of G(R) (up to equivalence) such that

(6.7.1) H*(9, Koo; Too) # 0,

where g is the Lie algebra of G(R) and K is the stabilizer of a point in the
symmetric space X. Note that K, is the centralizer in G of the maximal compact
subgroup K; of G1(R). Given a representation 7 of G we denote by 77 its restriction
to G7 and say that 7 is essentially unitary if 71 is unitary. Recall from Section 3
that cohomological representations of G (R) are classified by Vogan and Zuckerman
in [?].

The representation theory of GG is substantially identical to that of Gy. Let Z
and Z; denote the centers or G and G, respectively. Then G = ZG1, and every
representation (local or global) of G extends to G it suffices to extend its central
character.

Since we only consider cohomological representations of G(R) having trivial cen-
tral character the classification of Coh,, amounts to the Vogan-Zuckerman classi-
fication. In particular, the set Cohy is finite. For any 7, set

Inf(m;) = {meo € Coh : m(me ® 7y) # 0}.

Let Cohy be the set of 7y such that Inf(7y) is non-empty.
We will be particularly interested in the cohomological representations A(b x
q,axq); we denote by Cohl}’a the set of m such that Inf(7;) contains A(bx q,axq).

6.8. Let Hx be the Hecke algebra of Q-linear combinations of K-double cosets in
G(Aé). If wy is a representation of G(A({D), we let Wf denote the representation of
Hk on the space of K-fixed vectors of 7.

Over C, it follows from Matsushima’s formula [?, ?] that there is an Hg-
isomorphism

(6.8.1) H*(S(K),C)—» € H*(r;,C)@rf,
mr€Cohy

where
H.(ﬂ—fv(c) = @ m(ﬁoo®7rf)H.(gvKoo;7Too)'

Too €EInf(7y)

Given two integers a and b we denote by H**%:2*4(S(K), C) the part of H*(S(K), C)
which corresponds to the cohomological representation o, = A(bX ¢, a %X q), so that
the H-isomorphism induces the isomorphism:

(6.8.2) H"%**(S(K),C)
— @ m(A(b x ¢,a x q) @ 7p)H (g, Koo A(b x q,a X q)) QL.

T ECOh}},’ @

6.9. Rational subspaces of the cohomology groups. Since the action of Hg
is defined on H*(S(K),Q), we obtain a Q-form of (6.8.1):

(6.9.1) H*(S(K),Q) » @ H*(r;,Q e} @),

myECohy
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where H®(nf,Q) and 75 (Q) are Q-forms of H*(mf,C) and 7f*, respectively. By
considering arbitrary small K we obtain a Q-form 7;(Q) of any n; € Cohs. More-
over: since Gal(Q/Q) acts on H*(S(K),Q) via its action on the coefficients Q it
permutes the summands in (6.9.1) and therefore induces an action (o, 7f) — 7

of Gal(Q/Q) on Cohy. We let A(ny) = {0 € Gal(Q/Q) : ¢ = 7} be
the stabilizer of 7y and denote by Q(7¢) the corresponding number field. Given
[7¢] € Cohy/Gal(Q/Q), we define

W ([mys]) = b H*(n§,Q) @ 77(Q
0€Gal(Q/Q)/A(wy)
= D Homyy (F H(S(K). Q) @ 75 (D).
UEHom(Q(ﬂf),@)

~

so that o
H*(5(K),Q) = P W ([ms)¥.

[7f]€Cohy/Gal(Q/Q)

6.10. Theorem. Suppose that m; € Cohy contributes to H*(S(K),C). Then:
(1) The subspace W ([r¢))X c H*(S(K),Q) is a polarized Q-sub-Hodge struc-
ture of H*(S(K), Q).
(2) If moreover my € Cohl}’a with 3(a + b) + |a — b| < 2m, then we have:"

(W ([rs)" @¢ C) N SH(S(K),C)
C HY>99%4(§(K), C) @ H™9**(S(K),C).

Proof. The first part is classical. It follows from the fact that the Hecke algebra H g
acts as algebraic correspondences on S(K) which yield morphisms of the rational
Hodge structure H*(S(K),Q). The polarization then comes from the cup product
and Poincaré duality, both of which are functorial for algebraic correspondences.
We postpone the proof of the second part until Section 13. One important
ingredient is the global theta correspondence that we review in the next section. [

In the special ¢ = 1 case we have SH*(S(K),C) = H*(S(K),C) and we get the
following:

6.11. Corollary. Suppose ¢ =1 and let a and b be integers s.t. 3(a+b)+|a—b| <
2m. Then, the space H*t?(S(K), Q) contains a polarized Q-sub-Hodge structure X
such that

X ®gC = H*"(S(K),C) ® H"(S(K),C).

Remark. In particular the sub-space H!(S(K),C) C H?(S(K),C) is defined over
Q as long as p > 2. Note that it is not the case if p = 2, see [?]. We will see
that when p > 2 the subspace H*!(S(K),C) C H?(S(K),C) is generated by theta
lifts from unitary groups of signature (1,1) at infinity. This is no more true when
p = 2 but the subspace which is generated by classes obtained by theta lifts — or
equivalently the subspace associated with endoscopic representations — is indeed
defined over Q, see [?]. Granted this Michael Harris has proposed us another
proof that H1(S(K),C) C H?(S(K),C) is defined over Q when p > 2: Indeed

"Recall that SH® is defined in the Introduction.
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classes obtained by theta-lift restrict to classes obtained by theta lifts to any sub-
Shimura variety associated to a smaller unitary group U(2,1). The general result
now reduces to the theorem of Blasius and Rogawski via Oda’s trick using the
restriction theorem of Harris and Li [?].

7. THE GLOBAL THETA CORRESPONDENCE

7.1. The theta correspondence. We keep F', E, V and (,) as in §6.1 and let
W be an n-dimensional vector space over E equipped with a skew-Hermitian (,)
which is conjugate linear in the first argument. We take V' to be a left E vector
space and W to be a right E vector space. These conventions comes into play when
considering the tensor product W = W ®@pg V; as an F-vector space it is endowed
with the symplectic form

L =trese ()@ ()

where trp,r denotes the usual trace of E over . We let Sp(W) be the correspond-
ing symplectic F-group. Then (U(V'), U(W)) forms a reductive dual pair in Sp(W),
in the sense of Howe [?].

Remark. We can define a Hermitian space W’ by W' = W (viewed as a left F
vector space via aw = wa) and

(w1, wq) = a_1<w2,w1>.

We will sometimes abusively refer to W as a Hermitian space; note however that
this involves the choice of a made in §6.1.

Let Mp(W) be the metaplectic two-fold cover of Sp(W) (see Weil [?]). Fix a
choice of a non-trivial character ¢ of A/F and denote by w = wy, the corresponding
(automorphic) Weil representation of Mp(W), as in [?].

A complete polarization W = X+4Y, where X and Y are maximal totally isotropic
subspaces of W, leads to the realization of w on L?*(X). This is known as the
Schrodinger model for w, see Gelbart [?]. In that way w is realized as an auto-
morphic representation of Mp(W). The maximal compact subgroup of Sp(W) is
U = Upm, the unitary group in nm variables. We denote by U its preimage in
Mp(W). The associated space of smooth vectors of w is the Bruhat-Schwartz space
S(X(A)). The (sp, U)-module associated to w is made explicit by the realization of
w in the Fock model. Using it, one sees that the subspace of U-finite vectors in w
is the subspace S(X(A)) C 8(X(A)) obtained by replacing, at each infinite place,
the Schwartz space by the polynomial Fock space S(X) C §(X), i.e. the image of
holomorphic polynomials on C*™ under the intertwining map from the Fock model
of the oscillator representation to the Schrodinger model.

7.2. We denote by U,,(A), U,(A), Spy,m(A) and Mp,,,.. (A) the adelic points of
respectively U(V'), U(W), Sp(W) and Mp(W). According to Rao, Perrin and Kudla
[?], for any choice of a pair of characters x = (x1,x2) of Aj/E”* whose restrictions
to A* satisfy xilax = e};l/F and xalpx = 6%/F7 where we denote by ep/p the
character of A* /F* associated to the quadratic extension FE/F by classfield theory,
there exists a homomorphism

(7.2.1) iyt Up(A) x Up(A) = Mpy,,,, (A)
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lifting the natural map
1: U (A) X Up(A) = Spay, (A),

and so, we obtain a representation w, of U,,(A) x U, (A) on S(X(A)).®
The global metaplectic group Mp,,,,,,(A) acts on S(X(A)) via w and preserves
the dense subspace S(X(A)). For each ¢ € S(X(A)) we form the theta function

(7.2.2) Op(2)= D wy(2)(9)(€)

§EX(F)

on Mpy,,,(A). Pulling the oscillator representation wy back to Uy, (A) x U, (A)
using the map (7.2.1) we get a a smooth, slowly increasing function (g,g’) —

Opx.0(9'9) = Oy.0(1x(¢',9)) on U(V)\Upn(A) x UW)\Upn(A); see [7, 7].

7.3. Remark. Let X' = (x},x%) be another pair of characters of A% /E* whose
restrictions to A* satisfy x}|ax = € p and Xolax = €p/p> and put g = XXt
and v = xhx5 . Since fax = Vjax = 1, we can define characters ' and v/ of A
— the adelic points of the kernel of the norm Ng,r — by setting p/'(z/Z) = u(x)
and V' (z/Z) = v(x). Let p, = p odet and v, = ' o det be the associated
characters of U,(A) and U,,(A), respectively. Then it follows from the explicit
formulas contained in [?] that

wy (1 (9,9") = wy(x(9:9"))vim(9)kn(g)-

7.4. The global theta lifting. We denote by A°(U(WW)) the set of irreducible
cuspidal automorphic representations of U, (A), which occur as irreducible sub-
spaces in the space of cuspidal automorphic functions in L*(U(W)\U,(A)). As in
[?] we will denote by [U,] the quotient U(W)\U, (A). For a " € A°(U(W)), the
integral

(14.1) ool = [ Oonole. o116
with f € H, (the space of ), defines an automorphic function on U,,(A) :
the integral (7.4.1) is well defined, and determines a slowly increasing function
on U(V)\U,,(A). We denote by @ZVX,W(’]T/) the space of the automorphic rep-
resentation generated by all Gi’xﬁ(g) as ¢ and f vary, and call @Z,X’W(Tr/) the
(1, x)-theta lifting of 7’ to U, (A). Note that, since S(X(A)) is dense in §(X(A))
we may as well let ¢ vary in the subspace S(X(A)).

We can similarly define A¢(U(V)) and @ZJ‘{X»V the (¢, x)-theta correspondence
from U(V) to U(W).

7.5. Definition. We say that a representation © € A¢(U(V)) is in the image of
the cuspidal -theta correspondence from a smaller group if there exists a skew-
Hermitian space W with dim W < m, a representation n’ € A°(U(W)) and a pair
of characters x such that

™= QZ,X,W(WI)'

SAt infinity the choices of x1 and x2 correspond to the choice of a pair of integers (k,¢) with
k =m (mod 2) and £ =n (mod 2) and wy yields wy ¢ as in §4.20.
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7.6. Local signs. Given a representation 7 € A¢(U(V)) in the image of the cus-
pidal t-theta correspondence from a smaller group U(W) we associate to 7 local
signs in the following way: Let v be a finite place of F. We first assume that
E ®p F, is a field. By a theorem of Landherr [?], for each n there are exactly two
different classes of isomorphism of n-dimensional Hermitian spaces over E,:

(1) For n = 2r + 1 odd, let W,., denote the Hermitian space of dimension 2r
over F, with maximal isotropic subspaces of dimension r, then the two
classes are represented by w* = Wer ® Wli where Wli ~ F, is the one
dimensional Hermitian space over E, with Hermitian form (z,y) = azy,
where o € F* with eg, /g, (o) = £1.

(2) For n = 2r even, then the two classes are represented by W+ = W,., and
W= =W,_1,-1®W,; where W, is an anisotropic space of dimension 2.

Now we associate to 7 the local sign e(m,) = £1 depending on whether W @ g F,, =
WtoWerF,2W-.

If E®p F, is not a field, we define e(m,) = 1.

The conservation relation conjecture of Harris, Kudla and Sweet [?, Speculations
7.5 and 7.6] — whose relevant part to us has been proved by Gong and Grenié [?]
— implies that this local sign is well defined and only depends on .

Note that the local sign e(m,) is equal to 1 at all but finitely many places and

that we have:
H g(my) = 1.

v<00

7.7. Extension of the theta correspondence to similitude groups. The
extension of the theta correspondence to unitary similitude groups has been worked
out in details by Michael Harris in [?, §3.8]. It is based on the observation that the
map

i: GU(W) x GU(V) = GL(W @5 V), i(¢,9)(we®v)=wg @g v
takes the algebraic subgroup
G(U(V) x UW)) :={(g,9") € GU(V) x GUW) : Ag) = A(g")}

into Sp(W ®g V).

Note that an automorphic representation 7 of G is in the image of the extension
to unitary similitude groups of the theta correspondence from a smaller group
GU(W) if m is in the image of the 1-theta correspondence from U(W). In that
case we will loosely say that 7 is in the image of the ¥-theta correspondence from
uw).

The main automorphic ingredient of our paper is the following theorem. It is a
corollary of Proposition 13.8 below whose proof is the goal of Part 3.

7.8. Theorem. Let a and b be integers s.t. 3(a + b) + |a — b] < 2m and let
Ty € Cohl}’a. Set m = A(b X q,a X q) @ ¢, then T is in the image of the i-theta
correspondence from a smaller group U(W) of signature (a,b) at infinity.

Reduction to Proposition 13.8. Proposition 13.8 implies that 71 is in the image of
the 1-theta correspondence from U(W) where W is some (a+ b)-dimensional skew-
Hermitian space over E. It remains to prove that over the infinite place v of F' such
that U(V)(F,) = U(p, q), the signature of W is (a,b). But this follows from the
explicit description of the Archimedean theta correspondence obtained by Annegret
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Paul [?]: the cohomological representation A(b x ¢q,a x q) is the image of the local
theta correspondance from a group U(W,C/R) with dimW = a + b if and ounly if
the signature of W is (a,b). O

Since Z (Aé) maps into T(Aé) via the map v, it acts on the disconnected Shimura
variety S(K) by permuting the connected components as described in §6.5. As a
corollary we conclude:

7.9. Corollary. Let S be any connected component of S(K) and let a and b be
integers such that 3(a +b) + |a — b| < 2m. Then H®*%X4(S C) is generated by
classes of theta lifts from unitary groups of signature (a,b) at infinity.

8. SPECIAL CYCLES

8.1. Notations. We keep notations as in §6.1 and follow the adelization [?] of
the work of Kudla-Millson. Let n be an integer 0 < n < p. Given an n-tuple
x = (21,...,2,) € V™ we let U = U(x) be the F-subspace of V spanned by
the components of x. We write (x,x) for the n x n Hermitian matrix with ¢jth
entry equal to (z;,z;). Assume (x,x) is totally positive semidefinite of rank ¢,
i.e. over each infinite place the Hermitian matrix (x,x) is semidefinite and non-
negative. Equivalently: as a sub-Hermitian space U C V is totally positive definite
of dimension ¢t. In particular: 0 < ¢ < p (and t < n). The constructions of the
preceding section can therefore be made with the space UL in place of V. Set
H = Resp/gG(U(U) x U(UL)). There is a natural morphism H — G and (the
image of) H is isomorphic to Gy the stabilizer of U in G; we will abusively use
both notations. Recall that we can realize the symmetric space X as the set of
negative ¢-planes in V,,,. We then let X be the subset of X consisting of those
g-planes which lie in th.

