C! DEFORMATIONS OF ALMOST GRASSMANNIAN
STRUCTURES WITH STRONGLY ESSENTIAL
SYMMETRY

A. CAP AND K. MELNICK

ABSTRACT. We construct a family of (2, n)-almost Grassmannian struc-
ture of regularity C'', each admitting a one-parameter group of strongly
essential automorphisms, and each not flat on any neighborhood of the
higher-order fixed point. This provides a C' counterexample to Theo-
rem 1.3 of [8, 2].

1. INTRODUCTION

Almost-Grassmannian structures belong to the class of irreducible parabolic
geometries, which include projective and conformal structures, among many
others. An (m,n)-almost-Grassmannian structure on an mn-dimensional
manifold M comprises a vector bundle isomorphism of T'M with £* ® F,
where £ and F are vector bundles over M of respective ranks m and n,
together with an isomorphism A™E = A™F; the latter corresponds to a
volume form compatible with the tensor product. Denote Gr(m,n) the real
Grassmannian variety of m-planes in R™" by £ its tautological m-plane
bundle, and by F the rank-n anti-tautological bundle. An (m,n)-almost-
Grassmannian structure mimics the isomorphism of T'Gr(m,n) with £* ® F.

Almost-Grassmannian structures have been studied under the guise of Segré
structures. The Segré cone S(m,n) is the variety in R™" comprising the
rank-one elements under the identification with Hom(R™, R™). An (m,n)-
Segré structure on M™" is a bundle of Segré cones S;(m,n) C T, M. It is

essentially equivalent to an (m,n)-almost Grassmannian structure (see [1]).

The (2, n)-almost-Grassmannian structures are connected to projective struc-
tures by twistor theory via path geometries. The latter are parabolic geome-
tries that model systems of second-order ODEs on X"*!. More precisely,
they correspond to collections of unparametrized curves C obtained as the
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solutions of such a system; these lift to a foliation C of P(T'X). For one
special class of path geometries, C are the unparametrized geodesics of an
affine connection on M—that is, a projective structure ,—while for another
class, the path space P(TX)/ C locally carries a (2, n)-almost-Grassmannian
structure . The intersection of the two classes is the flat path geometry, for
which C comprises projective lines in X = RP™*! (see [5, Secs 2 and 3]).

Irreducible parabolic geometries can admit certain very special automor-
phisms which fix a point and have trivial derivative at that point, which is
then called a higher-order fized point. Note that a semi-Riemannian metric
or an affine connection admits no such nontrivial automorphisms. These
strongly essential automorphisms occur in abundance on the homogeneous
model spaces for each parabolic geometry. A structure that is locally equiv-
alent to this model is said to be flat. (See Sections 2.2 and 2.3 below).

Many rigidity results say that only flat open submanifolds can support a
strongly essential flow. Let xy be a higher-order fixed point.

e Nagano and Ochiai [9] proved for a torsion-free connection V that
existence of a strongly essential projective flow implies projective
flatness of V on a neighborhood of zg.

e The second author and Neusser proved the analogous result for
almost-c-projective structures and almost-quaternionic structures in
[8, Thms 4.4, 1.2]. (See also [2, Thm 3.7] for a precursor result on
almost-quaternionic structures.)

In conformal Lorentzian geometry, Frances smoothly deformed the Minkowski
metric in a neighorhood of a point z so that it retains a conformal flow with
xo as higher-order fixed point. The resulting C'*° metric is conformally flat
inside the light cone of xg, but nonflat outside [3, Sec 6]. Then came the
following rigidity results:

e In semi-Riemannian geometry, Frances and the second author proved
that existence of a strongly essential conformal flow implies confor-
mal flatness on an open set U with zg € U [4].

e In [8, Thm 1.3], the second author and Neusser proved that a (2,n)-
almost-Grassmannian structure admitting a strongly essential flow
is flat on an open set U with xg € U (see also [2, Prop 3.5] for a
partial result).
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Kruglikov and The exhibited a C* homogeneous path geometry which is not
flat and admits a strongly essential flow in [7, Prop 5.3.2]. Path geometries
are not irreducible. The local path space in their example admits a (2,n)-
almost-Grassmannian structure. The flow descends, but it is not strongly
essential on the quotient.

The proofs of the rigidity theorems cited above, as well as the construction of
[7], make use of the Cartan geometry canonically associated to the parabolic
geometric structures in question, assuming a minimal order of regularity

depending on the structure.

1.1. Our examples. In [10], the first author described the infinitesimal
automorphisms and deformations of a parabolic geometry intrinsically in
terms of the associated Cartan geometry, as certain sections of the adjoint
tractor bundle. He indicated how to compute them in terms of operators
on this bundle derived from BGG sequences. Motivated by this description
of infinitesimal deformations, we explicitly construct a family, locally on
Gr(2,n), that is invariant by a strongly essential flow and integrates to a
family of deformed structures, all admitting this flow as automorphisms.
They are counterexamples to the C'! version Theorem 1.3 of [8].

An almost-Grassmannian structure is said to be C* if M is at least C**1, &€
and F are at least C**!, and the isomorphisms TM = £* ® F are C*. Such
structures are said to be equivalent if they are C* equivalent (see Section
2.3 below).

