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1. (25 points) Evaluate by reversing the order of integration:

1 ptan~(z)
/ / cosy dy dx.
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Solution: The integration is over the region where 0 < z < 1,0 <y < tan~!(z). The last inequality
is the same as saying x > tany. And tan~!(1) = 7/4. So the integral becomes

/4 pl /4 w/4
/ / cosydx dy = / (1 —tany)cosydy = / (cosy — siny) dy,
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which becomes
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2. (20 points) Set up (with explicit limits of integration), but do not evaluate, a multiple integral
for the volume of the solid inside the hyperboloid 22 4+ y? — 22 = 1 and between the planes z = —1
and z = 1.

Solution: The simplest method is to use cylindrical coordinates, in which the equation of the
hyperboloid is r? = 1 4 22 or r = V/1 + 22:

1 27 V1422
/ / / rdrdfdz.
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3. (25 points) Set up (with explicit limits of integration), but do not evaluate, a multiple integral
for the area of the region shown in the picture, bounded by the ellipse

(x+2y)? +4(z —y)? =4

Solution: Make a change of coordinates: u = x + 2y, v = 2(x — y). Then the ellipse becomes a
circle, u? +v? = 4. Now u + v = 3z and 2u — v = 6y, so x = (u +v)/3, y = (2u — v)/6, and the
Jacobian is the absolute value of
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or 1/6. So the area is
1 I 2
- dudv = - rdrdd = =m.
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4. (30 points, 10 for (a) and 20 for (b))
(a) Show from the Divergence Theorem that if D is a solid region in R? with smooth boundary 3,
and if n is the unit outward normal to ¥, then the volume of D is given by the flux integral

// zn-kdS.
by

Solution: If F = zk, then divF = % =1. So

//Ezn'kdsz//EF~ndS:///DldV:vol(D).

(b) Write an explicit iterated integral (with explicit limits of integration) for the flux integral of
(a), in the special case where X is the unit sphere 22 4+ y? + 22 = 1. You need not evaluate your
integral.

Solution: On the sphere, n = i+ yj + 2k, so zn -k = 22, which in spherical coordinates is cos? ¢.

So the flux integral becomes
2r  pm
/ / cos® ¢ sin ¢ do db.
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