8.2. Shimura subvarieties. There is a natural morphism iy : Sh(H, Xpg) —
Sh(G, X) which is defined over the reflex field F. If K is an open compact subgroup
of G(Aé) we set Ky = H(Aé) N K. The variety Shy,, (H, Xyr) is projective defined
over E and the set of its complex points identifies with

Si(Kn) = H(Q)\Xu x H(A) /K.

Now given an element g € G(A(’é)7 we may shift the natural morphism iy by g
to get

ivgx : HQ\Xy x HAL) /Ky — GQ\X x G(AL)/K

(8.2.1) H(Q)(z,h) K 4 +— G(Q)(z, hg)K,

where Ky , = H(Aé) NgKg~!.

8.3. Connected cycles. Suppose K is neat and let g € G(Aé). Set F; =gKg'n
G(@Q) and T, ;; = gKg~' N H(Q) = T, N H(Q). Now let Ty, resp. Ty, denote
the image of I'y, resp. I'} 17, in the adjoint group Gaq(R), resp. Haa(R). Then the
natural map I'y gz — T'gz yield a (totally geodesic) immersion of I'y '\ Xg into
I',\X. We will denote the corresponding (connected) cycle by ¢(U, g, K).

We now introduce composite cycles that may be seen as composed of the con-
nected cycles ¢(U, g, K).
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8.4. Special cycles. Given 8 € Her, (E) a nxn totally positive Hermitian matrix
— we use the notation 8 > 0 for such an Hermitian matrix — we define

(8.4.1) Qs = {x cvn %(x,x) - ﬂ} .

The natural action of G(Aé) on V(Aé)" restrict to an action on {23 (Aé) Then: any
K-invariant compact subset of Qg(Aé) decomposes as a union of at most finitely
many disjoint K-orbits.

Now let ¢ € S(V(Aé)") be a K-invariant Schwartz function on V(Aé)” with
values in C. For § as above, with Qg(F') # 0,

(8.4.2) Z(B, 0. K) =) Y elgy ' )eUx),g;,K).
J x€Qs(F)
mod F’gj
Here the g;’s in G(Aé) are those in (6.4.2).
Write g — w(g) for the natural action of g € G(Aé) on S(V(Aé)”) given by

(w(g)p)(z) = (g~ x). Asin [?, Propositions 5.9 and 5.10] we have:

8.5. Proposition. 1. For any g € G(Aé), we have: Z(B,w(g9)p,gKg™') =
Z(ﬂa‘ﬂvK) 'gil'

2. Suppose that K' C K is another open compact subgroup of G(Aé), and let
pr: S(K') — S(K) be the natural projection. Then we have: pr*(Z(f,p, K)) =
Z(B, e, K').

It follows from 2. that Z(8,¢,K) gives a well defined element Z(3,¢) in
Sh(G, X).

8.6. The ring of special cycles. Let S(V(Aé)")z be the space of locally constant

functions on V(Aé)" with compact support and values in Z. For any commutative
ring R, let

S(V(AL™Mr = (S(V(A)™)z) @z B;
note that the natural action w turns it into a G(Aé)-module. It follows from
Proposition 8.5 that for any Hermitian n x n-matrix S > 0 we get a G(Aé_))—
equivariant map
S(V(AG)"q — H*™(Sh(G, X), Q)

@ = [B,¢] :=[Z(8,9)].

Following Kudla [?], in order to study the G(Aé)—submodule which is the image
of this map, we first extend this construction to the case where § is only (totally)
positive semidefinite. The expression (8.4.2) is still well defined. Denoting by ¢ the
rank of 3, one obtains a class

18, ¢)° = [2(B,¢)] € H*"(Sh(G, X),Q).

Now recall that the symmetric domain X has a natural Kéhler form € and that,
for any compact open subgroup K C G(Aé), 7€ induces a (1,1)-form on S(K)
which is the Chern form of the canonical bundle of S(K). The cup-product with

(8.6.1)
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29 — or equivalently with the Chern form ¢, introduced above — induces the g-th
power of the Lefschetz operator:

L7: H*(Sh(G, X),Q) — H**?(Sh(G, X),Q)
on cohomology which commutes with the action of G (Aé) We then set

(8.6.2) (8, ¢] := LY ([3,¢]°) € H*"(Sh(G, X), Q).
For each n with 0 < n < p, let
SC*1(Sh(G, X)) ¢ H*"(Sh(G, X),Q)

be the subspace spanned by the classes [3, ], where (3 is any Hermitian (totally)
positive semidefinite n x n-matrix (8 > 0). The subspace SC*"(Sh(G, X)) is
defined over Q and Hecke stable. We therefore have a direct sum decomposition
into 7¢-isotypical components:

(8.6.3) SC®M(Sh(G, X)) = @ SC*(Sh(G, X),y).
mp€Cohy
We can now state our main result on special cycles.
8.7. Theorem. 1. The space
SC*(Sh(G, X)) = @ _,SC*"(Sh(G, X))

is a subring of H*(Sh(G, X), Q).
2. For each n with 0 < n < p we have:

SC*M(Sh(G, X)) ¢ SH™™(Sh(G, X),C) N H*"™(Sh(G, X), Q).

3. If we furthermore assume that 3n < p+q, then the subspace SC*"? (Sh(G, X))

prim

spanned by the projection of SC?"(Sh(G, X)) into the primitive part
SH"*4"*4(Sh(G, X),C)
of SH™*™1(Sh(G, X), C) is defined over Q and we have a direct sum decomposition:

(8.7.1) SC? (Sh(G, X)) = T H?(7;,C) @ .

prim
n,n
T GCohf
Yv<oo, g(my)=1

Remark. The proof of Theorem 8.7 is based on Kudla-Millson’s theory [?, ?, ?] that
give an explicit construction of Poincaré dual forms to the special cycles. The first
part of Theorem 8.7 immediately follows from their theory as was already pointed
out by Kudla in [?]. The last part is the real new part; it will follow from Theorem
7.8 and the results of Section 5.

Before proving Theorem 8.7 — in the next section — we review the relevant
results of the Kudla-Millson theory.
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8.8. The forms of Kudla-Millson. Recall that in Equation (5.33.1) of Section
5 we have defined an element

Ongng € Homp (A"4™p, S(V™))

for each n with 0 < n < p. Here V = V., is the completion of V' w.r.t. the ;-
embedding, G = GU(p,q) and K is the stabilizer of a fixed base point 2y € X.
Then

X =G/K=U(p,q)/(U(p) x U(qg))
and the space of differential forms on X of type (a,b) is
Q% (X) = Homg (A%Yp, C(Q)).
Evaluation at zy therefore yields an isomorphism
[S(V™) ® Q"*"(X)]% = Homg (A"4"p, S(V™)).
We will abusively denote by ¢4 14 the corresponding element in [S(V™)@Q"4m4(X)]¢.

8.9. Let V be a positive definite Hermitian space of dimension m = p 4 g over C.
We let
©o(x) = exp(—mntrace (x,x))
be the standard Gaussian. Then, under the Weil representation w of U(n,n) asso-
ciated to V', we have
w(k' K" o = det(k')™ det(k") ™o ((K', k") € U(n) x U(n)).
If x € V™ with %(x7 x) = 3, then for ¢’ € U(n,n) we set
(8.9.1) Ws(g') = w(g')po(x).
8.10. Now we return to the global situation. Let n be an integer with 1 <n < p.
For ¢ € S(V(Aé)”), we define
d
(8.10.1) ¢ = ngng @ (R 0) @ ¢ € [S(V(Ag)") ® Q"m9(X)] 9,
i=2

where ¢, nq is the Schwartz form for V., and g is the Gaussian for V., i > 1.

Let W be a 2n-dimensional vector space over E equipped with a split t-skew-
Hermitian form and let G’ = Resp/qU(W). The splitting of W gives rise to a
polarization X +Y of W @ V with X = V", The global group G’(Ag) acts in
S(V(Ag)™) via the global Weil representation associated to this polarization, our
fixed additive character ¢) of A/F and some choice character x of Aj;/E* whose
restrictions to A* satisfy x|ax = g p- 1 ¢ is K-invariant, then for g € G'(Ag)
and g € G(Ag) we may then form the theta function 60y, 4(g,9’) as in §7.4. As a
function of g it defines a closed (ng, ng)-form on S(K) which we abusively denote
by 0,.(¢’, ). Let [0,,(¢', ¢)] be the corresponding class in

H™™M(S(K),R) C H"™(Sh(G, X),R).

For ¢’ = (g},-..,9;) € G'(R) = U(n,n)? C G'(Ag) and for 3 > 0 Hermitian in
Her,, (E) we set

d
Ws(g') = H Wi (97)-

The following result is the main theorem of [?] — rephrased here in the adelic
language following Kudla [?]. It relates the cohomology class [0,,(¢’, ¢)] to those of
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the algebraic cycles Z(8, ¢) via Fourier decomposition as in the classical work or
Hirzebruch-Zagier [?].

8.11. Proposition. For ¢ € G'(R) C G'(Aqg) and ¢ € S(V(Aé)”), the Fourier
expansion of ¢’ — [0,(9', )] is given by

620", 2)) = 318, AW ().
820

8.12. Proof of Theorem 8.7 I. We first prove Theorem 8.7(1): Let ny and ns
with 0 < nq,n2, < p and choose Wy and Wy split skew-Hermitian vector space
over E of dimensions 2n; and 2ny. Write G},, = Resp/qU(W;) (i = 1,2). Given
two Schwartz functions ¢; € S(V(Aé)”i) and two Hermitian matrices 5; > 0 in
Her,,(F) (i = 1,2), we want to prove that the cup product of [51, 1] and [52, ¥2]
belongs to SC?"4(Sh(G, X)) where n = nj + na. It is natural to introduce the
skew-Hermitian vector space W = W1 @ Ws, the group G, = Resp/qU(W) and the
Schwartz function ¢ = 1 ® @o € S(V(Aé)”) We have a natural homomorphism

G, (Ag) x Gy, (Ag) = G (Ag)

and the local product formula (Propositions 5.7 and 5.24) implies that for g, €
G, (R) (i = 1,2) we have:

(8.12.1) 0n(t(91:95), ©) = On, (91, 901) A Ony (93, 2).

Taking cohomology classes, applying Proposition 8.11 and comparing Fourier co-
efficients yields that [81, 1] U [B2, 2] decomposes as the sum 5 [8, ¢] over the
3’s s.t.

WB(L(Q/D gé)) = WBI (gll)Wﬁz (9/2)
This proves the first part of Theorem 8.7.

To prove the second part it is enough to prove that the cohomology classes
[0.(4d", ¢)] belong to SH"?™1(Sh(G, X ),R). This in turn follows from the fact that
©nq,ng — seen as a (ng, ng)-form on X with values in S(V") is SL(g)-invariant. But
this can be read out from the explicit formula for ¢y .q — see Proposition 5.20
and Appendix 13.9.

The last part of Theorem 8.7 will be deduced from our main theorem which we
state and prove in the next section.

9. MAIN THEOREM

9.1. Notations. We keep notations as in the previous section except that we will
now always assume that a and b are integers such that 3(a +b) + |a — b| < 2m (we
recall that m = dimV = p + q).

9.2. The special lift. It follows from Theorem 7.8 that if 7y € Cohl}’a then
m=A(bxgq,axq)®my is in the image of the 1-theta correspondence from a smaller
group U(W) of signature (a,b) at infinity. In particular the whole cohomology
group H"*%2%4(Sh(G),C) is generated by the automorphic functions 6’1};%(25 as in
(7.4.1) where ¢ and f vary. Here f is an automorphic function of GU(W) and ¢
is a Schwartz function in the space S(X(A)) associated to a choice of a complete
(global) polarization of the symplectic space W. We may furthermore restrict to
functions ¢ that are decomposable as ¢oc ® @y.
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Now at infinity the Schwartz space S(X(F)) is a model for the Weil repre-
sentation. We will abuse notation and denote by ¢pq,qaq the Schwartz function in
S(X(Fuo)) which is the tensor product of yug,aq of Section 5, Equation (5.33.1),
at the infinite place where the real group is noncompact and Gaussians at the
other infinite places. We finally denote by H®*%:2X4(Sh(G), C)special the subspace
of special lifts that are generated by the projections in H?*%%X4(Sh(G),C) of the
automorphic functions Hi’x’%q)aq@éf as ¢f, x and f vary.

We now prove that special lifts span the whole refined Hodge type a X ¢,b X ¢
in the cohomology of Sh(G) .

9.3. Theorem. We have:
H"*9%%9(Sh(@G), C)special = H"*T**1(Sh(G), C).

Proof. The proof follows the same lines as that of [?, Theorem 10.5]. First recall the
following simple general observation: Suppose K is a group and we have K-modules
A, B,U,V. Suppose further that we have K-module homomorphisms & : U — V
and ¥ : B — A. Then we have a commutative diagram

Hompg (A4, U) —2=— Homy(A,V)
(9.3.1) @l lq,

Homy (B,U) —2— Homg (B, V)

Here &, is postcomposition with ® and ¥U* is precomposition with .

In what follows K will be the group K.,. We now define K,,-module homo-
morphisms ® and ¥ that will concern us here. We begin with the (g, K, )-module
homomorphism ®. Let 7y € Cohl}’“. Denote by H, the A(bxq, axq)®ms-isotypical
subspace in L*(G, x(rf)) and let

H= € H,,.
ﬂ'fGCohl}’a
Recall that we have:
HY*®*X9(Sh(G),C) = H (g, Koo; H)

(9.3.2) >~ Hompg_ (V (b, a), H).

Theorem 7.8 implies that each automorphic representation m = A(b X ¢,a x
q) ® my, with 7y € Cohl}’a is in the image of the 1-theta correspondence from a
smaller group U(W) of signature (a,b). We realize the oscillator representation as
a (g, Ks) X G(Ay)-module in the subspace

S(X(Fy)) x 8(X(Af)) C S(X(A)).
Here the inclusion maps an element (o, ¢) of the right-hand side to
¢ =00 ® ((X) 0) ® ¢

v|oco

EZOR

where the factors ¢y at the infinite places v not equal to vy denotes the unique
element (up to scalar multiples) that is fixed by the compact group U(m). We
abusively write elements of S(X(F,,)) %X 8(X(Af)) as ¢ ® .
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Fix some pair of characters x as in §7.4 and let H' be the direct sum of the
spaces of cuspidal automorphic representations ©' of GU(W) s.t. @Z’X’W(ﬂ'/ ) =

A(b x g,a x q) ® s for some 7y € Cohl}’“. From now on we abbreviate
S = S(X(Fy,)) x 8(X(Ay)).