Theorem 1.1. Let n > 3 and xg € Gr(2,n). There are a dense, open
neighborhood U of xo; a strongly essential flow {2'} < Aut Gr(2,n) with x
as higher order fized point; and an (n — 1)-parameter family of C* almost-

Grassmannian structures of type (2,n) on U, of which each:

o contains {z'} in its automorphism group;
e is not locally equivalent to Gr(2,n) on any open set V with xg € V;

The deformations are given in Section 4.2, and the precise claims about
them are in Proposition 4.1.

Remark 1.2. In fact, none of these deformed structures are locally equiv-
alent to the path space of a path geometry; the harmonic torsion is the full
obstruction to this property (see [11, Props 4.4.3, 4.4.45]).
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2. BACKGROUND

2.1. Almost-Grassmannian structures as first-order G-structures.
For almost-Grassmannian structures of low regularity, as we construct be-
low, the description as Cartan geometries is not available. Thus we start by
reviewing various descriptions of such structures with a special emphasis on

the requirements on regularity.

Let us fix integers m,n > 2 as above, with the case m = 2, n > 2 being of
primary interest. An almost-Grassmannian structure as defined above can
be equivalently defined as a (first-order) G-structure for the Lie group

Go :={(4, B) € GL(m,R) x GL(n,R) : det(A) det(B) = 1}.

Under the identification R™" = Hom(R™, R"), the natural representation
of Go on R™" is p(A, B) - X := BXA™!. Observe that the resulting homo-
morphism Go — GL(mn,R) has two element kernel {(Id,Id), (—Id, —Id)}
and thus is infinitesimally injective, so this indeed defines a family of first-

order G-structures on manifolds of dimension mn.

Such a structure is given by a principal bundle pg : Go — M with structure
group Gg together with a p-equivariant bundle morphism to the first order
frame bundle PM of M. The structure is C* provided G is a C**1 principal
bundle and the morphism to PM is CF.

Proposition 2.1. On a smooth manifold of dimension mn, a C* first-order
Go-structure is equivalent to a C* almost-Grassmannian structure of type

(m,n).

The bundles £* and F are associated bundles to Gy, while conversely Gy is
obtained as a subbundle of the fibered product of the frame bundles of £*
and F. This shows that a p-equivariant bundle morphism from Gy to PM
is equivalent to an isomorphism TM = &£* ® F, and the correspondence
respects CF regularity. We leave verification of details to the reader.

A p-equivariant bundle morphism Gy — PM can be equivalently encoded as
a one-form 6 € Q'(Gy, R™") which is Go—equivariant and strictly horizontal.
Denoting by r9 : Gyg — Gy the principal action of g € Gy, equivariance means
(r9)*0 = p(g) o 6. The second condition says that for each point u € Gy,
the kernel of (u) : T,,Go — R™" is the vertical subspace in T;,,Gy. In this
picture, C* regularity means 6 is C*, in the sense that for each C* vector
field ¢ € X(Go), the function (¢) : Gy — R™" is C*.
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2.2. The homogeneous model—the Grassmann variety. In this sec-

tion we describe the (m, n)-almost-Grassmannian structure on Gr(m,n).

The group Gy can be realized as the subgroup of G := SL(m+n, R) respect-
ing the decomposition R™*" =~ R™ @ R". The Lie algebra gq is identified
with the corresponding block diagonal subalgebra of g. Its adjoint action on
g preserves a decomposition g = g_1PgoPg1, where g_1 and g; are the subal-
gebras with nonzero entries only in the lower-left and upper-right blocks, re-
spectively, complementary to go. The decomposition satisfies [g;, g;] C gi+,
where we set g = {0} for |k| > 1. Note that g_; = Hom(R™,R"), and the
restriction of ad gg to g—; is the representation p from Section 2.1.

Next, let P < G comprise the block-upper-triangular matrices, with Lie al-
gebra p := go X g1 C g. It is the stabilizer of R™ C R™™" so G//P can be
identified with Gr(m,n). As is well known, the tangent bundle T'(G/P) is
the associated bundle G xp (g/p), where P acts via the adjoint represen-
tation, which factors on the quotient g/p through projection to Gy. The
vector space g/p is moreover Go-equivariantly isomorphic to g_;. Conse-
quently, Gr(m,n) carries an almost Grassmannian structure. Note that the
auxiliarly bundles £ & G xp R™ and F = G x p (R™*"/R™) for this struc-

ture are exactly the tautological and the anti-tautological bundles.

2.3. Automorphisms and flatness. Let M be a C**! manifold of dimen-

sion mn with a C* almost-Grassmannian structure comprising

e CF*1 vector bundles £ and F of ranks m and n, respectively
e &:TM 5 £* ® F of regularity C*
o v:A"E 5 A™F of regularity C*

Definition 2.2. An automorphism of the C* almost-Grassmannian struc-
ture above is a C**1 diffeomorphism h of M together with

o lifts he and hx of h to automorphisms of £* and F, respectively,
o such that h*® = (h; @ hr) o ®, and
e such that vo A™hg = A"hrov

In the G-structure framework, h € Diff*" ' M is an automorphism if it lifts
to a principal bundle automorphism of Gy which is semi-conjugate via the
p-equivariant bundle morphism Gy — PM to the natural lift of h to PM.