It follows from the definition of the global theta lift (see §7.4) that for any f € H'
and ¢ € S the map f®¢ — 01{)7x,¢ is a (g, Ko )-module homomorphism from H'®S
to the space H. And Theorem 7.8 implies that the images of these as x and v vary
span the whole space H. We will drop the dependence of ¢ and x henceforth and
abbreviate this map to § whence f ® ¢ — 0(f ® ¢). Then in the diagram (9.3.1)
we take U =H' @S and V = H and ® = 6.

We now define the map ¥. We will take A as above to be the vector space
A™p. the vector space B to be the submodule V(b,a) and ¥ to be the inclusion
iba : V(b,a) — A™(p) (note that there is a unique embedding up to scalars and
the scalars are not important here).

From the general diagram (9.3.1) we obtain the desired commutative diagram
(9.3.3)
0.

H' @ Homg__ (A™(p),S) —=— Homp, (A™(p), H)

H' ® Homg_ (V(b,a),S) —=— Homg_ (V(b,a), H) = H**%2%4(Sh(G), C)

Now we examine the diagram. Since V' (b,a) is a summand, the map on the left is
onto. Also by (3.2.3) the map on the right is an isomorphism.
We now define Uy, .. to be the 1-dimensional subspace of Homg_ (A™(p),S)
generated by ¢oo = ¥bg,aq-

The theorem will then follow from the equation

(9.3.4) iy 00(H ®U,,, .. ) =Image(iy , o 6.).

Since the above diagram is commutative, equation (9.3.4) holds if and only if we
have

(9.3.5) 0.0y (H ® Uy, .,) = Image(iy , o 0.).

Put U%qwaq =i} o (Ugpy 0q)- Since the left-hand vertical arrow i , is onto, equation
(9.3.5) holds if and only if

(9.3.6) 0.(H' @ U,,,.,) =0.(H @Homg_ (V(b,a),S)).

We now prove equation (9.3.6).

To this end let ¢ € 0,.(H' ® Homg__(V(b,a),S)). Hence, by definition, there
exists ¢ = Yoo ® ¢ € Homg_(V(b,a),S) and f € H’' such that
(9.3.7) 0.(f ®¢) = ¢.

We claim that in equation (9.3.7) (up to replacing the component f,,) we may
replace the factor ¢ of @ by ¢pq,qq Without changing the right-hand side & of
equation (9.3.7). Indeed by Theorem 5.31 there exists Z € U(u(b, a)c) such that

(9.3.8) Yoo = ZPbg,aq-
Now by [?, Lemma 6.9] (with slightly changed notations) we have

(9.3.9) 0.(f © 2¢) = 0.(Z2"f @ ¢).
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Here Z + Z* is the involution of U(u(b,a)c) induced by the map g — g~ ! of
U(a, b).
Hence setting f/ = Z* f we obtain, for all f € H’,

£=0.(f® (g ®))

= 0.(f ® (Zpvg,aq ® 9))

= 0.(Z" f ® (Pvg,aq ® 9))

= 0.(f' @ (Pbg,a9 © ¥))-
We conclude that the image of the space H' ® Uy, . under 6, coincides with the
image of H' ® Hompg__ (Vig,aq, S) as required. O

(9.3.10)

We now prove the last part of Theorem 8.7.

9.4. Proposition. Let n be an integer s.t. 3n < m. We then have a direct sum
decomposition:

SC2% (Sh(G, X)) = &y H?(7;,C) @ .
Ty ECOh}L""
Yo<oo, g(my)=1

Proof. Since 3n < m, it follows from Theorem 7.8 that if 7, € Coh?’" the automor-
phic representation m = A(g", ¢")®my is in the image of the )-theta correspondence
from a smaller group U(W) of signature (n,n) at infinity. By local theta dichotomy
the global Hermitian space is completely determined by r; it is split if and only if
g(m,) = 1 for every finite place v. By Theorem 9.3, in the statement of Proposition
9.4 we may therefore replace the RHS by the subspace of H"*%"*1(Sh(G),C) gen-
erated by the projections of the cohomology classes [0,,(¢’, p)] where ¢ € S(V(A({D)”)
and ¢’ € G'(Ag). Let’s denote by I this subspace.

Denote by (,) the Petersson scalar product restricted to the primitive part of
H2"1(Sh(G),C). Letting SC?"? (Sh(G),C)+ and HL denote the respective anni-

prim

hilators in Higfn(Sh(G), C) it suffices to prove
(9.4.1) SC2 (Sh(G),C)*F = 3+,

Now consider n € H>"9 (Sh(G),C). Assume 7 is K-invariant for some level K. It

prim
follows from proposition 8.11 that for ¢’ € G'(R) C G'(Ag) the Fourier expansion
of the modular form

0,0) = (05" ) (= [ 0040 )
is given by

Oo(n) =D (B2l mWs(g)
B>0
= Z (18, ¢l n>W5(gl)7
B8>0
since 7 is primitive. In particular: the form 7 is orthogonal to SC % (Sh(G),C)
if and only if all the Fourier coefficients of all the modular forms 6, (n) vanish and
therefore 6,(n) = 0.
On the other hand, since G is anisotropic, for each 7, € Coh?’” the theta lift

@KX’V(A(H xq,nxq)®my) is well defined and we get an automorphic representation
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of the group U(W). The latter is isotropic (recall that W is split) but it follows from
a general principle — see e.g. Lemma 11.7 below — that @ZKX’V(A(n Xq,nxq)Rmy)
is either {0} or a cuspidal automorphic representation of U(W): indeed by Rallis’
theta tower property if @KXV(A(TL X ¢,n X q) ® w¢) is non zero and non cuspidal,
there exists a proper subspace W’ C W such that G)Z)V’;(’V(A(n X ¢,nxq)Qmy) is
non zero and cuspidal. Localizing at the place at infinity we get a contradiction:
the cohomological representation A(b X ¢,a X ¢) is not in the image of the local
theta correspondance from a group U(W,C/R) with dim W < a + b, see [?].

In particular: each modular form 6, (7) is either zero or a cuspidal automorphic
form. Now 7 belongs to H* if and only if for any f € Hy (of € A¢(U(W))), we
have:

H(fa @)[‘pnq,nq] A xn = 0.
XK
Since
| 0D = [ 0.1
Xk [Um)]
we get that n belongs to H* if and only if ,(n) = 0. This concludes the proof. [

We can now prove our main theorem.

9.5. Theorem. Assume that b = a + ¢ with ¢ > 0. Then the natural cup-product
map
SC?%(Sh(G),C) x SH*°(Sh(G),C) — H®*®9*4(Sh(@G),C)
is surjective. If ¢ = 0 this is no longer true but the natural cup-product map
SC2=D4(Sh(G), C) x SH(Sh(G),C) — H**4*4(Sh(@), C)

18 surjective.

Remark. There is a similar statement when a = b + ¢ with ¢ > 0 except that the
natural cup-product map becomes:

SC*4(Sh(G),C) x H**(Sh(G),C) — H®*%*4(Sh(G), C).

Theorem 1.4 follows.

Proof of Theorem 9.5. Write b = a + ¢ with ¢ > 0. It follows from Theorem 9.3
that H"*%:9%4(Sh(G), C) is generated by the automorphic functions 91’;%%%@@%
as ¢¢, x and f vary. These data depend on a global Hermitian space W of signature
(a,b) at infinity. Recall from §7.6 that if v is a finite place of F' the local Hermitian
space W = W,, decomposes as a sum

{Wa,a@wcifoo

(9.5.1) W= Wa_1.a_1 © Wy otherwise,

where W, . denotes the Hermitian of dimension 2r with maximal isotropic subspaces
of dimension r and W) denotes the unique Hermitian space of dimension k& with
the same local sign as W.2 Since the W, are localizations of a global space, there
exists a corresponding global W,, or W5 in case ¢ = 0, and the corresponding
decomposition (9.5.1) holds globally. Write G| = Resg/qU(Wyp), resp. G| =

9At infinite places one should ask that W, is positive definite in case ¢ > 0 and that Wy is of
signature (1,1) in case ¢ = 0.
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Resp/oU(Wh—1,4-1), and Gy = Resp/oU(W,), resp. Gy = Resp,oU(Ws). We have
a natural homomorphism
G’ (Aq) x Gy(Ag) = G'(Aq).
We may now decompose the space W = W ®g V accordingly:
(Waoa®@e V)W ifc>0
W =

9.5.2
( ) (Wa—1,0-1 @£ V) & Wy otherwise.

Here Wy, = W), ® g V. We finally choose a complete polarization
Wy = Xp + Yy
and consider the associated polarization X + Y of W where
VipX,.ifc>0
X = {

(9.5.3) . .
Ve @ X5 otherwise.

The polynomial Fock space S(X(A)) then contains S(V(A)?) ® S(X.(A)), resp.
S(V(A)*1) ® S(X2(A)), as a dense subspace. Now the local product formula at
infinity (Propositions 5.7 and 5.24) decomposes @uq,aq as a cup-product @uq.aq A
©eq,05 TESP. P(a—1)q,(a—1)q\Pq,q- As in the proof of Theorem 8.7(1) (see in particular
(8.12.1)) we conclude that if ¢ = ¢1 ¢ ® oy belongs to S(V(A)*) @ S(X.(A)), resp.
S(V(A)*1) @ S(X2(A)), we have the following cup-product of differential forms:
(9.5.4)

o ea(glh ¢1f) A gw,x,%q,o@)(bzf (957 ) ife>0
9w7x,sabq,aq®¢f (t(g1,92),") =

Oa—1(91, D17) A Oy 0y @605 (92, -) Otherwise.

Recall that H*9:2%4(Sh(G), C) is generated by the projections of the cohomol-
ogy classes of the differential forms 0,y 4(g', ). Since Oy y w(g)6(9', ") = Oy x.6(919, ")
and the space S(V(A)?) @ S(X.(A)), resp. S(V(A)*~1)®S(X3(A)), is a dense sub-
space of S(X(A)), we get that H**%:9%49(Sh(G), C) is generated by the projections
of the cohomology classes of the differential forms (9.5.4). Theorem 9.5 now follows
from Proposition 9.4. (]
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Part 3. Automorphic forms
10. ON THE GLOBAL THETA CORRESPONDENCE

10.1. In this Part of the paper we prove Proposition 13.8 that was used in the proof
of Theorem 7.8. We keep notations as in Section 3. The main technical point is to
prove that if 7 € A¢(U(V)) is such that its local component at infinity is “sufficiently
non-tempered” (this has to be made precise) then the global representation 7 is in
the image of the cuspidal i-theta correspondence from a smaller group.

As usual we encode local components of 7 into an L-function. In fact we only
consider its partial L-function L°(s,7) = [I,¢s L(s,my) where S is a sufficiently
big finite set of places such that 7, is unramified for each v ¢ S. For such a v we
define the local factor L(s,7,) by considering the Langlands parameter of .

We may generalize these definitions to form the partial (Rankin-Selberg) L-
functions L (s, m x n) for any automorphic character 1.

The goal of this section and the next is to prove the following theorem; it is a first
important step toward the proof that a “sufficiently non-tempered” automorphic
representation is in the image of the cuspidal i-theta correspondence from a smaller
group. A large part of it is not new. The proof follows the pioneering work of Kudla
and Rallis for the usual orthogonal-symplectic dual pair (see also [?], [?, Theorem
1.1 (1)] and generalized in [?]). And most of the steps that appear to be different
in the unitary case can now be found in the literature; in that respect one key
ingredient is due to Ichino [?].

10.2. Theorem. Letm € A°(U(V)) and letn be a character of A, /E*. We assume
that there exists some integer a > 1 such that the partial L-function L°(s, 7 x n) is
holomorphic in the half-plane Re(s) > (a — 1) and has a pole in s = %(a — 1).
Then, we have n]yx = e?ﬁ? and there exists some n-dimensional skew-Hermitian
space over E, with n = m — a, such that 7 is in the image of the cuspidal ¥-theta

correspondence from the group U(W).

Remark. Tt will follow from the proof that letting x2 = n and fixing some arbitrary
choice of character x; such that xi[px = €} IF there exists a representation ' €

A¢(U(W)) such that
T= @X,X,W(W/)'
Note that remark 7.3 implies that changing our choice of x; amounts to twist

7/ by a character of AL. Similarly, replacing 1 by any other additive character
Pi(x) = P(tx) for some t € F', amounts to rescale the Hermitian space W.

10.3. Strategy of proof of Theorem 10.2. It is based on Rallis’ inner product
formula. Let 7 be as in Theorem 10.2. We want to construct an n-dimensional skew-
Hermitian space W over E and some pair of characters x = (x1,x2) of A5 /E* (as
in §7.1) such that

(10.3.1) Oy ,.v(m) #0.

Theorem 10.2 will then follow by duality. Such a W will be of the form W = W,. =
Wy @ H" where H denotes the hyperbolic plane, i.e. the split skew-Hermitian space
of dimension 2 and Wy is anisotropic. According to this decomposition we write
n = ng + 2r. One says that the family of spaces {W,. : r > 0} forms a Witt tower
of non-degenerate skew-Hermitian spaces. Replacing W = W, by W,._; we may
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assume that @ by (M) =0 so that Ow ¢ 18 a cusp form (possibly zero). To prove
(10.3.1) we shall compute the square of its Petersson norm

(10.3.2) 1612 = /[U ]egj,x (9105 (g)dg

n

using Rallis’ inner product formula. In our range n < m the latter takes the rough
form:

1
||91{17x,¢||2 = CRGSS:%LS(S T X 1),

where c is a non-zero constant involving local coefficients of the oscillator represen-
tation. We will now provide the details of the proof.

We first recall the doubling method introduced by Piatetskii-Shapiro and Rallis
[?] in order to relate L-functions as the function L°(s, 7 x ) in Theorem 10.2 to
the Weil representation.

10.4. Doubling the group. Equip V @& V with the split form (,) & —(,). Let
U(V @ V) be the corresponding isometry group. We denote by V the subspace
V @& {0} and by —V the subspace {0} & V. There is a canonical embedding;:

1 U(V) x U(=V) 5 UV a V).

Let P be the Siegel parabolic of U(V @ V) preserving the maximal isotropic
subspace
Vi={(v,v) :veV}cVaV.
Let P = MU be the Levi decomposition of P. Here U is the unipotent radical of
P, and M is the subgroup which preserves both V¢ and

Vai={(v,—v) :veV}cVaoW

Thus M (F') is isomorphic to GL,,(E) via restriction to Vg = E™; we write p(a) €
M for the element corresponding to a € GL,,(E). Note that

PN (UWV) xU(=V)) =U(V)?

where U(V)? is the image of U(V) under the diagonal embedding U(V) — U(V) x
U(-V).

10.5. Siegel Eisenstein series. Define the homomorphism det : M (F) — E* by
p(a) — det a and denote by |- |g the norm map E* — F*. Then det and |det |g
uniquely extend to homomorphisms det : M(A) — A}, and |det|g : M(A) — A,
Given a character ) of E*\A} we define the quasi-character |- |* (s € C) of M (A)
by

p = n(det(u))| det ()|

Then define the induced representation

m,m A
(10.5.1) I(s,m) = Ind ™yl |°

where we denote by U, »(A) the adelic points of U(V & V) and the induction
is normalized. (Note that the modular character § : P — F* is equal to u —
|det()|.) Starting with a section ®(-,s) € I(s,n) we may form the Eisenstein
series

(10.5.2) E(h,s, ®) = > ®(yh, s).

YEP(F)\U(VaV)
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The group U(V @ V) being quasi-split, we may fix a standard maximal compact
subgroup K = U(V & V)(Op) of Uy, .m(A). We then say that ®(-,s) € I(s,n) is
standard if it is holomorphic in s and its restriction to K is independent of s. It
follows from [?, p. 56] that if ®(-, s) is holomorphic in s the Siegel Eisenstein series
(10.5.2) converges absolutely for Re(s) > & and has a meromorphic continuation
to the whole s-plane. If ®(-, s) is standard, Tan [?] proves that E(h, s, ®) is entire
in the half-plane Re(s) > 0if n # 7', If n = 77!, then . = EZE/F with i = 0
or 1 and the poles of E(h, s, ®) in the half-plane Re(s) > 0 are at most simple and

occur at the points
c m—1i m-—1i 1
s , —1,...p.
2 2

If sg is a pole of E(h, s, ®) we may consider the Laurent expansion
A(h, ®)
s — 80
where A(h, ®) = Ress—s, E(h, s, ®). The function h — A(h, ) defines an automor-

phic form on U(V & V).

E(h,s,®) = + Ag(h, @) + O(s — so),

10.6. The global doubling integral. Consider now an irreducible automorphic
cuspidal representation m € A¢(U(V)). Denote by 7" the contragredient represen-
tation of 7 and write 7 for the character nodet of U,,(A), identified with the adelic
points of the subgroup U(V)? of P. Let H, (resp. H.v) be the space of 7 (resp.
7¥). For f € H; and f¥Y € H,v, let

#(g) = (m(9)f, f")

where (,) is the standard pairing. Given a section ®(-, s) € I(s,n), define
(10.6.1) 2t £ = [ ol9)R0 1) s

This integral converges absolutely for Re(s) > m.
The Basic Identity of [?, p. 3] relates (10.6.1) to some Rankin-Selberg integral:

(10.6.2) Z(s, f, [, ®) = /[U 5 ]E(J(gl,g2)aSa(I))f(gl)fv(92)77_1(92)d91d92-

The point here is that:

o If (-, 5) = ®,P,(-,5), f = ®f, and f¥Y = ®f,) are factorizable, then the
zeta integral (10.6.1) equals the product

126, fo. £ ®0)

where, letting ¢, (g9) = (7,(9) fv, ),

(10.6.3)  Z(s, fur £ 70, B0) = / 60(9)2,(1(9.1), 5)dg

U(VerFy)

is the local zeta integral.
e The Eisentein series (10.5.2) admit meromorphic continuation to the entire
complex plane.

All this thus leads to the meromorphic continuation of some Euler products. We
now study the local zeta integrals (10.6.3).
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10.7. Local zeta integrals. Let S be the finite set of ramified places (those v
which are either infinite or finite and either 7, is ramified or m, not spherical).
Assume that ® is standard at each finite place v ¢ S. Let v be a finite place of
F outside S and ¢ be the residue characteristic of F'. In this paragraph we deal
with the local field F, but we drop the subscript v everywhere. Thus F' is a non-
Archimedean local field of characteristic 0, E is a quadratic extension of F', V is
a m-dimensional vector space over E endowed with a non-degenerate Hermitian
form (,) and = is an irreducible unitary representation of the group G = U(V). It
may also be that E = F @ F is a split extension; then G = GL(m, F) and (see [?])
the computations below still work and are equivalent to the computations made by
Godement and Jacquet [?].

Denote by H the double of G so that j: G x G — H. For s € C and for any
character n of E*, let I(s,n) be the so-called degenerate principal series consisting
of smooth functions on H which satisfy

(10.7.1) ®(upih, s) = n(det(w)| det (w3 * B(h, s),

where u € U and p € M.

The local zeta integral is defined as follows. For f € m and f¥ € 7V let ¢(g) =
(m(g)f, f¥) be the corresponding matrix coefficient. For a section ®(-,s) € I(s,n),
define

(10.7.2) Zs.f.1%.9) = [ 6(0)20(0.1).5)ds.
The integral converges for large Re(s) and defines a non-zero element

(10.7.3) Z(s) € Homgxg(I(s,n), 7" ® (n-7)).

We may identify the group H as the subgroup of GL(2m, E') which preserves the

Im
1, O
subgroup of H obtained by intersecting this group with GL(2m, Og), where Op is
the ring of integers of E. We let ®°(-, 5) be the standard section whose restriction to
K is 1. Recall (see [?]) that if G is the split group and 7 is an unramified principal
series, and if 1 is unramified, and f and f¥ are non-trivial and K-fixed, then, up
to a non-zero constant, ¢(g) is the zonal spherical constant associated to 7 and the
local zeta integral

Hermitian form with matrix ( ) Let then K be the maximal compact

L(s+ %,77 X 1)
b(s,m)

where L(s,m x 1) is the usual Langlands Euler factor associated to = , n and the
standard representation of the L-group “G and

(10.7.4) Z(s, f, [V, %) =

m—1

b(s,n) = H L(2s +m — i7770€iE/F)7
=0

where 7" is the restriction of n to F'*. Note that in b(s,n) each L-factor is a local
(Tate) factor.
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10.8. From now on we fix f,, f and ®, = ®% as above for each v ¢ S. We
conclude that:
1 1
v _ s v
(10.8.1) Z(s,£,£%,9) = s Lo+ 5mxm) 1 z6s. 1. 1, @),
veS
where b%(s,7n) is the product of the local factors b(s,n,) over the set of finite places
vésS.

We remark that the proof of [?, Proposition 7.2.1] — which generalizes immedi-
ately to the unitary case — implies that for any point s € C there exist choices of
f, [V and ® such that the local zeta integral Z,(s, f, fV,®) is non zero.

Now recall that we have

(10.8.2) b%(s,m)Z(s, f, f',®)
- / E*(3(g1,92), 5, @) f (1) ¥ (92)n " (92)dgr dga,
(U xUp,]

where E*(h, s, ®) = b%(s,n)E(h, s, ®) is the normalized Eisenstein series.

We conclude from (10.8.1) and (10.8.2) that any pole of L%(s + %, x 1) must
be a pole of b%(s,1)Z(s, f, fV,®) for a suitable choice of ® and hence also a pole
of the normalized Eisenstein series E*(h, s, ®). Since b°(s,7n) doesn’t vanish in the
half-plane Re(s) > 0, we conclude:

10.9. Proposition. (1) If n# 7~ ', the partial L-function L®(s + 5, x 1) is
entire in the half-plane Re(s) > 0.
(2) If n = 7=t then n = efE/F with i = 0 or 1. Then the partial L-function
L3(s + %,w x 1) has at most simple poles in the half-plane Re(s) > 0 and
these can only occur for

m-—1i m-—1
s € 2 5 —1,...¢.

We now explain the relation of the doubling method with the Weil representation.

10.10. Doubling the Weil representation. Consider an n-dimensional vector
space W over E equipped with a 7-skew-Hermitian (,), as in §7.1. The space
W+W=Wees(VeV)=WaeW is then endowed with the symplectic form
[,]® —[,]- We denote by Q the Weil representation of Mpy,,,,(A) — the group of
adelic points of Mp(W+ W) — corresponding to the same character ¢ of A/F. The
obvious embedding

i SPapm (A) X Spaym (A) = Spy,m (A)
leads to a homomorphism
0: MDayy (A) X MPayy (A) = Mpiy, (A)
such that B
Qoi=w®w"
where w" is the contragredient representation of w, and is the same as Wy (the Weil

representation associated to ). Clearly W+ W = (X&X) + (Y@ Y) is a complete
polarization of W+ W and Q can be realized on $((X & X)(A)).
The choice of x also defines a homomorphism

(10.10.1) Un(A) X Uz (A) = Mpy,,,, (A)
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lifting the natural map
UH(A) X Ugm(A) — Sp4nm (A)7

and so, we obtain a representation 2, of U, (A) XUz, (A) on §((X@X)(A)). We will
rather work with another model of the Weil representation which we now describe.

10.11. Set
We=W @ V*¢and W, =W @z V.

Then W + W = W, + W? is another complete polarization of W + W. Thus Q
can also be realized on L?(Wy(A)). We denote by €2~ this realization. There is an
isometry

§: LA((X+X)(A)) — L*(Wy4(A))

intertwinning the action of Mp,,,,,(A) on the two spaces. Explicitly § is given as
follows. We identify Wy and W via the map

(w, —w) — w

and write w € W as w = (z,y) according to the decomposition W = X + Y. Then
for U € L?((X+ X)(A)) we have

(10.11.1) o(T)(w) = /X(A) (2w, y)¥(u+ z,u — x)du.

10.12. Ichino sections. It follows from [?] that the action of M(A) on ¢ €
S(W4(A)) is given by

(10.12.1) (5 (19) (W) = xa(det(w))| det ()] % (™" w).

In particular, setting

(10.12.2) ®(h) = (2, (h)¥)(0),

we have

(10.12.3) ® € I(s0, X2),

with so = “5™. In general a holomorphic section ®(-, s) is said to be associated to

¢ if it is holomorphic in s and ®(h, sg) = (2 (h)p)(0). We call Ichino sections the
sections which are associated to some ¢ € S(Wy(4)).

11. RALLIS’ INNER PRODUCT FORMULA AND THE PROOF OF THEOREM 10.2

We first want to construct an n-dimensional skew-Hermitian space W over E
and some pair of characters x = (x1,x2) of A5/E* (as in §7.1) such that

(11.0.1) Oy v () # 0.

To prove (11.0.1) we shall compute the Petersson product

(102) Ol W) = [ 000 (000

n]

where f1, fo € H,, using Rallis’ inner product formula.
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11.1. Rallis’ inner product formula. We work with the dual pair (U(V &
V), U(W)) and the associated Weil representation €,. The corresponding theta
distribution is

0@) = > ¢&n)

§meX(F)
and it follows from [?, §1] that, as a representation of U,,(A) X U,,,(A) C Usgp(A),
Qo) =wy® (x2-wy),

where j is the obvious embedding U, (A) x Uy, (A) C Uz (A).
With notation as in (11.0.2), we have ¢1 ® ¢, € S((X @ X)(A)) and a simple
formal calculation gives the right hand side of (11.0.2) as

(11.1.1)
/[U ; ]fl(gl)X51(92)f2(92) (/[U ]@w,x,¢1®¢2(J(91792)79/)d9/> dgidgs,
"YLX m n

where ©,, 2%, is defined by the obvious analogue of (7.4.1). Unfortunately the
inner theta integral

/[Un] @¢7x,¢1 ®$2 (J (gl ’ 92)7 g/)dgl

diverges in general. Following Kudla and Rallis [?] we will regularize this integral.
But here again we shall rather work with the model (Q,8(W4(A))).
It follows from (10.11.1) that we have:

(11.1.2) 5(¢1 ® ¢9)(0) = (91, d2),

where (,) denotes the scalar product in the Hilbert space L?(X(A)).
Now on the space §(W4(A)) the theta distribution takes the form

0 (p)= Y. ¢
EEW,(F)
Setting
(11.1.3) @ =0(¢1 ® o)

we therefore see that (11.1.1) is equal to

(11.1.4) /{Umem] Fi(91)xz *(92) f2(g2) (/{Un] @;7x,¢(J(91,92),9/>d9/> dg1dgs.

Here again the inner theta integral

— / /
/[Un] @¢,X,@(J(gl7 92)7 g )dg

diverges in general but we now describe how Kudla and Rallis [?] and Ichino [?]
introduce a regularization of it.
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11.2. The regularized theta integral. Suppose m > n. It then follows from [?,
§2] that for a given finite place v of F, there is an element « of the spherical Hecke
algebras of Ug,, (Fy,) such that, for every ¢ € §(W4(A)) and h € Usgy, (A), the theta
function @;,xﬂ‘(a)v(h’ 1) is rapidly decreasing on U(W)\U,(A).'? Tt follows that
the theta integral

o-

/ /
- (B g)dyg
(U] P, x, Q7 ()

is absolutely convergent. Now if ¢ is such that the original theta-integral

O, ,(h,g")dg
/[Un] X P

is absolutely convergent, Ichino [?, Lemma 2.3 and 2.2] proves that there exists
some non-zero constant ¢, — independent of ¢ — such that

O, . o (1o (hsg)dg" = cq 0, .. (h,g)dg.
U] X2 () U] x>

The regularized theta integral is then defined to be the function

_ = — ’ /
B(g790) - Cor [U"] @¢7X7Q*(a)¢(hag )dg .

It is well-defined and independent of the choices of v and «, see [?, §2]. The function
h+— B(h, ) defines an automorphic form on U(V & V') and the linear map

8(Wa(A)) = AUV @ V)); = B(,¢)
is Ugy (A)-equivariant.
Remark. By the Howe duality [?, ?] the spherical Hecke algebras of Us,, (F,) and
U, (F,) generate the same algebra of operators on S(W,(F,)) through the Weil
representation Q. It follows from [?, §2] that one may associate to o an element
o’ of the spherical Hecke algebra of U, (F;) such that Q7 (o) = Q~ (/) and
(11.2.1) o 1=cy-1,
where 1 is the trivial representation of U, (F,).

11.3. Proposition. Let v, x, ¢ and [ as above. Then we have:

(O 00 ) = /[ 0 @) BRI BO(01 92, Moo
U, XUy,

where ¢ is given by (11.1.3).

10Note that o acts on ¢ through the Weil representation.
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Proof. We have:

/[U o RO @ BIB00), e

1 _ _— _
ol ]fl(gl)X21(g2)f2(gz) /[U ]@mxﬂ—(aw(ﬂghgz>vg’>d91dg2dg’
@ m X Um n

1 _ A
C/[U ] (/[U ; ]f1(91)X2 1(92)f2(92)@wyx_’9(a)¢(J(91792)79/)d91d92> 1(g')dg’
o n mx m

1 _ — ’ ’ ’ /
» /M ( /{UMM F1(90%5 (02) 2092007, , 091, 92), 9 >dgldgz> (o -1)(g')dg
-/ ( / fl(gl)Xz1(92)f2(92)@¢,x,¢(J(91,92),91)d91d92> dg/

[Un] [U7n><U7n]

B /[U ] 05’17)(7451 (g’)@ﬁxm (g’)dg’,

where we have used the remark above. O

11.4. Ichino’s regularized Siegel-Weil formula. The proof of Theorem 10.2
will follow from the following reformulation of the main result of [?]. We provide
the details of the proof in Appendix B.

11.5. Theorem. Let 5o a positive real number < 3 and let ®(-,s) be an holomor-
phic section of I(s, x2) such that the Siegel Eisenstein series E(h, s, ®) has a simple
pole in s = sy whose residue A(-, ®) generate an irreducible automorphic represen-
tation. Then there exists a global skew-Hermitian space W over E of dimension

n=m—2sg and a function ¢ € 8(Wy(A)) such that
A(h, ®)(= Ress=s, E(h, s, ®)) = cB(h, ¢),
where ¢ is a non-zero explicit constant.

Assuming Theorem 11.5 we can now prove Theorem 10.2.