6 A. CAP AND K. MELNICK

Isomorphisms of almost-Grassmannian structures are defined by the obvious
extension of Definition 2.2. Local isomorphisms are isomorphisms between
connected open subsets, with their restricted structures.

Consider ¢ € G as a diffeomorphism of Gr(m,n) = G/P. It naturally
acts by automorphisms gz and gz of the vector bundles £* = G xp R™
and F = G xp (R™T"/R™), respectively. The P-equivariant isomorphism
of Hom(R™, R™*t"/R™) with g/p gives a G-equivariant isomorphism of
TGr(m,n) =2 G xp g/p with £ ® F, on which g acts by g ® gr. Any
g € G is thus an automorphism of the almost-Grassmannian structure on
Gr(m,n).

Let Py be the connected, unipotent, normal subgroup of P with Lie algebra
g1. For g € P, the linear isomorphisms (g3 )14, and (97)[14,] are trivial, so
the derivative of g on Tirq,,)(G/P) is trivial. The G-conjugates of Py furnish
nontrivial strongly essential automorphisms at every point of Gr(m,n).

Each g € G\{xIdrm+~} is a nontrivial transformation of G/ P, because there
is no larger G-normal subgroup in P. Thanks to the canonical Cartan con-
nection associated to an almost-Grassmannian structure, presented in Sec-
tion 2.6 below, the automorphism group of Gr(m,n) is precisely G/{£Id}.
On any almost-Grassmannian manifold (of sufficient regularity), the Cartan
connection underlies the fact that the automorphism group is a Lie group of
dimension at most (m +n)? — 1 = dim G, with equality only if the structure
is locally isomorphic to Gr(m,n), in which case it is said to be flat. Decid-
ing whether an almost Grassmannian structure is flat thus is a fundamental
question in the theory.

2.4. The harmonic torsion. The description as a Gp-structure (po : Gy —
M, 6) directly leads to the first fundamental invariants of almost Grassman-
nian structures. We first choose a C*~! principal connection v € Q(Go, go)-
If 6 is at least C', we can define the torsion of v as the covariant exterior
derivative d70 € Q2(Go, R™); explicitly, for £,1 € X(Go),

(1) d0(&,m) = do (&, n) + () (0(n) — v(n)(0(£))-

If 6, ¢ and n are C*, then the above is a C*~! function. From the properties
of 6, it follows readily that d76 is horizontal and Gg-equivariant and thus
descends to a form T € Q?(M,TM), which is the usual interpretation of
the torsion.
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We next compute the dependence of T7 on . First note that, at a point
u € Go, (1) depends only on v, : T,Go — go. As discussed in 2.2, we can
view 0 as having values in g_1. For any other principal connection 4, the
difference 4, — v, = fy, o 6, for some linear map f, : g—1 — go. The first
differential in the cochain complex of g_; with coefficients in ad g restricts
on g*; ® go to the following Gp-equivariant linear map:

(2)  :ghi®go— A%gh @9 (01f)(u,v) = f(u)v — f(v)u
For all u,
(3) T =T, = (01fu) © Ou-

The image of 9; determines a smooth subbundle A C A?T*M @ TM. The
projection of T7 to (A?T*M ® TM)/A is thus independent of the choice
of connection (see [11, Secs 3.1.10-3.1.13]). This invariant of the almost

Grassmannian structure is called the intrinsic torsion.

For Gr(m,n) it is easy to see that locally there always are torsion-free con-
nections preserving the structure, so the intrinsic torsion of the homogeneous
model vanishes identically. Then nonzero intrinsic torsion is an obstruction
to local isomorphism of a given almost Grassmannian structure to Gr(m,n).
For a Cl-structure, it is an obstruction to local C''-isomorphism to Gr(m,n)
(for which the corresponding map between the underlying manifolds would
be a local C2-diffeomorphism).

We now explicitly describe the subbundle A C A?2T*M ® TM as a gg rep-
resentation when m = 2. Recall that the representation corresponding to
the tangent bundle TM is g_1 = R?** KR", where the exterior tensor prod-
uct corresponds to the direct sum decomposition of gg. Next we have the

decomposition into irreducible components
(4) A%(g* ) =2 (A’R?X S?R™) @ (S?RZ X A’R™).

We tensor these with g_; and decompose into irreducibles. For k > 2,
the representation S2RF @ R¥* splits into a trace-free component, denoted
(S’RF @ R*)g, and a trace component, isomorphic to R¥, and similarly for
the dual. There is an analogous decomposition of A2R* @ R*", but here the
trace-free part is trivial when k = 2.

For m = n = 2, the map 0; from (2) is surjective, so no intrinsic torsion is

available. In our case when m = 2, n > 2,

(A’R? ® R*) K (S*R™ @ R™) C Im(9,).