11.6. Proof of Theorem 10.2. Let s be a pole of the partial L-function L (s+
1,m x n) where 7 is some character of EX\A}. It follows from Proposition 10.9
that n = 777! and s is a half-integer < m/2. We set n = m — 25 and suppose that
n is positive. Note that we necessarily have 7|y« = 6%/F' We set x2 = 1 and fix
some arbitrary choice of character x; such that xi|px = eg/F.

Since sp is a pole of the partial L-function L (s+ %, m X x2) there are choices of
fem f¥en¥ and of a holomorphic section ®(-,s) of I(s, x2) such that

(11.6.1) /[U L AC192, D100 (215 02 #0

In particular the Siegel Eisenstein series E(h, s, ®) has a simple pole in s = sq.
We may moreover modify ® so that A(-, ®) generate an irreducible automorphic
representation and (11.6.1) is still non-zero. Theorem 11.5 then implies that there
exists a global skew-Hermitian space W over E of dimension n = m — 2sp and a
function ¢ € §(W4(A)) such that

(11.6.2) A(h, @) = cB(h, ¢),
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where c is a non-zero explicit constant. Set f; = f and let fo € JH; be the element
corresponding to the conjugate of fV € H,v. Writing ¢ as a linear combination
of 6(¢1 ® ¢2), it follows from Proposition 11.3 and equations (11.6.1) and (11.6.2)
that there exist elements ¢1, ¢2 € 8(X(A)) such that

(000 0T ) = /[ | F1(91)x3  (92) F2(92) B(i(g1, 92), ) dgrdgo
U, xU,,

is non-zero. This proves that @K%V(W) # 0.

11.7. Lemma. The representation @KX’V(TF) 1s a cuspidal automorphic represen-
tation of UW).

Proof. Let W’ be the smallest element of the Witt tower {W,.} such that @ZK;C)V(W) #

0. By the Rallis theta tower property [?] @K;@V (7) is a cuspidal automorphic repre-
sentation of U(W). Let n’ be the dimension of W’. We have n’ < n and, by inverting

the above arguments, we get that L%(s + 3,7 x 1) has a pole in s = 3(m — n/).
Since by hypothesis L (s, 7 x 1) is holomorphic in the half-plane Re(s) > $(a — 1)
where a = m — n we conclude that n’ > n. The lemma follows. O

11.8. We can now conclude the proof of Theorem 10.2: the non-vanishing of

9f

f 2
<9 ¢HX1¢2>

1
P, X, P17

implies the non-vanishing of

(11.8.1) / 00 0 (9) (/ 9w,x,¢1(g,g’)f1(g)dg> dg’'
(Un] (U]
= [ o @0 ()

But it follows from Lemma 11.7 that ¢’ — Gi"x b2 (¢') is rapidly decreasing and that
we may therefore invert the order of integration in the LHS of (11.8.1). Setting

F(¢) = 01{)2%452 (¢’) we get that

00 (9) = . ]F(g')%,x,dn (9,9")dg’

is non-zero and is not orthogonal to the space of 7. Since the image of @}Z%W is
an automorphic subrepresentation of L?([U,,]) this proves that 7 is in the image of
the cuspidal -theta correspondence from the group U(W).

12. WEAK ARTHUR THEORY

In this section we recall a small part of Arthur’s work on the endoscopic clas-
sification of automorphic representations of classical groups. This will be used in
the following section to verify the hypotheses of Theorem 10.2 in our (geometric)
cases.
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12.1. Notations. Let E be a CM-field with totally real maximal subfield F' be
a number field, A the ring of adeles of F. We will always assume that a specified
embedding of E into the algebraic closure of F' has been fixed. We set I'p =
Gal(Q/F). Let V be anondegenerate Hermitian vector space over E with dimg V =
m.

We let G' be an inner form of Ug,p(m) the quasi-split unitary group over I,
whose group of F-points is given by

Here J is the anti-diagonal matrix

0 1

J =
1 0

and z — Z is the Galois conjugation of E/F. In this section we simply denote by
U(m) the unitary group Ug,p(m). We finally denote by GL(m) the F-algebraic

group Resp/p(GLy, g). We will identify automorphic representations of GL(m)
with automorphic representations of GL,,(Ag).

12.2. L-groups. The (complex) dual group of U(m) is
U(m)"Y = GL,,(C)
and the L-group of U(m) is the semi-direct product
LU(m) = QL (C) x T,

where the action of I'p factors through Gal(E/F') and the action of the non-trivial
element o € Gal(E/F) is given by

olg) = Pm'g ', (9 € GLn(C))

where ®,, is the anti-diagonal matrix with alternating £1 entries:

Note that ®2 = (—1)™~! so that o is of order 2; it furthermore fixes the standard

splitting of C:::Lm((C).
Now the (complex) dual group of GL(m, E), seen as a group over F, is
GL(m)" = GL,,(C) x GL,,(C)
and the L-group of GL(m) is the semi-direct product
LGL(m) = (GL,(C) x GL,,(C)) x T'p

where now o acts by

o(9,9)=(d",9) (9,9" € GL,(C)).
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12.3. Representations induced from square integrable automorphic rep-
resentations. By [?] one may parametrize the discrete automorphic spectrum of
GL(m) by a set of formal tensor products

U =uKR,
where p is an irreducible, unitary, cuspidal automorphic representation of GL(d)

and R is an irreducible representation of SLo(C) of dimension n, for positive integers
d and n such that m = dn: for any such ¥, we form the induced representation

. i(n-1 1(n-3 11-n
ind(ul - 2,7l 20 nl 12
(normalized induction from the standard parabolic subgroup of type (d,...,d)).

We then write IIy for the unique irreducible quotient of this representation.

We may more generally associate a representation IIgy of GL(m), induced from
square integrable automorphic representations, to a formal sum of formal tensor
products

(12.3.1) U= ®RR,, B...Bu KR,

where each p; is an irreducible, unitary, cuspidal automorphic representation of
GL(d;)/F, Ry, is an irreducible representation of SLy(C) of dimension n; and
m = nidi+...+n.d,: toeach u;X R, we associate a square integrable automorphic
form II; of GL(n;d;). We then define Ily as the induced representation

ind(Il, ® ... @ 11,.)

(normalized induction from the standard parabolic subgroup of type (n1dy, ..., n.d;)).
It is an irreducible representation of GL,,(Ag) because it is proved by Tadic [?]
and Vogan [?] that an induced representation from a unitary irreducible one, is
irreducible.

12.4. Unramified base change. Let m = ®/m, be an automorphic representa-
tion of G(A) occuring in the discrete spectrum.!! For almost every finite place v of
F both G(F,) and 7, are unramified. Let F,, be the local field associated to such a
place and let W7, be its Weil-Deligne group. Then by the Satake isomorphism 7,
is associated to an L-parameter ¢, : Wi, — LU(m), see e.g. [7].

The (fixed) embedding of F into the algebraic closure of F specifies £, = F Q@
F,. This realizes W}, as a subgroup of W, . Restricting ¢, to W one gets an
L-parameter for an unramified irreducible representation I, of GL,,(E,) — the
principal base change of T,.

Remark. There is another base change'?: Back to the global extension E/F, we
fix a unitary character x : A5 /E* — C* whose restriction to A* is the character
€p/r associated, by classfield theory, to the quadratic extension E/F. Outside
some finite S of places of F' the character y is unramified. Let v ¢ S, the non-
principal base change for unramified representations of G(F,) is the one described
above but twisted by the character x,. The definition depends on the choice of the
character but so does the transfer between functions, see e.g. [?]. In the statement
below we will solely consider the principal base change, note however that — also
we won’t make this very explicit — we have to consider both base-change in the
proofs. The definition depends on the choice of the character but only up to a twist:

HNote that it is always the case if G is anisotropic.
121t is sometimes called unstable base change but we will avoid this confusing terminology.
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two different choices differ by a character of ES trivial on F,. The group of such
characters of £ is exactly the group of characters of Ug, /p, (m) by the following
correspondance: let w be a character of EX trivial on F¢ and denote by w! the
character of the subgroup of Ug, ,p, (m) defined by w'(g) = w(z) where z is any
element of E such that det(g) = z/Z. The principal and the non principal base
change commute with the twist by w o det on the GL(m, E,) side and the twist by
w' on the Ug, /p, (m) side.

12.5. Weak base change. The following proposition is essentially due to Arthur
[?, Corollary 3.4.3] though it is not stated for unitary groups — see [?, Corollary
4.3.8] for a statement in the latter case when G is quasi-split. The reduction from
the general case to the quasi-split case follows the same lines'?; we provide some
details in Appendix A; of course when Kaletha-Minguez-Shin and White will have

completed their three announced papers this will be included in it.

12.6. Proposition. Let m be an irreducible automorphic representation of G(A)
which occurs (discretely) as an irreducible subspace of L?(G(F)\G(A)). Then, there
exists a (unique) global representation 11 = Iy of GL(m, Ag), induced from square
integrable automorphic representations, associated to a parameter ¥ as in (12.3.1)
and a finite set S of places of F' containing all Archimedean ones such that for all
v & S, the representations m, and I, are both unramified and I1, is the principal
base change of m,.

We will refer to II as the weak base change of 7.

Remark. Proposition 12.6 puts serious limitations on the kind of non-tempered
representations that can occur discretely: e.g. an automorphic representation 7w of
G(A) which occurs discretely in L?(G(F)\G(A)) and which is non-tempered at one
place v ¢ S is non-tempered at all places outside S.

The above remark explains how Arthur’s theory will be used in our proof. We
now want to get a global control on the automorphic representations with a pre-
scribed type at infinity.

12.7. Standard representations and characters. We first recall the results of
local harmonic analysis we will need. We therefore fix a place v of F' and, until
further notice, let G denote the group of F,-points of the unitary group. Denote by
H(G) the Hecke algebra of locally constant functions of compact support on G.14

By Langlands’ classification, any admissible representation 7 of G can be realized
as the Langlands subquotient of some standard representation. Recall — see [?,
(3.5.5)] — that the latter can be identified with a G-orbit of a couple p = (M, 0)
where M C G is a Levi subgroup and o an irreducible representation of M that is
tempered modulo the center.

Both 7 and p determine real linear forms A, and A, — the exponents — on as;
it measures the failure of the representation to be tempered.

13The use of the stable twisted trace formula being replaced by the (untwisted) stable trace
formula.

14We will mainly deal with the situation where v is Archimedean — so that H(G) = C°(G)
— except in Appendice A where we have to deal with all places.



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 77

Following Arthur we denote by p, = (M, oc,) the standard representation cor-
responding to w. We furthermore recall that the distribution character of 7 has a
decomposition

trace 7(f) = Zn(mp)traee o(f) (f e H(@))

p

into standard characters p, where the coefficients n(m, p) are uniquely determined
integers s.t. all but finitely many of them are equal to 0 and n(mw, p;) = 1. If
n(m,p) # 0, then A, < A, in the usual sense that A, — A, is a nonnegative
integral combinaison of simple roots of the root system associated to the inducing
parabolic,'® with equality A, = A, if and only if p = p.

12.8. Archimedean packets. Suppose now that v is a Archimedean place. Local
principal base change associates to the standard module p, a standard module
of GL,,(C) that we denote by St(m). We now describe this module in terms of
L-parameters: recall that L-packets are in 1-1 correspondence with admissible L-
parameters ¢ : W, — LU(m).

Restricting ¢ to Wy, one gets an L-parameter which defines a standard module
of GL,,(C); this representation is precisely St(7).

Now there is a local analogue to §12.3: a standard representation of GL,,(C) can
be parametrized by a formal sum of formal tensor product (12.3.1) where each p;
is now a tempered irreducible representation of GL(d;,C). The other components
R,,; remain irreducible representations of SLy(C). To each u; X R,,; we associate
the unique irreducible quotient II; of

i 3(n;— L(n,;— 1(1—m.,
ind (g -390, [0 H)

(normalized induction from the standard parabolic subgroup of type (dj;,...,d;)).
We then define Iy as the induced representation

ind(I, ® ... ®11,)

(normalized induction from the standard parabolic subgroup of type (n1dy, ..., n.d;)).
It is irreducible and unitary. We will abusively denote by ¥ the standard represen-
tation associated to Ily. Now by the local Langlands correspondence, the standard
module ¥ can be represented as a homomorphism

(12.8.1) U : Wj x SLy(C) = GL,,(C).

Arthur associates to such a parameter the L-parameter ¢y : W, — GL,,(C) given

by
et =0 (o ("))

And St(m) = ¥ if and only if pjw, = pu.

12.9. Weak classification. We now come back to the global situation. Let 7 be
an irreducible automorphic representation of G(A) which occurs (discretely) as an
irreducible subspace of L?(G(F)\G(A)). It follows from Proposition 12.6 that
determines an irreducible automorphic representation II = Ily of GL,,(Ag). Given
an Archimedean place v, it is not true in general that St(w,) = ¥,. Our main
technical result in this second part of the paper is the following theorem whose

15In loose terms: the Langlands subquotient of p is more tempered than 7.
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proof — a slight refinement of the proof of Proposition 12.6 — is postponed to
Appendix A.

12.10. Theorem. Let m be an irreducible automorphic representation of G(A)
which occurs (discretely) as an irreducible subspace of L*(G(F)\G(A)). Assume
that for every Archimedean place v the representation m, has reqular infinitesimal
character. Let Iy be the automorphic representation of GL(m, Ag) associated to
by weak base change. Then, for every Archimedean place v, the (unique) irreducible
quotient of the standard GL,,(C)-module St(m,) occurs as an (irreducible) sub-
quotient of the local standard representation V,,.

Remark. Theorem 12.10 follows from Proposition 12.6 and the description of the
cohomological Arthur packets recently obtained by Arancibia, Moeglin and Renard
[?]. We give a direct self-contained proof in Appendix A.

13. APPLICATIONS

In this section we derive the corollaries to Theorem 12.10 that are used in the
paper.

13.1. Application to L-functions. Let 7 be an irreducible automorphic repre-
sentation of G(A) which occurs (discretely) as an irreducible subspace of L?(G(F)\G(A))
and let IT = IIg be the automorphic representation of GL(m) associated to m by
weak base change. Write

U= KRR, B.. Bu KR, .

We factor each pj = ®, 5, where v runs over all places of F'. Let S be a finite set
of places of F' containing the set S of Proposition 12.6, and all v for which either
one L, or m, is ramified. We can then define the formal Euler product

n; —3 1—n

2 7/”'j,U)"'Lv(S_7]7:U/j,’U)~

u n; —1
L(s,Ty) = [T T1 Lu(s= =5 ttj.0) Lo(s = 5

j=1lv¢gS

Note that LS (s, Iy ) is the partial L-function of a very special automorphic repre-
sentation of GL(m); it is the product of partial L-functions of the square integrable
automorphic representations associated to the parameters p; X R,,,. According to
Jacquet and Shalika [?] L%(s,Ily), which is a product absolutely convergent for
Re(s) > 0, extends to a meromorphic function of s. It moreover follows from
Proposition 12.6 and the definition of L°(s, ) that:

L5(s,m) = L (s, TLy).
13.2. Infinitesimal character. It follows from Theorem 12.10 that for each in-
finite place v the representations m, and II, both have the same infinitesimal char-

acter. It is computed in the following way: Let vy be an Archimedean place of F.
We may associate to ¥ the parameter gy, :C* — GV C GL,(C) given by

P (2) = oo <Z< o (22)"1/2 >>
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Being semisimple, it is conjugate into the diagonal torus {diag(z1,...,zm)}. We
may therefore write oy, = (n1,... ,lm) Where each 7); is a character z — 2Pz,
One easily checks that the vector

vy = (Pi,...,Pp) € C" =Lie(T) ® C

is uniquely defined modulo the action of the Weyl group W = &,,, of G(F,,). The
following proposition is detailed in [?].

13.3. Proposition. The infinitesimal character of m,, is the image of vy in
Cm/6,,.

From now on we assume that 7 has a reqular'® and integral infinitesimal character
at every infinite place. This forces the Archimedean localizations of the cuspidal
automorphic representations y; to be induced of unitary characters of type (z/z)?/2
where p € Z. Moreover: we have

p nj—1 m-—1
5 + 5 > € Z.
We can now relate Arthur’s theory to Theorem 10.2:

13.4. Proposition. Assume that for some Archimedean place vy of F the local
representation m,, is a Langlands’ quotient of a standard representation with an
exponent (z/Z)P/?(zz)(e=1/2,
(1) In the parameter ¥ some of the factor p; & R, is such that n; > a; in
particular if a > m/2, the representation u; is a character.
(2) If we assume that w has trivial infinitesimal character and that 3a > m+|p|
then in the parameter W some of the factor u; X R, is such that n; > a
and the representation u; s a character.

Proof. It follows from Theorem 12.10 that if m,, is a Langlands’ quotient of a
standard representation with an exponent (z/z)?/2(22)(@=1/2 then ¥,, — the as-
sociated standard representation (of GL,,(C)) — contains a character of absolute
value > (a — 1)/2. This forces one of the factor u; X R, in ¥ to be such that
n; > a. Since ) n; =m, if a > m/2, there can be only factor y; X R, in ¥ with
n; > a and p; is a character. This proves the first part of the proposition.

We now assume that 7 has trivial infinitesimal character. It follows in particular
that p and m — a have the same parity. Suppose that 3a > m + |p|. Note that if
Ip| > a then a > m/2 and the result follows from the first case; we will therefore
assume that |p| < a.

Now we have a > m/3 and, as above, this forces one of the factor p; M R, in ¥
to be such that n; > a and either p; is a character or 1; is 2-dimensional. We only
have to deal with the latter case. Set n = n;. The localization p; in vy is induced
from two characters (z/2)P/2, i = 1,2, and Theorem 12.10 implies that the set

{a+p—1 a+p—3 p—l—l—a}

13.4.1 -
( ) 2 ) 2 ) ) 2

is contained in one of the two sets

i — 1 i — 3 i +1— .
Ii: n+p 7n+p a"'ap+ z (Z:1a2)7
2 2 2

16Equivalently: the P; are all distinct.
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say ¢ = 1. The infinitesimal character of m,, is regular and integral, it is therefore
a collection of m distinct half-integers. Let my be the number of positive entries
and m_ be the number of negative entries. The entries must include the (necessary
disjoint) sets I; (i = 1,2). Now since |p| < a (by the reduction already made), the
set (13.4.1) contains either 0 or +1/2 and consequently so does I;. This forces I
to be totally positive or negative. And since (13.4.1) contains [(a + p)/2] positive
elements and [(a — p)/2] negative elements, we conclude that

max(m_,m4) >n+ [a;pq >a+ {a;m] .

On the other hand max(m_,my) = [m/2] + |m4 — m_| and since a — |p| and m
have the same parity, we end up with:

3a—|p| <m+2my —m_|.

Since m4 = m_ (my, has trivial infinitesimal character) we get a contradiction. O

Remark. It follows from the proof that we can replace the assumption that the
infinitesimal character is that of the trivial representation by the more general
assumption that its entries are all integral, resp. half-integral but non integral, and
that it is balanced, i.e. that it contains as many positive and negative entries.

13.5. Proposition. Let m as in Proposition 13.4 with either a > m/2 or with
trivial infinitesimal character and 3a > 1+ |p|. Then there exists a character n of
A%JE* and an integer b > a such that the partial L-function L®(s,n x 71) — here S
s a finite set of places which contains all the Archimedean places and all the places
where ™ ramifies — is holomorphic in the half-plane Re(s) > (b+ 1)/2 and has a
stmple pole in s = (b+1)/2.

Proof. Proposition 13.4 provides a character n = p1; of Ag and an integer b = n; >
a. Writing L°(s,nx ) explicitly on a right half-plane of absolute convergence using
the description of §13.1; we get a product of L%(s — (b — 1)/2, x ) by factors
L%(s — (b —1)/2,m x p). Our hypothesis on a forces b’ < a < b; so such a factor is
non zero at s = (b+ 1)/2. The conclusion of the proposition follows. O

13.6. Langlands’ parameters of cohomological representations. The re-
striction to C* of the Langlands’ parameter of a cohomological representation Aq
is explicitly described in [?, §5.3]. We use here the following alternate description
given by Cossutta [?]:

Recall that we have q = q(X) with X = (t1,...,tp+q) E RPTIst. 64 > ... > ¢,
and tpyq > ... > tppq. Since Ag only depends on the intersection u N p, we may
furthermore choose X such that the Levi subgroup L associated to [ has no compact
(non abelian) simple factor.

We associate to these data a parameter

U : Wi x SLy(C) — “U(m)
such that
(1) W factors through “'L, that is ¥ : Wg x SLy(C) L2 LU(m) where the
last map is the canonical extension [?, Proposition 1.3.5] of the injection
LY c U(m)Y, and
(2) ¢w, is the L-parameter of the trivial representation of L.



THE HODGE CONJECTURE AND ARITHMETIC QUOTIENTS OF COMPLEX BALLS 81

The restriction of the parameter ¥ to SLo(C) therefore maps (§ 1) to a principal
unipotent element in LY C U(m)Y. The restriction ¢ : C* — GL,,(C) of the
Langlands’ parameter of A4 to C* is just given by

More explicitly: Let z1,...,2, be the different values of the (¢;)1<j<m and let
(pi)i<i<r and (g;)1<i<r be the integers s.t.

(1, atp) = (Z1y o, 21, 0o 2y ey 21)
——— ———
p1 times pr times
and
(tptgs o tpt1) = (B1s ooy 21, oo 2y e e ey 21).
——— —_———
q1 times g, times

We then have:
T
L=]]U.q¢)
j=1
with Zj p; = p and Zj g; = q. Moreover: if p;q; = 0 then either p; or ¢; is equal
tol. Welet mj =p;+¢; (j=0,...,r) and set
kj = —m f...fmj_1+mj+1+...+mr.

The canonical extension “L — LU(m) of the block diagonal map GL,,, (C) x ... x
GL,,,. (C) = GL,,(C) then maps z € C* C W to

(2/2)" /2 I,

(2/2)/2L,,

Now the parameter ¥z, maps (§ 1) to a principal unipotent element in each factor of
LY C U(m)Y. The parameter ¥y, therefore contains a SL2(C) factor of the maximal
dimension in each factor of LY. These factors consist of GLy,(C), j = 1,...,7.
The biggest possible SLy(C) representation in the j-th factor is R,,,. We conclude
that ¥ decomposes as:

(13.6.1) (11 R Ry, Bu ' X Ry )B... B (u,BR,, Bu '®R,,)

where p; is the unitary characters of C* given by p;(2) = (2/2)%/2. Denoting the
character z — z/Z by u, we conclude that we have:

(13.6.2) St(Ay) = "/’ KR, B...Bu/?R R, .
13.7. It follows in particular from (13.6.2) that

St(A(b X q,a X q))

m—1 m—2b+1 2a

=™ BT BB B BBRppgy) B @B

1—m
2

We therefore deduce from Theorem 10.2, Proposition 13.4 and the paragraph
following it:
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13.8. Proposition. Let 7 € A°(U(V)) and let v be an infinite place of F such
that U(V)(F,) = U(p,q). Assume that 7, is (isomorphic to) the cohomological
representation A(b x q,a x q) of U(p,q) with 3(a +b) + |a —b| < 2m. Then, there
exists some (a + b)-dimensional skew-Hermitian space W over E such that 7 is in
the image of the cuspidal -theta correspondence from the group U(W).

Proof. One begins to make a translation between the notations of 13.1 and the
notations of this section: the |p| of loc. cite is here |a — b| and the b of loc.cite is
p+q—a—b=m— (a+b). The hypothesis of this proposition is the same as the
hypothesis of loc.cite. One deduces the fact that the partial L-function as in 13.1
has a pole at a point sg with sg > (m — (a +b) + 1)/2. Using now 10.2, we obtain
the fact that 7 is in the image of the ¥-theta correspondance with a skew-hemitian
space W of dimension m —2sg —1 > m — (m — (a + b)) = (a + b). But it is easy
to see that a strict inequality is impossible at the infinite place v and we obtain
the equality as in the statement of the proposition. Moreover the representation
of U(W) in this correspondance is a discrete series at the place v and is, therefore,
necessarily a cuspidal representation. ([

13.9. Proof of Theorem 6.10(2). It suffices to prove that if 7§ € Coh}}l’“l for

some o € Gal(Q/Q) and some integers b’ and a’ s.t. a+b = a’ + V', then either
(a',b') = (a,b) or (a’,V') = (b,a). To do so recall that it corresponds to 7 a
parameter ¥ given by Proposition 12.6. Now fix an unramified finite prime v and
let wy, : 3, — C be the unramified character of the Hecke algebra associated
to the local (unramified) representation m, by Satake transform [?]. Recall that
wr, 1s associated to some unramified character x,, of a maximal torus of G(Q,)
(considered up to the Weyl group action). Since the Hecke algebra and its action
on H*(S(K),C) admit a definition over Q, the Galois group Gal(Q/Q) acts on
the characters of the Hecke algebra associated to representations 7y € Cohy, and
therefore on x,, so that xrs = x% . Note that the Galois action preserves the

norm. Now if 7, € Coh?ﬁ’b with 3(a + b) + |a — b] < 2m, the global parameter
U contains a unique factor pu X R,,_,_p where p is a unitary Hecke character,
and all the other factor are associated with smaller SLy(C)-representations — as
follows from Proposition 13.8 and (the proof of) Proposition 13.4. Localizing this
parameter ¥ at the finite unramified place v, we conclude that the character xr,
has a constituent which is a Hecke character of ‘big’ norm — corresponding to the
SLo(C)-representation of dimension m — a — b. This singularizes the character p,
so that the Galois action on y,, yields the usual action of Gal(Q/Q) on u. Now if
pis (z/2)(*=9)/2 at infinity then for every o € Gal(Q/Q) the character u” is either
(2/2)(@=0)/2 or (2/2)(=9)/2 at infinity. And we conclude from Proposition 13.8 that
the contribution of 7 to SH4(S(K),C) can only occur in

H**P>4(S(K),C) @ H***(S(K),C).
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Appendices
APPENDIX A: PROOF OF THEOREM 12.10

The quasi-split case. Suppose that G is quasi-split. We want to relate the dis-
crete automorphic spectra of G and that of the (disconnected) group G equal to
GL(m) twisted by the exterior automorphism 6 : g — ‘g~!. Following Arthur this
goes through the use of the stable trace formula. Notations are as in the preceding
paragraph except that we will use G to denote the twisted linear group as in [?].

Discrete parts of trace formulae. Let f = ®,, f, be a decomposable smooth function
with compact support in G(A). We are essentially interested in

(1.1) trace Rgis(f) = trace (f|L(2ﬁS(G(F)\G(A)) ,

where L2, is the discrete part of the space of automorphic forms on G(F)\G(A).
We fix t a positive real number and — following Arthur — we will only compare sums
— relative to G and GL(m) — over representations whose infinitesimal character has
norm < t.

For fix ¢, Arthur defines a distribution f +— Igsm(f) as a sum of the part of
(1.1) relative to ¢t and of terms associated to some representations induced from
Levi subgroups, see [?, (4.1.1)]. There is an analogous distribution f — jgilsc,t(f)
in the twisted case, see [?, (4.1.3)]. Proposition 12.6 is based on the comparison of
these two distributions via their stabilized versions.

Stable distribution, endoscopic groups and transfer. Fix a place v and let G =
G(Fy). Langlands and Shelstad [?] have conjectured the existence of a remarkable
family of maps — or rather of correspondences — f ~» f¥ which transfer functions
on G to functions on so-called endoscopic groups H, certain quasi-split groups of
dimension smaller than dim G. These maps are an analytic counterpart to the fact
that nonconjugate elements in G can be conjugate over the algebraic closure G(F,).
This goes through the study of orbital integrals:

Two functions in H(G) are equivalent, resp. stably equivalent, if they have the
same orbital integrals, resp. stable orbital integrals (see [?]); we denote by J(G),
resp. 8J(G), the corresponding orbit space. It is known that invariant distribution
on G annihilates any function f € H(G) such that all the orbital integrals of f
vanish. An invariant distribution is a stable distribution on G if it annihilates any
function f € H(G) such that all the stable orbital integrals of f vanish. Equivalently
it is an invariant distribution which lies in the closed linear span of the stable orbital
integral, see e.g. [?]. The theory of endoscopy describes invariant distributions on
G in terms of stable distributions on certain groups of dimension less than or equal
to G — the endoscopic groups.

Thanks to the recent proofs by Ngo [?] of the fundamental lemma and Wald-
spurger’s and Shelstad’s work, the Langlands-Shelstad conjecture is now a theorem;
we need the more general situation which include the disconnected group é, and
which is also known thanks to the same authors [?], [?], [?]. In both cases endo-
scopic groups are described in [?], see also [?]. The group G appears as a (principal)
endoscopic subgroup for é; this is the key point to relate representations of G and
GL(m). We denote by J(m) and 8J(m) the quotients of H(m) defined as above.



84 NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN

Local stabilization. Let Jeusp(G) be the image in J(G) of the cuspidal functions on
H(G), i.e. the functions whose orbital integrals associated to semi-simple elements
contained in a proper parabolic subgroup all vanish. We similarly define iusp(m)
(see [?]).

Arthur [?] then stabilizes Jeusp(G). In particular he defines the stable part
8Tcusp(G) of Jeusp(G), and similarly for all the endoscopic groups (or rather en-
doscopic data): The transfer maps f +— © g f7 induce a linear isomorphism

(1.2) Jeusp(G) = EP) 8Tcusp (H) O ),
H

where we sum over the endoscopic groups (or rather endoscopic data) not forgetting
G itself. The twisted analogue of (1.2) is:

(1.3) iusp(m) ~ @ Sjcusp(H)OUté(H);
H

see [?] where Waldspurger deals with a much more general situation.

We say that a virtual representation 7 — in the Grothendieck ring (with complex
coefficients) of the representations of G — is stable if f — trace w(f) is a stable
distribution. Assume that 7 is a finite linear combination of elliptic representations
of G then after [?], 7 is stable if and only if trace 7(f) = 0 for any f € Jeusp(G) in
the kernel of the projection of Jeysp(G) onto 8Jeusp(G) in the above decomposition.
Moreover: the map f — (7 — trace m(f)) induces an isomorphism from 8Jcusp(G)
to the space of linear forms with finite support on the elliptic and stable virtual
representations.