8 A. CAP AND K. MELNICK

The intersection of Im(9;) with the other irreducible components of A%(g* ;)®
g_1 is the trace component, which can be written

(5) R*X (A’R™ @ R") + (S°R? @ R*) R R™,
where the factors R? and R™ are embedded via a tensor product with Id
followed by a symmetrization and an alternation, respectively. Hence the

harmonic torsion corresponds to a section of the bundle associated to the

remaining irreducible component
T = (S?R? @ R**)) X (A’R™ @ R™),.

To verify non-vanishing harmonic torsion in the example we are going to

construct, we need the following result.

Lemma 2.3. Let £,n € Hom(R? R™) both have kernel spanned by 0 # v €
R?2, and let T belong to the trace component of A>(R?KR™)® (R* KR").
Then T(&,n) : R — R™ maps v into the span of the images of & and 1.

Proof: Take 0 # o € R** with a(v) = 0, so we can write { = a ® w; and
N = a®ws for elements wy, ws € R™. Let T' = T} +T5 be the decomposition
of T corresponding to (5) as Ty + T (in a non-unique way). Given ¢ € R?,
embedded in the trace component of S?2R? ® R* = Hom(R?, S?R?), it
sends v to a multiple of the symmetric product v ®v. Since £(v) = n(v) =0,
we conclude that T (£,7)(v) = 0. On the other hand, 7 € R™", embedded
in the trace component of A2R™ ® R" = Hom(A?R"™, R"), sends (w1, w>)
to a multiple of 7(w;)we — 7(w2)wy, so all values of T5(&,n) belong to the
span of the images of £ and 7. The desired conclusion follows.

2.5. Deformations of almost-Grassmannian structures. Given an almost-
Grassmannian structure with 6 : TM = £* @ F, we will construct deforma-
tions by post-composing with a continuous family {®;} of linear automor-
phisms of £* ® F. To construct this family, we will first construct endo-
morphisms, that is, a section ® of End £* ® End F and then show that this
exponentiates to a one-parameter family of automorphisms.

At a given point x € M, write &, = E and F, = F. The vector space
automorphisms of £* ® F' respecting the tensor product are those of the
form Vg« QW p, for Ve« € Aut £* and U € Aut F. Given a one-parameter
group of such automorphisms W%, ® U, the generating endomorphism has
the form ¢g+ ® Idp + Idg, ® ¥F for ¥g. € End E* and ¢r € End F. The
condition det U, - det Ut =1 is equivalent to tr g, + tr p = 0.
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The sections of Aut(€* ® F) arising from automorphisms of the almost-
Grassmannian structure are those of the form We« ® U, for Ue« € Aut £*
and Vr € Aut F, with vo A" We. = A" rov. The generator of a nontrivial
deformation is thus nontrivial modulo End £* ® Idr + Ide+ ® End F. A
pointwise complementary subbundle is given by the tensor product of trace-
free endomorphisms Endy £* ® Endy F. We will construct a section of this
bundle in Sections 4.1 and 4.2 below.

The results of [10] apply to almost-Grassmannian structures of sufficient
regularity to define a Cartan connection (see Section 2.6). Here infinitesimal
automorphisms and deformations are described as the kernel and cokernel,
respectively, of BGG operators acting on sections of the adjoint tractor
bundle, with a certain “twisted” linear connection. The infinitesimal change
of harmonic torsion and harmonic curvature (for the latter, see Section 2.6)
resulting from a given infinitesimal deformation can also be described in
general from these operators and this connection. This point of view was
the inspiration for the concrete deformations we construct below.

2.6. Prolongation and the canonical Cartan connection. We will ver-
ify in Section 4.4 that the results of [2] apply to C* almost-Grassmannian
structures with k£ > 2, so any example of this regularity admitting a strongly
essential flow by automorphisms has vanishing harmonic curvature on an
open set containing the higher-order fixed point in its closure. We explain
in this section that (2,n)-almost Grassmanian structures of regularity C*
with k > 2 determine a canonical C° Cartan connection as well as C” har-
monic curvature. In low regularity, general existence results do not apply,

so we briefly sketch the explicit constructions, following [12].

2.6.1. Construction of the prolongation. Given a C* almost Grassmannian
structure (po : Go — M, 0) of type (2,n), we will prolong Gy to a CF~1
principal P-bundle G — M. To this end, we view gy as a subalgebra of
End g_;. This kernel of the codifferential from (2) is the subspace ker(0;)
of g |®go C g%, ®g*; ®g—_1 of elements symmetric in g* ;, which is precisely
the first prolongation of go (see [6, I.1]). The kernel is in fact a Lie algebra,
isomorphic to g;, embedded into g*; ® go via the adjoint representation.

The bundle G is constructed as a gi-bundle over Gy. Note that P = G X g;.
Given ug € Go, denote by V,,,Go C T),,Go the vertical subspace, so 6,,, defines
a linear isomorphism T,,Go/Vu,Go — R*". Recall from Section 2.4 that (1)
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depends at ug only on the value +,, of a chosen principal connection. Let
u : Ty,Go — go be any linear map recognizing fundamental vector fields—
that is u(Ca(up)) = A € go for Ca(ug) = %}Ouo.em. Now df, + [u, 0y,]
vanishes when either input is in V,,Go, so it equals 87, T, for a unique map
T, € N%’g* | ®g_1.