Now let 7 be any virtual representation of GG that is a finite combination of elliptic
representations of G. Its distribution character defines a distribution on Jeusp(G)
and it follows from (1.2) that, for every endoscopic data H, we can associate to 7

a virtual representation 7 such that for every f € Jeusp(G) we have:
(1.4) trace 7(f) = Ztrace (7).
H

We simply denote by 7y the virtual representation 7$; it is a stable, elliptic repre-
sentation.

In the Archimedean case, it follows from [?] that if 7 is a discrete series repre-
sentation of GG, then the virtual representation 7y is the sum of the representations

in the L-packet of . Moreover if 7 is only elliptic but not discrete then 7g; = 0.

Stable standard modules. If p = (M, o) is a standard module with o elliptic, we de-
fine the associated stable standard module to be the virtual representation obtained
as the induced module indy;og. If 7 is any irreducible admissible representation
of G we denote by 7y the stable standard module associated to p,. This is a vir-
tual representation induced from a Langlands’ packet of discrete series. The next
proposition again follows from [?].

Proposition. The set of stable standard modules associated is a basis of the vector
space of stable distributions that are supported on a finite set of characters of G.

If H is an endoscopic data in é, since H is a product of unitary groups, given
an admissible irreducible representation m of H we have therefore associated to
it a stable standard module 7g; and we may transfer it to a standard module for
G and therefore for GL,,(E,). This transfer is the standard module of GL,,(E,)
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associated to any standard module occuring in g by local principal base change;
we denote it by St(r).
We now come back to the global situation.

Stabilization of trace formulae. The stabilization of the distributions I gse,t refers
to a decomposition:

(15) I(ﬁsc,t(f) = Z L(G’ H)Sgsc,t(fH)7 S }C(G)
He&Ean(G)

see e.g. [?, (4.2.1)]. Here we sum over a set of representatives of endoscopic data
in G, we denote by f¥ the Langlands-Kottwitz-Shelstad transfer of f to H and
for every H, Sfisc’t is a stable distribution. The coefficients (G, H) are positive
rational numbers. N
Similarly, the stabilization of the distributions I}
(1.6) L= D2 Wm H)SHe,(f"), e H(m).

He&qy(m)

, refers to a decomposition:

Now we fix a finite set S of places of F' which contains all the Archimidean
places of F. We moreover assume that S contains all the ramification places of
G. If v ¢ S, G x F, is isomorphic to the (quasi-split) group G(F,) and splits over
a finite unramified extension of Fy; in particular G x F, contains a hyperspecial
compact subgroup K,, see [?, 1.10.2]. Let H, be the corresponding (spherical)
Hecke algebra and let HS = [Togs Ho-

We may decompose (1.5) according to characters of 3°: Let f € H*°, we have a
decomposition (see [?, (4.3.1)]):

Icﬁsc,t(f) = Z Iﬁsc,cs,t(f)
oS

where ¢° = (¢y)ves rTuns over a family of compatible Satake parameters — called
Hecke eigenfamilies in [?, ?] — consisting of those families that arise from auto-
morphic representation of G(A), and Igsc s is the ¢ eigencomponent of I gse,r

It then follows from [?, Lemma 3.3.1] or [?, Lemma 4.3.2] that

(17) Igsc,cs,t(f) = Z L(G’ H)Sgsc,cs,t(fH)7
He&an(G)

where on the RHS ¢ is rather the Hecke eigenfamily for H which corresponds to ¢
under the L-embedding “H — “G that is part of the endoscopic data and Sgsc,cs,t
is the stable part of the trace formula for H restricted to the representations which
are unramified outside S and belong to the ¢° eigen-component.

Similarly, in the twisted case we have:

(1.8) I (H= Y imH)SL, s ,(F).

HeEo(m)

A Hecke eigenfamily ¢ determines at most one irreducible automorphic repre-
sentation IT = Iy of GL,,(Ag) s.t. for every v ¢ S the unramified representation
II, corresponds to the Satake parameter c¢,. We write Il = 0 or ¥ = 0 if II does not
exist. Note that Proposition 12.6 states that if II = 0 then the ¢° eigencomponent
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of the discrete part of L?(G(F)\G(A)) is trivial. In fact Arthur (and Mok) prove
that if IT = 0, then for all f € H* we have:

e G
Idisc,cs,t(f) =0= Sdisc,cs,t(f)'
The proof goes by induction on m, see [?, Proposition 3.4.1] and [?, Proposition

4.3.4]. Following their proof, we now prove the following refined version of Propo-
sition 12.6.

Proposition. Let w be an irreducible automorphic representation of G(A) which
occurs (discretely) as an irreducible subspace of L?>(G(F)\G(A)). Assume that for
every Archimedean place v the representation m, has reqular infinitesimal character.
Let S be a finite set of places — including all the Archimedean ones — such that ™
is unramified outside S and belongs to the ¢ eigencomponent of the discrete part of
L*(G(F)\G(A)) and let I = 1y the associated automorphic representation. Then,
for every Archimedean place v, the (unique) irreducible quotient of the standard
GL,,(C)-module St(m,) occurs as an (irreducible) sub-quotient of W,.17

Remark. If ¥ = 0 it follows in particular from the proposition that 7 cannot exist
as proved in [?, Proposition 4.3.4].

Proof. Mok [?] has proved that I%

isc.cs ¢ 18 of finite length; we will freely use that

fact to simplify the proof. Let v € S be an Archimedean place and let 7g € I gsc oS 4
an irreducible representation. Denote by <, the collection of m characters of C*
obtained as the restriction of the Langlands parameter of m, to C*; it corresponds
to 7, a standard representation of GL,,(C) that is precisely St(m,). We recall that
VU, is the local component of the representation of GL,,(A) defined by ¢°. The

proposition is a corollary of Proposition 12.6 and the following lemma. O

Lemma. The Langlands quotient of St(m,) is a subquotient of the standard module
associated to V,,.

Proof. We call an irreducible représentation included in I'Z maximal if this

disc,cS,t
representation does not appear as a subquotient of the standard module (product
on all places of the local standard modules) of another representation entering
Sgsc’ca .+ We will prove the lemma for maximal representation. Denote by 7' such
a representation.

We first prove that if the lemma holds for any maximal element of T g

isc,cS,t then
it holds for any element of ﬁsc s Take mg any element of I (ﬁ’sc s and assume
that its standard module occurs in the decomposition of the standard module of the
maximal element 7 of I (fsc’cs’ , and that we know the lemma for 7. Here we use
the deep result of Salamanca-Riba ([?]): if 7 is unitary and has an infinitesimal
character which is integral and regular then 7] has cohomology. So , is an Ag (')
and Johnson has written in his thesis [?] the decomposition of such a module in
terms of standard modules. We provide details below (with explicit parameters).
Denote by v, the analogue of 7, (as defined before the lemma) for 7. We recall
that the normalizer of q' in H is a product of unitary groups: Hie[l,é] U(pi, i)
and that \ gives a character of this group, this means a set of half integer r; for

i € [1,£]. It is not necessary to know exactly what is 7/ it is enough to know that it

1THere W, is considered as a standard module, see §12.8.
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is a collection of characters 2%/ %5 where i € [1,£] and for i fixed ij € [1,m; =
(pi + ¢;)] and

(1.9) {zij, 1 4i € [1,my]} = {ri +k:ke [miQ_ 17 _mi2— 1] }

(1.10) {wig,  ji € [Lmi]} = {—n- tkike ["“2 1,—m12 1] }
We also know that ¥, in an induced representation of unitary characters; so
we can decompose m = Zte[u,] m; and for any ¢t we have a unitary character
of C*, (z/Z)™. The subquotients of the standard module V¥, are exactly the
representations whose Langlands’ parameters are collections of m characters of
C* that can be partitioned in ¢ subsets s.t. in each subset, indexed by ¢, the
characters are of the form z%z% with 2 € ny + [(my — 1)/2,—(m; — 1)/2] and
'€ —ng+[(my —1)/2,—(m: — 1)/2].

Recall that by hypothesis the lemma holds for 7},. Now for each ¢ € [1,¢] there
exist ¢ € [1,¢'] such that

. mi—l ml—l mt—l mt—l
{Tl+k./€€|: 5 5 :|}C7’Lt+|: 5 B :|

and, by symmetry,

) m; —1 m;—1 mi—1 my—1
crrpone [metommt) oy fmot _mo)

To prove the lemma for 7, we therefore only have to prove that the ‘Langlands’
parameter’ vy, of m, is a collection of m characters of C* which can be decomposed
in ¢ subsets satisfying exactly the property (1.9) and (1.10) above with the same
numbers. But this follows from Johnson’s thesis: in the exact sequence [?, (3) page
378], the standard modules which appear all satisfy At O A(u) where u is the
nilradical of the opposite parabolic subalgebra of q. Our assertion follows: we can
permute inside the blocks but not between to different blocks.

Remark. This is not mysterious — at least in our case. It is just the fact that the
induced representation of GLy(C) of two characters z”z* and 2z is irreducible
if >y but 2’ < 9 or the symmetric relations and this is precisely what occurs if
the two characters are in subsets indexed by 4,4 with ¢ # i’

We now prove the lemma for maximal representations. When we decompose

I (;ISC s ; in terms of standard modules, we are sure that the standard module asso-

ciated to any maximal representation, 7%, occur with the same coefficient that the
representation itself. We now look at the coefficient with which the stable standard

module of 7 occurs in Sgsc .5 +; up to a positive global, constant, i(H), either it is

the same coefficient as in gsc s 4 O Tg comes from endoscopy. In this latter case

we argue by induction because endoscopic groups are product of smaller unitary

groups. So we assume that the standard module of 74 occurs in Sgsc s ; With the

product of i(H) by the multiplicity of 7 in I gsc s 4 We now look at the sum of all
H and decompose in the Grothendieck group; the standard module of 7§ can be
cancelled by a representation occuring in the decomposition of the standard module

of Wg/ where 7T§Il occurs in Sgslc os ¢ If this does not occur then by transfert the
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standard module of 7 appears in the decomposition of ¥g and we are done for 7.
(In fact in that case what we get is stronger than the statement of the lemma.)

In the case where we have a simplification, by positivity, Fg " is not maximal
for H' but by an easy induction we know the lemma for w4 " We argue explicitly
as above that this also prove the lemma for g, we leave the details to the reader
especially as the deep results of Mok ultimately yield that this cannot happen: the
representation of GL,,(A) determined by ¢ is the transfer of a unique endoscopic
group. [

The general (non quasi-split) case. Notations are as in the preceding two
paragraphs. We don’t assume G to be quasi-split anymore.

Let m be an irreducible automorphic representation of G(A) which occurs (dis-
cretely) as an irreducible subspace of L?(G(F)\G(A)). Let S be a finite set of
places — including all the Archimedean ones — such that both G and 7 are un-
ramified outside S. It still make sense to consider a Hecke eigenfamily (outside
S) ¢%. Again it determines at most one irreducible automorphic representation
IT = Iy of GL,,,(Ag) s.t. for every v ¢ S the unramified representation II, corre-
sponds to the Satake parameter ¢,, and we write Il = 0, or ¥ = 0, if IIy does not
exist.

We may restate Theorem 12.10 in the following way:

Theorem. Let 7 be an irreducible automorphic representation of G(A) which oc-
curs (discretely) as an irreducible subspace of L*(G(F)\G(A)). Assume that for
every Archimedean place v the representation m, has regular infinitesimal charac-
ter. Let S be a finite set of places — including all the Archimedean ones — such
that both G and 7 are unramified outside S. Let ¢® be the Hecke eigenfamily as-
sociated to w and let Iy be the associated automorphic representation of GL(m).
Then, for every Archimedean place v, the (unique) irreducible quotient of the stan-
dard GL,,(C)-module St(m,)BC occurs as an (irreducible) sub-quotient of the local
standard representation W,,.

Proof. Here we use the stable trace formula (1.7) for the group G. We write the
LHS of (1.7) as a linear combination of standard modules. The contribution of
the standard module associated to m, might be zero but then there must exist
7', an irreducible automorphic representation of G(A) which occurs (discretely) as
an irreducible subspace of L?(G(F)\G(A)), such that 7/ and , share the same
infinitesimal character and 7, is a subquotient of the standard module associated
to 7). It is then enough to prove the theorem for 7/. From now on we will therefore
assume that the standard module associated to m, contribute to the LHS of (1.7).

We now write the RHS as a sum of stable standard modules. At least one of these
has an L-parameter whose restriction to C* is the parameter of the standard module
of m,. At this point it is not clear that this stable standard module is associated
to a square integrable automorphic representation of an endoscopic group. Using
the same induction as above one may however assume this is the case. Now since
endoscopic groups are (product of) quasi-split unitary groups the theorem follows
from the quasi-split case (see the proposition above). ([l
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APPENDIX B: PROOF OF THEOREM 11.5

We fix sy and x = x2 a character of Aj/E* as in Theorem 11.5. Let n = m—2sg
and n’ = m + 2sy so that

1
—50 = i(m —n').

Note that we have
m<n' <2m

and

/

— _ n
X|A; =C€E/F = €E/F-

Representations associated to skew-Hermitian spaces. In this paragraph
we fix a prime and omit it from notation as in §10.7. Recall that the isometry
class of a 7-skew-Hermitian space W of dimension n over E is determined by the
Hasse invariant € = ¢(WW) = £1. We will write W; and W for the two distinct
T-skew-Hermitian spaces of dimension n over E.

We fix an arbitrary choice of character x; of E* such that xi|px = 67];3/1;.
We may consider the local analogue of the Weil representation €2, of the preced-
ing paragraph, see (10.12.1). This yields a representation of U, (F) x U, (F) on
S(W™). The group U, (F) acts via a twist x1 of its linear action on §(W™). Let
R(W,x) be the maximal quotient of §(/W™) on which U, (F) acts by x;. Kudla
and Sweet [?] show that R(W, x) is an admissible representation of Ug,, (F) of finite
length and with a unique irreducible quotient. Moreover: since 1 < n < m, it fol-
lows from [?, Theorem 1.2] that R(W7, x) and R(W3, x) are irreducible inequivalent
representations of Uy, (F).

Automorphic representations associated to skew-Hermitian spaces. We
now return to the global situation. Assume that 1 <n < m and let € = {W,} be a
collection of local skew-Hermitian spaces of dimension n such that W, is unramified
outside of a finite set of places of F, then — following Kudla-Rallis [?, §3] — we
may define a global irreducible representation

(21) H<e) = ®R(anXu)

of Ug,, (A). Such representations are of two types: those for which the W,’s are
the localizations of some (unique) global skew-Hermitian space W over E — in this
case we write II(W) for II(€) — and those for which no such global space exists.
Given a collection € = {W,} the obstruction to the existence of a global space is
just the requirement that

[[ew.) =1

v
Let A(U(V @ V)) be the set of irreducible automorphic representations of Usa,, (A).
The following proposition is the analogue of [?, Theorem 3.1] in the unitary case.

Proposition. Let C = {W,} be a collection of local skew-Hermitian spaces of
dimension n such that W, is unramified outside of a finite set of places of F
and dim Homy,,, (4)(I1(C), A(U(V @© V'))) # 0. Then, there exists a global skew-
Hermitian space W over E such that the W, ’s are the localizations of W.
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Proof. It makes use of ideas of Howe: we consider Fourier coefficients of automor-
phic representations w.r.t. the unipotent radical of the Siegel parabolic subgroup

P = MN of the quasi-split unitary group U(V @& V). Identifying the latter with the
subgroup of GL(2m, E) which preserves the Hermitian form with matrix (_?m 16" )

we have:
1,, b )
N—{( 0 1m> .bGHerm(F)},

Her,,,(F) = {b € M,,(F) : b="b}.

where

For 8 € Her,,,(F') we define the character 1z of N(A) by

n(b) = < b 0 > s W(trace(b3))
and the Sth Fourier coefficient of f € A(U(V @ V)) by

(2.2) Wa(f)(g) = /N o, Tt

The latter defines a linear functional
(2.3) Ws: AUV eV))—=C; f—Ws(f)(e).

Now if A € Homy,, (a)(I1(C), A(U(V © V)) then Ag = Wz o A defines a linear
functional on II(€) such that

Ap(m(n)f) = ¥s(n)As(f), Vn e N(Aj),

Ap(m(X)f) = dips(X)Ap(f), VX € Lie(Noo)

and Ag has continuous extension to the smooth vectors of II(C).
Let

Qp={weW : (w,w) =}

It follows from [?, Lemma 5.1 & 5.2] on the local functionals that if Qg = 0
then Ag = 0. In particular if rank(8) > n then Ag = 0. Now if Q3 # 0 and
rank(8) = n we must have equality of Hasse invariants €,(8) = €,(W,). So that
either € correspond to a global skew-Hermitian space or Ag = 0 for all § with
rank(f) > n. The proposition therefore follows from the next lemma. O

Lemma. Let A € Homy,, () (I1(C), A(U(V ©V)) such that Ag =0 for all B with
rank(8) > n, then A =0.

Proof. Fix a non-Archimedean place v and let ¢ be a compactly supported function
on N, whose Fourier transform vanishes on the set of 3, € Her,,(F,) of rank < n
and is non-zero on the set of (3, such that Qg, # (). Then [?, Lemma 5.1] shows
that ¢ does not act by zero in R(W,,, x,) or II(€). On the other hand by hypothesis
¢ acts by zero in the image of A. Thus A = 0 by irreducibility of II(C). O
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Proof of Theorem 11.5. If ® is a section of I(sp,x) we may extend it to an
holomorphic section ®(-, s) of I(s, x) and consider the residue A(-, ®) in s = s¢ of the
Siegel Eisenstein series E(h, s, ®). This residue does not depend on the holomorphic
extension. We therefore get an Us,, (A)-intertwining map A : I(sg, x) = A(U(V &
V). Now it follows from [?, Lemma 6.1] that this map factors through the quotient

I(s0, X)oo ® (@ Hf(@) )
e

where € runs over all collections of local skew-Hermitian spaces, as above, of di-
mension n. The proposition above therefore associates to any irreducible residue of
a Siegel Eisenstein series a global space W of dimension n over E. Theorem 11.5
then follows from [?, Theorem 4.1].18

18Beware that our W is Ichino’s V.



92 NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN

APPENDIX C: THE LOCAL PRODUCT FORMULA

In this appendix we show that the cocycles ¥q ng of this paper (when trans-
formed into cocycles with values in the appropriate Schrodinger model) are equal
to the cocycles @pq.ng introduced by Kudla-Millson in [?], see also [?]. We stated
this relation without proof in Proposition 5.20(5). It is almost proved in [?]: on
the fifth line of page 158 the cocycle ¢, 4 is defined by (see (3.3) below)

1 —
Pa,q = ﬁD+D $o-
Then on the next page, Theorem 5.2 (ii), it is stated that

(3.1) Ongng = Paqg /N NQqq-

The previous equation reduces the problem to proving the equality of cocycles to
the n = 1 case. This is because the intertwiner By, gw ® 1 below commutes with
the outer exterior product and the cocycle 1,4 4 factors as above by definition.
In what follows we will be using the symplectic vector space obtained from the
tensor product of Hermitian spaces V @ W where V,( , )y is a Hermitian space
of signature (p,q) and W, ( )w where W is a Hermitian space of signature (1,1).
Since the analysis in what follows will be controlled by W, with V essentially a
parameter space, we will first describe the required structures on W alone.

3.2. The Schrodinger and Fock models of the Weil representation for
U(W). We therefore consider a Hermitian space (W, (, )w ) of signature (1,1). We
let Wg denote the real vector underlying W. Then Wk is has the standard integrable
almost complex structure Jy induced by multiplication by 4. It is also equipped
with the symplectic form

¢ >W = —Im(, )W
Finally recall that we denote by fy the Cartan involution of W and let

Jo = Jw o bw = Ow o Jw

then Jy is positive definite with respect to (,)w
We now describe two bases for W. Let (€1, €2) be the orthogonal complex basis
of W such that
(61,61) =1 and (62,62) =—1.
Set

1 ; —iie €)= J(e
\ﬁ(el—zeg), ey = —=(ie1 + €2) = J(e1)

f1 = %(Zfl - 62) = Jo(el), f2 = %(—61 — ieg) = Jo(eg).

Then (e1, ea, f1, f2) is a (real) symplectic basis of the underlying real vector space
Wr. Let E = spang(e1,e2) and F' = Jo(E) = spang(ey, e2). Then

(3.1) Wr=F+F

€1 =

S

and

is a Lagrangian splitting of the symplectic vector space and we obtain a Schrodinger
model §(E) of the Weil representation of U(W) realized in the Schwartz space
S(E). We let z and y be the coordinates of E associated to the basis ey, e2. We
put z = x +iy. We let P(F) denote the subspace of S(E) given by products of
complex-valued polynomials in # and y and the Gaussian g = exp (—m (22 + y?))
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or equivalently given by products of complex-valued polynomials in z and Z and
the Gaussian g = exp (—m2Z%)

We next give two sets of coordinates for the space W associated to the positive
complex structure Jy. We first note that

Hence, the vectors €’ and e} are independent (over C) and we have two bases W',
the basis {e/°, )} and the basis {€)’, € }. We let s,t be the (complex) coordlnates
for W'o relative to the first basis. We will call these coordinates split coordinates.
We let o’ , b be the coordinates for W relative to the second basis € and ey. We
will call @’, b product coordinates. In order to understand the superscripts attached
to these coordlnates and the terminology note that €* = ¢} and €} = €} and hence

w'o :WJ'F@WL' :(Cello @(CGQ
and
Pol(W') = Pol(W.) ® Pol(W") = C[a'] ® C[b"].
We next note that the split coordinates and the product coordinates are related
by

3.3. Lemma.

1
o =——(s+it
\/5( )
i

bl/ —
V2

(s —it)

We now have
3.4. Lemma. There is a u(W)-equivariant mapping By : Pol(W') — P(E) sat-
isfying
(1) Bw(1) = %o

(2) WOSOBA:%—%(%
()BWotoBW—y—}ré%
(4) ByoiZloByl=a+12
(5) BworgoBy' =y+ x5
Hence by Lemma 3.3 we have
3.5. Lemma.

(1) By od o By} = L(: — L 2)
(2) Bw ol oBy'! = J5(z— 1 57)

3.6. The Schrédinger and Fock models for U(V) x U(W). We now describe
and compare two different realizations of the infinitesimal Weil representation as-
sociated to the pair U(V') x U(W), the “ split Schrédinger model” (there is another
Schrédinger model for Hermitian spaces, the real points in V @ W, that we will not
use here, but it is the one used in Chapter VIII of [?]) and the Fock model (with
two sets of coordinates). So we now need to bring the space V' into the picture. We
will be brief since all the essential ideas are contained in the previous section.
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The split Schrédinger model for U(V) x U(W). The split Schrodinger model
is realized in the Schwartz space 8((V ® E)r) using the polarization

VeWkr=(VeERr+(VeFkr

inherited from that of W in Equation (3.1). Here the tensor product is over C.
Recall that throughout the body of the paper we have used a basis {v; : 1 <
j < p+gq} for V. Hence we have a basis {v; ® e; : 1 < j < p+ g} for the
complex vector space V ® E and noting that i(v; ® e1) = v; ® e2 we obtain a basis
{v; ® e1,v; ® ey : 1 < j < p+ g} for the underlying real vector space (V @ E)r.
We let {z;,y; : 1 < j < p+q} be the corresponding coordinates. We will also use
the complexr coordinates z; = x; +1y;,1 < j < p+ q. We will regard a function
in 8((V ® E)r) as a function of the z;’s (and their complex conjugates). Once
again we have the space P(V ® E) consisting of the product of complex-valued

p+q
polynomials in x;,y;,1 < j < p+ ¢, with the Gaussian ¢y = exp (—7( > x? + yjz))
j=1

or equivalently the product of polynomials in z;,%;,1 < j < p+¢q, with the Gaussian
p+q

po = exp (—m( -21 2jZ5))-
j:

This is the model where the cocycles of Kudla-Millson ¢4 , were originally de-
fined, see Proposition 5.2 of [?] or pg. 148 of [?]. To state their formula we need
more notation. In what follows A(E], ,) resp. A(£; ,) will denote the operation of
left exterior multiplication by &, ,, resp. & .

For p with p+ 1 < pu < p+ ¢ define

(3.1) D} = aZ: ((za — li) ® A(E&,M)

T 0za

and

(3.2) D, = ZP: ((za - lg) ® A(fii,u)>

The formula of Kudla and Millson is then

1 p+q p+q .
3 cos=g(CI1 Do I1 B)) esn

p=p+1 v=p+1

The Fock model for U(V) x U(W). The second realization of the Weil repre-
sentation is the polynomial Fock model Pol((V ® W)’) considered in this paper.
In what follows we will not need the entire space (V ® W) but only the subspace
(Vi @ W)'o. We will give two bases for (V; @ W)o. Our computations are then
simplified by

3.7. Lemma.
Pewl (V4 @ W) @r C) = Iy, @pf,

or in more concise form

(vew) =veuw", forveV,.
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Proof. By definition

(Ive Iw @ 1= 0y @ (Jw o bw) @)

N | =

p/\9'®W =
and hence
Paw | (Vi@W)r@RC) = = (Iv, @ Iw @1~ Iy, ®(Jwoby)®i) = Iy, @ (Iw@1—Jw,®1).

O

N |

Remark. Lemma 3.7 implies that we can carry over the computations of the previous
section to the ones we need by simply “tensoring with the standard basis for V. 7.

Now recall that
(3.1) Pol((Vy @ W)"°) = Pol(V] ® W) ® Pol(V}' ® W)

The first basis for (V; ® W)’ is adapted to the split Schrodinger model. Tt is
{(vo @€Y, vq ®ey 11 < a < p}. We define the coordinates {sq,tq : 1 < a < p} to
be the coordinates associated to this basis. We will again call these coordinates split
coordinates . The second basis for (V, @ W) is {(v, ® €2,v, ® €y : 1 < a < p}
We let {al,,b : 1 < a < p} be the corresponding coordinates with the same
explanation for the name and the superscripts as before. Thus the tensor product
in Equation (3.1) corresponds to the tensor product decomposition

(3.2) Pol(V, ® W) = Claf, -+, aj) @ C, -+ , )]
We next note that the split coordinates and the product coordinates are related
by

3.8. Lemma.

al, =——=(8a +ity)

bl/ —

[e3

(Sa — ite)

SRS

As before we have

3.9. Lemma. There is a u(V') x u(W)-equivariant embedding (not onto) By, gw :
Pol(V, @ W) — P(V ® E) satisfying
1) By,ew(1®1) = ¢g

-1 _ 1.9

2) By, ow ©8q0© BV+®W =%a ~ 73ao
-1 _ 1.0

BV+®W oty o0 BV+®W = Ya — T8y

(

(2)
3)
(4)
()

1.0 _ 1
4 BV+®W °© T 05 °© BV+®W =To t T 0T o
1.0 —1 _ 1.9
5) Bv,ew © ;5. © BV+®W =Yt 13,
Hence by Lemma 3.8 we have
3.10. Lemma.
/ —1 _ 1 1 9
(1) By, gw o a0 Bv+®w = W(Za = 67)
" —1 _ 1 (= 1 9
(2) BV+®W o ba o BV+®W = ﬁ(za — ;aza)

We now define operators Cf,erl <pu<p+gqand 6:,p+1 <pu<p+qby

"

(1) G =X a1 00 @ A(E)



96 NICOLAS BERGERON, JOHN MILLSON, AND COLETTE MOEGLIN

(2) Cp =P b @ AL,

We leave the proof of the next lemma to reader, see Lemma 5.8 for (1) and
Lemma 5.14 for (2).

3.11. Lemma.

W (T e)) = vo,

p=p+1
pta __
@) (I Cu)1)=1vg0
u=p+1
pe ptg
(3) ( H Cu) © ( H Cu)(l) = 7vZJO,q /\d}q,O
p=p+1 p=p+1
Again we leave the proof of the next lemma to the reader.
3.12. Lemma.
Cax B . VR =2
(1) BV+®W © ( H Cu) OBV+®W = 2q/2( H Du)
p=p+1 p=p+1
pta o B pte
) Broowo (11 Cp)oBylaw = sl )
p=p+1 p=p+1
We can now prove the local product formula.
3.13. Proposition.
(Bvyow ® 1)(1q,0 A tho,q) = 27 @q,q
Proof.
ptq p+q .
(Bview @ 1)(g,0 ® vo,q) = (Bvigw ®1) (( H CH)o( H Cu)(l))
pu=p+1 pu=p+1
ptq ptq .
= (Briewa Do ( [[ ¢Heo( I Ch)eBylaw @1)(Bv,ew @ 1)(1))
pu=p+1 pu=p+1
1 p+q p+q .
= 271( H DI) °© (( H D/L))(SOO) =29 pqq.
pu=p+1 pu=p+1

]

Remark. We warn the reader that the KM-cocycle ¢4, does not factor in the
split Schrédinger model. The cocycles g0 = (By,ew ® 1)(¥g,0) and ¢oq =
(Bvi.ew ® 1)(t0,q) both exist in the split Schrodinger model (of course) but it
is not true that we have @40 A @0,y = ©q,q- The problem is that the product in
P(V ® E) is induced by internal i.e the usual multiplication of functions, whereas
the product in Pol(V] ® W) ® Pol(V{ ® W) is external i.e. the tensor product
multiplication. For example, when ¢ = 1, we have

p p
(Bv.ow ® 1)(¥1,0) =(Bv,ew @ 1) (D Za ® &, p11) = V200(D Za @€, 1)
a=1

a=1
P p
(Bv,ew @ 1)(¢0,1) =(Bview @ 1)( D 25 ® s 1) = V200(Y | 25 © €5 ,41)
a=1 B=1
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and hence
p
((Bvoow @ 1)(¥1,0) A (Bvoow @ 1D)(¥0,1) = 2(90)*( D> Zazs @&y pi1 AESp11)
a,B=1
whereas
p 1 &
pri=vo | D a2 ®Cpn Ay~ 5 D Capn A
a,B=1 a=1
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