Varying the choice of u yields, as in Section 2.4, the affine subspace T}, +
Im(0;); moreover, the trace-free subspace T = (S?R* @ R?)y X (A’R" ®
R™)y is a Gp-invariant complement to Im(0;). Thus for each point uy € Gy,
the linear map w can be chosen such that T is totally trace-free. For a
fixed ugp and T' € T, the space of linear maps u giving rise via 6, to T is,
according to (3), an affine space modeled on ker 9; = g;. Explicitly, any two
such maps differ according to & —u = ad Z 0 0,, € go, for a unique element
Z € g;.

Now G is the family of maps u as above for which T;, € T, as ug varies over
Go. Denote g the projection G — Gy. It can be realized as a subspace of
the vector bundle T*Gy ® go — Go defined as above in terms of 6 and df,
which is C*~1; it follows that G is a C*~! submanifold here. Elementary
representation theory gives a Go-equivariant linear map S : A%g* ; ® g_1 —
9" { ®go which vanishes on T and such that 0; 0S5 is the projection to Im(d;).
From a C*~1 section of T*Gy®go, one can use S to produce a C*~! principal
connection v on Gy with v, € G for all ug € Go; these correspond to local
C*=1 sections of ¢. Now q : G — Gy is a C*~! principal P,-bundle, and
p:=pooq:G — M isa C*! principal P-bundle (see [12] for more details).

2.6.2. Harmonic curvature and Cartan connection. Construction of the Car-
tan connection on G entails, by analogy with the prolongation process of the
previous section, finding canonical gi-valued one-forms on G, which turn
out to be unique. There are tautological forms 6_; + 6y, where 0_1 := ¢*0
and (0o)u = q*u, viewing u € Hom(7T,Go,80). It is easy to see that
(00)u(Ca) = A for all A € gg, and that 6_; + 0y is P-equivariant once
g—1 @ go is identified with g/g;.

Assuming that @ is at least C?, the form 6y is at least C, so we can form
its exterior derivative dfy € Q2(G,go). Let ¢ : T,G — g1 be a linear map
satisfying ¢(Ca4+z(u)) = Z on the fundamental vector fields for A + Z €
go X g1 = p. As before,

(6) (dfo). + %[(90%“ (60)u] + &, (0-1)u]
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vanishes if either input is in V,,G (the vertical bundle for p : G — M), so it
equals (0_1)*Ky for a linear map Ky : A%g_; — go.

For another choice ¢, the difference is ¢ — ¢ = fo (0-1), for some linear map
f € 9", ®g1. Another grading component of our Lie algebra codifferential,
Dy : 9" ®g1 — A%g*, ® go, is a Go—equivariant linear map for which K¢3 —
K4 = 02(f). Projection modulo the subbundle B C A*T*G ® gy determined
by Im(02) yields another invariant: given a local principal connection ~y
on Gp for which ~,, € G for all up in the domain, and a locally defined
¢ € QY(G, g1), smooth of class C¥~1, one obtains a C*~1 section of (A2T*G®
go)/B called the harmonic curvature of the geometry. This can be recovered

as a component of the curvature of any adapted connection.

Now, it can be shown that 0, is injective, and that there is a natural Go—
invariant complement K to Im(92). Hence for each u € G, there is a unique
¢ such that K, € K. We obtain 6; € Q1(G,g1) of class C*=2 and a CF2
Cartan connection w = 6_1 @ 0y ® 6, € Q'(G,g). Note that when &k > 3,
the Cartan curvature can be defined by K = dw + 3[w,w] € Q2(G, g), and
the harmonic torsion and the harmonic curvature are components of K.
For the homogeneous model, w is the Maurer-Cartan form, so K vanishes

identically, as does the harmonic curvature (see [12] for more details).

Proposition 2.4. For k > 2, a C* almost-Grassmannian structure of type
(2,n), n >3, on M determines a C*~! principal P-bundle G — M equipped
with a C*=2 Cartan connection w € QY(G,g). A C* morphism between two
such almost-Grassmannian structures canonically lifts to a morphism of the

associated Cartan geometries.

Proof: It remains only to verify the second statement. Let h be a local
C*+1 diffeomorphism between open subsets of M and M , lifting to a Gg-
equivariant local C’k—diffeomorphism Dy : Gy — GO with <I>§§ = 6. Given
u € ¢ (ug) C G, let ®(u) := (D5')*u. Tt is easy to check that Tow) = Tu,
so ®(u) € (§)"(Po(ug)) € G. This evidently defines a P-equivariant C*~?
lift ®: G — G of ®y. The construction implies that <I>*9~,; =6, for : = —1,0.
Then repeating this argument with the harmonic curvature allows us to

conclude that ®*@w = w, so ¢ is a morphism of Cartan geometries.

As a corollary, we note that for a structure of class at least C?, nonvanishing

harmonic curvature is an obstruction to local isomorphism to Gr(2,n).
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3. DESCRIPTION OF THE STRONGLY ESSENTIAL FLOW IN COORDINATES

By homogeneity of Gr(2,n), we may assume the point zy in Theorem 1.1 is
the standard 2-plane spanned by the first two coordinate vectors in R?*™.
The deformation will be constructed on the open subset U comprising the
orbit of zp under all transformations Id + X, with X € Hom(R? R"). This
set is the domain of an affine chart in the Pliicker coordinates on Gr(2,n),
and equals the top cell in the standard Schubert decomposition. Identify U
with Hom(R?, R"), and represent an element of U in coordinates
X = (wi)) =12

The principal P-bundle G — Gr(2,n) = G/P restricted to U is smoothly
equivalent to the trivial bundle U x P. The quotient bundle G/G} restricted
to U is Goly;, which is smoothly equivalent to U x Gy.

We will use the following explicit trivializations over U of the tautolog-
ical and anti-tautological bundles, together with their duals. Denote by
{e1,...,ent2} the standard basis of R?**" with dual basis {e!,...,e"*?}.
For j' = 1,2/, define a section of &|; by E;(X) = (Id + X)e;/, and let E7
be the sections e/’ of £*. Next let E;(X) equal the image of ;9 in R*t"/X
fori =1,...,n, and E*(X) = €2 — x;1¢! — 2;0€%, which are well-defined
on R?*"/X. We will henceforth denote the restrictions of these bundles to
U simply by &, €%, F, and F*.

In the above trivializations, § € Q'(Go, g_1) becomes, for (u,v) € TxU @
T,Go,

Q(X,g) (U, ’U) = g_l Z’U,Z/JEZI(X) &® EJ(X)
i'j

We will henceforth restrict 6 to TU @ {0}1q and view it as as a vector bundle
isomorphism TU = £* @ F.

3.1. The strongly essential flow. Let Z be a rank-one element of g; =
Hom(R"™ R?). Let {2} be the one-parameter subgroup of P < G generated
by Z; it is just the group of matrices {Id 4+ tZ} < SL(2 + n,R). Theorem
1.1 applies to any strongly essential flow generated by a rank-one element
of g1. After conjugation in G, we may assume Z = e! ® ey, where now
{e!,...,e"} is the standard basis of R™ and {ey/, ex} the standard basis of
R2. Then im Z = Rey/, and ker Z = span{es, ..., e,}.
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For X € U = g_1, denote eX the corresponding lower-triangular unipotent
matrix in G. Then compute the image in U x P

X _ [ 1d2ttZX 12
X 1d,,

B 1d, 0 Idy +tZ2X tz
o\ X(Idy +tZ2X)7t 1d, 0 Id, — X(Idy +tZX)"1tZ

assuming that Idg+¢Z X is invertible. A formal inverse is given by the series
Ido —tZX +-- + (=) ZX)F 4.
The following two subspaces are fixed by {z'}:

h={X : XZ=0}
and

Fr={X : ZX =0}
The intersection F} N Fy will be called the strongly fized set and denoted
SF. Note that X € SF if and only if [X, Z] = 0 and, in coordinates,

SF={X : z129=0=ua; foralli=1,...,n}

Let Hy ={X : z1; = 0}. For X ¢ Hy, decompose X as

L1z,
0 0 11 11 11

Xp+Xg=| | = +

12

L
11 nl

with X € SF and X4 rank 1. If X ¢ Ho, then z/.X = Xy + 2'. X, which
equals

*12
—L2.z
Z11 oy T

1+tx11 1+tx11

(7) Xy +

212 40
Tnil z37 TN

1+tx1q 1+tx11

Let H. ={X €U : 211 >0} and H_. ={X € U : x1; < 0}. The formula
(7) above yields z!.X — Xy as t — oo for X € Hy, respectively.

Note that if X € Hy, then ZXZ =0, and (Id +tZX)"! =1d —tZX. Then
2'X = X(Id —tZX) which equals X as t varies if and only if XZX = 0; the
latter holds only when ZX or XZ = 0. We conclude that F} U Fy equals
the fixed set of z* in U.

)
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3.2. Action on associated vector bundles. The matrix in P

oy (12X 17
Pt = 0 Id, — X (Idy + tZX)"'tZ

from above encodes the action of 2z on £ and F, and, in turn, on TU. For
X ¢ Ho,

14+try trio t o 0
0 1 0 - 0
1
142
®)  p(X) =pi(Xa) = Ctoyl 4

14tz
—tx,
1+1§EI111 1

For X € Hy, straightforward calculation gives the formula (8), with z1; = 0.
On € = (G xpR?)|, = U x R? the action of {2} is

1+t t
(9) (28)x = < +Ox11 $U112 ) with respect to {Ey/, For}
and on &%,
1 —tx190 , ,
(10) (2295 y = 1+6”“1 1+§"’311 with respect to {E', E*}
On F, the action is
1
1+ttm11
—lTr21
(1)  (h)x=| T _ wrt. {E1,...,Ep,}
—txy,
1+fx111 1
and, finally, on F*,
1 + t$11
tl‘gl 1
(12) (2 )k x = . . wrt. {EY,... E"}

tl’nl 1
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4. THE INVARIANT DEFORMATION AND NON-FLATNESS

4.1. Eigen-sections of associated bundles. Here we define sections of £
and F and of the dual bundles, which are invariant by 2! up to multiplication

by a function on U. For any X where the decompositions
(13) Ex=kerXy®im Z and Fx =kerZdim X,
are valid, each section will have values in one factor or its dual. The sections

together will span the fibers over X in &£, F, or their duals.
Define

’U(X) = —1}12E1/ + 3;‘11E2/ L(X) = E1/
3(X)=E¥  i(X)=zpuBE" + B
These pairs of sections are smooth on U and independent on U \ Hy. We
compute from (9) and (10)
2E(v(X)) = (1 +tzyy) - v(z".X) 2E(1(X)) = (1 4 taqy) - (5. X)
(g (0(X)) =0(z".X)  (2)"((X)) = i(z".X)

Now define sections of F and F* for i = 2,...,n by

w(X) =zl + -+ By ki(X) = E;
w(X)=FE' & (X)=zFE -y E'

These sections transform, for i = 2,...,n, according to (11) and (12) by

Ze(w(X)) =w(zt X))  2Ze(ki(X)) = ki(21.X)
(ED)* (@(X)) = (1 +tzn) - w(z8X)  (2F)*(F(X)) = (L +tan) - &(z".X)

4.2. Invariant section of the endomorphism bundle. Now consider
the sections

~1

SOIZU@Z and pi =R Quw

of End £* and End F, respectively, for ¢ = 2,...,n. These preserve the
decompositions (13). They are each nilpotent endomorphisms of order two
for any X: (¢’x)? = 0 and ((¢;)x)? = 0 for all 4; in particular, they are
trace-free.

The tensor ¢’ ®¢; is a section of the subbundle Endy £*®@Endg F C End TU,
as in Section 2.5, corresponding to nontrivial deformations of the structure.
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The flow acts on this section by
(2):(¢'(X) @ 0i(X)) = (1 + tz11)* - ¢ (2. X) © pi (2" X)

Define q(X) = 22, + 2%, +---+22,. Note that q(2!.X) = (1+tx11) 2 q(X).

Then the section

1
P, ==-¢' @y
q

is z!-invariant. The coefficients of the components of ® are rational functions
in the variables x12, 211, ..., T,1 with numerator degree four and denomina-
tor degree two. They are smooth on U\SF and C! on SF, in particular at

the origin.

Denote by EJZ/, the elementary endomorphism of £* sending EV’ to Ey, and
by EJ’ the elementary endomorphism of 7 sending E; to E;. The coefficients
of ®; are given by

1 ! ! ! /
1 2 12 2 1 2
— <—96113?12E1/ —z15Ey + x{1Ey + $11$12E2/)

q(X)
n ) n
® (Z rnrmE = 33i190k1E11>
k=1 k=1

which expands further, denoting E]’/, ® Eﬁ by E;-//f;, as

2 2
L12011L41T k1 ! —L12X71Lk1 '3 L1oTi1T k1 /
5 MU py) | §7 ST gy 5 Tk

) T (X) T (X)
2 2 3
X1 T11TRL 124 TN T TEL 11 L11TkL 12174
+ —=——F7 + ————FE5; + E5
2oy Pty Bt ) B
2
—T12T11Ti1 Tkl 21 T12T71Tk1 975
+ ——— — B+ —————F3
LT BT g P
Of course, for any constants ca, ..., c,, the endomorphism field
n .
o= o,
i=2

will be zt-invariant and C1.

Proposition 4.1. Let 0 : TU = Hom(R?,R") be the flat almost-Grassmannian
structure on U. Then for any c, (Id+ ®) o8 is a {2'}-invariant, C' almost-

Grassmannian structure on U not C' equivalent to 0.
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We first show that (Id + ®) o € is an almost-Grassmannian structure on U.
Recall from above that (/)2 = 0 and (p;)2 = 0 for all i = 2,...,n; note
that moreover, p; o p; = 0 for all 4,7 = 2,...,n, so that copa + - + crp
is also nilpotent of order two for any nonzero c. It follows that ®x is
a nilpotent endomorphism of (£* ® F)x of order two for all X € U, so
the matrix exponential of ®x in SL(E* ® F)x is simply Id + &x. We
conclude that Id + ®x is an isomorphism for all X € U, so (Id + ®) o 6 is
an almost-Grassmannian structure on U for all c. The {z!}-invariance holds
by construction.

The derivatives of the rational coefficients in ® are undefined on SF', the zero
set of q. The numerators are homogeneous polynomials in 19, Z11,- .., ZTn1
of degree five, with denominators all equal ¢2. Such functions extend con-
tinuously to 0 on SF.

The final claim of the proposition is proved in the following section.

4.3. Calculation of nonzero harmonic torsion terms. Recall from Sec-
tion 2.4 that the harmonic torsion can be computed from any principal con-
nection v € 2!(Go, go). Such a connection determines a connection on £*®F
of the form Vg ®Idr+Ide+ @V £. Given an isomorphism ¥ : TU = £*® F,
conjugation by ¥ gives a connection which can be used to compute the har-
monic torsion directly on TU, provided W is at least C''; namely, we compute
the usual torsion on TU, conjugate by ¥~! and, according to Section 2.4,
project to the bundle associated to (S?R? ® R?*)y X (A2R™ @ R")o. Fi-
nally, we conjugate by ¥ back to TU—but nonvanishing of either tensor is
an obstruction to C! flatness.

As £* and F are trivial bundles over U, we choose the trivial connections on
each to obtain a connection V on T'U via our deformed almost-Grassmannian
structure corresponding to Id + ®. There is a framing of TU by parallel
vector fields; the torsion will be given by the brackets of these.

Let, for s > 1,
P'=2hk=n Ty T2
EZ =(1d+®) Y(EY)=E? —¢,- Z 110711"?1]5]13
p — Syhv—
and let

p'=2,k=n,i=n T T
B =(d+ o) (B ) =B + Y o SR
p'=1,k=1,i=2 ¢(X)
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Each of these vector fields is parallel for V on U. Then the torsion is

o A NI VRS 70511,’%1 / 2xk1$12 P’
T(Es o ) - [Es o ] - q(X) ’ Z T B — q(X) lep'Ek:
k p’

Next we must apply Id + ® to E = T(EZ,E?). This gives, in order of

increasing net degree—degree of numerator minus degree of denominator,

T3y = (A + ®)E = ol > <$k1Ek, - 2T (0B} +212E7)
(X)) 4 q(X)

_ QZ’E;?)” (@noE) + :C12(I>(E,%/)>>

This is a continuous vector field on U. At each X € U, it corresponds
to a component of Tx := (Id + ®x) o Tx o A?(Id + ®x)~! belonging to
(Sym?R? ® R*) K (A2R™ ® R"); as such, its projection to T is nontrivial
provided it does not belong to the trace component identified in Section 2.4
formula (5). Observe that E? and E? share the kernel REy. By Lemma
2.3, Tx has nontrivial projection on T if (T34,) x (E1/) is nontrivial modulo
span{Im(E?), Im(E?)} = span{E1, E,}. Then compute the net-degree one

terms

+ 2 ®(EF)

2
—2xp1 212711 .
T3k (Ey) = St Ej + higher-order terms
W (Br) =y 2y

where the higher-order terms have net degree three. The result thus has

nontrivial projection modulo span{Ej, Fs} on an open, dense subset of any
neighborhood of 0 in U, provided ¢, # 0.

We conclude that the harmonic torsion of the deformed structure given by
Id + @ is nontrivial on an open, dense subset of any neighborhood of 0. This
structure is thus inequivalent to Gr(2,n) on any open subset containing 0

in its closure.

4.4. Vanishing of harmonic curvature for C? structures. Let (Go —
M, 0) be a (2,n) almost-Grassmannian structure of regularity C? admitting
a strongly essential flow {z!} with higher-order fixed point zg. In closing,
we note that the proof of [2, Thm 3.1] applies to such a structure, so it has
vanishing harmonic curvature on an open set containing the higher order

fixed point in its closure.

Let (p: G — M,w) be the C! prinicpal P-bundle and C° Cartan connection,
respectively, given by Proposition 2.4. There is a C' exponential map exp :
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G x g — G, giving C! exponential curves 7x(s) = exp(u,sX) as in [2,
Def 1.4]. This differentiability is sufficient to apply all of the holonomy

calculations of [2, Sec 2].

Let & be the vector field generating {z'}. For any u € p~!(zo), the value
wu(§) € g1 ([2, Sec 1.2]); let Z be the value for a particular choice of w.
The rank of Z as an element of Hom(R"™, R?) can be two or one. In either
case, Z defines a subset 7 (X) C g_1 comprising elements generating an sla-
triple {X, A = [Z, X], Z} (see [2, Def 2.11]). Along exponential curves x
for X € T(Z), the harmonic curvature and harmonic torsion must belong
to the stable subspaces K[t and T, respectively, determined by A (]2,
Def 2.13]). This restriction appears in Corollary 2.14 (1) of [2], which in
turn rests on Proposition 2.9 of the same; the required property here is that
the harmonic curvature and torsion are given by continuous P-equivariant

functions on G.

When rk Z = 2, then |[7(Z)| = 1, and K*) = 0. The harmonic curvature
vanishes not only along the curve vx = p o 4x, but on a neighborhood of
vx\{zo}, as given by [2, Prop 3.3].

When rk Z = 1, as in the examples constructed above, then the strongly
stable subspace KI*%! determined by A is trivial. Together with other purely
algebraic features of the slo-triple and its representation on K, this property
suffices to again prove vanishing of the harmonic curvature on a neighbor-
hood of yx\{zo}, as shown in [2, Prop 3.5 (4a)].

The proof of [8, Thm 1.3] that (2, n)-almost-Grassmannian manifolds with
strongly essential automorphisms have vanishing harmonic torsion on an
open set containing the higher-order fixed point in its closure is more in-
volved, and requires higher regularity; in particular, the full Cartan curva-
ture and a fundamental derivative (see [8, Sec 3.4]) of it must be continuous.
Thus it remains uncler whether a deformation with the properties in the

conclusion of Theorem 1.1 could have higher regularity than C'.
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